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PEEFAOE 

The  scTieme  of  this  book  was  thus  stated,  in  the  Preface  to 
the  First  Edition,  by  the  late  Dr.  E.  Atkinson  and  one  of 
the  undersigned:  "In  undertaking  the  present  work  our 
first  idea  was  simply  to  translate  M,  Joubert's  TraiU 
dementaire  d'MectriciU,  perhaps  introducing  such  small 
modifications  as  might  seem  to  make  it  better  adapted  to 
English  requirements.  But,  on  further  consideration,  we 
decided,  while  adhering  to  the  general  plan  and  scope  of 
the  original,  to  endeavour  to  introduce  into  it  that  view 
of  the  nature  of  electrical  phenomena  which  was  originated 
by  Faraday,  and  developed  by  Maxwell  in  his  classical 
treatise.  Although  these  views  have  now  for  some  years 
formed  the  starting-point  of  almost  all  the  greatest  forward 
steps  in  electrical  science,  they  have  not  yet,  so  far  as  we 
are  aware,  been  adopted  as  the  basis  of  a  systematic  expo- 
sition of  so  elementary  a  kind  as  the  present. 

"The  endeavour  to  carry  out  this  idea  implied  the 
keeping  in  view  from  the  beginning  of  the  dual  character 
of  electrification  and  the  emphasising  of  the  essential  part 
played  in  the  most  familiar  electrical  phenomena  by  the 
dielectric  medium  in  which  they  occur.  This  led  to  the 
early  introduction  of  the  idea  of  lines  and  tubes  of  force, 
and  involved  the  rewriting  of  several  chapters  or  parts  of 
chapters." 

In   preparing   a  new   edition,  while   still  following   the 
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general  plan  of  the  original  work,  we  have  carefully  revised 
the  whole  book  and  have  rewritten  or  rearranged  a  large  part. 
The  parts  which  have  been  least  changed  are  those  relating 
to  the  theory  of  dynamo-electric  machines,  namely.  Chapters 
XXXIII.,  XXXIV.,  and  XXXV.  These  are  to  a  great  extent 
translated  from  the  second  edition  of  M.  Joubert's  book.  In 
the  preface  to  the  first  English  edition  it  was  stated  that 
M.  Joubert  could  not  be  held  responsible  for  any  errors  or 
defects  that  might  be  found  in  it ;  the  further  changes  that 
have  been  introduced  into  this  edition  make  M.  Joubert's 
responsibility  even  less  than  before. 

Among  the  principal  additional  matters  introduced  into 
this  edition  we  may  mention : — 

The  theory  of  electric  images,  as  applied  to  the  mutual 
electric  influence  of  spherical  conductors;  the  idea  of 
ionisation  of  electrolytes,  and  its  bearing  on  electrolysis 
and  allied  phenomena ;  the  propagation  of  electric  waves 
along  a  "concentric  cable,"  and  of  a  plane  wave  in  an 
unlimited  isotropic  medium ;  the  properties  of  the  cathode 
stream,  of  Rontgen  and  Becquerel  rays,  &c. ;  the  Zeeman 
effect,  and  a  brief  account  of  recent  investigation  bearing 
on  the  theory  of  electrons. 

The  introductory  chapters  on  magnetism  have  been  re- 
written, and  Gauss's  law  of  the  inverse-cube  of  the  dis- 
tance, for  the  field  due  to  a  small  magnet,  has  been  taken 
as  the  experimental  starting-point  for  the  quantitative  dis- 
cussion of  magnetic  action,  in  place  of  Coulomb's  law  of  the 
inverse  square  as  applied  to  magnetic  poles.  A  great  part 
of  the  chapters  relating  to  electromagnetism  has  been  re- 
modelled. 

Lastly,  we  should  perhaps  refer  to  some  points  of  ter- 
minology.    We   have   used    the   term   influence  instead   of 
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induction  in  reference  to  the  condition  of  a  conductor  in 
an  electrostatic  field,  reserving  induction  to  express  what 
Maxwell  calls  electric  displacement.  Similarly,  in  magnetism, 
we  use  influence  to  express  the  general  fact  of  the  magnetisa- 
tion of  a  magnetic  body  in  a  magnetic  field  and  induction  to 
denote  the  property  whose  rate  of  change  determines  the 
magnitude  of  induced  electromotive  force.  Seeing  that  we 
have  avoided  reference  to  magnetic  poles,  except  incidentally, 
it  seemed  more  consistent  to  avoid  the  correlative  expression, 
magnetic  force :  we  speak,  instead,  of  magnetic  field  and 
lines  of  field. 

G.  C.  F. 

A.  W.  P. 

May  1903. 
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In  the  preparation  of  this  Edition  the  whole  book  has  been 
carefully  revised  and  a  good  many  additions  have  been 
made,  not  always  for  the  sake  of  introducing  new  matter 
so  much  as  in  order  to  make  more  complete  the  discussion 
of  subjects  already  included.  The  final  chapter  has  been 
rewritten,  and  it  is  hoped  it  will  be  found  a  useful  summary 
of  recent  progress  in  electrical  science. 

We  desire  to  acknowledge  our  indebtedness  to  Dr.  C. 
Chree  for  his  kindness  in  looking  through  the  chapter  on 
Terrestrial  Magnetism,  and  giving  us  information  as  to  the 
magnetic  elements. 

G.  C.  F. 
A.  W.  P. 

November  1909. 
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ELECTRICITY 

CHAPTER  I 
FUNDAMENTAL   PHENOMENA 

1.  Electrification  by  Friction.— If  a  plate  of  glass  and  a 

plate  of  vulcanised  india-rubber,  both  thoroughly  dry,  are  laid  on 
each  other  and  rubbed  together,  it  is  found  that  some  force  is 
required  to  separate  them,  and  that,  after  having  been  separated, 
they  attract  each  other  if  not  too  far  apart.  If  a  second  piece  of 
glass  and  a  second  piece  of  india-rubber  are  treated  in  the  same 
way,  it  is  found  that  not  only  does  either  piece  of  glass  attract 
either  piece  of  india-rubber,  but  that  the  two  pieces  of  glass  repel 
each  other,  and  that  the  two  pieces  of  india-rubber  do  the  same. 
Bodies  which  are  in  such  a  condition  as  to  exhibit  these  properties 
are  said  to  be  electrified. 

Attraction  also  occurs  when  an  electrified  body  is  brought  near 
bodies  that  have  not  been  subjected  to  friction,  and  if  these  are 
light  enough  (bits  of  pith,  feathers,  shreds  of  paper,  wool,  &c.), 
they  may  be  lifted.  Effects  of  this  kind  often  afford  an  easier  test 
of  the  existence  of  electrification  than  such  experiments  as  those 
previously  referred  to.  It  is  accordingly  to  be  noted  that  although 
attraction  occurring  between  two  bodies  may  be  evidence  of  pre- 
vious electrification,  it  does  not  prove  that  Jiofh  the  mutually  attract- 
ing bodies  were  previously  electrified  ;  and  if  only  one  was  thus 
electrified,  we  cannot  say,  without  other  evidence,  which  it  was. 
On  the  other  hand,  repulsion,  as  between  two  pieces  of  glass  or  two 
}>ieces  of  india-rubber,  does  not  occur  unless  both  the  repelling 
bodies  have  been  previously  electrified. 

2.  Electrification  by  Contact. — If  a  pith-ball  (a)  hung  by  a 

fine  fibre  of  raw  silk  (Fig.  1)  is  allowed  to  touch  a  piece  of  glass  (d), 
tliat  has  been  electrified  by  friction,  it  is  repelled  by  the  glass  after 
contact  (Fig.  2).      Again,  a  second  pith-ball,  similarly  hung  by  a 
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silk  fibre,  if  allowed  to  touch  a  piece  of  electrified  india-rubber,  is 
repelled  by  the  india-rubber  after  contact.  The  two  pith-balls, 
however,  if  bi-ought  near  togethei-,  are  found  to  attract  each  other  ,• 


Fig.  1. 


Fig,  2. 


in  fact,  they  respectively  behave  towards  the  glass  and  india-rubber, 
and  towards  each  other,  just  as  a  second  pair  of  pieces  of  glass 
and  india-rubber  which  had  been  rubbed  together  would  do.  That 
is,  the  two  pith-balls  have  acquired  properties  exactly  like  those  of 
the  glass  and  india-rubber,  and  are  consequently  said  to  be  electri- 
fied by  contact. 

A  metal  rod  or  cylinder  supported  by  a  dry  glass  stem  or  sus- 
pended by  dry  silk  threads,  can  be  electrified  by  contact  with  a  piece 


Fig.  3. 


of  rubbed  glass  or  of  rubbed  india-rubber.  A  pith-ball  hanging 
by  a  silk  fibre  so  as  just  to  touch  the  metal  before  electrification 
may  be  repelled  in  this  way  to  a  considerable  distance  (Fig.  3). 
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A  piece  of  metal  thus  electrified  exhibits  signs  of  electrification 
at  all  parts  of  its  surface,  but  the  evidence  of  electrification  is  less 
marked  the  larger  the  piece  of  metal.  At  the  same  time,  the 
electrification  of  the  primarily  electrified  body  is  found  to  be 
lessened  by  having  imparted  its  own  properties  to  the  metal.  In 
fact,  the  whole  process  takes  place  as  though  the  communication 
of  electrification  depended  on  the  sharing  of  some  thing  or  con- 
dition, existing  at  the  surface  of  the  originally  electrified  body, 
between  it  and  the  body  with  which  it  is  brought  into  contact,  so 
that  what  is  gained  by  one  is  lost  by  the  other.  Facts  of  this  kind 
have  led  to  the  idea  of  an  unknown  something  capable  of  being 
developed  on  bodies  by  friction,  when  two  different  substances  are 
rubbed  together,  capable  also  of  spreading  from  one  body  to  an 
other  by  contact,  and  giving  rise  to  the  phenomena  characteristic 
of  electrification.  This  supposed  cause  of  electrical  phenomena 
is  spoken  of  as  dedricity. 

3.  Good  and  Bad  Electrical  Conductors.— Bodies  which, 

when  electrified  at  one  part,  are  immediately  found  to  be  electri- 
fied all  over,  are  called  good  conductors  of  electricity,  and  the 
process  is  commonly  described  as  depending  on  the  freedom  with 
which  electi-icity  can  move  over  them.  There  are,  however,  many 
substances — such  as  glass,  shellac,  india-rubber,  silk,  wool,  sulphur, 
amber^ — which,  when  electrified  at  one  part,  allow  the  electi-ical 
state  to  spread  only  very  slowly  and  gradually  to  other  parts. 
Such  bodies  are  conceived  of  as  not  permitting  the  passage  of 
electricity  through  them  or  along  their  surface:  they  are  hence 
called  non-conductors  of  electricity.  More  properly,  bodies  of  this 
kind  are  called  bad  or  slow  conductors,  for  they  do  not  absolutely 
prevent  the  commvinication  of  electrification,  and  hence  their  pro- 
perties differ  rather  in  degree  than  in  kind  from  those  of  good 
conductors.  The  differences  in  degree,  however,  are  often  enor- 
mous, the  spread  of  electrification  being  in  some  cases  apparently 
instantaneous,  while  in  others  it  is  so  slow  as  to  require  very 
careful  observation  to  detect  it  at  all. 

All  the  metals  belong  to  the  class  of  electrical  conductors,  as 
well  as  graphite  and  various  metallic  ores.  Water  in  its  ordinary 
condition  is  a  conductor,  and  so  are  aqueous  solutions  of  soluble 
salts ;  but  when  water  is  very  carefully  purified  its  conducting 
power  is  greatly  diminished,  so  that  it  seems  likely  that  absolutely 
pure  water,  and,  piobably,  every  non-metallic  liquid  in  a  pure 
vmmixed  state,  is  a  non-conductor.  Living  plants  and  animals, 
being  for  the  most  part  pervaded  throughout  by  watery  fluids, 
are  conductors,  though  many  animal  and  vegetable  tissues,  when 
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thoroughly  dry,  are  non-conductors.  The  air,  again,  and  other  gases, 
as  well  as  vapours,  are  very  perfect  non-conductors. 

4.  Insulators. — The  facts  stated  in  the  last  two  paragraphs 
serve  to  explain  certain  points  connected  with  the  electrification  of 
bodies  by  friction.  If  two  bodies,  both  belonging  to  the  class  of 
electrical  non-conductors,  are  rubbed  together,  they  are  both  found 
to  be  electrified,  the  degree  of  electrification  varying  with  the 
nature  of  the  bodies.  But  if  a  piece  of  metal  or  other  conducting 
material  held  in  the  hand  is  rvibbed  against  a  non-conductor — say 
a  piece  of  dry  flannel — only  the  non-conductor  appears  afterwards 
to  be  electrified.  The  reason  is  that  the  electrification  produced 
on  the  metal  spreads  over  the  hand,  arm,  and  body  of  the  experi- 
menter to  the  floor  and  walls  of  the  room,  and  is  thereby  so  much 
diminished  in  intensity  as  not  to  be  recognisable  without  special 
means.  In  order  that  a  piece  of  metal  may  be  electrified  either 
by  friction  or  by  contact,  it  is  needful  that  it  should  be  cut  off 
from  electrical  communication  with  the  room  and  surrounding 
objects  by  being  supported  by  non-conducting  materials.  The 
conductor  is  then  said  to  be  rn-^uJated,  and  so  long  as  its  insulation 
remains  perfect,  the  degree  of  its  electrification  cannot  increase 
or  decrease. 

In  consequence  of  their  use  for  preventing  the  communication 
of  electrification,  non-conducting  bodies  are  often  spoken  of  as  insu- 
lators. No  more  perfect  insulator  is  obtainable  than  air,  if  there 
is  a  sufiicient  thickness  of  it.     Of  solid  insulators,  clean  and  dry 
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Fig.  4. 


Fig.  5. 


flint-glass  and  ebonite  are  among  the  most  efficient  and  convenient 
for  practical  purposes.  Glass,  however,  is  apt  to  become  covered 
with  a  conducting  film  of  moisture  deposited  from  the  atmosphere. 
This  can  sometimes  be  prevented  by  keeping  it  slightly  warm 
— not  hot,   as    it    then    conducts    appreciably — or   by  coating  the 
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surface  with  shellac-varnish,  or,  better  still,  by  keeping  the  air 
in  its  neighbourhood  dry  by  means  of  strong  sulphuric  acid  (see 
Figs.  4,  5). 

5.  Two  Correlative  Electrical  States. — Let  us  return  to  a 

fact  mentioned  in  (1).  Suppose  a  piece  of  glass  and  a  piece  of 
vulcanised  india-rubber  to  have  been  electrified  by  being  rubbed 
together,  and  then  that  a  second  piece  of  each  material  is  treated 
in  the  same  way.  As  already  stated,  the  two  pieces  of  glass  and 
the  two  pieces  of  india-rubber  both  repel  each  other,  but  either 
piece  of  glass  attracts  either  piece  of  india-rubber.  Hence  we  see 
that  although  both  the  glass  and  the  india-rubber  have  acquired 
special  properties  as  the  result  of  the  friction,  that  is,  although 
both  are  electrified,  their  properties  are  not  identical.  As  com- 
pared with  each  other,  no  difference  is  apparent :  the  glass  attracts 
the  india-rubber  and  the  india-rubber  attracts  the  glass,  and  either 
of  them  can  lift  small  bits  of  pith.  But  towards  a  third  electrified 
body  their  action  is  not  only  dift'erent,  it  is  directly  opposed  :  a 
body  which  is  repelled  by  one  is  attracted  by  the  other.  More- 
over, if  two  bodies  are  rubbed  together  without  being  separated, 
the  parts  that  were  subject  to  mutual  friction  remaining  in  contact, 
and  are  then  presented  simultaneously  to  a  third  electrified  body, 
no  sign  of  electrification  can  be  detected,  since  the  repvdsion  that 
would  be  caused  by  one  of  the  rubbed  bodies  if  it  were  alone  is 
exactly  neutralised  by  the  attraction  due  to  the  other.  Experi- 
ments of  this  kind,  which  in  their  details  may  be  varied  to  an 
almost  endless  extent  without  altering  the  general  result,  prove 
that  the  process  of  electrification  consists  in  the  simultaneous  develop- 
ment of  two  electrical  states  so  related  that  the  effects  produced  hy  a 
body  in  one  of  these  states  are  opposed  to  tlwse  prodvA^ed  under  similar 
conditions  hy  a  body  in  tJie  other  state,  and  also  that  the  opp)Osite 
electrical  states  are  always  produced  simultaneously  to  such  an  extent 
that  they  can  mutucdly  neiitrcdise  each  other's  action. 

The  relation  between  these  two  correlative  electrical  conditions 
is  analogous  to  that  between  quantities  of  opposite  sign  in  algebra ; 
that  is,  when  oppositely  electrified  bodies  are  superposed,  their 
combined  effect  is  equal  only  to  the  difference  of  the  effects  they 
are  capable  of  producing  separately,  just  as  the  result  of  adding 
quantities  of  opposite  algebraic  sign  is  a  quantity  of  the  same  sign 
as  the  greater  of  the  two,  and  equal  in  magnitude  to  their  arith- 
metical difference.  This  relation  is  conveniently  expressed  by 
calling  one  of  the  two  electrical  states,  that  assumed  by  the  glass, 
positive,  and  the  other,  that  assumed  by  the  india-rubber,  neijative. 
Again,  just  as  two  quantities  of  opposite  sign  are  said  to  be  equal 
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when  their  sum  =  0,  so  the  electrification  of  two  oppositely  elec- 
trified bodies  is  said  to  be  equal  in  amount,  or  the  bodies  are  said 
to  be  charged  with  equal  opposite  quantities  of  electricity,  when 
the  result  of  their  superposition  is  to  do  away  with  all  evidence  of 
electrification.  Using  this  mode  of  expression,  we  may  repeat  in 
a  more  concise  form  what  was  said  above,  and  assert  that  the 
process  of  electrification  consists  in  the  simultaneous  and  correlative 
in-oduction  of  equal  quantities  of  positive  and  negative  electricity. 

6.  Electrification  of  Various  Substances.— Hitherto,    in 

speaking  of  electrification  by  friction,  we  have  almost  confined 
ourselves  to  a  single  typical  case,  that  of  glass  and  india-rubber. 
But  in  general,  any  two  bodies,  after  being  rubbed  together,  they 
having  been  held,  if  needful,  by  insulating  supports,  are  found,  if 
examined  with  sufficient  care,  to  be  more  or  less  electrified.  One 
of  them  repels  a  piece  of  glass  that  has  been  ru.bbed  with  vulcan- 
ised india-rubber  and  attracts  the  india-rubber ;  the  other  repels 
the  india-rubber  and  attracts  the  glass.  Accordingly  the  first  is 
said  to  be  positively  electrified,  and  the  second  negatively.  If  a 
number  of  different  substances  are  taken  and  rubbed  together 
two  and  two,  it  is  possible  to  arrange  them  in  consecutive  order, 
so  that  each  one  becomes  positive  when  rubbed  against  one  of 
those  that  follow  it  in  the  series,  and  negative  when  rubbed 
against  one  of  those  that  precede  it.  For  example,  the  substances 
in  the  following  list  are  arranged  in  this  way  : — 

Fur  of  a  live  cat.  Silk. 

Polished  glass.  Shellac. 

Flannel.  Resin. 

Feathers.  Ground  glass. 

Woody  fibre  (pure  cotton-wool).  Metals. 

Other  things  equal,  more  marked  effects  are  obtained  with  two 
substances  which  occur  fai-  apai't  in  such  a  list  than  with  two  that 
occur  nearer  together ;  the  effect  appears,  however,  in  many  cases 
to  depend  on  small  changes  of  condition  in  a  way  that  is  not 
understood.  An  example  is  afforded  by  the  difference  between 
polished  and  ground  glass. 

7.  The  Electric  Field. — When  two  bodies  have  been  rubbed 
together  so  as  to  electrify  them,  the  result  cannot  be  detected 
until  the  surfaces  have  been  separated  (5).  In  separating  them, 
work  has  to  be  done  in  order  to  overcome  the  force  with  which 
they  mutually  attract  each  other  (1).  When  the  rubbed  bodies 
have  been  separated,  any  other  electrified  body  brought  into  their 
neighbourhood,   and   especially   if    put   directly   between  them,   is 
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subject  to  force  tending  to  make  it  move  from  one  and  towards 
the  other  (1).  If,  therefore,  the  mechanical  resistances  are  so 
small  that  motion  can  actually  take  place,  work  is  done  by  the 
electrical  forces.  It  may  be  said,  then,  that  the  space  near  the 
electrified  bodies  possesses  special  properties  depending  on  the 
relative  positions  of  these  bodies,  and  on  the  degree  of  their 
electrification.  The  existence  of  the  forces  already  referred  to 
constitutes  the  most  obvious  and  easily  observed  of  these  pro- 
perties, but,  as  we  shall  see  later,  this  space  possesses  other  pro- 
perties not  less  characteristic  (23,  68).  In  order  to  connote 
collectively  these  properties  without  reference  to  the  special  way 
in  which  the  electrification  may  have  been  produced,  any  space 
where  they  exist  is  called  an  electric  field. 

An  electric  field  is  always  bovinded  by  surfaces  possessing  equal 
opposite  coi-relative  electrifications  (5).  It  may,  or  may  not,  have 
definite  geometrical  limits.  Consider,  for  example,  the  field  pro- 
duced by  rubbing  together  and  then  separating  two  bodies  which 
are  at  a  very  great  distance  from  all  other  objects  as  compared 
with  their  distance  from  each  other.  The  boundaries  of  the  field 
are  the  surfaces  of  the  electrified  bodies ;  but  as  these  are  entirely 
external  to  each  other,  they  do  not  enclose  any  definite  space,  and 
the  field  extends  on  all  sides.  The  only  sense  in  which  it  can  be 
said  to  be  limited  is  that,  at  a  greater  or  less  distance,  electrical 
effects  can  no  longer  be  detected ;  but  this  distance  depends 
essentially  on  the  means  of  detection  employed,  and  as  these  are 
rendered  more  and  more  sensitive  the  apparent  extent  of  the 
electric  field  becomes  greater  and  greater.  If,  on  the  other  hand, 
one  of  the  bounding  surfaces  entirely  encloses  the  other,  the 
electric  field  is  definitely  limited  to  the  space  between  them.  For 
example,  a  case  that  frequently  occurs  is  when  one  of  the  rubbed 
bodies  is  a  conductor  in  electrical  connection  with  the  inside  of 
the  room  where  the  experiment  is  made.  The  floor,  walls,  and 
ceiling  are  always  composed  of  materials  possessing  suflicient  con- 
ducting power  to  enable  the  electrification  of  the  body  connected 
with  them  to  spread  over  them.  In  this  case  the  electric  field 
extends  between  the  surface  of  the  rubbed  body  that  remains 
insulated  and  the  inner  surface  of  the  room. 

8.  Electric  Discharge. — If  two  oppositely  electrified  con- 
ductors are  brought  into  contact,  there  is  a  sudden  decrease  in  the 
degree  of  electrification.  Sometimes  both  conductors  are  found, 
after  contact,  to  be  entirely  unelectrified,  and  in  such  cases  we  infer 
that  their  previous  electrifications  were  equal  (5).  In  cases  where 
any  electrification  remains,  the  electrification  of  both  conductors  is 
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found  to  be  of  the  same  sign,  and  we  then  infer  that  the  conductor 
whose  original  electrification  was  of  this  sign  was  electrified  in  a 
greater  degree,  or  to  a  greater  amount,  than  the  other.  The  dis- 
appearance of  electrification  under  the  above  conditions  is  called 
electric  discharge,  and  the  conductors  are  said  to  be  discharged  or 
to  have  lost  their  electric  charges.  Discharge  occurs  also  when 
oppositely  electrified  conductors  are  connected  by  a  third  conductor 
instead  of  being  put  into  direct  contact. 

If  the  degree  of  electrification  is  considerable,  discharge  can 
take  place  through  an  appreciable  thickness  of  non-conducting 
matter,  such  as  air,  or  oil,  or  glass.  In  such  cases  it  is  accompanied 
by  a  sudden  disruption  of  the  non-conductor,  as  is  rendered  evident 
in  the  case  of  air  by  a  svidden  sound — which  may  vary  in  loudness 
from  a  barely  audible  snap  to  a  bang  like  that  of  a  gun — and  by  a 
spark,  which  may  be  just  visible  in  the  dark  or  may  be  a  dazzling 
flash.  Liquid  non-conductors  are  thrown  violently  about  by  the 
discharge  and  solids  are  permanently  pierced. 

Complete  discharge  takes  place,  with  or  without  an  appreciable 
spark  and  sound,  when  the  two  conducting  boundaries  of  an  electric 
field  come  into  contact  or  are  connected  by  a  conductor.  For  example, 
suppose  a  metal  ball  supported  by  a  dry  glass  stem,  or  hung  by  a 
silk  cord,  to  be  flapped  with  a  piece  of  warm  dry  flannel :  an  electric 
field  is  set  up,  the  negative  boundary  of  which  is  the  sm-face  of  the 
ball,  while  the  positive  boundary  is,  at  the  first  instant,  on  the 
flannel ;  but  whether  the  experimenter  keeps  this  in  his  hand,  or 
lays  it  on  the  table  or  on  the  floor,  the  positive  electrification 
gradually  spreads  over  the  floor,  walls,  and  ceiling  of  the  room, 
and  the  field  then  extends  between  all  parts  of  the  inner  surface  of 
the  room  and  the  ball  (7,  end).  If  now  the  experimenter  touch  the 
ball  with  his  finger,  his  body  forms  a  conductor  connecting  tlie 
boundaries  of  the  field,  and  all  signs  of  electrification  cease.  A 
body  thus  touched,  or  connected  with  the  room  by  a  wire,  is  often 
spoken  of  as  being  connected  to  earth,  or  earth-connected.  This 
mode  of  securing  absence  of  electrification  is  of  continual  use  in 
experimenting.  We  shall  deal  with  this  subject  more  fully  in 
Chapter  IX. 

9.  Energy  of  an  Electric  Field.— In  whatever  way  an  electric 
field  may  be  produced,  a  certain  amount  of  energy  must  be  expended 
in  the  process.  In  such  a  case  as  that  referred  to  in  (7)  this  is 
evidently  equal  to  the  work  done  against  electric  force  in  separat- 
ing the  electrified  surfaces,  and  may  be  represented  by  the  product 
/7,  if  /■  denotes  the  average  force  tending  to  prevent  separation, 
while  two  points  originally  in  contact  are  separated  to  the  distance  I. 
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Again,  when  an  electric  field  exists,  the  forces  that  act  therein  can 
do  woik  on  electrified  bodies  moving  in  the  field.  The  total  amount 
of  work  that  can  thus  be  done  may  be  called  the  energy  of  the 
electric,  field :  it  is  equal  to  the  energy  expended  in  establishing 
the  field.  How  a  definite  power  of  doing  work,  in  other  words, 
a  definite  amount  of  energy,  can  be  as- 
sociated with  a  given  electric  field  may 
be  understood  by  a  special  case.  For  ex- 
ample, let  A  and  b  (Fig.  6)  be  two  insulated 
metal  plates,  equally  and  oppositely  electri- 
fied, forming  the  boundaries  of  an  electric 
field,  and  let  c  be  a  gilt  pith-ball  hanging 
between  them  by  a  fine  silk  fibre.  If  c 
comes  into  contact  with  A,  which  we  will 
suppose  positively  electrified,  it  will  be- 
come electrified,  and  will  then  be  urged 
to  B  by  the  electi'ic  forces  of  the  field, 
an  amount  of  work  being  done  equal  to 
the  product  of  the  distance  traversed  into 
the  average  electric  force  exerted.  When 
c  arrives  at  B,  there  will  be  mutual 
neutralisation  of  the  positive  electricity 
conveyed  by  it,  and  of  an  equal  quantity 
of  the  negative  electricity  of  b.  This  will  be  accompanied 
by  a  proportionate  diminution  of  the  energy  of  the  field.  Next, 
c  will  acquire  negative  electricity  from  b,  and  will  be  urged  back 
to  A,  the  forces  of  the  field  again  doing  work  upon  it.  On  its 
arriving  there,  the  negative  electricity  of  c  and  an  equal  amount  of 
the  positive  electricity  of  A  will  mutually  neutralise  each  other,  and 
so  a  further  diminution  of  electric  energy  will  take  place.  If  this 
process  is  repeated  over  and  over  again,  it  is  evident  that  the  final 
result  will  be  the  entire  disappearance  of  electrification,  and  that 
simultaneously  the  power  of  doing  work  by  motion  of  the  pith-ball 
will  come  to  an  end, 

10.  Seat  of  Electric  Energy.  —  It  has  been  pointed  out 
already  that  the  space  between  two  correlative  oppositely  electri- 
fied surfaces,  a  so-called  electric  field,  may  be  said  to  possess 
energy.  It  is  a  matter  of  great  importance,  in  connection  with  any 
inquiry  into  the  ultimate  nature  of  electrification,  to  ascertain  the 
seat  of  the  condition  to  which  this  energy  is  due, — whether  it  is  a 
property  of  the  electrified  surfaces  by  which  the  field  is  bounded,  or 
whether  it  is  to  be  sought  in  the  non-conducting  medium  existing 
throughout  the  field  itself. 


Fig.  6. 
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The  facts  that  the  operations  whereby  an  electric  field  is  estab- 
lished are  carx'ied  on  with  the  bodies  forming  the  bounding  surfaces 
of  the  field,  and  that  the  question  whether  electric  force  acts  at  any 
given  point  or  not  depends  upon  the  position  of  the  point  relatively 
to  these  bodies,  long  caused  attention  to  be  fixed  almost  exclusively 
upon  them,  and  the  accepted  terminology  of  electric  science  has 
been  framed  almost  entirely  from  this  point  of  view.  On  the  other 
hand,  such  facts  as  those  mentioned  in  (15),  that  the  conducting 
boundaries  of  a  field  affect  it  only  by  virtue  of  the  geometrical 
relations  of  their  surfaces,  wliereas  the  forces  acting  anywhere  in 
the  field,  and  therefore  its  total  energy,  depend  essentially  on  the 
physical  properties  of  the  intervening  non-conducting  medium, — 
seem  to  indicate  the  latter  as  that  in  which  the  electrical  state  is 
really  inherent.  There  is,  in  fact,  evidence,  to  be  discussetl  later, 
tending  to  show  that  the  medium  occupying  an  electric  field  is  in  a 
state  of  stress,  consisting  in  a  tension  at  every  point,  in  a  direction 
parallel  to  that  in  which  an  electrified  particle  at  that  point  would 
be  urged,  and  of  a  pressure  in  all  directions  at  right  angles  thereto. 
The  forces  tending  to  make  the  oppositely  electrified  conductors 
that  bound  the  field  approach  each  other  are  supposed  to  result 
from  this  stress,  which,  however,  is  not  made  evident  by  direct 
mechanical  effects  produced  in  the  homogeneous  field  itself.  The 
case  is  to  some  extent  compai'able  with  that  of  an  ordinary  fluid 
under  pressure :  the  stress  existing  in  the  fluid  tends  to  make  the 
bounding  surfaces  of  the  containing  vessel  move  away  from  each 
other,  but  any  portion  of  the  fluid  itself  is  in  equilibrium  under  the 
action  of  balancing  forces. 

On  this  view,  what  is  commonly  called  the  quantity  of  electricity 
on  a  conductor,  or  the  amount  of  its  charge,  is  to  be  looked  on  as 
an  indication  of  what  total  foice  is  applied  to  its  surface,^  and  the 
sharing  of  the  charge  of  a  conductor  with  another  previously 
unelectrified,  as  the  transfer  of  the  sui-face  of  application  of  part  of 
the  total  force  from  the  first  conductor  to  the  second. 

Although  it  may  not  be  possible  as  yet  to  give  a  complete 
account  of  the  part  played  by  non-conducting  media  in  the  produc- 
tion of  electrical  phenomena,  there  can  be  no  doubt  that  any  satis- 
factory explanation  of  these  phenomena  must  take  account  of  the 
functions  of  non-conductors  as  well  as  of  conductors. 

1  lu  exact  language,  what  is  here  meant  is  the  surface  integral  of  the  out- 
ward normal  component  of  force. 


CHAPTER  II 


LAW  OF  INVERSE   SQUARES  AND  APPLICATIONS 


11.  Gold -leaf  Electroscope— Proof  -  plane.— The    expeii- 

nientiil  study  of  electric  states  requires  the  use  of  apparatus  which 
we  liave  not  yet  described.  It  can  be  carried  out  to  a  considerable 
extent  by  means  of  the  two  instruments  named  at  the  head  of  this 
paragraph. 

1.  j[lie  gold-leaf  electroscope  serves  for  the  detection,  and  to 
some  extent  for  the  comparison,  of  smaller  degrees  of  electi'ifica- 
tion  than  could  be  recognised  by 
any  of  the  means  yet  referred  to. 
It  consists  essentially  (Fig.  7)  of  two 
strips  of  gold  -  leaf  suspended  close 
together  from  an  insulated  metal  stem. 
To  protect  the  gold  -  leaves  from  air- 
currents  and  from  mechanical  injury, 
they  are  surrounded  by  a  glass  bell- 
jar,  through  the  top  of  which  the 
metal  stem  projects,  being  terminated 
by  a  ball  or  sometimes  by  a  metal 
plate.  The  bell  -  jar  is  closed  below 
by  a  piece  of  wood,  covered  at  least 
on  the  upper  side  with  tinfoil  and 
uninsulated.  Two  vertical  uninsulated 
strips    of    tinfoil,    or    else    two    metal 

rods,  are  carried  up  inside  the  bell-jar  so  that  their  upper  ends 
are  a  little  above  the  bottom  of  the  strips  of  gold-leaf. 

When  the  electroscope  is  entirely  unelectrified,  the  two  gold- 
leaves  hang  vertically  face  to  face  ;  but  a  very  small  degree  of 
electrification  causes  them  to  stand  apart  at  the  bottom,  the 
amount  of  divergence  increasing  with  the  electrification.  "When 
the  electroscope  is  charged,  it  becomes  pro  tanto  one  of  the 
boundaries  of  an  electric  field,  and  we  may  say  that  the  divergence 
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of  the  gold-leaves  results  from  the  tendency  of  the  boundaries  of 
the  field  to  approach  each  other. 

2.  The  proof-'plane  consists  of  a  small  disc  of  copper-foil  or  of 
gilt  cardboard  fastened  at  the  end  of  an  insulating  rod  of  shellac 
or  glass.  If  the  disc  is  applied  tangentially  to  any  part  of  the 
surface  of  a  conductor,  it  coincides  sensibly  with  the  surface  at 
that  part  and  (as  will  be  proved  in  the  next  section)  becomes 
charged  with  the  quantity  of  electricity  previously  existing  thereon. 
If  it  is  then  removed  at  right  angles  to  the  surface,  it  carries  this 
charge  with  it.  The  relative  amounts  of  the  charges  acquired 
by  the  proof-plane  in  different  experiments  can  be  judged  of  by 
bringing  it  into  contact  with  the  knob  of  the  gold-leaf  electroscope 
and  observing  the  divergence.  This  requires  that  the  electroscope 
shall  have  been  previously  graduated,  which  can  be  done  in  the 
following  way,  depending  upon  the  experiments  next  to  be  de- 
scribed. A  hollow  insulated  conductor  is  connected  to  the  knob, 
and  a  proof-plane  charged  from  a  constant  source  is  brought  into 
contact  with  the  inside  of  the  conductor.  The  proof-plane  gives 
up  the  whole  of  its  charge  and  the  leaves  diverge.  If  this  is  done 
repeatedly,  always  charging  the  proof-plane  from  the  same  source 
and  taking  care  not  to  discharge  the  electroscope,  the  charge  on  the 
latter  will  each  time  increase  by  the  same  amount ;  and  thus  the 
divergences  corresponding  to  charges  whose  relative  values  are  1, 
2,  3,  4,  ...  &c.,  can  be  ascertained.  A  proof-hall  may  be  used 
instead  of  a  proof-plane,  but  the  relation  between  the  charge 
received  by  a  ball  when  put  in  contact  with  a  conductor  is  related 
to  the  charge  per  unit  area  at  the  part  touched  in  a  much  more 
complicated  way  than  is  the  case  with  a  proof-plane,  for  which  the 
two  are  simply  proportional. 

12.  The  Charge  of  a  Conductor  in  Electrical  Equilibrium 
is  purely  Superficial :  in  other  words,  An  Electric  Field  does 

not  penetrate  the  Sur- 
faces of  the  Conductors 
which  form  its  Boun- 
daries.—  The  following 
are  some  of  the  most 
striking  experiments 
whereby  this  important 
principle  may  be  verified. 
1 .  An  insulated  metal 
sphere,  a  (Fig.  8),  is 
electrified  and  then  enclosed  in  two  metal  hemispheres,  b  and  c, 
of    somewhat    larger    diameter    than    itself,    held    by    insulating 
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Fig.  9. 


handles.  The  hemispheres  while  kept  closed  are  raised  or  lowei'ed 
so  as  to  touch  the  inner  sphere  for  a  moment  and  are  then 
separated  and  removed  simultaneously.     On  now  testing  the  ball 

with  the  electroscope,  it  is  found 
entirely  unelectrified,  while  the 
hemispherical  cups  are  found  to  be 
charged. 

This  experiment,  which  is  due 
to  Cavendish,  will  be  interpreted 
somewhat  differently  according  as 
we  fix  our  attention  only  on  the 
charge  of  the  ball,  or  take  account 
of  the  whole  electric  field  of  which  the  surface 
of  the  ball  forms  one  boundary. 

In  the  former  case,  we  may  say  that  at  the 
moment  of  contact  the  ball  and  the  enclosing  cups 
form  a  single  conductor,  and  that  the  whole  of 
the  electricity  passes  to  the  outer  surface. 

In  the  latter  case,  we  have  to  consider  that 
the  electric  field  extends  from  the  surface  of  the 
ball  to  the  surface  (usually  the  inner  surface  of 
the  room  where  the  experiment  is  made)  on  which 
the  correlative  opposite  charge  to  that  of  the  ball  is  situated,  and 
that  the  charge  passes  from  the  ball  to  the  outside  of  the  cups  in 
accordance  with  the  general 
tendency  to  longitudinal 
contraction  of  the  field. 

2.  A  hollow  insulated 
conductor  of  any  shape 
(Fig.  9)  is  electrified.  If  now  a  proof-plane  is 
made  to  touch  any  part  of  the  outer  surface, 
it  is  found  when  i-emoved  to  be  electrified. 
But  if  the  proof-plane  is  in.serted  through  a 
hole,  so  as  to  touch  any  part  of  the  inner 
surface,  it  is  found  on  removal  to  be  entirely 
unelectrified. 

The  first  part  of  this  experiment  may  be  regarded  as  a  partial 
repetition  of  that  just  described.  The  result  of  the  second  part  is 
just  what  might  be  looked  for  when  it  is  considered  that  the  whole 
electric  field  is  outside  the  conductor. 

.3.  Faraday  made  an  experiment  analogous  to  the  last  l)y  means 
of  a  sort  of  muslin  butterfly-net,  movnited,  as  .shown  in  the  figure 
(Fig.  10),  on  an  insulating  stand.     When  the  net  is  electrified  it 
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can  be  shown  by  the  proof-plane  that  the  charge  is  entirely  on  the 
outside.  But  if  the  net  is  turned  inside  out  by  means  of  a  silk 
thread  fastened  to  the  point,  the  charge  passes  to  the  other  side  of 
the  muslin,  so  as  again  to  be  on  the  outer  surface,  and  this  happens 
every  time  the  net  is  reversed. 

4.  Faraday  had  a  chamber  constructed  with  conducting  walls, 
and  supported  on  insulating  feet,  large  enough  for  him  to  get  inside 
it  and  make  experiments.  The  chamber  was  connected  with  a 
powerful  electrical  machine  outside,  and  charged  so  that  strong 
sparks  could  be  drawn  from  any  part  of  the  outer  surface ;  but 
nevertheless  not  the  smallest  trace  of  electricity  could  be  detected 
inside,  nor  the  least  sign  of  electric  force,  even  by  the  most  delicate 
instruments. 

There  is  no  need  in  this  experiment  that  the  surface  of  the 
conductor  should  be  perfectly  continuous.  It  may,  in  fact,  be 
easily  performed  by  means  of  a  parrot-cage  formed  of  a  simple 
network  of  wire.  A  gold-leaf  electroscope  placed  anywhere  inside 
the  cage  remains  unaffected  even  when  the  cage  is  strongly, 
electrified. 

5.  An  important  experiment  correlative  to  that  of  Faraday  is 
due  to  Mr.  F.  C.  Webb.  Taking  an  electrical  machine  into  an 
insulated  chamber,  and  connecting  the  rubbers  of  the  machine 
with  the  floor  of  the  chamber,  he  was  able  to  electrify  insulated  con- 
ductors inside  the  chamber,  exactly  as  he  might  have  done  in  an 
ordinai'y  room.  When  this  was  done,  all  parts  of  the  inner  surface 
of  the  chamber  were  found  to  be  electrified,  but  no  sign  of  electrifi- 
cation could  be  detected  outside. 

In  this  form  of  the  experiment  the  electric  field  extends  from 
the  surface  of  the  enclosed  conductors  to  the  inner  surface  of  the 
chamber,  and  is  complete  inside  the  chamber.  In  Faraday's  form 
of  the  experiment  the  field  extends  from  the, outer  surface  of  the 
chamber  to  the  inner  surface  of  the  room  in  which  it  is  placed,  and 
is  complete  outside  the  chamber. 

All  these  experiments  go  to  establish  a  fundamental  principle 
of  electric  distribution,  that  there  is  neither  electricity  nor  electric 
force  within  the  substance  of  a.  conductor :  the  charge  is  entirely 
superficial,  being,  in  the  case  of  a  hollow  conductor,  on  the  outside 
or  the  inside  sui-face  according  as  the  correlative  opposite  charge 
is  external  or  internal  respectively. 

13.  Law  of  Force — Bertrand's  Proof. — We  have  no  means 

of  judging  of  the  degree  of  electrification  of  bodies  except  by  the 
mechanical  forces  they  exert  by  reason  of  it ;  we  shall  therefoi-e 
assume  the  possibility  of  taking  one  as  a  measui-e  of  the  other.     So 
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that,  if  in  any  case  the  foi-ce  on  a  small  charged  body  due  to 
surrounding  electrification  is  double  that  which  it  is  in  another 
case,  the  surrounding  electrification  remaining  the  same,  then 
we  assume  that  the  charge  on  the  small  body  in  the  first  case  is 
also  double  that  in  the  second.  This  being  granted,  the  experi- 
ments we  have  just  described  enable  us  to  show  that  there  is  one 
and  only  one  possible  law  of  action  between  elementary  charges. 
The  most  superficial  experiments  suflice  to  show  that  the  force 
between  two  bodies  becomes  less  Avhen  the  distance  is  increased, 
and  we  shall  now  prove  that  the  law  of  vaiiation  is  that  of  the 
inverse  square  of  the  distance,  provided  that  the  charges  are 
localised  sensibly  at  points. 

Consider  an  electrified  conducting  sphere  at  a  great  distance 
from  other  objects,  and  therefore  at  a  great  distance  from  the 
opposite  boundary  of  the  coriesponding  electric  field.  In  such  a 
case  the  only  forces  of  appreciable  magnitude  tending  to  produce  a 
definite  distribution  of  the  charge  upon  the  sphere  are  those  arising 
from  the  mutual  repulsion  between  the  several  elementary  portions 
of  the  charge  itself.  Considerations  of  geometrical  symmetry 
require  us  to  assume  that,  in  such  a  case,  the  charge  distributes 
itself  uniformly  over  the  surface  of  the  sphere,  and  consequently, 
if  at  any  point  within  it  we  place  a  very  small  charge,  the  force 
upon  it  due  to  a  given  small  element  of  the  svii-face  will  be  propor- 
tional to  the  area  of  the  element,  but  it  will  also  depend  in  some 
definite  way  on  the  distance  of  the  element  from  the  point,  that  is, 
it  will  be  what  is  called  in  mathematics  a,  function  of  this  distance. 
What  we  have  here  said  may  be  expressed  by  saying  that  the  force 
due  to  a  small  element  of  svirface  of  area  ds,  at  a  point  distant 
r  centimetres  from  it,  is  represented  by  ds.f{r),  where  the  symbol 
/(?•)  stands  for  the  function  of  the  distance  r  by  which  the  force  is 
determined.     We  have  to  find  out  what  this  function  is. 

If  the  force  decreases  in  proportion  as  the  square  of  the  distance 
increases,  that  is,  if  the  force  vaiies  inversely  as  the  square  of  the 

distance,  we  may  write  j^ 

ds.f{r)  =  ds- 

where  ^  is  a  constant  quantity  for  the  electrified  sphere,  and  may 
be  interpreted  physically  as  standing  for  the  force  at  unit  distance 
due  to  a  very  small  portion  of  the  surface  taken  as  unit  of  area. 
The  same  formula  may  also  be  written  as 

which  we  may  read  as  a  statement  tliat,  //'the  electi-ic  foi-ce  at  a 
point  varies  inversely  as  the  square  of  the  distance  of  that  point 
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from  the  acting  electricity,  the  prodvict  of  the  sqviare  of  the  distance 
into  the  function  that  expresses  the  way  in  which  the  force  varies 
with  distance  is  the  same  for  all  distances.  On  the  other  hand,  it 
the  law  of  inverse  squares  does  not  hold  good,  the  product  r'^f{r) 
must  either  increase  or  decrease  as  r  increases,  or  must  vary  in  the 
same  direction  as  r  within  a  certain  range  of  values,  and  in  the 
opposite  direction  for  another  range.  If  the  product  is  not  con- 
stant, it  will  always  be  possible  to  find  two  values  of  r,  say  1\  and 
r.,,  such  that,  as  r  increases  from  one  to  the  other,  the  product  in 
question  varies  always  in  the  same  direction.  For  the  sake  of 
argument,  we  will  suppose  it  to  increase,  and  will  consider  the 
consequences  of  this  supposition. 

Construct  a  sphere  (Fig,  11)  of  which  the  diameter  is  v-^-^r^, 
and  consider  the  point  P  which  divides  the  diameter  into  the  two 

segments  i\  and  Vc,.  Let  dx  and  <W  be 
the  two  small  areas  intercepted  in  the 
surface  of  the  sphere  by  a  double  cone  of 
infinitesimal  solid  angle  with  its  vertex 
at  P,  These  small  areas  will  lie  on 
opposite  sides  of  a  plane  through  p  at 
right  angles  to  the  given  diameter;  let 
r  and  r  be  their  respective  distances 
from  p.     Then  the  force  at  p  due  to  ds 

is  ds.f(r)  and  that  due  to  dti    is  ds'.f(r'). 
Fig,  11  .  . 

But  since  ds  and  ds  are  sections  of  the 

small  cone  of  equal  obliquity  (as  is  immediately  seen  on  drawing 

radii  to  them)  their  areas  are  proportional  to  the  squares  of  their 

respective  distances  from  the  vertex.     Consequently,  for  the  ratio 

of  the  forces  at  p  due  to  these  areas,  we  have 

ds.fjr)        r%r) 
ds'./{r') "  r'2/(y') 

and,  by  the  supposition  from  which  we  started,  if  ;•  is  less  than  r', 
the  numerator  of  this  ratio  is  less  than  the  denominator,  and  there- 
fore the  force  ds.f(r)  is  less  than  the  force  ds'.f{7''),  and  the  same 
will  be  true  for  every  element  of  surface  on  one  side  of  the  plane 
through  p  as  compared  with  the  corresponding  element  on  the 
other  side,  Now,  by  the  symmetry  of  the  arrangement,  the 
resultant  force  due  to  all  the  elements  of  surface  taken  together 
which  lie  on  one  side  of  this  plane  must  act  along  the  diameter- 
through  p,  and  the  resultant  force  due  to  all  the  elements  on  the 
other  side  must  also  act  along  the  same  diameter  in  the  opposite 
direction.     But  if  the  law  of  inverse  squares  does  not  anply,  in 
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other  words,   if   the   product  r"-j\r)  is  not  constant  whatever  the 

value  of  r,  these  two  resultants  are  not  equal,  and  there  must  be  a 

final  resultant  force  at  p  equal  to  their  difference.     This,  however, 

is  in  contradiction  to  the  experimental  evidence,  for  p  is  an  internal 

point.      We  therefore  conclude  that  the  law  of  inverse  squares  is 

true,  i.e.  that 

7'\f{r)  =  constant  =  A  (say) 

or  M-^' 

14.  Coulomb's  Torsion-Balance.— The  law  connecting  force 

and  distance  was  discovered  experimentally  by  Coulomb,  who  com- 
pared the  forces  between  two  small  electrified  spheres  at  different 
distances  by  means  of  the  torsion-balance.  A  thin  glass  or  shellac 
rod,  h  d  (Fig.  12),  suspended 
horizontally  by  a  very  fine 
vertical  wii'e,  carries  a  small 
ball,  h,  of  gilt  elder-pith  at 
one  end,  and  a  second  similar 
ball,  a,  also  carried  by  a  glass 
rod,  is  supported  in  a  fixed 
position.  The  fine  wire  is 
fastened  above  to  a  torsion- 
micrometer,  shown  separately 
to  the  right  of  the  figure, 
Avhereby  the  upper  end  can  be 
turned  about  a  vertical  axis 
through  any  required  angle. 
The  position  of  the  movable 
ball  can  be  read  off  on  a 
graduated  scale  put  round  the 
cage  of  the  instrument,  A,  B, 

c,  D.  The  position  of  equilibrium  of  the  arm,  h  d,  is  that  in  which 
the  vertical  wire  is  without  twist :  if  it  is  displaced  from  this 
position  through  an  angle  a,  the  moment  of  the  couple  which  tends 
to  restore  it  is  proportional  to  this  angle.  If  now  the  two  balls 
are  electrified  in  the  same  way,  all  other  electrified  bodies  being 
removed  from  the  neighbourhood  or  discharged  by  being  connected 
with  the  inside  of  the  room,  the  movable  ball  is  in  a  field  of  force 
extending  between  the  fixed  ball  and  the  floor  or  table,  walls,  and 
ceiling.  The  ball  h  consequently  moves  away  from  a,  and  the 
suspending  wire  is  thereby  twisted.  By  turning  the  upper  end  of 
the  wire  in  the  opposite  direction,  h  can  be  brought  back  to  within 
any  required  distance  of  a.     Let  a  be  the  angular  distance  between 


Fig.  12. 
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the  l)alls  when  the  top  of  the  wire  has  been  turned  through  the 
angle  A ;  then  the  total  twist  on  the  wire  is  ^  +  a,  and  the 
moment  of  torsion,  proportional  to  the  angle  of  twist,  balances 
the  repulsion  between  the  balls  and  may  be  taken  as  a  measure  of 
it.  If  the  equilibrium  position  of  the  movable  ball  (corresponding 
to  no  torsion)  would  coincide  with  the  position  actually  occupied 
by  the  fixed  ball,  then  the  lower  end  of  the  wire  must  have  been 
turned  through  the  same  angle,  a,  as  that  which  measures  the  dis- 
tance between  the  balls.  If  A,  A-^,  A^,  ...  be  the  angles  through 
which  the  top  of  the  wire  has  to  be  turned  in  order  that  the 
distance  between  the  balls  may  be  a,  a^,  a.,,  .  .  .  respectively,  the 
following  relation  is  found  to  hold  good,  namely — 

(A  +  «)«"  =  (A^  +  a^)  aj2  =  (^ylo  +  Ko)  "2"  •  •  •  =  constant, 

provided  that  the  angles  a,  a^,  .  .  .  are  small,  and  that  the  balls 
are  small  compared  with  the  distance  between  them.^ 

Since,  as  we  have  seen,  the  angle  of  twist  A  +  a  measures  the 
electric  force  between  the  balls,  and  the  distance  between  them  is 
proportional  to  a,  this  result  shows  that  the  electric  force  is  ob- 
tained by  dividing  a  constant  (whose  value  depends  on  the  degree 
of  electrification  and  the  construction  of  the  instrument)  by  the 
square  of  the  distance  between  the  balls.  In  other  words,  the 
electric  force  between  tioo  small  electrified  bodies,  of  which  the  electri- 

'  Even  when  the  balls  are  very  small,  this  result  is  not  quite  accurate. 
Strictly  speaking,  it  is  the  product /</-  which  is  constant,/  being  the  force 
between  the  balls  at  a  distance  d.  If  I  be  the  common  distance  of  the  balls 
A  and  B  from  the  centre  of  the  circle  (Fig.  13),  their 

distance  apart  fZ  =  AB  =  2  I  sin  —  ;  the  moment  of  the 

force  /  tending  to  increase  the  twist  of  the  wire  is 

A  /.  oc  =/  I  cos  -.    Hence  putting  C  for  the  couple  re- 

'C     quired  to  keep  the  wire  twisted  through  imit  angle, 

//  cos     =0  {A  +  a),  and  therefore 

f(P=4:Cl  (A+a)  sin  "tan  ^. 

As  above  stated,  this  quantity  is  constant  for  all  values  of  /  and  d, 
and  for  a  given   instrument    0  and   I  are  both  constant  ;    hence    we   get 

a  a  a 

4(^+a)    sin     2  tan   ,j  =  constant.       If    a    is    a    small    angle,   2    sin  -^  and 

2  tan  are  both  nearly  equal  to  a,  and  so  we  have,  in  this  case,  the  result 
given  in  the  text.  For  example,  if  a  =  30°,  a^  differs  by  little  more  than 
1  per  cent,  from  4  sin  —  tan  -.  As  the  errors  of  experiment  are  com- 
monly as  great  as  this,  it  is  not  generally  worth  while  to  use  the  more 
complicated  formula. 
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fication  remains  the  same,  ?',s-  inversely  yroporiional  to  the  sqtiare 
of  the  distance  between  them.     In  symbols — 

/      A  +  01.       a'- 

This  is  known  as  the  "  law  of  inverse  squares,"  and  is  often 
referred  to  as  "  Coulomb's  law."  It  applies  equally  to  the  attrac- 
tion Ijetween  oppositely  electiified  bodies  and  the  repulsion  between 
bodies  electrified  in  the  same  way,  and  is  found  experimentally 
to  be  more  and  more  accvu-ately  verified  the  smaller  the  bodies 
experimented  on,  so  long  as  the  force  between  them  is  great 
enough  to  admit  of  accurate  measurement.  Consequently  we  are 
justified  in  supposing  that  the  law  of  inverse  squares  is  the  funda- 
mental law  of  electi'ic  force,  and  that  it  expresses  accurately  the 
mutual  action  between  the  smallest  parts  of  two  electrified  bodies. 
This  being  admitted,  it  follows  that  the  experimentally  measurable 
forces  between  electrified  bodies  must  be  the  resultants  of  the 
forces  acting  according  to  the  law  of  inverse  squares  between  their 
smallest  parts. 

Experiments  with  the  torsion-balance,  however,  only  prove 
the  approximate  truth  of  the  law,  owing  to  unavoidable  eirors  of 
measurement ;  the  belief  in  its  sensible  exactness  rests  on  infer- 
ence from  the  absence,  inside  a  closed  conductor,  of  any  force  that 
can  be  detected  in  the  most  delicate  experiments  (13). 

15.  Quantity  of  Electricity  —  Unit  of  Electricity.— We 

measure  the  degree  of  electrification  of  bodies  by  the  mechanical 
forces  they  exert  by  reason  of  it.  If,  while  the  distance  between 
the  balls  in  a  Coulomb's  balance  and  the  electrification  of  one  of 
them  are  kept  constant,  the  electrification  of  the  other  is  varied 
in  such  a  way  as  to  make  the  force  2,  3,  4  .  .  .  times  what  it  was 
before,  we  say  that  the  quantity  of  electricity,  or  the  electric  charge 
of  this  ball,  has  become  2,  3,  4  .  .  .  times  as  great.  And  if  two 
equal  balls  placed  successively  in  the  same  position  I'elatively  to 
a  third  electrified  ball,  all  other  conditions  remaining  the  same, 
exert  the  same  force,  we  say  that  they  have  equal  charges,  or 
quantities,  of  electricity. 

We  shall  adopt  as  the  unit  quantity  of  electricity,  or  uvit  electric 
charge,  the  quantity  that  must  be  imparted  to  each  of  two  small 
spheres,  so  that,  when  placed  \init  distance  apart  in  air,  they  may 
repel  each  other  with  unit  force. 

The  unit  of  force  is  the  force  that  produces  unit  acceleration  in 
unit  mass,  or,  using,  as  Ave  shall  do  throughout  this  work,  1  centi- 
metre as  unit  of  length,  1  gramme  as  unit  of  mass,  and  1  second  a.s 
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unit  of  time, — that  is,  the  so-called  C.G.S.  (centimetre-gramme- 
second)  system  of  units, —  the  unit  of  force  is  1  chine.  We  may 
accordingly  define  the  unit  of  electricity  in  concrete  terms  as 
follows: — The  C.G.S.  electrostatic  unit -of  electric  quantity  is  that 
quantity  which  repels  an  equal  quantity  at  a  distance  of  1  centimetre 
in  air  with  a  force  of  1  dyne.  To  give  some  idea  of  the  magnitude 
of  this  unit,  we  may  say  that  if  two  pith-balls,  each  weighing  0"1 
gramme,  are  hung  from  the  same  point  by  silk  fibres  1  metre  long 
without  appreciable  weight,  and  are  equally  electrified  so  as  to 
make  their  centres  separate  10  cm.  from  each  other,  the  charge  of 
each  ball  must  be  about  22  units. 

This  unit  being  very  small  in  compai'ison  with  the  quantities 
that  come  into  account  in  many  electrical  phenomena,  another 
unit,  known  as  the  coidomh,  equal  to  three  thousand  million, 
3  X  10^,  times  the  unit  just  defined,  is  often  employed,  especially 
in  connection  with  practical  applications.  The  reasons  why  it  is 
convenient  to  adopt  this  particular  quantity  as  the  unit  for 
practical  purposes  will  appear  afterwards. 

It  is  found  by  experiment  that,  if  an  electiified  conducting 
sphere  is  allowed  to  share  its  electrification  with  another  equal 
sphere  previously  unelecti'ified,  the  chai-ges  of  the  two  spheres, 
which  are  necessarily  equal  by  reason  of  symmetry,  are  each  equal 
to  one-half  of  that  which  the  first  sphere  had  to  begin  with.  Thus, 
as  stated  in  (2),  electricity  is  shared  between  the  two  spheres  as 
though  it  were  a  material  substance,  no  increase  or  decrease  taking 
place  on  the  whole. 

A  point  of  considerable  importance  in  connection  with  the 
sharing  of  electrification  between  two  or  more  conductors  is,  that 
the  ratio  in  which  a  given  quantity  divides  itself  among  them  does 
not  depend  upon  any  physical  characters  of  the  conductors,  as 
whether  they  are  solid  or  hollow,  or  composed  of  one  substance  or 
another,  but  only  on  their  geometrical  properties,  size,  shape,  and 
relative  position.  The  attraction  or  repulsion,  however,  between 
two  electrified  bodies  depends,  not  only  on  their  electrification  and 
geometry,  but  also  on  the  nature  of  the  insulating  material  between 
them  ;  so  that  two  balls,  electrified  to  a  given  degree  and  placed  at  a 
given  distance  apart,  attract  or  repel  each  other  with  a  different  force 
in  air  from  what  they  do  if  immersed  in  a  non-conducting  liquid. 

It  follows  from  Coulomb's  law  that  the  force  between  two 
small  bodies  possessing  electric  charges  q  and  q  respectively, 
separated  by  the  distance  r,  may  be  represented  by  the  formula — 

f=l    .   ^ 


I 
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In  this  formula  K  is  a  coefficient  depending  on  the  piopeities  of 
the  insulating  medium  in  which  the  bodies  are  placed,  and  known 
as  its  "specific  inductive  capacity,"  or  "dielectric  coefficient." 
Its  numerical  value  depends  on  the  units  adopted  for  the  measure- 
ment of  q  and  /.  With  the  units  adopted  above,  if  q  and  q  are 
each  unity,  and  /■  is  one  centimetre,  we  have 

but,  under  these  conditions,  if  the  electrified  bodies  are  in  air,  the 
force  /  is  one  dyne.  Hence  it  follows  that  the  coefficient  K  must 
have  the  value  1  for  air.  It  should  be  noted  that  this  value  is  not 
obtained  as  the  result  of  an  investigation  of  the  electrical  proper- 
ties of  air,  but  simply  as  a  consequence  of  an  arbitrary  definition 
wdiich  includes  a  reference  to  these  propei-ties.  For  other  sub- 
stances it  is  recognised  as  having  a  value  different  from  unity. 
The  quantity  K,  however,  is  not  a  mere  number :  it  has  a  physical 
meaning  as  well,  and  expresses  the  fact  that  the  force  due  to  a 
given  quantity  of  electricity  is  influenced  in  some  way,  not  yet 
understood,  by  the  nature  of  the  medium  within  which  it  is  exerted. 
But  in  the  electrostatic  system  of  electrical  measurements,  the 
physical  significance  of  K  is  not  taken  into  account  in  the  case  of 
air  ;  it  is  treated  as  having  the  merely  numerical  value  unity,  and 
therefore  (as  not  affecting  the  value  of  any  expression  into  which 
it  enters  as  a  factor)  it  is  vei-y  commonly  omitted  altogether.  It 
must  be  understood,  however,  that  both  the  numerical  value  of 
K  and  the  ignoration  of  its  physical  significance  are  peculiar  to 
the  electrostatic  system  to  which  the  unit  above  defined  belongs. 
In  the  later  part  of  this  book  we  shall  find  it  convenient  to 
measure  electric  charges  in  terms  of  another  unit  (the  electro- 
magnetic), to  which  neither  of  the  above  statements  applies. 

If  q  and  q  in  the  above  formula  are  both  of  the  same  sign, 
their  product  is  positive.  Consequently  the  force  acting  between 
two  similarly  electrified  bodies,  that  is  to  say,  repulsion,  is  to  be 
considered  positive,  while  a  negative  value  of  /  is  to  be  interpreted 
as  indicating  attraction. 

16.  Electric  Density. — When  the  boundaries  of  an  electric 
field  are  formed  by  conductors,  the  electric  forces  may  cause 
motion  of  electricity  on  or  in  these  without  causing  motion  of  the 
conductors  themselves,  and  it  is  found  that  the  resulting  distribu- 
tion of  electricity  is  in  conformity  with  the  same  general  law,  the 
law  of  inverse  squares,  as  that  which  determines  the  motion  of 
electrified  bodies. 
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If  a  quantity,  q,  of  electricity  exist  within  a  space  of  volume,  v, 
the  quotient  p  =  qjv  gives  the  average  quantity  in  each  unit  of 
volume,  or  the  mean  electric  density,  of  the  space.  If  the  space  is 
very  small,  the  density  at  any  point  within  it  cannot  differ  appre- 
ciably from  the  mean  density.  Hence  we  may  define  the  electric 
density  at  a  given  point  as  being  that  to  which  the  value  of  the 
above  quotient  approximates  when  the  volume  v  is  taken  smaller 
and  smaller,  but  always  so  as  to  contain  the  point  in  question. 
This  is  expressed  by  writing  for  the  density  at  a  point  p  =  dqjdv. 

In  tlie  same  way,  if  a  quantity  q  of  electricity  exists  on  a 
surface  of  area  s,  the  average  quantity  per  unit  of  area  is  a-  =  qjs, 
and  the  surface-density  of  the  charge  at  a  given  point  on  an  elec- 
trified surface  is  expressed  by  cr  =  dq/ds,  the  limiting  value  of  the 
quotient  q/s  when  6"  diminishes  without  limit,  but  so  as  always  to 
include  the  given  point.  When  it  is  necessary  to  distinguish,  p  is 
called  volume-density,  and  cr  surface-density. 

The  electric  density  at  each  point  of  a  conductor  is  determined 
by  the  force  of  the  electric  field  in  accordance  with  the  general 
tendency  of  the  field  to  contract  longitudinally,  that  is,  along  the 
direction  of  force,  and  to  spread  transversely, — sometimes  one  of 
these  tendencies  and  sometimes  the  other  producing  the  pre- 
dominating effect. 

17.  Determination  of  the  Electric  Density  at  Different 
Parts  of  an  Electrified  Conductor.— It  is  proved  by  experi- 
ments such  as  those  described  in  (12)  that  there  is  no  electricity 
within  an  electrified  conductor,  or  in  other  words,  that  the  volume- 
density  of  electrification  is  zero.     The 
surface-densities  at  different  parts  may 
be  compared  by  help  of  a  proof- plane 
(11)  (Fig.  14),  which,  when  applied  tan- 
gentially  at  any  part  and  then  removed 
normally,  carries  with   it  the   charge 
existing  on   the   part    of   the   surface 
Yjq    j4  to  which  it  was  applied.     It  only  re- 

mains to  compare  the  charges  of  the 
proof -plane  in  different  cases.  This  may  be  done  by  means  of  the 
torsion-balance  if  a  constant  charge  is  given  to  the  movable  ball 
and  the  proof-plane  is  introduced  in  place  of  the  fixed  ball.  In 
this  case  the  torsion  required  to  bring  the  movable  ball  to  a  definite 
position  is  evidently  a  measure  of  the  charge  of  the  proof-plane. 

But  a  similar  comparison  can  be  made  much  more  easily  and 
quickly  by  putting  the  proof-plane  inside  a  metal  jar  connected 
with  an  electrometer  graduated  as  indicated  in  (11).     If  the  proof- 
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plane  is  allowed  to  touch  the  jar,  the  jar  and  electroscope  must  be 
discharged  before  making  a  new  experiment. 

Whatever  method  is  adopted,  it  is  needful  to  guard  against 
errors  that  may  be  caused  by  the  gradual  loss  of  electrification 
due  to  imperfect  insulation.  This  may  be  done  by  the  method  of 
alternate  trial.  To  compare  the  densities  at  two  points,  a  and  b, 
three  experiments  are  made,  first  at  A,  then  at  b,  then  at  a  again, 
equal  intervals  of  time  being  allowed  to  elapse  between  the  first 
and  second,  and  between  the  second  and  third.  The  charge  obtained 
from  B  is  compared  with  the  mean  of  the  two  charges  obtained 
from  A. 

18.  General  Conditions  determining  Surface-Density. — 

For  purposes  of  calculation,  as  we  have  already  seen  (14,  15),  we 
may  treat  electricity  as  though  it  were  an  actual  substance,  each 
smallest  portion  of  which  exerts  force  upon  every  other  according 
to  Coulomb's  law,  and  may  regard  the  force  exerted  upon  a  quantity, 
q,  of  electi'icity  by  any  electrified  bodies  whatever  as  the  resultant 
of  the  forces  exerted  by  all  the  elementary  portions  of  the  electric 
charges,  each  of  them  being  considered  as  acting  independently  of 
all  the  I'est,  whether  they  belong  to  different  bodies  or  make  up 
the  charge  of  a  single  body.  We  shall  speak  of  the  value  of  this 
resultant  for  the  case  of  a  unit  quantity  of  positive  electricity, 
supposed  to  be  placed  at  a  given  point  without  modifying  the  dis- 
tribution of  electricity  in  the  neighbourhood,  as  the  intensity  of 
electric  force,  at  the  point,  or  sometimes,  more  shortly,  as  the  electric 
intensity  at  the  point,  or  again  simply  as  the  electric  force  at  the 
point. 

Starting  from  this  point  o£  view,  it  is  merely  a  question  of 
calculation  to  determine  a  priori  the  law  of  the  distribution  of 
electricity  on  a  specified  system  of  conducting  surfaces,  though  it 
is  only  in  a  comparatively  small  number  of  cases  that  the  required 
calcidations  can  be  put  into  a  sufficiently  simple  form  to  admit 
of  being  carried  out  accurately.  From  what  has  been  said  (12), 
it  will  be  seen  that  the  problem  to  be  solved  may  be  stated  as 
follows  : — What  must  be  the  electric  density  at  each  point  of  the 
conducting  surface,  or  system  of  surfaces  considered,  in  order  that 
the  electric  force  may  be  zero  at  every  point  within  the  conductor 
or  conductors  ? 

Another  mode  of  stating  the  same  problem,  which,  though 
different  in  form,  is  equivalent  in  effect,  is  this  :  What  must  be 
the  electric  density  at  each  point  of  the  surface,  or  surfaces,  in 
order  that  the  direction  of  electric  foi'ce  at  every  such  point  may 
be  along  the  normal  to  the  surface  ?     It  follows  in  fact  from  the 
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properties  of  conductors  that  the  resultant  electric  force  must  be 
everywhere  normal  to  the  surface  ;  otherwise,  there  would  be  a 
component  tangential  to  the  surface  which  would  cause  movement 
of  electricity  along  the  conducting  surface,  and  consequently  there 
could  not  be  electrical  equilibrium. 

19.  Power  of  Points. — The  observed  facts  as  to  the  electric 
density  in  conductors,  as  has  been  already  stated  (18),  s^re  such 
as  might  be  deduced  mathematically  from  the  idea  of  two  elec- 
Mcities,  conceived  of  as  capable  of  moving  easily  through  con- 
ducting substances,  but  not  able  to  pass  through  non-conductors, 
and  such  that  each  smallest  portion  of  one  repels  every  other 
portion  of  the  same  kind  and  attracts  every  portion  of  the  second 
kind,  according  to  the  law  of  the  inverse  sqviare  of  the  distance. 
The  same  facts,  however,  might  also  be  deduced  from  the  con- 
ception of  stresses  in  the  dielectric  field  of  the  nature  of  a  tension 
between  the  opposite  boundaries  and  a  pressvire  in  directions 
transverse  to  the  lines  of  tension.  When  the  opposite  boundaries 
of  the  field  are  near  together, — as,  for  example,  in  the  case  of  the 
field  between  two  metal  plates  facing  each  other  at  a  short 
distance, — the  transverse  force  tending  to  widen  the  field  cannot 
produce  much  effect,  because  of  the  small  length  of  the  field,  and 
the  resulting  form  of  the  field  (or,  as  it  is  expressed  in  the  other 
order  of  ideas,  the  electric  distribution)  is  mainly  determined  by 
the  tension.  On  the  other  hand,  if  the  bovmdaries  of  the  field  are 
very  far  apart,  the  effect  of  the  transverse  pressure  becomes  so 
great  that  that  of  the  tension  is  inappreciable  in  comparison. 

If  an  electric  field  is  bounded  on  the  one  hand  by  a  flat  con- 
ducting surface  of  considerable  size,  say  the  wall  of  a  room,  and 
on  the  other  by  a  metal  point  presented  towards  the  flat  surface  at 
a  moderate  distance,  then  both  the  tension  and  the  pressure  in  the 
electric  field  tend  to  cause  a  concentration  of  it  about  the  point,  so 
that  the  electric  force  in  the  air  just  outside  the  point  becomes 
very  great.  But,  as  will  be  shown  more  fully  later,  the  air  cannot 
Sustain  more  than  a  limited  electric  force.  When  this  limit  is 
exceeded,  the  air  gives  way  to  the  electric  stresses,  and  all  signs 
of  electrification  cease,  almo^  or  quite  as  completely  as  if  the 
bounding  conductors  of  the  field  had  been  brought  into  contact. 

When  an  electric  field  is  formed  between  a  sharp  point  and  an 
opposing  plate,  the  stress  in  the  field  close  to  the  point  may  be 
sufiicient  to  cause  a  disruptive  discharge  although  at  other  parts  of 
the  field  the  stress  may  be  far  less.  On  this  account  the  arrange- 
ment mentioned  is  often  used  in  the  construction  of  electrical 
apparatus   when    it   is   desired    to   facilitate    discharge   through   a 
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greater  or  less  thickness  of  air.  On  the  other  hand,  points  or 
projections  of  any  kind  are  avoided  as  far  as  possible  when  it  is 
wished  to  prevent  such  discharge.  By  connecting  a  point  and  a 
plate  with  the  two  sides  of  an  electric  machine,  the  electric  field 
between  them  is  constantly  reprodiiced,  and  discharge  takes  place 
continuously.  The  air  close  to  the  point  having  given  way,  the 
stress  in  the  air  farther  off  has  nothing  to  counterbalance  it,  and 
the  air  consequently  moves  in  a  continuous  stream  away  from 
the  point,  constituting  what  is  known  as  the  electric  wind. 
This  effect  is  easily  made  evident  by  means  of  a  candle-flame 
(Fig.  15).  The  breaking  down  of  tension  in  front  of  the  point 
may  also    be    ilkistrated    by  the    electric   ivind-mill  (Fig.   16),  the 


Fig.  15. 


Fig.  16. 


points  of  which  move  backwards  for  the  same  kind  of  reason 
that  a  man  pulling  hard  at  a  rope  tumbles  backwards  if  the 
rope  breaks. 

If  the  air  near  the  point  is  charged  with  solid  or  liquid  particles, 
such  as  exist  in  smoke,  these  are  rapidly  deposited  on  the  opposing 
surface  and  the  smoke  disappears.  This  process  has  been  practi- 
cally employed  to  hasten  the  deposition  of  dust  or  fumes  from 
the  air. 

The  prodviction  of  the  electric  wind  is  accompanied  by  a  sort  of 
hissing  sound,  and  in  the  dark  the  point  exhibits  a  projecting  tuft 
of  violet  light  if  it  is  positive,  and  a  small  brilliant  star  if  it  is 
negative. 

20.  Electric  Force  outside  a  Uniformly  Charged  Sphere. 

— We  have  seen  that  the  force  inside  a  uniforndy  charged  spliere  is 
everywhere  zei'O. 
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To  determine  the  effect  of  such  a  sphere  at  an  external  point  p, 
join  p  and  the  centre  o  (Fig.  17),  and  take  p'  on  op  so  that 

op'  .  OP  =  R^-, 

R  being  the  radius,  and  let  p'  be  the  vertex  of  a  cone  of  very  small 
solid  angle,  dm,  which  intercepts  infinitesimal 
areas,  A  and  A',  at  the  surface  of  the  sphere. 
Putting  T  for  p'a  and  r  for  p'a', 
and  also  a  for  the  angle  oap'  = 
oa'p'  =  OPA  =  opa'  (from  the  simila- 
rity, each  to  each,  of  the  triangles 
AOP',  POA,  and  a'op',  poa'  which  follows  from 
the  common  angle  at  o  in  each  pair  of  triangles 

respectively,  and  from  the  relation  —  =  —  ) 
^  -^  R       ov/, 


Fig.  17. 

we  get,  for  the  areas  A  and  A', 
r-d(o 


v'\U 


and 

cos  a  cos  a 


Put  s  =  PA  and  s  =  pa'  :    then  the  electric  forces  at  P  due  to  the 
charges  on  A  and  A'  are 

1 


o-  being  the  uniform  surface- density  of  the  charge ;  but,  by 
the    similarity    of    triangles   above   referred    to,    we    have    both 

!!  and  -,  =  ~,  and  therefore  the  forces  exerted  by  the  elementary 
s  s         op' 

areas  at  A  and  a'  are  equal,  and  their  resultant  bisects  tlie  angle 
between  ap  and  a'p,  that  is,  it  acts  along  op.  Obviously  the  whole 
surface  may  be  divided  into  similar  pairs  of  elements,  one  lying  on 
one  side  and  the  other  on  the  other  of  the  plane,  cp'c',  perpen- 
dicular to  OP :  the  resultant  effect  of  each  such  pair,  and  therefore 
of  all  the  pairs,  or  of  the  Avhole  spherical  surface,  must  be  along 
OP,  as  might  have  been  assumed  without  other  proof  than  the  con- 
sideration of  geometrical  symmetry. 

"We  shall  get  the  effective  component  of  the  force  due  to  an 
element  of  the  surface,  that  is,  the  component  along  op,  by  multi- 
plying the  total  force  due  to  the  element  by  cos  a.  Hence  the 
effective  component  due  to  any  element  may  be^written 

ir-    1     , 
OP"  A 
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and,  to  get  the  effect  of  the  whole  .sphere,  we  have  only  to  multiply 

the  constant  factor  cr    — ;,  -77  by  the   sum  of  all  the  values  of  do), 
OP-  K 

This  evidently  is  Xtt. 

Hence  the  foi'ce  at  the  point  p  due  to  the  sphere  charged  to 

the  uniform  surface-density  a-  is 

•^  op'^     K      If-  K' 

if  Q  be  put  for  47rZ2-(r,  the  whole  charge  of  the  sphere,  and  D 
for  the  distance  op.  Hence  it  appears  that  the  force  at  an  external 
point  due  to  a  charge  distributed  uniformly  over  the  surface  of  a 
sphere  is  the  same  as  if  the  whole-  charge  were  concentrated  in  one 
point  at  the  centre  of  the  sphere.  This  result  is  of  very  great 
importance  on  account  of  its  frequent  application. 

If  the  point  p  is  close  to  the  surface  of  the  sphere,  we  have 
D  =  R,  and  therefore,  in  this  case 

/  =  47ra-  j^, 

and  the  force  acts  along  the  normal  to  the  surface,  outwards  if  a- 
is  positive,  inwards  if  cr  is  negative. 

It  may  be  noted  that,  for  a  given  value  of  the  charge,  the  force 
at  a  given  distance  is  independent  of  the  radius  of  the  sphere. 

21.  Solid  Sphere  with  Volume  Charge. — It  follows  that  a 

homogeneous  sphere,  or  a  sjihere  that  might  be  subdivided  into 
concentric  homogeneous  layers,  acts  at  any  external  point  as  though 
its  whole  mass  were  concentrated  at  the  centre.  To  find  the 
action  of  a  homogeneous  sphere  at  an  internal  point  distant  r 
from  the  centi'e,  imagine  a  spherical  surface,  concentric  with  the 
sphere,  drawn  through  the  point :  then,  the  force  due  to  the  part 
outside  this  surface  vanishes,  and  the  part  inside  acts  as  though 
it  were  concentrated  at  the  centre.  The  action  of  the  whole 
sphere  is  therefore  represented  by 

fjTrrV    11 

if  p  is  the  volume-density  of  the  sphere.  The  force  is  consequently 
proportional  to  ?v 

The  case  here  considered  could  only  occur  electrically  if  the 
sphere  were  composed  of  some  non-conducting  material,  for  with 
a  conductor  we  should  have  p  =0  .  K  in  the  last  formula  must  be 
taken  as  the  dielectric  coefficient  of  the  material  of  the  sphere. 
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CHAPTER  III 

ELECTRIC   INFLUENCE 

22.  Lines  of  Force. — We  have  already  (18)  defined  the  inte)i- 
sity  of  electric  force  at  a  given  point :  it  is  the  resultant  of  the  forces 
exerted  by  every  portion  of  electricity  upon  a  ii,)iit  of  positive 
electricity  imagined  as  being  at  that  point.^ 

The  intensity  of  electric  force  has  a  definite  magnitude  and 
direction  at  every  point  in  an  electric  field.  If  a  line  is  drawn  in 
the  field  so  that  it  is,  at  every  point  in  its  course,  tangential  to  the 
direction  of  electric  force,  it  is  called  a  line  of  force.  It  represents 
the  path  which  would  be  followed  by  an  electrified  particle  without 
mass,  entirely  free  and  unacted  on  by  any  other  force.  It  is 
reckoned  as  running  in  the  direction  in  which  a  positively  electrified 
particle  could  move.  Lines  of  force,  therefore,  are  to  be  thought 
of  as  traversing  the  whole  electric  field  from  the  positive  to  the 
negative  boundary. 

One  line,  and  one  only,  passes  through  any  given  point  of  an  elec- 
tric field.  If  it  were  possible  for  two  lines  of  force  to  pass  through 
the  same  point,  the  resultant  electric  force  at  this  point  would  have 
two  directions  at  the  same  time,  which  is  absurd. 

As  we  have  seen  (12,  18),  there  is  no  electric  force  inside  a 
conductor,  and,  just  outside,  the  direction  of  force  is  everywhere  5 
normal  to  the  surface.  Consequently,  lines  of  force  terminate  at 
conducting  surfaces,  and  always  meet  them  normally.  A  surface 
from  which  lines  of  force  start  is  a  positively  electrified  surface  : 
one  at  which  they  end  is  negatively  electrified. 

If  it  were  possible  to  draw  all  the  lines  of  foi-ce  of  an  electric 
field,  the  resulting  diagram,  being  completely  full  of  lines,  would 
be  unintelligible ;  but  by  drawing  representative  lines  selected 
according  to  some  easily  recognisable  system,  the  general  course 
of  the  whole  set  may  be  indicated,  and  so  the  character  of  all  parts 

^  As  it  is  only  in  imagination  that  a  unit  of  electricity  is  put  at  the  point 
in  question,  there  is  no  need  to  be  concerned  about  possible  disturbances  of 
equilibrium  which  it  might  cause  if  put  there  in  reality. 
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of  the  electric  field,  as  to  direction  and  intensity,  can  be  repre- 
sented. The  rule  generally  followed  is  to  make  the  number  of 
lines  such  that  the  number  traversing  the  unit  area  of  a  svirface, 
supposed  perpendicular  to  their  direction  at  any  part  of  the  field, 
shall  represent  the  electric  intensity  at  that  part.  Hence,  if  the 
electric  intensity  diminishes  as  we  follow  a  line  of  force,  this  is 
represented  by  divergence  of  the  lines,  and  increase  of  intensity  by 
convergence.  A  uniform  field,  that  is,  one  in  which  the  intensity 
and  direction  are  everywhere  the  same,  is  represented  by  equi- 
distant parallel  straight  lines,  and  reciprocally.  In  representing  the 
space  distribution  of  these  lines  on  a  flat  surface  special  devices  are 
adopted  in  individual  problems,  which  will  be  described  as  they  occur. 
In  many  cases  it  facilitates  thinking  and  reasoning  about  the 
properties  of  the  electric  field  to  refer  the  stresses  of  which  it  is 
the  seat  to  the  lines  of  force,  and  to  think  of  these  as  having  not 
merely  a  geometrical  significance,  but  as  possessing  certain  physical 
properties,  namely,  a  tendency  for  each  line  to  shorten,  and  a  ten- 
dency for  separate  lines  to  repel  each  other. 

23.  Electrification  by  Influence. — There  being  no  electric 

force  within  a  conductor,  there  can  be  no  lines  of  force  within  it. 
Suppose,  then,  an  unelectrified  piece  of  metal  placed  in  an  electric 
field  :  the  space  outside  the  surface  of  the  metal  is  to  be  thought 
of  as  full  of  lines  of  force,  and  the  space  inside  the  surface  as  free 
from  such  lines.  The  conductor  thus  represents  a  gap  in  the  field, 
or  an  interruption  of  the  lines  of  force.  The  lines  which  previously 
traversed  the  space  occupied  by  it  are  each  cut  into  two  branches, 
one  branch  ending  on  one  part  of  the  surface,  and  the  otlier, 
originally  the  continuation  of  the  same  line,  starting  from  another 
part.  But  (22)  a  surface  at  which  lines  of  force  end  is  negatively 
electrified,  and  one  from  which  such  lines  start  is  positively 
electrified.  Hence  we  shovild  expect  an  insulated  unelectrified 
conductor  immersed  in  an  electric  field  to  acquire  equal  opposite 
electrifications  at  different  parts  of  its  surface,  that  part  becoming 
positive  which  is  presented  towai'ds  the  negative  boundary  of  the 
field,  and  vice  verstt. 

Svich  electrification   is   found    experimentally  to   occur,  and   is 
known  as  eledrification  hy  influence. 

24.  Laws  of  Electrostatic  Influence. — In  order  to  give  a 

more  complete  account  of  electrostatic  influence  we  will  consider  a 
special  typical  case  of  a  kind  that  frequently  occurs  in  actual 
experiments. 

a.   Consider  an  insulated  metal  ball  or  other  conductor  that  has 
been  positively  electrified  by  an  ordinary  electrical  machine,  the 
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rubber  of  which  is  in  electrical  connection  with  the  floor  of  the 
room.  We  have,  then,  an  elective  field  extending  from  the  ball  on 
all  sides  to  the  floor,  walls,  and  ceiling,  which  together  constitute 
the  second  boundary.  To  assist  the  mind  in  picturing  the  dis- 
tribution of  force  in  the  field,  we  may  think  of  the  lines  of  force  as 
if  they  were  stretched  elastic  threads  extending  between  the  two 
boundaries  of  the  field,  each  one  repelling  every  other,  and  their 
extremities  capable  of  moving  freely  about  on  the  conducting 
surfaces  to  which  they  are  attached,  but  not  able  to  leave  these 
surfaces,  except  when,  under  extreme  conditions,  by  the  crowding 
together  of  lines,  the  force  in  any  part  of  the  field  becomes  so 
great  that  the  medium  breaks  down  and  disruptive  discharge  takes 
place. 

Mechanical  consequences  of  the  suppositions  made  as  to  the 
properties  of  the  lines  of  force  are  that  they  would  all  meet  the 
boundaries  of  the  field  at  right  angles,  and  that  there  would  be  the 
greatest  concentration  of  lines  at  the  parts  of  the  field  where  the 
opposite  boundaries  are  nearest  together,  and  where,  therefore,  the 
lines  are  shortest.  These  results  correspond  to  the  facts  already 
pointed  out  (18,  19),  that  the  direction  of  electric  force  close  to 
the  surface  of  a  conductor  is  normal  to  the  surface,  and  that  the 
electric  force  is  relatively  great  at  any  part  of  an  electric  field 
where  the  opposite  boundaries  come  near  together.  Again,  since 
the  beginning  of  a  line  of  force  corresponds  to  a  positive  charge, 
and  the  termination  of  a  line,  to  a  negative  charge,  and  since  the 
number  of  beginnings  and  endings  are  necessarily  equal,  the  con- 
ception of  lines  of  force  includes  the  essential  equality  of  the 
opposite  charges  on  the  two  boundaries  of  an  electric  field.  It 
was,  moreover,  pointed  out  in  (20)  that  the  electric  force,  just  out- 
side a  uniformly  electrified  sphere,  is  equal  to  the  surface-density 
of  the  charge  multiplied  by  Air  and  divided  by  the  dielectric  co- 
efficient of  the  surrounding  medium ;  and  we  shall  see  subse- 
quently (44)  that  this  relation  between  electric  force  and  surface- 
density  of  electrification  is  quite  general.  Hence,  a  statement  of 
the  number  of  lines  of  force  starting  from  or  ending  upon  a  given 
area,  and  a  statement  of  the  surface-density  of  the  charge  of  the 
same  area,  are  only  different  modes  of  expressing  the  same  facts. 
The  above  statements  may  be  verified  experimentally  by  suspend- 
ing a  good-sized  metal  ball  by  a  silk  cord  near  one  of  the  walls  of  a 
room,  and  electrifying  it.  The  surface-density  of  the  charge  on 
different  parts  of  the  ball  and  of  the  wall  can  be  easily  compared 
by  means  of  a  proof-plane  and  electroscope. 

b.   Let  the  conductor,  a,  be  completely  surrounded  bv  a  hollow 
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conductor,  B,  of  any  shape  whatever.  This  conductor  divides  the 
electric  fiekl  into  two  parts,  that  between  A  and  the  inner  surface 
of  B,  and  that  between  the  outer  surface  of  b  and  the  inside  of  the 
room.  All  the  lines  of  force  issuing  from  A  are  cut  by  b,  so  that 
the  number  starting  from  A  and  ending  on  the  inner  surface  of  b 
is  identical,  and  so  that  also  the  continuation  of  every  line  ending 
inside  b  is  represented  by  a  line  issuing  from  its  outer  surface  and 
ending  on  the  surface  of  the  room.  In  other  words,  the  surface  of 
the  charged  body  A,  the  inner  and  outer  surfaces  of  the  surround- 
ing conductor  B,  and  the  surface  of  the  room,  are  all  charged  with 
equal  quantities  of  electricity,  the  charges  of  the  two  external 
surfaces  (that  of  A  and  the  outer  surface  of  b)  being  of  one  kind, 
and  those  of  the  two  internal  surfaces  (the  inner  surface  of  b  and 
that  of  the  room)  being  of  the  opposite  kind. 

Since  no  force  acts  inside  the  conductor  B,  no  force  can  be 
transmitted  through  it,  and  the  electric  fields  inside  it  and  outside 
it  are  entirely  independent  of  each  other  so  far  as  concerns  the 
distribution  of  force  in  each,  or  (what  comes  to  the  same  thing) 
the  density  of  charge  at  any  part  of  the  boundary  of  each.  In 
fact,  surface-density  and  distribution  of  lines  of  force  in  each  field 
are  entirely  determined  by  the  forces  of  that  field. 

c.  The  two  fields — for  convenience  we  may  call  them  internal 
and  external — are  indeed  so  entirely  independent  of  each  other, 
that  either  of  them  may  be  destroyed  without  in  any  way  affecting 
the  other.  For  example,  if  the  electrified  body  a  be  displaced  so 
as  to  come  into  contact  with  the  inside  of  B,  the  internal  field 
ceases  to  exist,  but  no  electrical  effect  of  any  kind  is  thereby  pro- 
duced outside  B.  Again,  if  the  conductor  B  be  put  into  contact 
with  the  inside  of  the  room,  either  directly  or  by  means  of  a  wire, 
the  external  field  is  destroyed,  but  nothing  whatever  is  tiiereby 
altered  inside  B.  To  say  that  an  electric  field  anywhere  ceases  to 
exist  is  the  same  thing  as  to  say  that  there  all  electric  force  ceases 
to  act ;  hence,  from  the  point  of  view  which  refers  electric  force  to 
the  action  at  a  distance  of  electric  charges,  we  may  expi'ess  the 
facts  last  stated  by  saying  that  the  two  internal  charges  mutually 
neutralise  each  other  so  far  as  regards  all  action  outside  the  con- 
ductor B,  and  that  the  two  external  charges  mutually  neutralise 
each  other  in  regard  to  action  inside  b.  This  experiment  is  often 
described  as  depending  on  the  tendency  of  an  electric  charge 
placed  inside  a  hollow  conductor  to  pass  to  the  outside  surface. 
But  the  fact  that  this  outside  surface  appears  charged  as  long 
as  the  chai'ged  body  A  is  inside,  and  that  this  external  charge 
is  in   no  way  altered  when   A  comes  in  contact  with   the  outer 
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a   statement  of    the  case  is  at  least 


conductor,  shows   that  such 
incomplete. 

d.  If,  after  the  external  field  has  been  destroyed,  the  conductor 
B  is  opened  and  the  electrified  body  A  is  withdrawn,  what  was 
previously  the  internal  field  remains  still  unchanged  as  to  the 
number  of  lines  of  force  in  it — that  is,  as  to  the  quantity  of 
electricity  on  its  bounding  surfaces, — but  the  form  of  the  field  is 
altered  by  the  changed  relative  positions  of  its  boundaries.  In 
accordance  with  their  tendency  to  shorten  and  to  separate  from 
each  other,  the  lines  of  force  which  previously  all  ended  on  the 
inner  svirface  of  B  come,  more  and  more  of  them,  to  end  on  the 
outer  surface  as  a  is  removed  to  a  greater  distance.  If  a  is  put 
in  contact  with  the  inside  of  the  room,  it  becomes  electrically  part 
of  a  conducting  enclosure  surrounding  B,  and  the  result  is  that  we 

have  now  an  electric  field  whose  positive  boundary  is 
the  surface  of  the  room,  and  whose  negative  boundary 
is  the  outside  of  the  conductor  B.  We  have  then,  in 
a  sense,  reversed  the  original  field  extending  between 
a  and  the  room  :  the  charges  remain  throughout  of  the 
B  same  magnitude  as  at  first  (always  assuming  perfect 
insulation),  but  the  charge  of  the  room  is  positive 
instead  of  negative,  and  that  of  the  enclosed  conductor 
^  is  negative  instead  of  positive. 

In  cases  h,  c,  d,  the  various 
results  stated  can  be  verified  by 
means  of  a  metal  jar  (Faraday  used 
a  pewter  ice-pail)  connected  with 
a  gold-leaf  electroscope  (Fig.  18), 
together  with  a  second  electro- 
scope and  a  proof-plane.  The 
conductor  a  may  be  a  small  metal  ball  at  the  end  of  a  silk  thread. 

e.  If  an  insulated  condvictor  is  placed  in  the  electric  field 
existing  between  any  charged  body  and  an  enclosing  surface,  as 
that  between  the  electrified  body  a  and  the  room,  it  becomes 
chai'ged,  as  pointed  out  in  (23),  differently  at  different  parts  of  its 
surface,  the  parts  presented  towards  each  boundary  of  the  field 
acquiring  a  charge  opposite  to  that  of  the  corresponding  boundary. 
If  the  conductor  is  withdrawn,  it  still  remaining  insulated,  or  if 
the  electric  field  is  destroyed,  all  signs  of  the  electrification  of  the 
conductor  cease,  thus  proving  that  the  positive  and  negative  charges 
possessed  by  different  parts  were  equal  in  amount.  This  might 
also  be  inferred  a  priori  from  the  consideration  that  the  conductor, 
having  remained  insulated,  cannot  have  received  positive  or  nega- 
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tive  electricity  from  without,  and  therefore  the  production  of  one 
kind  in  or  upon  it  implies  an  equal  production  of  the  other.  The 
same  conclusion  also  follows  very  simply  from  the  consideration 
of  lines  of  force.  The  negative  charge  of  one  part  of  the  surface 
corresponds  to  the  tei'mination  on  that  part  of  a  certain  number 
of  interrupted  lines  of  force,  and  the  continuation  of  each  of  these 
lines  must  start  from  some  other  part  of  the  surface. 

For  this  experiment  an  insulated  metal  cylinder  with  rounded 
ends  is  convenient.  It  should  be  put  lengthwise  between  a  good- 
sized  electrified  body  and  the  wall  of  the  room,  not  very  far  from 
either.  For  this  purpose  any  large,  flat,  conducting  surface,  elec- 
trically coiuiected  with  the  room,  may  represent  the  wall.  The 
electrification  of  the  cylinder  can  be  tested  with  a  proof-plane  and 
electroscope,  and  the  increase  of  influence  with  decrease  of  dis- 
tance can  be  similarly  proved.  Another  way  of  making  the 
experiment  is  to  hang  at  intervals  along  the  cylinder  pairs  of  pith- 
balls  attached  to  very  fine  wires  (Fig.  19) :  the  greater  or  less 
divergence  of  the  pith- 
balls  indicates  the  greater 

or  less  density  of  charge    (         A         ^       C  ^ 

at  the  different  parts  of    V  J      J?    '1     1      I      T      1      T^ 

the  cylinder. 

/.  If  the  insvilated  con- 
ductor be  brought  nearer 
and  nearer  to  the  charged  body,  which  for  distinctness  we  will  still 
call  A  and  suppose  to  be  positively  electrified,  it  will  interrupt  more 
and  more  lines  of  force — that  is,  its  influence-charges  will  become 
greater.  When  it  gets  very  near  to  a,  the  parts  of  the  lines  of  force 
extending  between  a  and  it,  being  very  short,  cannot  repel  each 
other  much  (the  total  repulsion  between  two  lines  being  supposed 
proportional  to  their  lengths) ;  consequently  they  crowd  more  and 
more  about  the  parts  of  the  two  conductors  which  are  nearest 
together,  until  at  last  disruptive  discharge  takes  place  between  a 
and  the  conductor  brought  near  it.  This  is  accompanied  by  the 
disappearance  of  all  the  lines  in  question,  but  the  continuations  of 
all  these  lines  still  extend  between  the  insulated  conductor  and 
the  surface  of  the  room  or  other  enclosure.  This  is  the  process  of 
sharing  the  charge  of  one  conductor  with  another,  previously  un- 
electrified,  which  is  brought  into  contact  with  it.  The  total  charge 
is  not  altered  thereby,  but  merely  its  distribution. 

(J.  If  the  insulated  conductor,  instead  of  })eing  moved  into  con- 
tact with  the  conductor  A,  is  made  to  approac^h  and  finally  touch 
the  surface  of  the  enclosure,  the  i-esulting  changes  are  essentially 

C 
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the  same  as  in  the  last  case,  with  only  such  differences  as  arise 
from  the  fact  that  the  conductor  is  in  general  passing  from  a 
stronger  to  a  weaker  part  of  the  field.  When  it  comes  sufficiently 
near  to  the  surface  of  the  enclosure,  mutvial  discharge  takes  place 
between  the  positive  influence-charge  on  the  conductor  and  an 
equal  quantity  of  the  negative  charge  on  the  enclosure,  with  the 
result  that  the  conductor  retains  only  a  negative  charge,  which, 
together  with  what  remains  on  the  enclosure,  is  equal  to  the  total 
original  charge  of  the  enclosure.  In  effect,  the  enclosure  shares 
its  charge  with  the  insulated  conductor,  just  as  in  the  previous 
case  the  body  A  shared  its  charge.  In  the  one  case,  the  insulated 
conductor  virtually  becomes  part  of  the  positive  boundary  of  the 
field ;  in  the  other,  it  virtually  becomes  part  of  the  negative 
boundary. 

h.  If  the  insulated  conductor,  after  coming  into  contact  with 
the  surface  of  the  enclosure,  be  separated  from  it  again,  the  lines 
of  force  from  A  end,  some  of  them  on  the  insulated  conductor,  and 
the  rest  on  the  surface  of  the  enclosure.  Let  now  A  be  brought 
into  contact  with  the  enclosure :  the  lines  of  force  between  it  and 
the  enclosure  shorten  up  to  nothing  and  the  electrification  repre- 
sented by  them  disappears ;  however,  the  lines  of  force  which  just 
before  ran  from  A  to  the  insulated  conductor  remain,  but  their 
positive  ends,  instead  of  being  confined  to  A,  are  now  free  to  spread 
over  the  whole  surface  of  the  enclosure.  We  thus  get,  as  in  case  d 
above,  a  reversed  field,  which,  however,  contains  a  smaller  number 
of  lines  of  force  than  the  original  field,  instead  of  the  same  number, 
as  in  the  previous  case. 

In  cases  /,  g,  h,  an  electrified  ball  hung  inside  a  metal  jar 
may  represent  the  conductor  A,  and  a  proof-plane,  also  placed  inside 
the  jar,  may  represent  the  insulated  conductor.  Or,  what  is  better, 
the  inside  of  the  room  may  represent  the  enclosure,  and  the 
apparatus  employed  in  the  verification  of  case  e  may  be  used. 

It  is  easy  to  see  that  the  results  we  have  mentioned  as  being 
produced  by  displacing  a  conductor  in  an  electric  field  may  also  be 
produced  by  connecting  the  conductor  with  one  or  other  boundary 
of  the  field  by  means  of  a  wire.  In  some  cases  this  method  would 
be  experimentally  more  effectual  than  moving  the  conductoi-. 

25.  Conducting  Sphere  in  a  Uniform  Field. — In  the  case 

of  a  conducting  sphere  in  a  luiiform  electric  field,  it  is  not  difficult 
to  calculate  the  surface-density  of  electrification  i-eqviired  to  satisfy 
the  general  condition,  pointed  out  in  (18),  that  the  electric  force  at 
any  point  within  the  conductor  shall  be  zei'o.  Tlie  force  at  any 
such  point  must  evidently  be  the  resultant  of  the  forces  which 
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would  be  exerted  there  by  the  field  and  by  the  induced  electrifica- 
tion of  the  sphere  if  these  acted  separately.  And  as  the  force  of 
the  field  is,  by  supposition,  everywhere  the  same  in  magnitude  and 
direction,  the  problem  comes  to  be  to  find  such  a  surface-distribu- 
tion of  electricity  on  the  sphere  as  would,  if  it  existed  indepen- 
dently, produce  at  all  internal  points  a  uniform  force  equal  and 
opposite  to  that  of  the  influencing  field.  We  get  this  by  supposing 
two  spheres,  at  first  coincident,  of  equal  opposite  electric  densities, 
+  p  and  -  p,  uniform  throughout,  to  undergo  a  small  relative  dis- 
placement aa'  (Fig.  20),  the  positive  sphere  moving  in  the  direction 
of  the  force  of  the  field,  and  the  negative  one  in  the  opposite 
direction.  The  result  of  this  is  to  give,  as  shown  in  the  figure,  a 
central  portion,  throughout  which 
the  electric  densities  +  p  and  —  p 
are  superposed,  and  where  there- 
fore the  resultant  density  is  zero  ; 
while  there  is  a  layer  of  density 
+  /3  at  B  symmetrically  distributed  • — 
with  respect  to  the  diameter  paral- 
lel to  the  force  of  the  field,  and 
a  similar  layer  of  density -p  on 
the  opposite  side  of  the  sphere. 
The  diameter  just  mentioned  may 
be  called  the  axis  of  electrifica- 
tion of  the  sphere,  or  simply  the  axis ;  the  points  where  it  cuts 
the  surface  may  be  called  the  poles ;  and  a  great  circle  per- 
pendicular to  the  axis  and  half-way  between  the  poles  (passing 
through  C  and  D  in  the  figure),  the  equator  of  the  sphere.  The 
two  electric  layers,  called  displacement-layers,  which  respectively 
cover  the  two  hemispheres,  have  a  maximum  thickness  equal  to 
aa'  at  the  poles.  The  equator  separates  the  positive  from  the 
negative  layer,  and  the  thickness  there  is  nothing. 

The  required  electrification  of  the  conducting  sphere  in  the  case 
we  are  considering  is  given  by  supposing  the  two  halves  of  its 
surface  oppositely  electrified  to  a  surface-density  proportional  to 
the  thickness  of  these  displacement-layers. 

To  prove  this,  let  us  investigate  the  electric  force  at  a  point,  M, 
within  the  two  nearly  coincident  spheres.     The  force  due  to  the 

positive  sphere  with  centre  a',  is  *  irp  .  a'm.  y,  (21),  acting  in  the 

direction   a'm,  and  that  of  the  negative  sphere,  with  centre   a  is 

^    irp  .    MA.    ^,    in   the   direction   ma.      In  the   triangle   a'ma,   the 
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sides  a'm  and  ma  are  respectively  parallel  and  proportional  to 
the  two  forces  acting  at  m,  and  consequently  the  third  side,  a'a, 
is  parallel  and   proportional    to   their  resultant.      The   resultant 

is  therefore  4  tto  .  a'a.  -7-,,  and  is  independent  of  the  position  of  the 

point  M — that  is,  the  force  due  to  the  given  distribution  is  uniform 
in  magnitude  and  direction  at  all  internal  points.  Further,  it  is 
evident  that  the  force  at  any  point,  internal  or  external,  would  be 
unaltered  by  removing  the  coincident  portions  of  the  two  spheres 
and  leaving  only  the  displacement-layers;  for  as  the  density 
throughout  the  region  of  coincidence  =  0,  the  force  must  be  what 
the  displacement-layers  would  exert  if  they  existed  alone. 

If  we  put  (T^  for  the  maximum  surface-density,  that  at  the  pole 
B,  we  have  .  ,  / 

O-^  =  /3.  AA  , 

and  for  the  force  at  an  internal  point  due  to  the  electrification  of 
the  sphere  -  bt^o",,-?^  the  negative  sign  indicating  that  it  acts  in 
the  direction  a'a  opposite  to  the  force  of  the  field.  Putting  /'  for 
the  force  due  to  the  field  alone,  and  considering  that  the  resultant 
force  inside  the  sphere  is  nothing,  we  get 

which  determines  cr^  when  /  is  given. 

To  get  the  density  elsewhere  than  at  the  poles,  we  must  remem- 
ber that  the  thickness  of  the  displacement-layers  is  everywhere 
aa'  if  measured  parallel  to  the  axis ;  hence  as  is  easily  seen  on 
drawing  a  figure,  the  thickness  measured  along  the  radius  at  any 
point  is  aa'  cos  a,  if  a  is  the  angle  which  the  radius  through  the 
point  makes  with  the  axis.  The  surface-density  being  proportional 
to  the  radial  thickness  of  the  displacement-layer  is  then  given  by 

3fK 
a-  =  a-    cos  a  =  —. —   COS  a. 

The  value  a  =  90°  corresponds  to  points  on  the  equator,  where,  as 
we  have  already  seen,  the  density  is  nothing. 

To  get  the  action  of  the  displacement-layers  at  external  points, 
we  may  replace  them  by  the  two  overlapping  spheres  with  centres 
at  A  and  a'.  Each  of  these  would  act  as  though  its  whole  mass 
were  concentrated  at  the  centre  (21);  hence,  the  effect  is  the 
same  as  would  be  pi-oduced  by  two  equal  masses  of  opposite  signs 
concentrated    in    the  two    points    A    and    a'.     The    corresponding 
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magnetic  problem  is  discussed  in  (188),  and  the  result  there  arrived 
at  applies  equally  to  the  present  case. 

The  lines  of  force  for  a  conducting  sphere  in  a  uniform  field 
are  shown  in  Fig.  21,  which  must  be  considered  as  a  section  of 
the  field  of  force  by  a  plane  through  the  axis.  The  lines  are  so 
drawn  that  if  they  are  imagined  to  rotate  about  the  horizontal 
line  of  symmetry  they  will  trace  out  surfaces  of  revolution,  and 
these  surfaces  will  mark  out  zones  upon  the  sphere,  each  of  which 
will  contain  the  same  charge. 


Fig.  21. 

26.  Electric  Influence  on  Bad  Conductors.— The  effects  of 

influence  are  less  distinct  with  badly  conducting  substances.  Such 
a  body  placed  in  an  electric  field  seems  to  behave  as  though  it 
were  composed  of  a  multitude  of  minute  conductors,  separated  by 
an  insulating  medium,  each  of  which  is  acted  on  by  influence  in  the 
way  already  described,  the  side  nearest  the  positive  boundary  of 
the  field  acquiring  a  negative  charge  and  vice  versd.  The  percep- 
tible effects  are  as  though  the  body  became  electrified  in  the  same 
manner  as  a  conductor  occupying  the  same  space  would  do,  but  to 
a  smaller  extent.  A  non-conductor  in  an  electric  field  is  often  said 
to  be  polarised. 

If  the  action  last  for  only  a  very  short  time,  as  soon  as  it  ceases 
the  polarisation  disappears,  and  the  body  returns  to  its  natural 
state.  But  if  it  last  for  a  good  while,  the  body  may  exhibit  for 
some  time  afterwards  two  oppositely  electrified  regions.  This 
effect  may  be  supposed  to  result  from  a  more  or  less  complete 
mutual  neutralisation  of  the  opposite  charges  of  neighbouring  con- 
ducting particles  taking  place  through  the  intervening  imperfectly 
insulating  medium. 

27.  Attraction  of  Light  Bodies.— Let  us  return  to  the 
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experiment  mentioned  in  (1),  of  the  attraction  of  bodies  that  have 
not  been  previously  electrified,  when  a  body  that  has  been  electri- 
fied by  friction  or  otherwise  is  brought  near.  It  is  evident  that 
in  such  a  case  electrification  by  influence  precedes  attraction,  and 
that  what  is  really  observed  is  attraction  between  opposite  electric 
charges.  It  may  indeed  be  taken  as  a  fact  proved  experimentally 
that  ordinary  matter  as  such  is  not  acted  upon  by  electric  force, 
which  acts  only  between  different  quantities  of  electricity. 

If  a  pith-ball  pendulum  is  used  to  illustrate  electric  attraction, 
the  effect  is  somewhat  different  according  as  the  suspending  thread 
is  of  linen  or  cotton,  which  are  pretty  good  conductors,  or  of  silk, 
which  is  a  non-conductor.  In  the  former  case,  the  pith-ball  is  in 
electrical  connection  through  the  thread  with  the  inside  of  the 
room,  which  commonly  forms  one  boundary  of  the  electric  field ; 
the  pith-ball,  therefore,  forms  a  part  of  this  boundary,  and  is 
naturally  strongly  attracted  when  the  electrified  body  which  forms 
the  other  boundary  is  brought  near.  When  the  suspending  thread 
is  an  insulator,  we  have  the  pith-ball  merely  subjected  to  the 
electric  field  extending  between  the  electrified  body  and  the  room. 
It  is  electrified  by  influence,  as  described  above  (23,  24  e),  and  it 
moves  in  obedience  to  the  resultant  force,  which  acts  towards  the 
stronger  part  of  the  field.  As  the  means  of  testing  whether  a 
body  brought  near  to  it  is  electrified  or  not,  a  pith-ball  suspended 
by  a  conducting  thread  is  accordingly  more  sensitive ;  but  if  we 
want  to  find  out  Tioio  a  body  is  electrified,  we  must  use  a  pith-ball 
hung  by  a  non-conducting  thread  :  we  electrify  the  ball  in  a  known 
mannei%  positively  or  negatively,  and  observe  whether  repulsion 
or  attraction  takes  place  when  the  body  to  be  tested  is  brought 
near. 

28.    Electrification    of  a    Gold-Leaf    Electroscope    by 

Influence. — A  very  common  example  of  electric  influence,  and  one 
sufiiciently  important  to  make  it  desirable  to  refer  to  it  specially, 
is  presented  by  the  gold-leaf  electroscope  (Fig.  7).  Suppose  the 
instrument,  as  usual,  to  be  standing  on  the  table,  and  that  an 
electrified  body  is  held  over  it  at  a  distance  of  several  inches,  or 
even  a  foot  or  two.  An  electric  field  extentfs  between  the  electri- 
fied body  and  the  table,  and  envelops  the  electroscope.  Lines  of 
force  run  between  the  electrified  body  and  the  cap,  and  the  con- 
tinuation of  the  same  lines  between  the  leaves  and  the  table,  and 
the  opening  of  the  leaves  is  to  be  attributed  to  the  tension  in  these 
latter  lines,  together  with  the  repulsion  between  the  lines  pro- 
ceeding from  one  leaf  and  those  proceeding  from  the  other. 

If  the  cap  is  now  touched  with  the  finger,  and    thereby  put 
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electrically  into  connection  with  the  table,  the  lines  of  force 
between  the  latter  and  the  gold-leaves  disappear  and  the  diver- 
gence ceases,  but  at  the  same  time  the  field  between  the  electrified 
body  and  the  cap  of  the  electroscope  becomes  stronger  than  before. 
After  removing  the  finger,  let  the  electrified  body  be  removed  ;  the 
electric  field  is  thereby  distorted,  and  we  may  think  of  the  body  as 
dragging  after  it  the  lines  of  force  that  are  attached  to  it  and 
stretching  them  out.  As  they  become  longer,  their  mutual  repul- 
sion asserts  itself  more  strongly  ;  they  spread  from  the  cap  in 
greater  or  less  numbers  over  the  rest  of  the  electroscope,  some  of 
them  pass  to  the  gold-leaves,  and  these  again  open.  This  action  is 
carried  to  its  limit  if  the  electrified  body  is  put  into  electrical  con- 
tact with  the  room,  but  it  comes  to  sensibly  the  same  thing  if  it  is 
removed  in  any  direction  to  a  much  greater  distance  from  the 
electroscope  than  the  surface  of  the  table  or  other  parts  of  the 
second  boundary  of  the  electric  field.  It  is  important  to  note  that 
the  electrification  which  is  now  indicated  by  the  electroscope  is 
opposite  to  that  of  the  electrified  body  brought  near  it  at  the 
beginning  of  the  experiment.  For  definiteness,  assume  the  body 
to  have  been  positive,  and  therefore  the  table  negative :  in  the 
first  stage  of  the  experiment,  the  divergence  of  the  gold-leaves 
indicated  lines  of  force  running  from  the  leaves  to  the  table ;  the 
final  divergence  indicated  lines  running  from  the  table  to  the 
leaves. 

When  an  electric  field  of  a  known  kind  has  been  established 
between  the  electroscope  and  the  table — that  is,  when  the  electro- 
scope has  been  charged  with  a  known  kind  of  electricity — it  serves 
as  a  delicate  test  to  distinguish  the  nature  of  the  electrification  of 
any  object  brought  near  it.  If  a  body,  slowly  moved  up  towards 
the  cap  of  the  electroscope  from  a  considerable  distance,  causes  the 
leaves  to  diverge  continuously  more  and  more,  we  may  con- 
clude that  it  is  electrified  in  the  same  way  as  the  electroscope. 
If,  on  the  other  hand,  it  makes  the  leaves  gradually  fall  to- 
gether, collapse  completely,  and  then  open  agaui  as  it  approaches 
nearer,  we  may  conclude  that  it  is  electrified  oppositely  to 
the  electroscope.  In  the  first  case,  the  electric  field  due  to  the 
body  to  be  tested  is  superposed  upon  the  field  due  to  the  elec- 
troscope and  strengthens  it.  In  the  second  case,  contrary  fields 
are  superposed:  as  the  second  field  is  gradually  strengthened,  there 
is  first  weakening,  then  neutralisation,  and  finally  inversion  of 
the  original  field  of  the  electroscope.  If  an  oppositely  electrified 
body  is  quickly  brought  near  the  electroscope,  the  inversion  of  the 
field  may  occur  before  the  leaves  have  had  time,  by  falling  together, 
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to  indicate  the  previous  weakening  of  the  original  field.  In  such  a 
case  we  may  mistake  the  .sign  of  the  electrification.  It  is  import- 
ant, therefore,  to  bring  up  the  body  slowly  towards  the  electro- 
scope and  to  note  the  first  visible  effect.  A  mere  diminution  of 
divergence  when  a  body  is  brought  near  the  cap  of  the  electroscope 
is  not  trustworthy  evidence  of  contrary  electrification.  If  the 
hand,  or  any  uninsulated  conductor,  be  held  a  little  way  above  the 
cap,  it  alters  the  electric  field,  and  so  causes  a  diminution  of  the 
divergence  of  the  leaves,  in  a  way  that  is  not  difiicult  to  follow 
out. 

29.  The  ElectrophoruS. — The  action  of  the  electrophorus 
(Fig.  22)  depends  essentially  on  electrical  influence.  The  instru- 
ment consists  of  a  flat,  smooth  plate  of  resin  or  ebonite  (called  the 
cake),  resting  on  a  metal  plate  (the  snle),  and  of  a  second  metal 
plate  (the  cover),  of  rather  less  diameter  than  the  cake,  provided 
with  an  insulating  handle. 

To  use  the  electrophorus,  the  cake  is  electrified  by  beating  it 
with  a  catskin,  the  cover  is  put  on, 
connected  with  the  sole,  insulated 
from  it  again,  and  lifted  by  the  in- 
sulating handle.  The  cover  is  now 
found  positively  electrified  (if  the 
cake  is  negative  as  usual),  and  its 
charge  may  be  ti^ansferred  to  any 
other  conductor  as  desired.  To  renew 
the  charge,  it  is  only  necessary  to 
replace  the  cover,  connect  it  for  an 
instant  with  the  sole,  and  raise  it 
again  by  the  insulating  handle,  and 
this  can  be  repeated  a  great  number 
of  times  in  succession  without  its 
being  needful  to  renew  the  electrification  of  the  cake,  which  only 
undergoes  a  very  gradual  loss  due  to  imperfect  insulation. 

The  electrical  changes  that  take  place  may  be  described  as 
follows : — By  friction  with  the  catskin,  an  electric  field  is  set  up, 
originally  between  the  catskin  (positive),  and  the  resin  (negative). 
When  the  catskin  has  been  removed  to  a  distance,  the  lines  of 
force  no  longer  extend  all  the  way  from  it  to  the  cake,  but  are 
interrupted  by  neighbouring  conducting  objects,  usually  by  the 
table  on  which  the  electrophorus  stands.  They  then  shorten,  and 
the  electric  fieltl  contracts  so  as  to  be  confined  almost  entirely  to 
the  space  occupied  by  the  cake ;  the  upper  surface  of  the  sole 
becomes  the  positive  boundary,  and  the  ujjper  layer  of  the  resin  the 
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negative  boundary.  The  lines  of  force  are  thus  short  lines,  practi- 
cally straight,  running  up  through  the  cake.  When  now  the  cover 
is  laid  on  and  connected  with  the  sole,  the  positive  ends  of  the  lines 
are  to  a  great  extent  transferred  from  the  sole  to  the  cover,  as  they 
thereby  become  still  shorter  than  before.  A  great  part  of  the  field 
is  thus  transferred  to  the  upper  side  of  the  cake,  where  it  occupies 
the  thin  stratum  of  air  between  the  face  of  the  cover  and  the  cake, 
and  also  probably  a  thin  layer  of  resin  itself  near  the  upper  surface. 
When  the  cover  is  raised,  the  field  is  drawn  out  and  soon  divides 
into  two,  one  extending  from  the  cover  to  the  sui'face  of  surround- 
ing objects,  and  the  other,  as  before,  from  the  sole  to  the  upper  part 
of  the  resin. 


CHAPTER  IV 
ELECTRICAL  POTENTIAL 

30.  Conditions  of  Electrical  Equilibrium.— If  two  electri- 
fied conductors  are  brought  into  contact,  or,  remaining  at  a  distance, 
are  connected  by  a  third  conductor,  as,  for  instance,  by  a  long  fine 
wire,  there  is  in  general  a  change  in  the  electrical  state  of  both ; 
whatever  signs  of  electrification  were  previously  shown  by  one  of 
them  become  weaker,  while  those  exhibited  by  the  other  become 
stronger.  The  effect  is  what  is  expressed  by  saying  that  electricity 
passes  from  the  first  to  the  second.  In  special  cases,  however, 
it  may  .happen  that  no  electrical  change  is  produced — that  no 
electricity  passes  either  way.  "We  then  say  that  the  connected 
conductors  were  in  electric  equilibrium.  In  any  case,  electiic 
equilibrium  is  established  in  a  very  short  time  after  connection  is 
made. 

Electric  equilibrium,  when  attained,  evidently  consists  in  such 
a  distribution  of  electricity  that  the  resultant  electric  force  at  every 
point  of  the  conductor,  or  system  of  conductors,  in  question  is 
equal  to  nothing ;  for,  if  there  were  electric  force  at  a  point  of  a 
conductor,  there  would  be  displacement  of  electricity,  and  con- 
sequently equilibrium  would  not  exist. 

The  question  then  arises,  On  what  does  electric  equilibrium 
depend?  What  is  the  condition  which,  when  possessed  in  the 
same  degree  by  two  conductors,  makes  it  possible  to  connect  them 
together  Avithout  any  alteration  of  their  electric  state  ?  It  is  not 
equality  of  total  charge,  nor  yet  equality  of  surface-density,  for  two 
unequal  spheres  are  not  in  equilibrium  when  they  have  either 
equal  charges  or  the  Sixme  surface-density. 

31.  Electric  Potential. — The  required  condition,  which  is  dis- 
tinct from  any  that  we  have  so  far  considered,  is  what  is  known  as 
electric  potential.  This  term  expresses  a  condition  in  relation  to 
electrified  bodies  which  is  analogous  to  that  denoted  by  temperature 
in  the  case  of  heat.  Just  as  bodies  are  said  to  have  the  same  tem- 
perature if  no  transfer  of  heat  from  one  to  the  other  occurs  when 

42 


31]  ELECTRICAL   POTENTIAL  43 

they  ai-e  put  into  contact,  so  electric  conductors  between  which  no 
transfer  of  electricity  takes  place  when  they  are  connected  are  said 
to  have  (or  to  be  at)  the  same  potential.  On  the  other  hand,  if 
two  conductors  which  have  different  potentials  are  connected,  a 
passage  of  (positive)  electricity  takes  place  from  the  one  which  has 
the  higher  to  that  which  has  the  lower  potential,  until  equality  of 
potential,  and  therewith  electric  equilibrium,  is  reached. 

To  speak  of  any  system  of  bodies  as  being  in  a  state  of  electric 
equilibrium,  is  equivalent  to  saying  that  there  is  no  electric  force 
tending  to  cause  movement  of  electricity  in  any  way  among  them. 
But  all  the  sensible  phenomena  by  which  we  become  aware  of  the 
electrical  state  of  bodies — such  as  the  motion  of  an  electroscope,  or 
the  passage  of  an  electric  spark — are  evidences  of  electric  force. 
Hence  it  follows,  from  what  we  have  just  said,  that  if  all  the 
objects  about  us  were  at  the  same  potential,  they  would  not  exhibit 
any  electrical  phenomena,  for,  being  at  the  same  potential,  they 
would  all  be  in  electrical  equilibrium.  This  would  still  be  the  case, 
however  high,  or  however  low,  the  common  potential  might  be.  It 
consequently  appears  that  we  have  no  means  of  recognising  the 
absolute  potential  of  bodies,  but  only  the  differeJices  between  the 
potentials  of  different  bodies. 

The  strict  definition  of  electrical  potential  is  founded  upon  the 
fact,  just  alluded  to,  that  the  existence  of  electric  force  implies  a 
difference  of  electric  potentials.  We  may  define  electric  potential 
as  a  property  of  space  whose  value  at  any  given  point,  above  or 
below  that  of  some  point  or  body  chosen  as  an  arbitrary  zero  of 
potential,  is  susceptible  of  numerical  statement,  and  such  that  the 
line  through  that  point  along  which  it  decreases  most  rapidly  is 
the  direction  of  electric  force,  and  that  the  rate  of  its  decrease  in  /'"' 
any  direction  is  equal  to  the  intensity  of  force  in  that  direction. 

This  definition,  being  necessarily  expressed  in  general  terms, 
may  perhaps  fail  to  convey  any  definite  meaning  on  a  first  reading. 
If  so,  the  following  comparisons  may  help  to  make  the  matter 
clearer.  Adopting  a  similar  form,  we  might  say  that  temperature  is 
a  property  of  space  whose  value  at  any  given  point  above  or  below 
an  arbitrary  zero  (say  the  temperature  of  melting  ice)  is  suscep- 
tible of  numerical  statement,  and  such  that  the  direction  through 
that  point  in  which  heat  would  flow  (if  the  point  were  within  an 
isotiopic  conducting  material)  is  the  direction  in  which  tempera- 
ture decreases  most  rapidly,  and  that  its  rate  of  decrease  in  this 
direction  is  proportional  to  the  intensity  of  the  flow  of  heat.  [The 
fact  that  we  are  not  in  the  habit  of  speaking  of  thermal  force 
as  determinino  the  transfer  of  heat  between  bodies  of    different 
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temperatures  makes  it  impossible  to  keep  the  wording  of  the 
definition  of  temperature  parallel  throughout  to  the  definition  of 
potential.] 

Potential  may  also  be  usefully  compared  with  sui'face-level  in 
the  case  of  liquids ;  for  the  passage  of  electricity,  from  a  conductor 
of  higher  to  one  of  lower  electrical  potential  when  they  are 
connected  by  a  wire,  is  very  closely  analogous  to  the  flow  of  water 
from  a  cistern  at  a  high  level  to  one  at  a  lower  level  when  a  con- 
necting pipe  is  opened  between  them.  In  fact,  the  analogy  is  so 
complete,  that  the  expression  "  electrical  level "  is  not  infrequently 
used  instead  of  electric  potential. 

In  connection  with  the  comparison  between  potential  and  tem- 
pei'ature,  it  is  to  be  noted  that  whereas  the  temperature  of  a  body 
is  not  altered  by  mere  change  of  position,  so  long  as  it  does  not 
lose  or  gain  heat,  the  electric  potential  of  a  body  is  in  general 
altei-ed  whenever  it  is  moved  in  an  electric  field.  Another  point 
of  difference  is  that,  whereas  important  changes  in  the  physical 
properties  of  matter  are  produced  by  changes  of  temperature, 
nothing  of  the  same  kind  results  from  rise  or  fall  of  potential. 
Great  differences  of  potential  between  neighbouring  parts  of  a 
dielectric  medium  produce  various  physical  effects,  such  as  the 
mechanical  shattei'ing  that  accompanies  discharge  ;  but  any  portion 
of  matter  throughout  which  potential  is  uniform  remains  unaffected, 
however  high  or  low  the  potential  may  be. 

32.  Electric  Force  and  Potential.— In  order  to  see  what 

is  involved  in   the   definition   of  potential  given  in  (31),   we  will 

apply  it  to  a  special  case  where 
the  electric  force  is  known,  that 
of  an  electric  field  bounded  by 
two  concentric  spherical  con- 
ducting surfaces.  Let  p  (Fig.  23) 
be  a  point  in  the  field  at  a 
distance,  r,  from  the  common 
centre,  o,  of  the  spherical 
boundaries.  If  Q  be  the  charge 
on  the  inner  surface,  and  there- 
fore -  Q  the  charge  on  the  outer 
surface,  the  electric  force  at  p 

will    be  — 
K 

direction  op  (because  the  charge  of  the   inner  sphere  will  act  at 

P  as   though    it  were    concentrated   at  o,  and   the  charge  -  Q  on 

the  outer  surface  will  exert  no  force  at  p).      Hence  the  potential 
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at  P  must  be  a  quantity  such  that  its  rate  of  decrease  is  most 
rapid  in  the  direction  op  (or  /•),  and  is  equal  to  -—  .  — .     Putting 

V  for  the  potential  at  p,  and  V  for  the  potential  at  a  point  p', 
distant  r'  from  the  centre,  the  change  of  potential  as  we  pass  from 
p  to  p'  is  V  -  F,  and  the  average  rate  of  change  is  this  divided 

V'  —  V 

by  the  distance  pp',  or     -, —    .    If  the  point  p'  be  taken  nearer  and 

nearer  to  p,  the  distance  pp',  or  r  -  r,  becomes  smaller  and  smaller, 
and  may  finally  be  denoted  by  ch',  the  difference  of  potentials, 
V'  -  V,  simultaneously  becoming  infinitely  small  so  as  to  be  re- 
presented by  dV.  Hence  we  see  that  the  rate  of  variation  of  the 
potential  at  the  point  p  is  expressible  by  the  ratio  dVldr.  The 
two  factors  of  this  ratio,  however,  represent  increments  of  the 
corresponding  quantities ;  hence,  to  express  the  rate  of  decrease 
of  potential,  which  by  the  definition  is  the  electric  foi'ce  at  p,  we 
must  prefix  a  negative  sign.  We  thus  get  finally  for  the  electxic 
force  at  p 

•^  dr       K  '  ?-2' 

By  the  definition  of  (31),  the  rate  of  decrease  of  potential  in 
any  direction  must  give  the  electric  force  in  that  direction.  There- 
fore, if  dVhe  again  the  change  of  potential  that  takes  place  in  the 
distance  ds,  measured  from  p  in  any  direction,  s,  making  an  angle 
6  with  ?•,  and  if  /,  be  the  component  of  electric  force  in  this 
direction  we  must  have 

ds ' 

But  resolving  the  resultant  force  /  along  s  and  at  right  angles 
thereto,  we  have  also 

/,=/cos^. 
Consequently, 

dV    dV         . 

and  since  cos  6  is  always  less  than  unity  when  d  is  greater  than  0, 
dV/da  is  less  than  dV/dr,  or  the  rate  of  change  of  potential  along  x 
is  less  rapid  than  along  r. 

33.  Equipotential  Surfaces.  —  Consider  the  case  where  0  is  a 
right  angle,  that  is,  the  case  where  ds  is  perpendicular  to  r,  and 
therefore  lies  along  the  surface  of  a  spheie  passing  through  p,  and 
with   centre   at  o.     We   know  that,  in  this  case,  the  component 


46  ELECTRICAL   POTENTIAL  [33- 

force  fs  =  0,  and    consistently    with    this,   the   last  equation  gives 
-— -  =  0  when  ^  is  a  right  angle. 

Put  into  Avords,  this  gives  the  result  that  there  is  no  variation 
of  potential  along  the  surface  of  a  sphere  with  centre  o,  or  that 
the  potential  has  the  same  value  at  all  points  of  such  a  surface  ; 
or  again,  more  shortly,  that  a  spherical  surface  with  centre  o  is 
an  equipotential  surface.  And  similar  reasoning  would  show  that 
in  all  cases  a  surface  that  is  everywhere  at  right  angles  to  the 
direction  of  electric  force  is  an  equipotential  surface. 

Conversely,  an  equipotential  surface  must  be  such  that  no 
electric  force  acts  along  it  from  one  point  to  another  of  the  surface. 
Hence  electric  force  (if  any)  acts  everywhere  normally  to  an 
equipotential  surface. 

It  follows  that  the  surface  of  any  conductor  or  system  of  con- 
ductors in  electrical  equilibrium  is  an  equipotential  surface,  and 
that  electric  force  (if  any)  is  everywhere  normal  to  such  a  surface. 

34.  Work  Done  by  Electric  Force— The  formula/,  =  -  dVlds 

(<«^       may  be  said  to  embody  the  definition  of  potential.     If  we  multiply 
both  sides  by  ds  and  write  it 

/,  ds=  -dV, 
it  admits  of  a  simple  physical  interpretation.  The  product  of  the 
force  fs  into  the  infinitesimal  displacement  ds  in  the  line  of  action 
of  the  force,  would  evidently  be  the  work  done  by  electric  force 
on  a  unit  of  positive  electricity  moved  from  P  through  the  distance 
ds.     We  may  accordingly  write 

dW=.fsds=  -dV; 
whence  it  appears  that  the  rate  of  decrease  of  potential  in  any 
direction  is  identical  with  the  rate  at  which  work  is  done  by 
electric  force  upon  a  unit  of  positive  electricity  displaced  in  that 
direction.  It  follows  that  the  total  work  done  upon  a  unit  of 
positive  electricity  transferred  from  a  given  point,  a,  to  another 
point,  B  (it  being  understood  that  the  electric  force  is  not  altered 
in  any  way  by  the  transfer),  is  equal  to  the  whole  decrease  of 
potential  from  a  to  n,  or,  in  symbols 


rB  rB 

]r=     dw  = 

AB   L  J  A 


dV=  V-  V 

AB   .',f 

If  the  quantity  of  electricity  transferred  is  any  quantity  Q,  the 
work  done  is,  of  course,  equal  to  Q  times  that  which  corresponds 
to  the  transfer  of  a  positive  unit.  Thus,  if  we  put  W  for  the 
electric  work  done,  when  any  quantity,  Q,  of  electricity  is  trans- 
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ferred  from  a  point  where  the  potential  is  V  to  a  point  where  the 
potential  is  V,  we  have 

W=Q(V-V'}. 

From  this  it  appears  that  the  electrical  work  done  when 
electricity  passes  from  any  point  of  one  equipotential  surface  to 
any  point  of  anothei",  depends  only  on  the  difference  of  potential 
of  the  surfaces,  and  not  on  the  particular  points  between  which 
the  passage  takes  place,  nor  upon  the  path  by  which  it  occurs. 

The  proof  of  this  very  important  proposition  is  contained  in 
what  has  been  said  already,  but  it  may  be  well  to  consider  it  from 
another  point  of  view.  Let  M  and  N  (Fig.  24)  be  portions  of  two 
equipotential  surfaces  having  respectively  the  potentials  V  and  V, 
then  what  we  have  to  prove  is  that,  if  a  quantity  of  electricity  be 
transferred  from  any  point,  a,  of  the  surface  M  to  any  point,  b,  on 
the  surface  n,  the  work  done  by  electric  forces  is  the  same  as  if  an 
identical  quantity  of  electricity  were  carried 
from  any  other  point,  c,  of  the  first  surface 
to  any  point,  D,  of  the  second.  That  this 
is  necessarily  the  case  follows  easily  from 
the  principle  of  the  conservation  of  energy, 
combined  with  the  conception  of  an  equi- 
potential surface.  For  if  it  be  possible  for 
these  two  amounts  of  work  to  differ,  let 
the  electric  work  along  ab,  per  unit  of 
electricity,  exceed  that  along  CD  by  any 
finite  amount,  say,  10  ergs :  then  it  will  ^  ^''  ^^^  ^^ 
I'equire  an  expenditure  of  energy  less  by  10 
ergs  to  carry  a  unit  of  electricity  back  from  N  to  M  by  the  path  DC 
than  to  carry  it  by  the  path  ba.  Consequently  we  may  carry  a 
unit  of  electricity  from  M  to  N  along  ab,  during  which  process  an 
amount  of  work,  say  W  ergs,  is  done  by  electric  force,  then 
transfer  it  from  B  to  D  along  the  equipotential  surface  N — during 
this  process,  since  no  force  acts  between  any  points  on  the  same 
equipotential  surface,  no  work  will  be  done — next  carry  it  to  the 
surface  m  along  the  path  DC,  doing  (IF- 10)  ergs  of  work  against 
electric  force,  and  lastly  restore  it  to  the  starting-point  a,  l)y 
can-ying  it  along  the  equipotential  surface  M.  As  the  result  of 
this  series  of  operations,  no  pei'manent  electrical  change  whatever 
will  have  been  produced,  since  all  the  electricity  taken  from  a 
has  been  brought  back  to  it,  but  10  ergs  more  work  will  have 
been  done  by  electric  force  than  has  been  done  against  it,  or  there 
has  been  a  gain  of  energy  to  the  extent  of  10  ergs,  Avithout  any 
corresponding  expenditure ;  and  by  lepeating  the  same  opeiation 
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again  and  again,  it  would  be  possible  to  gain  any  amount  of 
energy,  a  result  inconsistent  with  the  principle  of  conservation  of 
energy.  Hence  we  conclude  that  it  is  not  possible  for  the  amount 
of  electric  work  done  during  the  passage  of  electricity  from  one 
equipotential  surface  to  another  to  vary  with  the  path  followed. 

35.  Difference  of  Potentials  defined  in  terms  of  Electrical 

Work. — The  proposition  arrived  at  in  (34)  furnishes  a  new  mode 
of  defining  difference  of  potentials,  which  may  be  put  in  the  follow- 
ing form  : — The  electric  jjotential  at  any  point,  A,  exceeds  the  j)otential 
at  any  other  point,  b,  by  an  amount  equal  to  the  work  tliat  would  he 
done  by  electric  force  upon  a  tinit  of  positive  electricity  tranxferi-ed 
from  A  to  B,  it  being  understood  that  no  change  of  force  is  caused 
by  the  transfer.  If  we  put  W  for  the  work  done  when  a  quantity 
of  electricity,  Q,  is  transferred,  the  above  statement  is  equivalent 
to  the  equation  -.^^ 

A       B         Q 

36.  Difference  of  Potentials  as  depending-  on  Electric 

Charge. — Returning  to  the  consideration  of  an  electric  field  con- 
tained between  two  concentric 
conducting  surfaces  (Fig.  25), 
such  as  that  refei-red  to  in  (32), 
it  is  easy  now  to  calculate  the 
difference  of  their  potentials 
when  the  charge  Q  and  the 
radii  of  the  surfaces,  say  a 
and  b,  are  given.  As  we  have 
seen,  the  force  at  any  point, 
p,  distant  r  from  the  centre,  o, 

is  -f^.—^,  and  is  directed  along 

A     7'^ 

OP.     If    we    take  a   point,   p', 
very   near   p   in   or  produced, 

the  force  there  is ^,  and 

K   r- 

is   nearly    equal    to   the  force   at  P.     The  average    electric   force 

along   pp'   is   therefore   very  near  to  either  of    these   values,   and 

still  more  nearly  equal  to  the  intermediate  value   — .       .     Adopt- 

A'   rr 
ing  this  expression,  we  have  for  the  electrical  Avork  corresponding 
to  the  passage  of  a  unit  of  positive  electricity  from  p  to  p' 


1      Q 


K  ■  rr 


,(r'-r) 


JG4> 
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Similarly,  for  the  work  done  between  r'  and  p",  a  point  still  farthev 
fi'om  o  at  the  distance  r",  we  have 

Q  n  _  J 
K  V     r" 

with  precisely  similar  expressions  for  each  of  the  very  small 
segments  into  which  the  line  ab,  extending  from  one  boundary  of 
the  field  to  the  other,  may  be  subdivided.  The  total  work  done  by 
electric  force  when  the  unit  of  electricity  is  •  carried  from  A  to  B, 
or  the  amount  by  which  the  potential  V  at  a  exceeds  the  potential 
V  at  B,  would  be  found  by  adding  together  all  such  expressions 
as  the  above  formed  by  giving  to  r  in  sviccession  every  value  from 
r  =  a  to  r  =  h.     Accordingly  we  get 

In  this  sum,  every  term,  except  the  first  and  last,  enteis  once 
negatively  and  once  positively,  and  therefore  disappears  from  the 
result,  which  becomes 

Q  n    r 


A  \a     b 

Similarly,  for  the  difference  of  potentials  between  a  point  at  an 
intermediate  distance,  r,  from  the  centre  o,  and  the  outer  surface, 
we  should  have 

Q  /I    r 


7v  \r     I) 

If  the  radivis  h  of  the  outer  boundary  of  the  field  is  very  great, 
its  reciprocal  1/Z>  is  very  small,  and  may  be  neglected  in  comparison 
with  1//-;  hence,  in  such  a  case,  the  last  expression  becomes 

V  —  V  —    ^ 
Kr 

And  if  the  outer  boundary  of  tlie  field,  witliout  being  spherical, 
is  of  great  extent  and  everywhere  very  distant  from  the  inner 
spherical  surface, — as,  for  example,  the  walls,  floor,  and  ceiling  of 
a  large  room  near  the  middle  of  which  a  small  electrified  ball  is 
suspended, — it  is  evident  that  the  force  within  a  moderate  distance 
of  the  sphere  will  be  sensibly  the  same  as  in  the  last  case,  and  that 
the  force  at  great  distances  from  it  will  be  very  small ;  conse- 
quently the  difference  of  potentials  between  a  point  at  distance,  r, 

and  the  outer  boundary  of  the  field  will  still  be     ;  . 

Kr 

The  potential  of  the  earth  or  of  any  conductor  connected  with 
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it  is  usually  taken  as  the  conventional  zero  of  potential.  Accoi'd- 
ingly  if  V'  is  the  potential  of  the  Avails  of  a  large  room,  as  in  the 
case  supposed  above,  we  may  put  V'  =  0,  and  the  potential  at  any 
point  whose  distance,  r,  from  the  centre  of  an  isolated  electrified 
sphere  is  small  compared  with  its  distance  from  the  nearest  point 
pf  the  surrounding  surface  becomes 

Ar 

At  the  surface  of  the  sphere  this  becomes  Va=  j^;  and,  since  there 

is  n,o  force  within  the  sphere,  this  must  also  be  the  value  of  the 
potential  at  all  internal  points. 

The  equipotential  surfaces  outside  the  sphere  are  spheres  con- 
centric with  it,  the  difference  of"  potential  between  any  two  of 
them  being  proportional  to  the  difference  of  the  reciprocals  of 
the  radii. 

37.  Potential  due  to  Several  Charges.— Suppose  now  that, 

in  the  neighbourhood  of  a  given  point,  p,  there  are  several  electri- 
fied bodies,  each  so  small  compared  with  its  distance  from  p  that 
its  charge  acts  as  though  it  were  concentrated  at  a  single  point, 
and  suppose  also  that  the  point  p  is  very  distant  from  any  other 
electrified  bodies  ;  then  the  potential  at  p  will  be  the  algebraic  sum 
of  the  potentials  due  to  the  several  electrified  bodies,  each  supposed 
to  act  by  itself.  Thus  the  expression  for  the  potential  at  the  point 
p  becomes 


K  \  r^       To  /      K 


where  the  symbol  2  ( -i  j  means  that  each  charge  is  to  be  divided 

by   its   distance  from  the  given  point,   and  that   the  sum  of  the 
quotients  is  to  be  taken. 

In  general,  the  distribution  of  electricity  in  the  neighbourhood 
of  a  given  point  cannot  be  taken  account  of  by  treating  it  as  being 
concentrated  at  a  finite  number  of  separate  points.  The  process  of 
calculating  the  potential  at  a  point  is  then  equivalent  to  consider- 
ing the  whole  quantity  of  electricity  as  subdivided  into  an  infinite 
number  of  infinitesimal  portions,  clQ,  each  at  its  own  distance,  r, 

from  the  point,  and  determining  the  value  of  the  integral  /  — ^  for 

the  whole. 

As  a  special  case,  suppose  a  quantity  of  positive  electricity,  (2, 
concentrated  ^t  a  point,  a  (Fig.  26),  and  a  quantity  Q'  at  a'  ;  the 
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potential  at  any  point,  p,  whose  distances  from  A  and  a'  are  r  and 
/  respectively,  is  then  given  by 

T.    1  /a    a 

A  \r       r 

If  we  make  V  constant,  this  equation  characterises  an  equipotential 
surface.      All  such  surfaces,  in  the  case  supposed,  are  symmetrical 


Fig.  26. 

about  the  line  aa'  as  an  axis,  and  Fig.  26  represents  a  section  by 
a  plane  through  the  axis  of  a  system  .  of  equipotential  surfaces 
corresponding  to  the  values  Q=  +20  and  Q' —  -5,  the  potentials 
of  consecutive  sur- 
faces differing  by 
unity  from  each 
other.  The  surface 
given  by  the  equa- 
tion 


r      r 


0, 


Fig. 


or  the  surface  of  zero-potential,  is  a  sphere  s  surrounding  the 
point  a'.  For  if  from  any  point  p  on  this  surface  (Fig.  27)  a  line  PO 
be  drawn  making  the  same  angle  with  pa'  that  pa  makes  with  aa', 
and  cutting  aa'  produced  in  o  ;   and  if  we  put 

ap  =  r,  a'p  =  ?•' 

OP  =  i?,   OA'  =  rt',    OA  =  a, 
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we  have 


whence 


r      a      R 


/2     ci        ,         r'^  _a  -  a  _  aj>! 
r^     a  r"         a  a 


But  the  left-hand  side  of  this  equation  is  constant,  and  since  aa' 
is  also  constant,  a  must  be  constant ;  in  other  words,  o  is  a  fixed 
point  for  all  positions  of  p.  Again,  the  first  equation  above  shows 
that  i2  is  ax  a,  constant,  i.e.  op  is  a  fixed  length  and  therefore  p 
must  be  on  a  sphere  with  centre  o.  At  all  points  inside  this  surface 
the  potential  is  negative  ;  and  at  all  points  outside  it  is  positive. 

One  of  the  equipotential  surfaces,  marked  s^  in  Fig.  26,  con- 
sists of  two  sheets  which  cut  each  other  at  the  point  i,  where  the 
electric  force  is  nothing,  that  is  to  say,  the  point  for  which 

a       Q'     ^         r2  Q 

For  the  point  i,  we  have  ?•  =  r'  +  aa',  and  therefore,  with  the 
values  adopted  for  Q  and  Q',  (/  +  aa')-//"^  =  4,  whence  ?■'  =  aa' 
and  r  =  2aa'.  This  gives,  for  the  potential  at  i,  and  therefore 
for  the  whole  of  the  equipotential  surface  we  are  considering 

20         5  _    5 
~  2aa'     a  a'     a  a' 

and  since  in  the  figure  aa'  is  taken  equal  to  2*5  cm.,  the  numerical 
value  of  ]^is  2.  The  surfaces  with  potentials  greater  than  2  are 
closed  surfaces  enclosing  the  point  a  only.  The  surfaces  having 
positive  potentials  less  than  2  consist  of  two  separate  parts,  one 
being  a  closed  surface  lying  between  the  inner  loop  of  the  sur- 
face Si  and  the  sphere  bb'  of  potential  zero,  and  the  other,  also  a 
closed  surface,  lying  outside  the  outer  loop  of  the  surface  s^-  and 
enclosing  both  the  points  a  and  a'.  These  are  not  shown  in  the 
figure. 

The  curves  which  are  shown  cutting  the  equipotential  surfaces 
at  right  angles  represent  lines  of  force.  These  are  represented 
on  the  same  principle  as  those  in  Fig.  21.  It  will  be  seen  that  40 
lines  diverge  from  a,  and  that  10  converge  to  a',  thus  indicating  the 
relative  magnitude  of  the  charges  supposed  to  exist  at  these  points 
respectively.      The  remaining  30  lines  from  a  go  off  to  infinity. 

38.  Electrical  Imagoes. — If  a  conductor  is  introduced  into  an 
electric  field,  it  causes  in  geneiul  a  change  of  potentials  throughout, 
which  may  be  expressed  as  a  distortion  of  the  equipotential  surfaces. 
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For  example,  if  a  metal  cylinder  is  introduced  into  tlie  field  re- 
ferred to  at  the  end  of  (36),  where  the  equipotential  surfaces  are 
concenti'ic  spheres,  the  spheres  will  be  distorted.  The  surface  of 
the  cylinder  will  form  one  sheet  of  an  equipotential  surface  of  some 
definite  value,  say  Fj,  and  will  be  intersected  at  right  angles  along 
the  line  of  zero  surface-density  by  a  deformed  surface  of  the  same 
potential  derived  from  the  original  field.  The  other  equipotential 
surfaces  will  be  bent  so  as  to  follow  the  form  of  the  cylinder  moi'e 
and  more  closely  as  their  potentials  are  nearer  to  the  special 
value  V^,  those  of  higher  value  than  V^  passing  between  the 
cylinder  and  the  sphere  and  enclosing  the  latter  only,  while  those 
of  lower  value  pass  outside  the  cylinder  and  enclose  both  it  and 
the  sphere. 

The  only  case  in  which  no  such  distortion  is  produced  is  when 
the  surface  of  the  conductor  coincides  with  one  of  the  pre-existing 
equipotential  surfaces.  For  example,  if  an  earth-connected 
spherical  conductor  be  placed  so  as  to  coincide  with  the  spiierical 
surface  of  zero  potential  (Fig.  26)  the  field  both  inside  and  outside 
will  remain  unchanged.  The  inside  field  may  now  be  destroyed 
without  affecting  that  outside  (24  c).  We  therefore  conclude  that 
the  field  surrounding  a  point-charge  in  the  neighbourhood  of  an 
earth-connected  conducting  sphere  is  identical  at  all  points  external 
to  the  sphere  with  that  due  to  the  same  point-charge,  together 
with  a  second  one  of  magnitude  and  position  determined  by  the 
equations  in  the  previous  section.  Hence,  if  we  can  determine  the 
field  corresponding  to  the  latter  case,  we  have  in  so  doing  deter- 
mined the  field  due  to  the  given  point-charge  and  an  earth- 
connected  sphere  in  its  neighbourhood, — a  case  which  it  would  be 
very  diflicult  to  deal  with  by  a  direct  method.  The  second  point- 
charge  is  called  the  Electrical  Image  of  the  real  one,  and  this 
method  of  solution,  which  was  devised  by  Lord  Kelvin,  is  called 
the  Method  of  Images.  The  data  necessary  would  be  the  distance 
a  from  the  point-charge  Q  at  a  to  the  centre  of  the  sphere  o  and 
also  the  radius  of  the  sphere.  The  image  must  be  placed  at  a  point 
a'  on  the  line  oa  such  that  oa'  .  oa  =  M'- ;  its  magnitude  must  be 
such  that  Q'/Q=  - Rja. 

The  real  charges  present  are  the  point-charge  and  the  electri- 
fication upon  the  surface  of  the  sphere.  We^  can  calculate  the  ^ 
surface-density  of  the  latter  by  first  finding  the  resultant  force 
just  outside  the  sphere.  Referring  to  Fig.  27,  the  force  at  p  is 
the  resultant  of  a  force  Ci/(AP)-  acting  along  ap,  and  a  force 
Q'/(a'p)-  acting  along  pa'.  Resolve  each  of  these  into  two  com- 
ponents, one  along  op  (and  therefore  normal  to  the  sphere),  the 


54  ELECTRICAL   POTENTIAL  [38 

other  parallel  to  oa.  Since  the  resultant  force  must  be  normal  to 
the  sphere  the  algebraic  sum  of  the  latter  components  must  be  zero. 
If  in  the  triangle  apo  the  side  ap  be  taken  as  representing  the 
force  due  to  Q,  the  reqviired  components  are  represented  by  the 
lengths  of  the  sides  ao  and  op  ;  similarly,  if  pa'  represent  the 
force  along  pa',  its  required  components  are  PO  and  oa'.  Hence  the 
components  along  op  are 

Q      OP  1         Q'         OP 

(ap)-   ap       '  ('^'P)'^    '    -^'P 

whence,  remembering  that  Q'  =  -  QBja,  the  resultant  force  at  p  is 

^(ap)^     a  '  (a'p)3 


G.OP  (^A.--^/4^) 


QR    I  ^_R   /ap\3 


(ap)^  \         a    Va'p/ 

~"(I^  '       R 

since  avja^v  is  constant  and  equal  to  ajR.  The  surface-density 
at  p  is  this  quantity  divided  by  47r ;  it  is  always  negative  (for  a  is 
necessarily  greater  than  R) ;  and  it  varies  inversely  as  the  cube  of 
the  distance  of  p  from  the  charge  at  a.  If  R  is  infinite  all  portions 
of  the  sphere  at  a  finite  distance  lie  on  a  plane  ;  if  d  is  the  distance 
of  the  point-charge  in  front  of  this  plane  a  =  R  +  d  and  the  electric 
foi'ce  at  a  point  P  on  the  plane  is 

Q       R'^-a^         Q      R  +  a 


(ap)3        R  (ap)3"     R 


{R  -  a) 


= .  d  = —  '2d,    since  R  is  infinite. 

(ap)3        li  (^p) 

The  image  in  this  case  is  of  the  same  magnitude  as  the  point- 
charge  and  the  same  distance  as  it  from  the  plane,  but  on  the 
opposite  side.  These  facts  might  be  inferred  either  from  the 
equations  above  which  determine  them,  or  from  the  obvious  fact 
that  in  a  field  due  to  two  equal  opposite  point-charges  the  potential 
will  be  zero  at  every  point  of  the  plane  of  symmetry  normal  to  the 
line  joining  the  charges. 

If,  instead  of  being  earth-connected,  the  sphere  is  insulated 
and  has  an  independent  charge  Qj  the  condition  will  be  the  same 
as  if,  having  been  first  earth-connected,  it  had  acquired,  under  the 

influence    of  the    point-charge    Q   a    charge  —  Q~,  distributed  in 


A.E^       "P^" 
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accordance  with  the  formula  already  arrived  at,  and  then,  being  in- 
sulated, it  had  received  a  further  charge  =  ^i  -  (  -  Q^  )  =  '^2i  +  Q~ 

\         a  /  a 

distributed     uniformly.     Tlie    surface-density    at   any    point    p    is 

therefore  given  by  superposing  the  uniform  density  ^  — I— 

A.ttBP' 
the  density  already  arrived  at.      This  gives  the  value 

The  first  term  of  this  expression  evidently  represents  the  uniform 
suiface-density  which  would  result  from  the  charge  CL  in  the 
absence  of  the  external  charge  Q,  and  the  second  term  the  surface- 
density  which  would  result  from  the  influence  of  the  external 
chaige  upon  the  sphere  if  insulated  and  without  chax-ge  (Q,  =  0). 

If  the  sphere  is  insulated  and  at  potential  F,  it  must  have  a 
charge  Q^  determined  by  the  equation 

F=%  +  ^,    or    Q,=RV-Q^. 
R      a  a 

Putting  this  value  for  Q-^  in  the  expression  for  surface-density,  we 
get 

_L    (v-Q  t^\ 

AttR    V  '-^        AP3.     /• 

The   mechanical   force    between   the    external    charge   and   the 
sphere   may   be   found   by   considering   as    before    that    its   actual 

charge  Q^  is  made  up  of  the  two  parts,  (i.)  -  Q~,  acting  externally  as 

a 

though  it  were  concentrated  at  a',  the  image  of  A,  distant         from 

((, 

a^  —  R' 
the  centre  of  the  sphere  and  therefore  at  distance  from  a; 

a 

and  (ii.)   CL  +  (2  -  uniformly  distributed  over  the  surface,  and  there- 

fore  acting  externally  as  though  it  were  concentrated  at  the 
centre.  Applying  the  law  of  inverse  squares  to  these  two  parts 
of  the  charge  separately,  we  get  for  the  resultant  force — 

a  R  ft- 

J  =  12 ^^- 


ft      (a2  -  ii;2)2 

ft2  ^"«3    •   (^a^^-R2f 

The  first  term  of  the  last  form  of  the  expression  gives  the  force 


56  ELECTRICAL   POTENTIAL  [38 

between  the  charge  Q  at  a  and  the  chai-ge  Q^^  if  distributed 
uniformly  over  the  sphere.  If  Q-^  and  Q  are  of  opposite  signs,  it 
is  clear  that  /  must  be  in  all  cases  negative,  that  is  to  say,  that  the 
force  is  an  attraction.  If  they  are  of  the  same  sign,  the  force  may 
be  either  positive  or  negative.  If,  for  shortness,  we  put  /•  for  a/M, 
the  above  expression  gives /=0,  when  the  ratio  of  the  charges  is 

Q,    ^      2r2-l 

a  r(r2-lf 

If  the  ratio  QjQ  has  a  greater  value  than  this,  the  force  is  posi- 
tive (repulsion)  ;  if  it  has  a  smaller  value,  the  force  is  negative 
(attraction).  Or,  for  a  given  ratio  of  charges  the  force  may  be 
positive  or  negative  according  to  the  value  of  r.  Thus,  for  Q^  =  Q, 
we  have  /=  0  for  a  =  r618  B,  while  /  is  positive  for  greater 
values  of  a  and  negative  for  smaller  ones.  These  results  have  an 
evident  bearing  on  the  familiar  fact  that  a  slightly  chai-ged  pith- 
ball  is  repelled  by  a  similarly  electrified  body  held  at  some  distance 
from  it,  whereas  it  may  be  attracted  if  the  electrified  body  is 
brought  nearer. 

In  any  real  case  it  is  impossible  for  a  finite  charge  to  exist  at  a 
mathematical  point :  hence,  in  strictness,  the  above  solutions  only 
represent  the  limiting  cases  which  are  approached  as  the  influ- 
encing body  is  made  smaller  and  smaller;  in  real  cases,  however, 
they  may  be  taken  as  giving  a  second  approximation.  Further 
approximations  can  be  obtained  by  an  extension  of  the  method  ;  as 
an  illustration,  we  will  take  the  case  of  two  charged  spheres  of 
radii  M  and  li',  potentials  V  and  V,  and  with  their  centres  at  o 
and  o'  separated  by  the  distance  D.  To  determine  the  charges 
Q  and  Q'  of  the  two  spheres  respectively,  we  may  proceed  as 
follows  :  First  find  the  charges  Q^  and  Q,\  required  to  bring  the 
first  sphere  to  potential  V  while  the  second  is  at  potential  0,  and 
then  the  charges  Q,^  and  Q'^  needed  to  bring  the  second  sphere  to 
potential  V  while  the  first  is  at  0.  Then,  since  each  of  these 
systems  of  electrification  is  separately  in  equilibrium,  there  will 
still  be  equilibrium  if  they  are  superposed.  Accordingly,  adding 
the  charges  Q^^  and  Q.,  we  get  the  total  charge  Q  of  the  first  sphere, 
and  adding  Q'^  and  Q'^  we  get  the  total  charge  Q'  of  the  second 
sphere.  Similarly,  summing  the  resulting  potentials,  we  get 
V+  0  and  0  +  V,  or  Ffor  the  first  and  V  for  the  second,  resulting 
from  the  coexistence  of  the  total  charge  Q  =  Q^  +  Q,^  on  the  first 
sphere  and  the  charge  Q'  =  Q\  +  Q',-,  on  the  second  sphere. 

As  a  fix^st  approximation  to  the  charge  Q^,  we  may  disregard 
the  effect  of  the  second  sphere,  and  thus  get  Q^  =  ItV  uniformly 
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distributed,  and  therefore  acting  externally  as  though  it  were  con- 
centrated at  o  at  distance  D  from  the  centre  of  the  second  sphere. 
But  the  presence  of  this  charge  on  the  first  sphere  would  bring  the 

potential  of  the  second  sphere  to  -— -,  and  to  restore  it  to  zero  the 

RV 
second  sphere  must  receive  a  charge  =  -  jy^'-i  ^^'^^  *^^^^  would  act 

externally  as  though  it  were  concentrated  at  a',  a  point  on  the 
line  go'  at  a  distance  from  the  centre  o'=d'-=-^.  This  charge,  m 
its  turn,  would  disturb  the  potential  of  the  first  sphere,  which  would 

now  no  longer  be  V,  but  ^  -  njZd^D      "^^  restore  the  required 

^      ,  ,  Em'V 

value,   the  first  sphere  must   receive  a  further  charge  TjJZTJ'Xjy 

the  external  action  of  which  would  be  given  by  treating  it  as  con- 
centrated  at  a  distance  from  the  centre  o  =  d  =  j^_^r      But  this 

charge  again  would  disturb  the  potential  of  the  second  sphere,  and 
to  maintain  this  at  zero  would  require  a  still  further  charge  to 
be  given  to  the  second  sphere.  Following  out  such  considera- 
tions we  see  that  they  lead  to  a  never-ending  series  of  succes- 
sive adjustments  of  the  potential  of  each  sphere,  each  of  which 
disturbs  the  potential  of  the  other.  The  successive  disturbances 
and  consequent  readjustments,  however,  become  progressively 
smaller  and  smaller,  so  that  a  fairly  close  approximation  can 
usually  be  attained  by  a  comparatively  small  number.  To  explain 
more  definitely  how  the  process  can  be  carried  out  we  will  consider 
a  concrete  case.  Suppose  two  spheres  of  radii  2  cm.  and  3  cm. 
with  their  centres  6  cm.  apart,  and  let  it  be  required  to  find  the 
charges  which  will  make  the  potentials  120  and  10  respectively. 
We  have  to  calculate  separately  the  charges  to  produce  potentials 
120  and  0  and  those  to  produce  0  and  10  at  the  two  spheres.  Con- 
sidering first  those  needed  to  produce  the  potentials  120  and  0,  let 
Qn  be  the  n^^  charge  'given  to  the  first  sphere  and  d„  its  distance 
from  the  centre  of  the  sphere  ;  also  let  Q',^,  d',^  denote  similar  quan- 
tities for  the  second  sphere  ;  then,  putting  in  numerical  values, 


'^"     D-d\,_,     6-c^V, 
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Starting  with  Q^  =  El"  ='2  x  120  =  2^0,  these  formulae  enable 
successive  terms  to  be  calculated  ;  the  first  six  are  recorded  in 
the  following  table  : — 


n 

Qn 

d,i 

6  -  da 
6- 

Q'n 

d'n 

1-5 

6  -  d'n 

1 

240- 

0- 

-120- 

4-5 

2 

53-333 

0-8889 

5-1111 

-    31-304 

1-761 

4-239 

3 

14-770 

0-9436 

5-0564 

-      8-763 

1-780 

4-220 

4 

4-153 

0-9478 

5-0522 

-      2-465 

1-781 

4-219 

5 

1-169 

0-9481 

5-0519 

-      0-694 

1-781 

4-219 

6 

0-329 

0-9481 

5-0519 

-      0-195 

1-781 

4-219 

7  to  00 

•128 

0766 

... 

The  last  row  gives  approximate  values  of  the  sum  of  all  the  remain- 
ing terms.  These  are  obtained  by  observing  that  when  d  and  tV 
become  sensibly  constant  (already,  at  the  sixth  term,  they  are 
nearly  so)  each  series  of  terms  forms  a  geometric  progression,  the 
sum  of  which  can  be  obtained.  The  sum  of  the  values  of  Q„,  viz. 
313-88,  and  the  sum  of  the  values  of  Q'^,  viz.  -  163  50,  are  the 
two  charges  required  to  maintain  the  spheres  at  potentials  120 
and  0.  We  require  now  to  find  the  charges  which  would  maintain 
them  at  0  and  10.  These  are  found  in  the  same  way,  and  the 
values  of  the  first  few  terms  are  here  tabulated : — 


n 

Qa 

da 

G-da 

Q'n 

d'n 

6  -  d'n 

1 

+  30- 

0- 

6- 

2 

-10 

-667 

5-3.33 

5^626 

1-6875 

4-3125 

3 

-    2-609 

•9275 

5^0725 

P544 

1-7743 

4-2257 

4 

-    0-731 

•9466 

5-0534 

0-434 

1-7810 

4-2190 

5 

-   0-206 

-9481 

5-0519 

0-123 

1-7815 

4-2185 

etc  00 

-   0-081 

0-048 

... 

The  sum  of  the  values  of  Q,^  is  -  13*63, 
and  that  of  Q'n  is      -i- 37-77, 
and   these  are   the  charges   that  would    maintain   the  spheres  at 
potentials  0  and  10. 

Hence  the  charges  that  would  maintain  them  at  120  and  10  are 
Q     =    313-88 -13-G3    =    300-25 
Q'=.  ^163-50  +  37-77=  -125-73 

39.  Units  of  Measurement. — If  we  employ,  in  the  preceding 
formulfe,  the  C.Cl.S.  electrostatic  system  of  units,  work  is  expressed 
in  ei-gs,  and  the  unit  difference  of  potentials  exists  between  two 
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points  when  the  transfer  of  an  electrostatic  unit  of  electricity  from 
one  point  to  the  other  requires  work  equal  to  one  erg. 

For  practical  purposes  the  unit  of  quantity  generally  adopted 
is  the  coidomh,  which  coi-responds  to  3  x  10^  C.G.S.  electrostatic 
units   (15),   and   differences   of    potential  are    expressed  in   terms 

of  the  volt,  corresponding  to  oqq  of  a  O.G.S.   electrostatic  unit  of 

difference  of  potential.  The  theoretic  basis  of  these  practical  units 
will  be  explained  later  (Chapter  XXXI.). 

The  work  represented  by  the  product  of  a  volt  into  a  coulomb 

is  thus  equivalent  to   oqq   x3x  10-^=10^  ergs.      As  this  quantity 

recurs  constantly  in  calculations,  it  has  been  adopted  as  the  2)r(i«'iical 
unit  of  work,  and  has  been  named  a.  joule. 

The  joule  being  10^  ergs,  and  a  kilogrammetre  being  10^  x  g 
ergs,  it  follows  that  a  joule  is  equal  to  100/r/  kilogrammetres,  or 
to  1/10  kilogrammetre  nearly,  since  r/  is  about  981. 

Thus  in  the  fundamental  foi'mula — 

W=Q{V-V'), 

if  Q  and  V-  V  are  expressed  in  the  O.G.S.  electrostatic  units,  Wis 
a  number  of  en/s ;  whereas  if  Q  is  expressed  in  coulombs  and  V-  V 
in  volts,  W  is  expressed  in  joules. 
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40.  Electric  Induction. — We  have  seen  that  the  electric  force 
in  a  field  may  be  conveniently  represented  by  lines  whose  direction 
is  that  of  the  force.  In  discussing  the  properties  of  a  field,  we 
shall  find  it  convenient  to  define  another  quantity  whose  com- 
ponent in  any  direction  at  any  point  is  everywhere  equal  to  K/Att 
times  the  component  of  the  electric  force  in  the  same  direction, 
where  A'  is  the  dielectric  constant  of  the  medium.  This  quantity 
is  called  the  electric  induction  (or  simply,  the  induction)  at  the 
point ;  Ave  shall  denote  it  by  the  letter  D.  Its  direction  (at  least 
in  isotropic  media,  for  which  the  value  of  K  is  independent  of 
direction)  is  the  same  as  that  of  the  electric  force,  and  conse- 
quently the  lines  which  represent  the  force  will  in  this  respect 
serve  to  represent  the  induction  also.  In  accordance  with  the 
above  definition  the  value  of  the  induction  at  a  distance  r  from 


a  point-charge   Q  will  clearly  be 


a 


47r 


Q 
47r;-2 ' 


and    is    inde- 


pendent of  the  nature  of  the  medium. 

41.  Tubes  of  Induction. — Let  a  be  an  equipotential  surface, 
and  dA  an  element  of  this  surface  at  the  point  p  (Fig.  28).  If  lines 
of  induction  be  drawn  through  every  point  in 
the  contour  of  this  element  they  form  a  kind 
of  tube  which  is  everywhere  perpendicular  to 
.pj  the  equipotential  surfaces  intercepted 
by  it ;  such  a  tube  we  shall  call  a  tulie 
of  induction. 
If  D  is  the  induction  at  the  point  r,  the 
product  DdA  of  the  induction  into  the  pei'- 
pendicular  section  of  the  tube  at  P  is  what  we 
shall  speak  of  as  the  flux  of  induction  within 
the  tube  at  the  point  in  question. 
The  tube  cuts  out  an  element  dS  from  a  surface  s  drawn  in 
any  manner  through  the  point  P.  The  flux  of  induction  across 
any  element  of  this  surface  is  the  product  D^dS  of  the  component 
of  the  induction  normal  to  the   element   into  the  surface  of  the 

60 


Fig.  2 
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element,  and  has  the  same  numerical  value  as  the  flux  tlirough 
the  right  section  dA  of  the  tube  in  question  ;  for  if  a  is  the  angle 
between  the  normals  to  the  two  elements,  we  have 

dA  =  dS  cos  a  D,^  =  D  cos  a, 

wherefore  ^,/^»S'  =  DdA. 

The  total  flux  which  traverses  any  surface  is  the  sum  of  the 
fluxes  across  the  various  elements. 

These  expressions  have  an  exact  parallel  in  the  case  of  the 
flow  of  an  incompressible  fluid,  such  as  water  is  in  relation  to 
ordinary  pressures.  Referring  again  to  the  same  figure  (Fig.  28) 
let  P  be  now  a  point  within  a  quantity  of  water  in  a  state  of 
steady  motion,  and  let  dA  be  the  area  of  an  element  at  p  of  a 
surface  a  such  that  the  direction  of  flow  of  the  water  particles  at 
every  point  of  this  surface  is  normal  thereto.  Then  if  lines  of 
flow  are  drawn  through  every  point  in  the  contour  of  the  small 
area  dA,  these  lines  will  all  lie  in  a  tubular  surface  which  will  be 
intercepted  at  right  angles  by  the  surface  a.  Svich  a  tubular 
surface  is  called  a  tuhe  of  flow.  If  the  cross-section  dA  is  taken 
sufiiciently  small  the  velocity  at  every  point  of  it  is  sensibly  the 
same,  say  D  ;  then  the  volume  of  the  water  which  passes  dA  in  unit 
of  time  is  DdA.  Again  if  dS  is  the  area  of  an  oblique  section  of  the 
tube  by  any  surface  s  and  D^  the  velocity  normal  to  this  section, 
the  flux  through  dS,  i.e.  D,^dS,  is  at  once  seen  to  be  equal  to  DdA. 

It  is  on  the  basis  of  this  analogy  between  the  distribution  of 
velocity  in  a  mass  of  moving  liqiiid  and  the  distribution  of  in- 
duction in  an  electric  field  that  the  ideas  of  tubes  of  induction  and 
fluxes  of  induction  are  founded.  It  may  further  be  pointed  out 
that  the  relation  between  electric  force  and  induction  is  analogous 
to  (though  not  identical  with)  that  between  mechanical  force  and 
velocity  in  the  case  of  the  resisted  motion  of  a  fliiid.  The  reader, 
however,  must  be  warned  that  mathematical  equations  are  often 
identical  in  form  although  representing  essentially  different  pro- 
cesses. Hence,  it  must  be  clearly  understood  that  it  is  not 
intended  to  identify  the  quantity  which  we  have  called  induction 
with  a  velocity  in  the  medium,  though  many  of  the  mathematical 
properties  of  the  two  things  are  similar  to  one  another. 

In  establishing  the  following  theorems  (42  to  49)  it  is  assumed 
that  the  dielectric  is  homogeneous;  i.e.  that* the  constant  K  has 
evei-ywhere  the  same  value. 

42.  Gauss's  Theorem. — Given  a  dosed  surface  drawn  in  any 
way  in  an  electric  fleld,  the  total  flux  of  induction  nn-os.^  this  surface 
is  equal  to  the  total  quantity  of  electrification  within  it. 
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We  may  observe,  in  the  first  place,  that  if  a  charge  q  is  placed 
•it  the  point  o  (Fig.  29),  and  if  a  cone  of  indefinitely  small  solid 

angle  cZw  be  supposed  to  start 
from  this  point,  the  flux 
within  this  cone  is  the  same 
at  all  parts. 

For  consider  two  sections 

of   the  cone  at  the  point  a 

at    the   distance   r   from    o, 

a  right  section,  dA,  and  the  other,  dS,  in 

direction  whatever  ;  we  have 

DJS=DdA, 
but  fui'tlier 


one 
any 


Fig.  29. 


The  flux  is  therefore 


i;=^JL  and 

4:17)- 


ilA  =  rdo). 


DflS  = 


qd(o 


and  is  independent  of  the  distance  r — that  is  to  say,  of  the  position 
of  the  point  A. 

Let  us  now  draw  in  the  field  an  imaginary,  wholly  convex 
surface  (that  is  to  say,  a  purely  geometrical  surface,  and  not  the 
surface  of  a  conductor),  and  consider  an  electric  charge  placed  at 
the  point  o  (Fig.  30). 

The    cone    of    infinitely   small    solid    angle    do)   intercepts    two 
elements  dS  and    dS',  for  which  the   fluxes  are  both  equal ;    but 
as  regards  the  surface  they  should 
be   taken   as    of    contrary    signs, 
because  one  enters  the  stirface  and 
the  other  leaves  it;  we  shall  take 
outward  flux — that  is  to  say,  that 
for  which  the  normal  component  is 
directed  to  the 
outside — as  pos- 
itive.  We  have 
then,      D^^dS  + 
D\^dS'  =  0.    All 
the  surface  may  Fifj_  30. 

thus  be  cut  into 

pairs  of  elements,  the  fluxes  through  which  mutually  compen- 
sate one  another.  If  the  surface  has  concavities,  and  if  the  cone 
in  question  cuts  it  more  than  twice,  it  cuts  it  an  even  number  of 
times.     The  reader  should  verify  this  statement  by  trying  to  draw 
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the  outline  of  a  surface  for  which  this  i«  not  trvie ;  the  sum  of 
the  elementary  fluxes,  which  are  always  equal  to  each  other  and 
alternately  of  opposite  signs,  is  still  equal  to  nothing.  Thus,  the 
total  flux  which  traverses  a  closed  surface  is  zero  when  this  flux 
proceeds  from  a  charge  outside  the 
surface. 

Consider  now  a  charge  q  (Fig.  31) 
situate^  inside  the  svirface.     The  two  '^^{ 


elements,  dS  and  dS'  intercepted 
by  an  infinitely  small  cone  give  as 
before  ■, 

D,,dS  =  D'JS'  =  ^P 

Fig.  31, 
but  the  two  fluxes  are  of  the  same 

sign,  positive  if  the  charge  is  positive  and  negative  if  the  charge 
is  negative.  To  obtain  the  total  flux  through  the  entire  surface, 
doi  must  be  replaced  by  477,  that  is,  by  the  sum  of  the  solid  angles 
of  all  the  cones  into  which  the  whole  region  round  o  may  be 
divided.  That  is :  The  flux  through  a  closed  surface  proceeding 
from  a  charge  inside  the  surface  is  numerically  equal  to  the  charge 
itself. 

Next  consider  any  charges  whatever,  q,  q',  q",  .  .  .  .  q^,  q^,  q^, 
....  (Fig.  32),  some  inside  and  some  outside  the  siu-face.  On 
an  element,  dS,  each  charge,  whether  internal  or  external,  has  a 
normal  component,  and  in  order  to  get  the  total  flux  across  the 
surface  we  must  take  the  sum  of  the  products  obtained  by  multi- 
plying each  element  by  the  normal  component  due  to  each  of  the 

charges.     If  in  this  sum  all  the 
terms  corresponding  to  the  same 
charge  are  added  together  the 
'     sum    is    zero   if    the    charge    is 
outside ;    and    is    equal  to   the 
charge  if    it   is  inside  the  sur- 
face.    The  total  sum  is  thei'e- 
*^2  fore    equal    to    the    algebraical 
sum  of  all  the  internal  charges. 
^^^-  "^^^  A   theorem    equivalent  to   this 

(within  a  constant)  was  given  by  Gauss  for  the  case  in  which 
the  dielectric  constant  is  unity  ;  although  the  theorem  is  stated 
above  in  a  somewhat  more  general  form,  we  shall  refer  to  it  as 
Gauss's  theorem. 

Conversely,  in  order  to  find  the  electric  chai'ge  contained  within 
a  closed  surface,  it  is  sufticient  to  determine  the  outward  normal 
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Fig.  33. 


component  of  induction  at  each  point,  and  to  add  all  the  products 
B„dS. 

43.  Properties  of  Tubes  of  Induction.— Let  ns  consider  a 

tube  of  induction  (Fig.  33)  bounded  by  any  two  surfaces  s  and  s', 
and  let  us  apply  (gauss's  theorem  to  the  volume  thus  defined.  If  it 
contains  no  electricity,  the  tofcil  flux  through 
its  surface  is  nothing ;  but  as  the  lateral 
surface  has  no  influence  on  the  sum  since 
the  normal  component  of  induction  is 
everywhere  nothing,  the  sum  reduces  to  the 
flux  over  the  two  ends,  which  must,  there- 
fore, be  equal  and  of  opposite  signs.  From 
this  there  results  the  following  important 
consequence : — At  all  points  of  tlie  same 
tube  of  induction  the  value  of  the  flux  is  constant.  If  the  tube 
is  infinitely  narrow  and  the  terminal  faces  are  perpendicular  to 
the  axis,  we  have  DdS  =  D'dS'  and  therefore,  the  induction  at  each 
point  of  the  tube  is  inversely  as  the  cross-section. 

44.  Coulomb's  Theorem. — Let  us  take  an  element  of  surface, 
dS,  on  an  electrified  conductor  in  equilibrium  in  the  presence  of 
any  given  electric  charges  (Fig.  34)  ;  and  let  us  suppose  that  the 
tube  of  induction  corresponding  to  this 
element  is  terminated  on  the  outside  of 
the  conductor  by  an  equipotential  sur- 
face Sj  infinitely  near  to  dS,  and  on  the 
inside  by  an  arbitrai'y  surface  s.,.  The 
two  surfaces  s^  and  s.,,  taken  along  with 
the  intervening  portion  of  the  tube  of 
induction,  form  together  a  closed  figure, 
to  which,  therefore.  Gauss's  theorem  may 
be  applied.  The  electric  force  is  zeio  at 
every  point  of  the  surface  s.,  and  there- 
fore the  induction  must  also  lie  zero,  and 
the  normal  component  is  zero  on  the  lateral  surface  of  the  tube  ; 
there  is  consequently  no  flux  except  on  the  outer  surface  dS-^.  If 
D  is  the  induction  just  outside  the  element.  Gauss's  theorem  there- 
fore gives 

DdS^  =  (TdS 


Fjg.  34. 


and  as  in  the  limit  dS-^^  =  dS 


/)  =  > 


Thus  the  electric  induction  just  outside  a  conducting  surface  in 
equilibrium  charged  to  surface-density  cr  is  numerically  equal  to 
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this  svirface-density.  Its  direction  is,  moreover,  perpendicular  to 
the  surface.  Since  this  is  true  for  each  unit  area  of  the  surface, 
it  follows  that  the  total  flux  starting  from  the  whole  surface  is 
equal  to  the  whole  charge  upon  it.  Thus,  when  we  say  that  a 
surface  is  electrified,  we  may  take  it  as  implying  that  a  definite 
flux  originates  there  if  the  charge  is  positive,  or  comes  abruptly  to 
an  end  if  the  charge  is  negative.  It  may  be  pointed  out  that  in 
the  case  of  an  actual  flow  of  liquid  the  analogue  of  the  charged 
surface  would  be  a  region  where  liquid  suddenly  sprang  into 
existence  or  disappeared.  It  follows  from  the  above  that  the 
electric  force  just  outside  the  same  surface  is  iTrrr/K.  This  is 
known  as  Coulomb's  theorem. 

45.  Electrostatic  Pressure. — The  total  electric  force  at  an 
external  point  M,  infinitely  near  the  element  dS  (Fig.  35)  is  made 
lip  of  the  force  /,  due  to  the  element  itself, 
and  of  the  force  /',  due  to  all  the  other 
charges,  and  we  have  (44) 

The   total   force   is   nothing  at  a   point,    m', 

symmetrical  with   the  first  but  just    inside 

the  conductor ;  further,  the  force  /'  due  to 

all  the  electricity  external   to  the  element 

is  the  same  at  m'  as  at  M,  and  the  action /of  the  element  dS  has 

only  changed  its  sign ;  we  have  thus 

/'-/=o 

and  therefore 

/'  =  27ra-/K. 

Hence  the  force  due  to  all  the  electricity  outside  the  element  is 
equal  to  'iTrcr/K.  The  mechanical  force  on  the  quantity  of  elec- 
tricity contained  in  the  element  dS,  is  ^ircr  .a-dsjK  and  for  unit 
surface  is  2Tra^lK.  This  force  is  always  directed  outwards  what- 
ever be  the  sign  of  o-.     It  is  called  the  electrostatic  jyressure. 

46.  Corresponding  Elements.— Consider  a  tube  of  induction 
extending  from  one  conducting  boundai'y  of 
an  electric  field  to  the  othoi-  (Fig.  36),  and 
terminated  at  its  two  ends  by  the  areas  dS 
and  dS'  respectively  >  these  two  areas  are 
called  corresrwndinr/  areas.  Since  there  is  no 
induction  inside  the  surface  of  either  of  the' 

Fig.  36.  conductors  by  which  the  field  is  bounded,  and 

there  is  no  induction  normal  to  the  walls  of  the  tube,  the  total 
flux  outwards  from  the  tube  is  nothing.     Consequently  (42)  the 


Fig.  35. 
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algebraic  sum  of  all  the  electrification  within  the  tube  must  be 
nothing.  But  the  only  electrification  within  the  tube  is  the  quan- 
tity a-dS  upon  one  end,  and  cr'dS'  on  the  other   end  ;  whence  it 

follows  that  JO  '  7c*' 

adb  =  -cr  db  , 

and  therefore  that  corres2?ondi7ig  elements  of  the  hounding  surfaces  of 
an  electric  field  possess  equal  and  opposite  charges. 

47o  Complete  Representation  of  the  Field  by  Lines  of 

Induction. — Lines  of  induction  represent  the  direction  of  the 
induction  at  each  point ;  we  may  further  require  them  to  be  drawn 
so  as  to  represent  the  magnitude  also.  Let  the  whole  field  be 
divided  into  tubes  (Fig.  37),  such  that  the  flux  through  each  one  is 

the  same  and  equal  to  unity :  such 
tubes  Ave  shall  call  unit  tubes.  Each 
of  these  tubes  may  be  represented  in  a 
diagram  by  means  of  a  single  line  drawn 
'■  centrally  through  it  (its  axis,  in  fact). 

The  number  of  these  central  lines  thus  drawn  through  a  small  unit 
area  at  right  angles  to  them  will  be  numerically  equal  to  the  indue 
tion  at  a  point  contained  in  the  area.  For  the  number  of  such  lines 
is  equal  to  the  flux  through  the  area,  i.e.  to  DdA,  and  since  dA  is  in 
this  case  unity,  the  number  of  lines  equals  D.  In  order  that  this 
may  be  so  for  the  whole  extent  of  the  field,  it  is  necessary  and 
sufficient  that  the  number  of  lines  which  start  from  each  unit  area 
of  any  conducting  surface  charged  to  surface-density  cr,  shall  be 
equal  to  this  surface-density.  From  an  isolated  charge  q,  a  number 
of  lines  will  start  equal  to  q.  Since  the  direction  of  induction  and 
force  is  the  same,  these  lines  may  be  drawn,  bit  by  bit,  by  the  con- 
dition of  being  tangents  at  each  point  to  the  resultant  of  all  the 
foi'ces  acting  through  that  point.  The  lines  of  force  of  Fig.  26 
were  drawn  on  this  principle.  Since  they  have  been  di^awn  so 
that  one  line  springs  from  each  unit  of  charge,  each  line  evidently 
represents  one  unit  tube.  They  start  from  positive  electrification. 
Some  go  off  to  infinity  (or  rather  to  very  distant  conductors) ; 
others  terminate  on  the  neighbouring  negatively  charged  surface. 

Since  a  line  always  has  opposite  electrification  at  its  two  ends, 
no  line  can  stretch  between  two  similarly  charged  points.  Further, 
no  line  of  induction  can  terminate  at  any  point  where  there  is  no 
electricity.  With  these  conventions,  the  expressions  ^;??ix'  of  induc- 
tion  and  number  of  lines  of  induction  are  equivalent. 

48.  Application  to  Electric  Influence. — Let  g,  q,  f  be 

quantities  of  electricity  situated  inside  a  closed  hollow  conductor, 
A  (Fig.   38),   whose  external   and   internal  surfaces    are   s  and  s' 
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respectively  ;  and  let  M  be  the  quantity  developed  by  influence  on 
the  internal  surface.  By  Gauss's  theorem  (42)  the  total  induction 
throuijh  a  closed  surface  is  numeri-  _____ 

cally   equal  to  the    algebraic    sum  ^^.. — ...       ^"^-^.^^     , 

of  all  the  enclosed  electrification ;     //->-''''■''         ~~^\.^  ^"^-'         ^^ 
hence,  considering  an  intermediate    ///           ,o  ^\      \         \ 

surface  Sj  drawn  inside  the  mass  of  {\{     ^^.,  \      j      a     j 

the  conductor,  where  the  induction  \  \\              ,,,"        /     /  / 

is  nothing,  we  have  \"-x"^..^ ^^^  ,-'         / 

The    electrification    developed    by 

influence   on   the   inner  surface  of 

the  conductor  is  thus  equal  and  of  opposite  sign  to  the  algebraic 

sum  of  all  the  charges  inside  the  cavity  (24  fj). 

All  the  lines  of  induction  proceeding  from  charges  inside  the 
cavity  are  then  absorbed  by  the  inner  sui'face,  s,  of  the  conductor. 
The  combined  effect  of  all  the  internal  electricity,  and  of  the 
charge  which  covers  tjie  surface  s,  is  thus  nothing  for  all  points 
outside  this  surface.  In  other  words,  so  far  as  regards  internal 
charges,  the  surface  s  forms  an  absolute  screen  for  all  points  on  the 
outside 

Hence,  any  charge  given  to  the  insulated  conductor,  A,  will  be 
distributed  on  the  outer  surface  in  a  manner  independent  of  the 
internal  charge,  and  only  depending  on  the  form  of  the  surface  s', 
and  on  the  distribution  of  the  external  charges.  Reciprocally,  the 
combined  effect,  at  any  point  inside  the  conductor,  of  the  electri- 
fication of  the  outer  surface  together  with  that  of  all  electricity 
outside  the  conductor,  is  nothing. 

This  result  agrees  with  the  mutual  independence  of  the  electric 
fields  inside  and  outside  a  hollow  conductor  that  we  have  already 
pointed  out  (24). 

In  the  case  in  which  an  insulated  body,  c,  is  in  the  presence  of 
an  electrified  body,  a,  inside  a  closed  conductor  (23,  24  e),  part  of  the 
flux  from  A  terminates  at  the  negative  region  of  c;  but  an  equal  flux 
starts  from  the  positive  region  of  c,  and  ends  finally  at  the  closed 
conductor,  so  that  there  is  always  the  same  quantity  of  negative 
electricity  on  the  interior  surface,  which  follows,  moreover,  from 
the  preceding  equation. 

49.  Poisson's  Theorem. — The  force  which  given  electric  charges 
contained  icitldn  a  closed  surfa'ce  exert  at  any  point  outside  that 
surface,  is  the  same  as  that  of  a  lai/er  of  the  same  quantity  distri- 
buted on  this  surface  according  to  a  certain  law. 
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In  fact,  let  q,  (/,  (('  or  2*/  be  the  internal  charges,  which  we 
shall  suppose  fixed  as  if  they  belonged  to  non-conducting  bodies, 
and  let  s  be  an  ideal  surface  which  encloses  them.  If  this  surface 
were  a  conductor,  it  would  be  covered  on  the  inside  with  a  quantity 
_  (^  =  _  2g,  whose  action  on  all  outside  points  would  be  equal 
and  opposite  to  that  of  the  given  charges.  A  quantity  +  Q  of 
electricity,  distributed  over  the  surface  s  according  to  the  same 
law,  will  therefore  produce  at  all  external  points  an  effect  equal 
and  similar  to  that  of  the  enclosed  charges  2r/,  and  may  therefore 
be  substituted  for  them. 

If  the  imaginary  surface  s  were  replaced  by  an  actual  conduct- 
ing shell  of  the  same  size  and  shape,  the  inside  of  the  shell  would 
(as  already  pointed  out  in  24  V)  have  a  charge  -  Q,  distributed  so 
as  to  counteract  for  all  external  points  the  effect  of  the  enclosed 
charges,  and  the  outside  would  have  a  charge  +  Ql,  but  this  would 
not  be  distributed  according  to  the  same  law  unless  the  surface  S 
were  an  equipotential  surface  of  tlie  original  system. 

If,  however,  such  a  shell  were  coincident  with  a  pre-existing 
equipotential  surface,  the  electric  conditions  at  all  external  points 
would  be  in  no  way  altered  lay  introducing  it  into  the  field.  It 
follows  that  the  force  and  induction  at  any  point  in  an  electric 
field  would  be  unaltered  if,  the  charge  remaining  constant,  the 
shape  and  position  of  one  or  of  both  boundaries  of  the  field  were 
to  change  so  that  each  of  them  should  always  coincide  with  one  of 
the  original  equipotential  surfaces.  We  have  already  (20)  pointed 
out  a  special  case  of  this  kind  :  the  force  at  any  point  due  to  an 
electrified  sphere  at  a  great  distance  from  all  other  conductors  is 
independent  of  the  radius  so  long  as  the  charge  of  the  sphere  and 
the  position  of  the  centre  remain  unchanged. 

50.  Heterogeneous  Dielectrics. — In  proving  the  foregoing 

theorems  it  has  been  assumed  that  the  dielectric  is  the  same 
throughout ;  we  shall  now  inquire  as  to  the  laws  which  hold  when 
more  than  one  dielectric  is  in  the  field,  and  shall  first  take  a  case 
in  which  the  boundary  between  the  two  dielectrics  is  at  right 
angles  to  a  line  of  force.  This  will  be  the  case  for  all  lines  if  a 
spherical  mass  of  one  dielectric  (whose  constant  is  K^  surrounds 
a  point-charge  Q  placed  at  its  centre,  while  the  remainder  of  the 
field  is  a  dielectric  of  constant  K^  ;  for  geometric  symmetry  demands 
that  the  direction  of  the  electric  force  shall  then  be  everywhere 
I'adial  from  the  charge.  Since  we  may  place  an  insulated  con- 
ducting surface  in  coincidence  with  the  surface  of  separation 
without  disturbing  the  field  ;  and  since  we  thereby  isolate  the 
internal  and  external  fields  from  each  other's  influence,  it  follows 
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that  we  may  apply  the  theorems  of  the  previous  sections  to  each 
of  these  homogeneous  fields  in  turn.     Thus,  for  a  point  just  inside 

the  conducting  surface  the  force  will  have  the  value  -^-  ~,  where 

r  is  the  radius  of  the  surface,  while  for  a  point  just  outside  the  force 
will  be  the  same  as  that  due  to  a  charge  Q  distributed  uniformly  over 

1     Q 

the    surface,   i.e.  j^  — 2-     The  values  of  the  induction  at  the  two 

points  are  these  numbers  multiplied  respectively  by  KjA^it  and 
Kjiw,  that  is,  each  is  equal  to  -i — ^«  Thus,  in  this  case,  the  in- 
duction has  the  same  value  on  both  sides  of  the  boundarv,  althougrh 
the  electric  force  is  different  on  the  two  sides. 

We  shall  now  suppose  the  distribution  to  be  such  that  the  sur- 
face of  separation  between  the  two  dielectrics 
is  2^(i'^(^^l^^    to   ^    -^^^^    of    force.     Select   two 
points  in  each  medium  (pQ  and  p'q'.  Fig.  39) 
such  that  the  lines  PQ  and  p'q'  are  very  short,  Q»     •  Q 

but  that  the  lines  pp'  and  qq'  are  very  short 
in   comparison   with   them.     Then  if    V^   and    i\  \\ 

F!,  are  the   potentials  at  P  and  Q  they  must 
also  be  the  potentials  at  p'  and   q'  ;    for  the  P 

amounts  of   work  done   in   carrying  a  charge 
from  P   to  p'  or  from  Q  to   q'   must  each  be 

infinitesimal.     Now   -J '^  and      ^ ,  ,   ^   be- 

PQ         _  I'  Q  Fig.  39. 

come  the  values  of  the  electric  force  on  the 

two  sides  of  the  surface  if  Q  and  q'  are  allowed  to  approach 
indefinitely  near  to  p  and  p'  ;  and  these  values  are  equal.  Thus 
when  the  electric  force  is  parallel  to  the  surface  of  separation  of 
two  dielectrics  it  has  the  same  value  close  to  the  surface  on  both 
sides  of  it.  It  is  obvious  that  the  corresponding  induction  will  not 
be  equal  on  the  two  sides,  but  in  the  ratio  of  ii^  to  A'o. 

In  the  general  case  in  which  the  electric  force  is  inclined  to  the 
surface  of  separation  we  may  imagine  it  to  arise  from  two  distribu- 
tions of  electrification — one  of  these  producing  the  component 
whose  direction  is  at  right  angles  to  the  surface  at  the  point  under 
examination,  while  the  second  distribution  gives  rise  to  that  com- 
ponent which  is  tangential  to  the  surface.  The  theorems  proved 
in  this  section  will  be  applicable  to  these  components,  i.e.  at  the 
surface  of  separation  between  two  dielectrics  the  normal  com- 
ponents of  induction  are  the  same  on  both  sides  if  the  surface 
is  uncharged,  while    the    tangential    components    of    the    electric 
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force  are  the  same  on  both  sides.  As  a  consequence  of  these 
relations  a  line  of  induction  is  bent  or  refracted  on  passing 
through  the  surface.     For  if  6-^  and    6^   are   the  angles  which   it 

makes  with  the  normal 
on  the  two  sides,  the 
above  relations  may  be 
thus  stated  : 

D^  cos  6-^  =  A,  cos  ^2 
and 

F^  sin  6^  =  i^2  sin  9^ 
therefore 


tan  6^  _  D^      F^ 


K 


Fig.  40. 


tan  ^2     ^1      -^2       -"^2 

where  the  suffixes  refer 

to  the  two  media. 

Since  the  surface  is  uncharged,  as  many  unit  tubes   must,  by 

Gauss's  theorem,  be  incident  on  one  side  of  any  portion  of  it,  ab,  as 

leave  it  on  the  other  side.     This  also  follows  from  the  continuity 

in  the  normal  component  of  induction.     For  since 

Z>j  cos  6^  =  Do  cos  6.-, 

Dj.AB  cos  6-^  =  Do-^B  ^^^  ^2 
or 

where  ap  and  qb  are  sections  normal  to  the  direction  of  the  tubes ; 
that  is,  the  fluxes  are  continvious  through  the  surface  ab. 

Thus  the  flux  of  induction  can  be  represented  throughout  the 
field,  whether  the  dielectric ,  is  everywhere  the  same  or  not,  by 
continuous  tubes  or  their  representative  axes  2^i'ovided  that  there 
are  no  charges  in  the  field.  If  any  surface  between  two  dielectrics 
becomes  charged  {e.g.  by  friction),  the  lines  due  to  this  charge 
must  be  superposed  upon  those  already  existing  in  the  field.  If 
we  take  the  case  of  a  positive  charge,  lines  originate  on  it,  and 
since  they  extend  in  all  directions  outwards  from  the  surface,  their 
effect  is  to  diminish  the  total  number  reaching  the  surface  on  one 
side,  and  to  increase  the  total  number  on  the  other :  the  induction 
changes  by  the  amount  cr  on  passing  through  the  surface. 


CHAPTER  YI 

ELECTRICAL  CAPACITY— CONDENSERS 

51.  Capacity  of  an  Electric  Field. — In  nearly  all  cases  in 
which  we  require  to  deal  practically  with  electric  fields,  the 
bounding  surfaces  of  the  fields  are  formed  of  conducting  materials, 
and  we  shall  assume  this  to  be  the  case  throughout  what  follows. 
Under  these  circumstances  the  potential  of  each  boundary  is 
uniform,  and  the  difference  of  potentials  between  the  boundaries 
is,  by  definition  (35), 

V-  V'  =  Fe 

if  e  is  the  distance  from  one  surface  to  the  other  measured  along 
a  line  of  force,  and  F  is  .the  mean  electric  intensity  along  this  line. 
The  intensity  at  any  point  is  proportional,  other  things  remaining 
the  same,  to  the  charge  on  the  field  (meaning  thereby  the  total 
quantity  of  positive  electricity  upon  one  boundary  or  of  negative 
on  the  other),  and  therefore  F  must  also  be  proportional  to  it. 
Consequently,  for  a  given  field,  charge  and  difference  of  poten- 
tial;? are  proportional  to  each  other ;  and  putting  C  to  stand  for  a 
constant  coefficient  characteristic  of  the  field,  we  may  write 

Q=G{V-  V). 

This  coefficient,  whose  definition  is  implied  in  the  above  equa- 
tion, is  called  the  capacity  of  the  field.  In  words  we  may  define 
it  as  follows  : — 

The  capacity  of  an  electric  field  is  the  ratio  of  the  cliarge  on  the 
jyositive  hrmndary  of  the  field  to  the  difference  of  prAentials  heticeen 
its  boundaries,  and  is  numerically  eqnal  to  the  charge  I'eqnired  to 
estahlish  unit  difference  of  potentials  hetveen  them. 

The  term  "capacity"  is  borrowed  from  the  theory  of  heat, 
where  the  thermal  capacity  of  a  body  is  defined  as  the  ratio  of  a 
quantity  of  heat  given  to  a  body  to  the  change  of  temperature  pro- 
duced by  it,  and  as  being  numerically  equal  to  the  quantity  of  heat 
needed  to  produce  unit  change  of  temperature.     Thermal  capacity 

depends  on  mass  and  material :  the  capacity  of  an  electric  field, 
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on  the  size  and  shape — that  is,  on  the  geometry  of  the  field — and 
on  the  material  by  which  it  is  filled. 

52.  Capacity  of  a  Tube  of  Induction. — An  electric  field 

may  be  thought  of  as  made  up  of  tubes  of  induction  running  from 
one  boundary  to  the  other,  and  each  charged  at  its  ends  with  a 
definite  proportion  of  the  whole  charge  on  the  field.  The  ratio  of 
this  charge  to  the  difference  of  potentials  between  the  ends  of 
a  tube  may  be  called  the  capacity  of  the  tube,  just  in  the  same 
sense  as  the  ratio  of  corresponding  quantities  for  the  whole  field 
is  called  the  capacity  of  the  field.  For  a  given  field,  the  difference 
of  potentials  is  the  same  for  all  the  tubes,  because  the  boundaries 
of  the  field  are  equipotential  surfaces.  If,  then,  q  be  the  terminal 
charge  of  a  tube  we  may  write  for  its  capacity 


v-r 


or  for  different  tubes 


V—  V  being  a  common  denominator. 
Adding  these  values  we  get 

c^  +  C2  +  C3+  •  -  Y_y'  -y^y'~^- 

Whence  we  see  that  the  capacity  of  an  electric  field  is  equal  to 
the  sum  of  the  capacities  of  the  tubes  of  induction  into  which  it 
may  be  subdivided. 

As  for  a  complete  field,  so  for  a  tube  of  induction,  its  capacity 
depends  on  its  geometrical  relations  and  on  the  material  medium 
that  occupies  it.     The  difference  of    potential    between  the  ends 

is  =  Fe,  as  above,  or  what  comes  to  the  same  thing   /  Fde,  where 

Jo 

F  is  the  intensity  at  any  point  in  the  tube,  and  de  an  element  of 
length.  If  s  is  the  area  of  the  tube  at  the  part  where  the  in- 
tensity is  F,  and  if  s^  and  Fg  are  corresponding  values  for  the 
positive  end,  we  have 

and  therefore 

V-V=     Fde  =  F,.%    "  -  =  -y^"   — 
Jo  Jo  s         A     I ,  s 

since,  if  K  be  the  dielectric  coefiicient  for  the  medium,  i^„=    '     • 

A 


A 
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The    terminal    charge    of    the    tube   is   (y  =  y-i>„,   and   therefox^e    the 
capacity  becomes 


c  = 


q  K^  1 

V-V'~  Att  '     Me 


Jo    S 

fde 
The    value   of   the   integral  I  ^     which  occurs  in   this   expression 

depends  on  the  size  and  shape  of  the  tube,  and  cannot  be  deter- 
mined till  these  are  known.  It  is  therefore  only  in  those  cases 
in  which  the  tube  has  a  simple  shape  that  its  capacity  can  be 
readily  calculated, 

53.  Capacities  in  Special  Oases. — We  shall  now  find  ex- 
pressions for  the  capacities  of  certain  fields  for  which  elementary 
methods  are  sufficient :  in  a  later  section  (127)  some  more  compli- 
cated cases  will  be  solved. 

If  the  conductors  are  infinite  parallel  plates,  geometric  simi- 
larity indicates  that  the  lines  of  force  m^ust  be  straight,  equidistant, 
and  perpendicular  to  them ;  in  other  words,  the  intensity  must 
be  uniform  from  one  boundary  to  the  other ;  hence  we  have  at 
once 

-r^      ^„       _       47r(r 
V-  V  =Fe  =  —f^e 
A 

and  therefore 

QK_  _  AK 

47rcre     47re 

where  e  is  the  distance  between  the  plates  and  C  is  the  capacity  of 
area  A . 

In  the  case  of  concentric  spheres,  we  have  to  remember  that 
at  any  point  in  the  field  the  intensity  due  to  the  charge  of  the 
outer  surface  is  nothing,  and  therefore  that  the  whole  intensity 
is  that  due  to  the  charge  on  the  inner  sphere,  which  acts  as  though 
it  were  concentrated  at  tlie  centre.  If  h  and  a  represent  the 
radii  of  the  outer  and  inner  surfaces  respectively  then  the  inten- 
sity at  the  outer  surface  is  ■„-,,  at  the  inner  surface  -v,„,'mtl 
•^  h'K  a- A 

the  mean  intensity  (comp.  36)  is  —rp ',  consequently  the  difference 
of  potentials  is 


and  the  capacity 


^-^'-SFA- (''-") 


0  -  a 
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In  the  case  of  two  coaxal  cyUnders  of  radii  b  and  a  and  of  great 
length,  the  tubes  of  force  at  a  distance  from  the  ends  of  the 
cylinders  will  be  uniformly  distributed  and  normal  to  the  axis. 
They  will  be  wedge-shaped  spaces  bounded  by  planes  through  the 
axis  and  by  planes  perpendicular  to  the  axis,  and  the  area  of  any 
cross-section  will  vary  directly  as  its  distance  from  the  axis ;  the 
intensity  will  therefore  vary  inversely  as  this  distance.     Its  value 

at  the  inner   surface  is  — ,-^,  or  if  Q  is  the  total  charge  on  unit 

length  of  the  surface,  the  intensity  is   ^  •  -^ —  .i.e.  r^    and  at  a 
°  -^        A     27ra'        Ka 

2Q 
distance  e  from  the  axis  its  value  is  y^  •      Hence 

Ae 


Ja  Ja    K        e 

and  the  capacity  per  unit  length  is 


2Q,        h 

locr    — 

K      «"  a 


2l0ge^ 

^   a 


For  purposes  of  calculation  it  is  important  to  bear  in  mind  that 
the  logarithm  in  the  denominator  is  a  so-called  natural  logarithm 
having  the  base  2'718  and  is  equal  to  the  corresponding  common 
logarithm  (base  10)  divided  by  0"4343. 

In  a  field  of  force  of  any  shape,  if  the  distance  between  the 
boundaries  is  uniform  and  small  compared  with  their  linear  dimen- 
sions, it  is  evident  that  the  electric  intensity  must  be  nearly  uniform 

AK 

throughout  the  field,  and  therefore  that  the  formula  ,      ,  found  for 
°  4-e 

two  parallel  planes,  must  apply  to  any  case  which  satisfies  the 
conditions  named.  It  is  easy  to  verify  that  the  formula^  for 
cylinders  and  spheres  reduce  to  this  form  when  e  is  very  small. 

If  the  outer  surface,  in  the  case  of  a  field  bounded  by  con- 
centric spheres,  becomes  very  great,  the  corresponding  radius,  h, 
becomes  very  great,  or,  what  comes  to  the  same  thing,  the  rnditis 
a  becomes  very  small  in  comparison,  and  may  be  neglected  in 
the  difference  h  —  a.  Consequently  the  capacity  of  the  field 
becomes 

0 

and  depends  only  on  the  radius  of  the  smaller  (convex)  sphere 
and  on  the  nature  of  the  dielectric  medium. 
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When  the  outer  boundary  of  the  field  is  very  distant,  a  change 
of  its  shape  would  not  alter  the  potential  at  a  point  on  the  inner 
boundary.     Consequently  the  expression 

C  =  Ka 

gives  the  capacity  of  any  field  having  for  one  boundary  a  con- 
ducting sphere  of  radius  a,  and  for  the  other  boundary  any  very 
distant  surface.  For  example,  if  a  conducting  sphere  is  sus- 
pended in  a  large  room  at  a  great  distance  from  the  walls  or 
other  conductors,  the  capacity  of  the  electric  field  extending 
between  the  sphere  and  the  walls,  floor,  and  ceiling  of  the  room 
is  equal  to  the  I'adius  of  the  sphere  multiplied  by  the  dielectric 
coeflicient  of  air. 

54.  Successive   Electric   Fields. — It   happens   not   unfre- 

quently  that  one  electric  field  is  itself  completely  surrounded  by 
another,  or,  what  comes  to  the  same  thing,  that  a  field  is  divided 
into  two  parts  by  a  closed  conduct- 
ing shell,  and  that  it  is  required  to 
express  the  charge  in  terms  of  the 
potentials  of  the  first  and  last 
bounding  surfaces.  The  arrange- 
ment indicated  in  Fig.  41  may  be 
taken  as  a  typical  case  of  this 
kind.  The  shaded  portions  being 
understood  to  represent  conduct- 
ing material  and  the  unshaded  to 
represent  dielectrics,  we  may  con- 
sider that  we  have  here  a  field  of 
capacity,  C^,  with  bounding  sui-- 
faces  at  potentials  V  and  V-^  re- 
spectively, and  that  this  is  surrounded  by  a  second  field  of  capacity, 
Co,  with  surfaces  at  potentials  F^  and  Vo.  Or  we  may  look  upon 
the  figure  as  representing  a  single  field,  with  surfaces  at  potentials 
V  and  Fo,  divided  into  two  pai-ts  by  a  conductor  at  potential  l\. 
It  is  obvious  that  the  charge  on  each  partial  field  is  tlie  same  : 
representing  it  by  Q  we  have 

a=(7,(F-F,)=(7,(F,-ig 


Fig.  41. 


and  eliminating  F^ 

If  we  piit  C  for  the  capacity  of  the  simple  field,  which,  with 


Q  =  ^^/^"^^^- 
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surfaces  at  potentials  V  and  V^,  would  have  the  same  charge  as  the 
two  consecutive  fields,  we  must  write 

By  extending  the  same  method  of  calculation,  we  may  find  the 
capacity  of  the  single  field  equivalent  to  any  number  of  separate 
fields  arranged  in  succession.  For  example,  if  there  are  three  fields 
of  separate  capacities  C^,  Cg,  Cg,  the  capacity  of  the  single  equivalent 
field  is  r  r  n 

55.  Condensers. — When  two  electric  conductors  are  so  placed 
that  their  surfaces  form  the  boundaries  of  a  field  of  relatively 
great  capacity,  the  arrangement  is  very  frequently  spoken  of  as  a 
condenser.  For  example,  we  have  seen  that  a  conducting  sphere 
of  radius  a  centimetres,  at  a  great  distance  from  other  conductors, 
forms  one  boundary  of  a  field  of  capacity  Ka ;  whereas,  if  the 
sphere  be  surrounded  by  a  concentric  conducting  shell  of  radius  h, 


Thus,  if  a=  10  cm.,  and 


the  resulting  field  has  capacity  A' . 

b  —  a 

&=  11  cm.,  the  capacity  in  the  second  case  is  11  times  that  in  the 

first;  or,  a  being  still  10  cm.,  if  &=10'1,  the  capacity  of  the  field 

bounded  by  tlie  two  spheres  becomes  1010  A",  instead  of  10  A'. 

56.  Various  Forms  of  Condensers.— One  of  the  simplest 

forms  of  condenser  is  that  known  as  jEpinus^s  condenser  (Fig.  42), 

consisting  of  two  equal  in- 
sulated metal  plates,  sup- 
ported so  that  they  can  be 
biought  into  contact  with 
the  opposite  faces  of  a  plate 
of  glass  larger  than  them- 
selves, or  simply  placed  so 
as  to  face  each  other  at  a 
short  distance  in  air.  In 
either  case  the  capacity  can 
be  diminished  by  drawing 
the  plates  apart,  or  incieased 
by  moving  them  nearer  to- 
gether. To  charge  the  con- 
denser, it  is  only  necessary 
to    connect    the    two    plates 

with  opposite    sides   of    an    electric   machine  or  other  contrivance 

for  producing  a  difference  of  potentials. 


Fig.  42. 
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Another  equivalent  arrangement,  except  that  the  distance  be- 
tween the  conductors  cannot  be  varied,  is  that  known  as  FrcmJdin's 
pane,  consisting  of  two  equal  pieces  of  tinfoil  pasted  opposite  each 
other  on  the  two  faces  of  a  sheet  of  glass  large  enough  to  project  a 
good  way  beyond  them  on  all  sides.  For  better  insulation,  the  un- 
coated  parts  of  the  glass  are  usually  covered  with  shellac  vainish. 
When  condensers  of  very  great  capacity  are  required,  but  are 
not  to  be  exposed  to  great  differences  of  potential,  they  are  often 
made  by  superposing  alternately  sheets  of  tinfoil  and  thin  plates 
of  mica,  or  sheets  of  paraffined  paper.  The  first,  third,  fifth  .... 
sheets  of  tinfoil  are  connected  together,  and  form  one  boundary  of  a 
field  of  great  area  but  very  small  thickness,  and  the  second,  fourth, 
sixth  ,  .  .  sheets  are  connected  to  form  the  other  boundary. 

Another  form  of  condenser  that  is  very  frequently  employed  in 
connection  with  high  differences  of  potential  is  the  Leyden  jar 
(Fig.  43).  This  consists  of  a  glass  jar  or  bottle,  coated  internally 
and  externally  with  tinfoil  to  within  a  moderate  distance  of  the 
opening,  the  rest  of 
the  surface  being 
varnished  with  shel- 
lac. A  brass  rod, 
terminated  by  a  ball, 
connected  with  the 
inner  coating,  and 
passing  out  through 
the  neck  without 
touching  it,  enables 
electrical  connection 
to  bQ  made  with  the 
inner  coating  when 
required.  Sometimes 
the  jar  is  closed  at 
the  mouth  by  a  non- 
conducting  lid  ;    in 

this  case  the  rod  is  usually  supported  by  being  put  tight  through 
the  lid,  and  makes  contact  with  the  inner  coating  by  means 
of  a  flexible  spring  or  a  few  inches  of  chain.  Electi'ically,  the 
Leyden  jar  is  exactly  equivalent  to  the  coated  pane,  but  it  is 
more  compact  and  convenient  to  handle.  The  tinfoil  coatings 
may  be  replaced  by  conductors  of  any  other  material ;  the  reason 
why  tinfoil  is  commonly  used  being  chiefly  that  its  flexibility  allows 
it  to  be  readily  adapted  to  the  surface  of  the  glass.  Where  very^ 
high  insulation  is  required,  it  answers  well  to  use  strong  sulphuric  \ 


Fig.  43. 
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acid  (oil  of  vitriol)  to  make  contact  with  the  inner  sui'face  of  the 
glass  (which,  in  this  case,  is  not  varnished),  and  to  connect  the  acid 
with  the  other  apparatus  by  a  platinum  wire  dipping  into  it. 

57.  Quantity  of  Electricity  in  a  Condenser. — The  charge  of 

a  condenser  is,  of  course,  the  charge  on  the  electric  field  which  is 
bounded  by  its  conducting  surfaces ;  it  is  therefore  represented  by 

Q=C(V-r) 
and   depends   paitly   on  the   condenser  itself  and   partly   on   the 
difference  of  potentials  established  between  its  surfaces. 

The  formula   (7=  - —   (53)  applies  with   sufficient  accuracy  to 

the  capacity  of  any  of  the  forms  of  condenser  described.  From 
this  we  see  that,  with  a  given  insulating  material,  the  capacity  can 
be  increased  by  increasing  the  area  A  of  the  opposed  conducting 
surfaces,  for  these  determine  the  area  of  cross-section  of  the  field, 
and  also  by  decreasing  the  distance  e  between  the  surfaces,  or,  in 
other  woi'ds,  the  length  of  the  field.  But  if  the  charge  is  to  be 
great,  not  only  the  capacity,  but  the  difference  of  potentials,  V—  V , 
must  have  a  considerable  value.     This  is  usually  determined    by 


Ftg.  44. 

the  electric  machine  or  other  instrument  used  for  producing  the 
charge,  and  under  fixed  conditions  in  this  respect  may  be  taken  as 
constant.  The  value  of  the  difference  of  potentials  that  is  to  be 
employed  puts  a  practical  limit  to  the  extent  to  which  capacity  can 
be  increased  by  diminishing  the  thickness,  e,  of  the  dielectric.  A 
small  thickness  and  great  difference  of  potentials  implies  a  high 

V  —  V 

value  of  the  ratio ,  which  measures  the  mean  electric  inten- 
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sity  in  the  field,  and,  as  already  mentioned  (19),  when  the  stress  in 
the  field  reaches  a  limit  depending  on  the  nature  of  the  material, 
the  dielectric  gives  way  and  is  burst  through  by  a  disruptive  dis- 
charge. The  maximum  stress  that  a  given  material  can  support 
without  allowing  discharge  to  take  place  through  it  is  called  its 
electric  strength.  Little  is  known  about  the  exact  value  of  this 
property  for  different  substances,  but  it  is  certainly  many  times 
greater  for  glass  and  various  other  solid  dielectrics  than  it  is  for  air. 
For  this  reason,  in  condensers  intended  to  support  great  differences 
of  potential,  as  well  as  to  have  a  large  capacity,  glass  is  generally 
used  as  the  dielectric,  and  the  commonest  form  is  that  of  the 
Leyden  jar.  To  obtain  sufficient  surface  without  using  jars  of 
unwieldy  size,  several  jars  are  often  combined,  as  shown  in  Fig.  44, 
all  the  inner  coatings  being  electrically  connected  by  insulated 
metal  rods,  and  the  outer  coatings  by 
placing  the  jars  on  a  tray,  or  in  a  box 
lined  with  tinfoil.  The  capacity  of 
such  a  combination  of  jars,  sometimes 
called  a  Leyden  battery,  is  equal  to 
the  sum  of  the  capacities  of  the  sepa- 
rate jars  (comp.  52). 

When  it  is  not  desirable  to  expose 
a  condenser  to  the  full  difference  of 
potentials  that  may   be  available,  it 
is  sometimes  advantageous  to  connect 
two  or  more  jars  in  series,  or  in  cascade 
as  it  is  called,  in  the  way  shown  in 
Fig.  45.     The  inner  coating  of  the  jar 
at  one  end  of  the  series  is  connected 
with   one   electrode  of    the   electrical 
machine,  the  outer  coating  of  the  jar 
at  the  other  end  of  the  series  to  the 
other  electrode,  and  the  outer  coating 
of  each  of  the  rest  to  the  inner  coatinii' 
of    the    jar    that   comes  next   in  the 
series.     If,   in  such   a  case,  we  may, 
neglect  the  small  capacity  of  the 
field  existing  between  the  outer 
surface  of  each  jar  and  the  walls  of 
the  room,  by  comparison  with  the 
much  greater  capacity  of  the  field 
between  the  tinfoil  coatings,  the  charge  of  each  jar  is  the  same,  and 
writing   Vo  and  F„  for  the  potentials  of  the  first  and  last  coatings 
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respectively,  and  l\,  \\,  Fg  .  .  .  for  the  potentials  of  the  intermed- 
iate coatings  taken  in  order,  we  have  for  the  charge  of  any  one  jar 

a=Ci(F„-Fi)  =a,(Fi-Tg  =  . .  .  =  c'„(f,,i-f„). 

But  (54),  we  have  also 

Q  ^ C^C^  .  .  .   On (Y  _Y\ 

C^C,...  G^+G,G,  .  .  .  a+  .  .  .  +C,C^  .  .  .  a-i'  "  "' 
where.  C\,  C,,  .  .  .  are  the  capacities  of  the  several  jars,  and  the 
multiplier  of  Fg  -  F„  has  a  numerator  formed  by  multiplying 
together  all  the  (7's,  and  a  denominator  formed  by  adding  together 
the  series  of  terms  obtained  by  striking  out  from  the  numerator 
each  of  its  factors  taken  one  at  a  time  from  C^  to  C„.  From  this 
we  can  express  the  difference  of  potentials  acting  on  any  one  jar 
when  we  know  the  whole  difference  of  potentials  and  the  separate 
capacities.  Suppose,  for  example,  that  there  are  four  jars,  then 
the  difference  of  potentials  acting  on  the  second  is 

V  -  V  = ^1  ^3  ^4 (V  -  V) 

^^     ''     G,  G,  G,  +  G,  C,  G,  +  G,  G,  G,  +  C\  G,  G,  ^    "       '^- 

If  a  number  of  jars  combined  in  cascade  are  all  of  the  same 
capacity,  it  follows  that  the  difference  of  potentials  acting  on 
each  jar  is  the  same,  and  is  equal  to  the  whole  difference  divided 
by  the  number  of  jars.  In  this  case  also  the  sum  of  the  separate 
charges  is  the  same  as  any  one  jar  would  have  received  if  it  had 
been  charged  to  the  full  difference  of  potentials  V„  -  V^. 

58.  Charging  and  Discharging  a  Condenser.— Since  the 

process  of  charging  a  condenser  consists  in  establishing  a  difference 
of  potentials  between  the  boundaries  of  the  corresponding  electric 
field,  a  charge  is  produced  whenever  the  opposed  conducting 
surfaces  of  the  condenser  are  respectively  connected  with  other 
conductors  at  different  potentials.  In  general  the  surfaces  are 
connected  with  the  positive  and  negative  conductors  of  an  electric 
machine.  If  a  common  friction  machine,  with  the  rubber  un- 
insulated from  the  room,  is  used,  a  sufficient  connection  between 
the  outer  surface  of  a  Leyden  jar  and  the  rubber  is  usually  afforded 
by  the  table  on  which  both  jar  and  machine  stand  ;  a  special  con- 
ducting connection"  need  be  arranged  in  such  a  case  only  between 
the  inner  coating  and  the  insulated  conductor  of  the  machine. 

To  discharge  a  condenser  is  to  bring  its  two  surfaces  to  the 
same  potential.  This  may  be  done  suddenly  by  connecting  them 
by  means  of  a  discharger  (Fig.  43),  consisting  of  two  metal  rods 
hinged  together  like  a  pair  of  compasses  and  provided  with  glass 
handles,  m,  m',  and  terminated  by  brass  knobs.  If  one  knob  is  put 
into  contact  with  the  outer  coating  of  a  charged  Leyden  jar,  and 
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the  other  is  gradually  brought  near  the  knob  A  connected  with  the 
inner  coating,  a  bright  loud  spark  passes  before  the  knobs  come 
quite  into  contact,  and  the  jar  is  afterwards  found  to  be  discharged. 
In  this  case  the  whole  process  occupies  only  a  very  small  fraction 
of  a  second,  but  it  is,  nevertheless,  a  somewhat  complicated  one, 
and  usually  consists  of  a  succession  of  discharges  of  gradually 
decreasing  magnitude,  and  alternately  in  opposite  directions.  The 
phenomenon  is,  in  its  general  character,  closely  analogous  to  what 
happens  when  a  bent  spring  is  suddenly  released,  and,  instead  of 
simply  returning  to  its  position  of  equilibrium  and  remaining  at 
rest  there,  is  carried  beyond  it  by  its  momentum  and  is  bent  in  the 
opposite  direction,  then  passes  again  through  its  position  of  equili- 
brium towards  the  side  of  the  original  bending,  and  so  backwards 
and  forwards  through  a  gradually  decreasing  range  until  the  whole 
of  the  energy  due  to  the  original  strain  has  been  converted  into 
heat.  In  the  electrical  case  we  must  imagine  some  kind  of  strain 
as  existing  in  the  charged  dielectric,  and  that  the  sudden  relaxation 
of  this  strain  at  the  instant  of  discharge  gives  rise  to  a  series  of 
electric  oscillations  of  progressively  decreasing  extent  until  the 
whole  energy  of  the  charge  has  here  also  been  converted  into  heat. 
If  the  two  surfaces  of  a  charged  condenser  are  connected 
through  a  very  long  thin  wire  or  through  a  damp  thread,  the 
resulting  discharge  consists  simply  of  a  comparatively  gradual 
equalisation  of  potentials  without  reversal  or  oscillation.  In  this 
case  the  process  may  be  compa^d  with  the  result  of  releasing  a 
bent  spring  wliich  is  immersed  in  a  liquid  so  viscous  that  the 
elastic  forces,  urging  the  spring  through  it  towards  its  position  of 
equilibrium,  are  not  able  to  make  it  arrive  there  with  any  velocity. 

59.  Discharge  by  Successive  Contacts.— Discharge  takes 

place  in  a  different  way  if  a  condenser  is  charged,  and  its 
siu'faces,  which  are  both  insulated  from  other  conductoi\s, 
instead  of  being  connected  with  each  other,  are  alternately 
connected,  one  at  a  time,  with  a  third  conductor,  which  may 
be  the  room  containing  the  condenser.  In  order  to  follow  out 
what  happens  in  such  a  case,  we  will  suppose  the  condenser 
to  be  a  coated  pane,  and  that  its  surfaces  are  alternately  con- 
nected with  the  inside  of  the  room.  There  is  here  a  complex 
field,  or  rather  there  are  three  separate  fields.  Distinguish- 
ing the  coatings  as  A  and  B  (Fig.  46)  we  have  a  field  of  capacity, 
say  C^,  bounded  by  the  coating  A  and  the  inside  of  the  room  ; 
next,  a  field  of  capacity  G,  extending  through  the  glass  be- 
tween the  coatings  A  and  b  ;  and,  lastly,  there  is  a  field  of  ' 
capacity,  C^,  bounded  by  the  coating  B  and  by  the  inside  of  the  room. 

F 
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We  will  refer  to  these  in  the  order  in  which  they  have  been 
named,  as  the  first,  second,  and  third  fields  respectively.  Let  us 
begin  by  supposing  the  coating  B  connected  with  the  room  ;  then 
the  boundaries  of  the  third  field  being  at  the  same  potential,  its 
charge  is  zero,  and  the  coating  A  becomes  a  common  boundary  of 
the  first  and  second.  Putting  V  for  the  potential  of  the  room,  and 
Vo  for  the  initial  potential  of  A,  the  charge  on  the  first  field  is 

and  that  on  the  second  field,  the  field  of  the  condenser,  is 

Now,  after  insulating  B,  connect  A  with  the  room,  thus  bringing 
its  potential  to  the  value  V.  The  effect  of  this  is  that  the  charge  on 
the  first  field  vanishes,  and  that  that  on  the  second  spreads  into  the 
third  field,  the  coating  B,  whose  potential  we  will  denote  by  F/, 
becoming  a  common  boundary  of  the  second  and  third  fields.  Expres- 
sing by  an  equation  the  fact  that  the  combined  charges  on  these  two 
fields  are  the  same  as  the  previous  charge  on  the  second  field,  we  have 

(c+c^)(f-tv)  =  c(t;-po 

which  gives  for  the  present  difference  of  potentials  between  the 
coatings  of  the  condenser — • 

That  is  to  say,  it  is  the  original  difference  of  potentials,  Vg  -  F, 
multiplied    l)y    the    proper    fractWn  -^ — ^.      Denoting    this,    for 

shortness,  by  vi,  we  may  write 

V-V^'  =  m{V,-V). 
Next,  let  A  be  again  insulated,  and  let  B  be  connected  with  the 
room,  as  in  the  initial  stage.  The  charge  on  the  third  field  again  dis- 
appears, and  that  on  the  second  spreads  hi  to  the  first,  the  surface  A 
being  a  common  boundary.  If  we  put  l\  for  the  resulting  potential 
of  A,  the  equation  expressing  identity  between  the  combined  charges 
on  the  first  and  second  fields  and  the  previous  charge  on  the  second  is 

(C[,+  0){V,-r)=0{V-lY) 
whence 

V,  -  F=  ^^-^/F-  F/)  =  7^  (F-  IV).  ^^y^ 
C^  +  C 

or,  putting  in  the  value  just  found  for  F-  F/, 

J\-V=vm{V„-V). 

1  It  may  be  noted  that  the  electric  force  in  both  these  fields  is  directed  from 
the  surface  A,  iC  V^  is  greater  than  V,  and  towards  A,  if  Vg  is  less  than  T^— that 
is,  in  either  case,  the  force  is  oppositely  directed  in  space  in  the  two  fields. 


mn  = 
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The  charge  of  the  condenser  is  now  Q^=  C  ( Fj  -  V),  and  therefore 
Q^  =  mn  G{V,-V) 

That  is,  the  charge  of  the  condenser  after  each  coating  has  been 
successively  connected  with  the  room  and  then  insulated  is  equal 
to  the  original  charge  multiplied  by  the  constant  fraction 

and  by  following  out  again  exactly  the  same  course  of  reasoning 
and  calculation,  we  should  find  that  the  charge  after  repeating  the 
same  process  would  be 

Q.2  =  mnQ^    =  {mnY  Qo 
Gg  =  mn  Q^    =  {mnf  Qg 

Q^  =  71171  Q^_^  =  (m7i)"  Q„. 

It  appears,  then,  that  the  charges  remaining  in  the  condenser 
after  the  surfaces  have  been  uninsulated  1,  2,  3,  .  .  .  times,  form 
the  terms  of  a  decreasing  geometric  series. 

The  successive  decreases  of  charge  due  to  repetitions  of  the 
process  also  form  a  similar  series :  thus,  the  first  time,  the  loss  of 
charge  is 

Qo-  Qi=  Qo  (1  -71171); 

the  second  time  it  is 

Q]^-  Q^=Q-^{1  -  7nn)  =  QjiiiTi  (1  -  71271) ; 
the  third  time 

Q2  —  '^3  =  ^2  (^  ■"  ''^^)  —  Qo^^^"^^  (1  -  '>n7i), 
and  so  on. 

The  process  of  discharge  by  successive  contacts  may  take  place 
when  the  surfaces  of  a  condenser  are  successively  connected  with 
any  insulated  conductor,  and  it  then  takes  place  essentially  in  the 
way  that  has  been  traced  out.  It  is  illustrated  by  various  familiar 
experiments  which  need  not  be  more  than  mentioned,  as  the 
electric  chimes  (Fig.  47),  and  Franklin's  spider  (Fig.  48),  in  which 
a  small  insulated  conductor  b  or  b',  suspended  like  a  pendulum, 
stiikes  successively  against  knobs  connected  with  the  two  coatings 
of  a  Leyden  jar,  being  attracted  in  turn  by  each  after  coming  in 
contact  with  the  other. 

The  experiment  known  as  Liclitenlerrf s  figures  is  connected 
with  the  same  kind  of  action.  We  take  hold  of  a  charged  Leyden 
jar  by  the  outer  coating  and  draw  the  knob  connected  with  the 
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inuer  coating  along  the  surface  of  a  cake  of  resin,  tracing  out  with 
it  figures  of  any  kind.  Then,  putting  the  jar  on  an  insuhiting 
stand,  we  take  it  by  the  knob  and  trace  other  figures  on  the  resin 
with  the  outside  of  the  jar.  On  afterwards  dusting  over  the  cake 
of  resin  a  mixture  of  flowers  of  sulphur  and  red-lead,  the  particles 
of  red-lead  collect  along  the  lines  traced  with  one  surface  of  the 
jar,  and  the  sulphur  along  those  traced  with  the  other  surface.    By 


Fig.  47. 


Fig.  48. 


their  mutual  friction  the  particles  of  the  two  powders  become  elec- 
trified, the  red-lead  positively  and  the  sulphur  negatively,  and  they 
consequently  attach  themselves  to  parts  of  the  surface  of  the  resin 
which  have  been  electrified  in  the  opposite  way  to  themselves. 
The  lines  formed  present  marked  characteristics ;  the  yellow  lines 
of  sulphur,  corresponding  to  the  positively  charged  parts  of  the 
resin,  show  very  fine  ramifications,  while  the  red  marks,  correspond- 
ing to  the  negatively  charged  parts,  are  broader  and  often  resemble 
drops  or  splashes. 

60.  Effect  of  the  Insulating  MateriaL— It  was  first  observed 

by  Faraday  that  the  capacity  of  a  condenser  depends  not  only  on 
the  size  and  shape  of  its  surfaces,  but  also  on  the  nature  of  the 
insulating  material  which  nils  the  space  between  them.  He  had 
two  spherical  condensed  made  as  nearly  alike  as  possible  (Fig.  49), 
the  inner  sphere.  A,  being  supported  concentrically  with  the  outer 
one  by  a  thick  cylinder  of  shellac,  7,  fitting  into  a  cylindrical  neck, 
and  the  outer  sphere  being  formed  of  two  hemispherical  cups  fit- 
ting each  other  air-tight  when  put  together.  When  one  of  the 
condensers  had  been  charged,  the  fixed  ball  of  a  torsion-balance 
was  put  into  contact  with  the  knob  a  connected  with  the  inner 
sphere  A,  and  the  charge  of  the  ball  was  measured.  The  charge 
of  the  condenser  was  next  shared  between  the  two  condensers,  by 
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connecting  the  two  outer  spheres  by  a  wire,  and  then  bringing  the 
knob  a  of  one  into  contact  with  the  knob  of  the  other.  In  this 
way  the  corresponding  surfaces  of  the  two  condensers  were  brought 
to  the  same  potentials.  Then  the  fixed  ball  of  the  torsion-balance 
was  again  put  into  contact  with  the  knob  a  and  its  charge  measured 
as  before.  It  was  thus  found  that  when  both  condensers  were 
filled  with  air,  the  charge,  measured  by  the  torsion-balance  after 
the  sharing,  was  just  half  as  great  as  that  measured  at  first.  On 
the  other  hand,  if  the  space  between  the  surfaces  of  one  condenser 
was  filled  with  some  solid  dielectric,  such  as  glass,  sulphur,  or 
shellac,  then  the  charge  measured  after  sharing  was  more  than 
half  that  measured  before  sharing,  if  the 
condenser  first  charged  was  that  containing 
the  solid  dielectric  ;  but  it  was  less  than 
half  if  the  air  condenser  was  the  one  first 
charged. 

Throughout  the  experiments  the  outer 
surfaces  of  both  condensers  were  connected 
with  the  room,  so  that  the  charge  taken 
by  the  ball  of  the  torsion-balance  was  in 
each  case  proportional  to  the  excess  of  the 
potential  of  the  inner  sphere  above  that  of 
the  outer  sphere,  and  the  process  was  vir- 
tually a  comparison  of  the  difierence  of 
potentials  between  the  surfaces  of  one 
condenser  when  first  charged  with  the 
difference  of  potentials  when  it  had 
given  up  part  of  its  charge  to  the  other. 
Putting  V  for  the  constant  potential  of 
the  room  and  outer  surfaces  of  the  con- 
densers, V^  for  the  initial  potential  of 
the  inner  surface  of  the  charged  con- 
denser, and  V2  for  its  potential  after  sharing,  we  have 
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if  q^  and  q„  are  the  two  charges  measured  by  the  torsion-balance. 
When  the  condensers  are  connected,  the  first  loses  a  certain  quan- 
tity of  electricity,  and  the  potential  of  its  inner  surface  falls  from 
Vy  to  r., ;  at  the  same  time  the  second  gains  the  same  quantity, 
and  the  potential  of  its  inner  surface  rises  from  F  to  V^-  If  now 
we  call  Ca  and  L\  the  capacities  of  the  two  condensers  I'espec- 
tively,  and  write  an  equation  expressing  that  these  are  inversely  as 
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the  changes  of  potential  caused  by  the  loss  or  gain  of  the  same 
quantity  of  electricity,  we  get 

Ca~v,-v-  v,-v'         "?2~ 

In  this  way  the  ratio  of  the  capacities  of  the  two  condensers 
was  obtained,  and  Faraday's  results  showed  that  the  substitution 
of  a  solid  dielectric  for  air  increased  the  capacity.  He  gave  the 
name  specific  inductive  capacity  to  that  property  of  an  insulating 
material  on  which  the  capacity  of  a  condenser  formed  of  this 
material  depends,  or,  in  other  words,  to  that  property  of  the  mate- 
rial occupying  an  electric  field,  of  given  shape  and  size,  which 
determines  the  charge  required  to  produce  a  given  difference  of 
potentials  between  the  boundaries  of  the  field. 

61.  Specific  Inductive  Capacity,  or  Dielectric  Coefiicient. 

— The  specific  inductive  capacity,  or,  as  it  is  otherwise  called,  the 
dielectric  coefficient,  of  an  insulating  or  dielectric  material,  is  the 
quantity  denoted  in  our  formulae  by  the  symbol  K.  To  see  how 
its  numerical  value  may  be  determined,  we  may,  in  the  first 
instance,  go  back  to  the  fundamental  formula  of  electric  force 
(15),  which  in  the  case  of  two  equal  quantities  of  electricity  con- 
centrated at  points,  we  may  write 

From  this,  if  Q^  is  the  quantity  which  repels  an  equal  quantity  at 
unit  distance  with  unit  force,  we  have 

and  therefore  K  may  be  defined  numerically  as  equal  to  the  square 
of  the  quantity  Q^,  just  defined. 

But  when  the  dielectric  medium  is  aii',  the  quantity  which 
repels  an  equal  quantity  at  unit  distance  with  unit  force  is,  by 
definition  (15),  a  unit  of  electricity.  Hence,  as  already  pointed 
out,  our  definition  of  the  unit  of  electric  quantity  involves  the 
numerical  value  K  =  1  for  air. 

Another  way  of  arriving  at  the  value  of  K  is  by  considering  the 
relation  between  charge,  difference  of  potentials,  and  dimensions 
of  an  electric  field.  Taking  the  simple  case  of  a  field  bounded  by 
plane  parallel  surfaces  (53),  we  have  for  the  charge 

47re 
or,  writing  o-  for  Q/A,  the  surface-density,  and  transposing, 
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or,  again,  if  o-j  be  the  surface-density  for  which  the  difference  of 
potentials  is  unity  when  the  distance  between  the  boundaries  of 
the  field  is  unity  ^r      , 

•'  K=  4770- j^. 

In  words,  this  is  equivalent  to  saying  that  the  dielectric  coefficient 
of  a  given  substance  i-s  equal  to  Arr  times  the  charge  per  square 
centimetre  on  a  field,  bounded  by  large  flat  parallel  surfaces  one 
centimetre  apart  and  filled  by  that  substance,  when  the  difference 
of  potentials  between  the  boundaries  is  unity. 

The  following  are  the  approximate  values  of  the  specific  induc- 
tive capacities  of  a  few  solid  and  liquid  dielectrics,  the  inductive 
capacity  of  air  being  taken  as  unity  : — 

Specific  Inductive 
Capacity. 
Paraffin  wax    .........     2"3 

Rosin 2-6 

Ebonite 2-8 

Sulphur .         .4-0 

Glass  (plate  or  common  flint)  .         .         .         .         .  6  to  7 

Petroleum  oil  .         .         .         .         .         .         .         .     2"1 

Turpentine  oil ,         .         .     2*2 

Benzene „         .         .2-2 

On  the  .same  scale,  the  specific  inductive  capacity  of  a  vacuum  is 
about  0-9994. 

62.  Residual  Charge. — If  the  difference  of  potentials  of  a 
condenser  with  a  solid  dielectric  is  measured  immediately  after  the 
condenser  has  been  charged,  and  then  again  a  few  minutes  or  half- 
an-hour  later,  it  is  generally  found,  even  when  there  is  perfect 
insulation,  that  the  second  measurement  gives  a  lower  I'esult  than 
the  first  one.  This  diminution,  when  there  is  good  insulation, 
does  not  go  on  continuously,  but  is  comparatively  rapid  at  first,  and 
then  becomes  slower  and  slower,  and  at  last  imperceptible. 

Again,  if  the  surfaces  of  such  a  condenser,  after  it  has  been 
charged  for  some  time,  are  connected  for  an  instant  by  a  thick 
wire,  so  as  to  discharge  the  condenser — that  is,  to  bring  its  coat- 
ings to  the  same  potential — it  is  found  that,  after  disconnecting  the 
coatings,  a  difference  of  potentials  of  the  same  sign  as  that  previously 
existing  makes  its  appearance,  increasing  comparatively  quickly  at 
first,  and  then  more  slowly,  towards  a  constant  value.  This  pheno- 
menon is  known  as  the  residual  charge,  and  is  correlative  with  the 
decrease  of  difference  of  potentials  spoken  of  above.  The  residual 
charge  does  not  amount  to  more  than  a  small  proportion  of  the  original 
charge,  but  a  condenser  that  has  been  charged  strongly  for  a  long 
time  will  often  allow  of  several  successive  discharges  of  px'ogressively 
diminishing  amount  being  obtained  at  intervals,  one  after  another. 
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The  formation  of  the  residual  charge  implies  that  the  ratio 
Q/(F-  V)  for  a  condenser  in  which  it  occurs  depends  upon  the 
time  that  has  elapsed  since  the  charge  was  imparted,  or,  more 
generally,  upon  the  recent  electrical  history  of  the  condenser, 
as  well  as  upon  its  material  and  geometrical  characters.  This 
circumstance  introduces  complications  into  the  experimental  de- 
termination of  the  capacity  of  a  condenser,  which,  as  has  been 
explained,  is  the  name  given  to  the  ratio  in  question.  The  dis- 
turbance due  to  this  cause  may  be  avoided  to  a  great  extent  by 
measuring  the  capacity  of  a  condenser  as  soon  as  possible  after 
it  is  charged, — that  is  to  say,  before  the  residual  charge  has  had 
time  to  form  to  an  appreciable  extent. 

63.  Condenser  with  Removable  Coatings.— According  to 

the  view  we  have  adopted,  the  charging  of  a  condenser,  or  of  any 
electric  field,  consists  in  setting  up  a  peculiar  condition  of  stress 
within  the  dielectric.  To  do  this  the  conducting  surfaces  which 
bound  the  dielectric  must  be  connected  with  the  conductor  of  an 
electric  machine,  or  equivalent  arrangement,  between  which  an 
electric  field  is  produced  by  friction  or  otherwise.  By  virtue  of  the 
connecting  wires,  the  stresses  existing  in  the  original  field  are  able 
to  i-elieve  themselves  by  causing  an  expansion  and  partial  transfer 
of  the  field  to  the  dielectric  of  the  coiadenser.     The  function  of  the 


Fig.  50. 


metallic  coatings  of  a  condenser  appears  to  be  simply  to  facilitate 
the  transfer  of  electric  stress  to  and  from  the  dielectric  material 
between  them.  So  long  as  the  stress  exists,  the  dielectric  is 
charged,  even  if  the  metal  coatings  are  removed.  This  is  usually 
illustrated  by  means  of  a  Leyden  jar  with  removable  coatings  of 
thin  tin-plate  (Fig.  50).  If  this  has  been  charged  in  the  ordinary 
way,  and  placed  on  a  cake  of  resin,  or  other  insulating  support, 
the  glass  jar  can  be  lifted  out  from  the  outer  metal  vessel,  and 
then  the  inner  conductor  can  be  lifted  out  from  the  jar  by  a  glass 
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rod  put  under  the  hooked  stem.  On  bringing  the  two  metal  coat- 
ings together,  they  give  only  a  slight  discharge,  if  any  ;  but  if,  after 
the  metal  coats  have  been  shown  to  be  electrically  neutral,  the  jar 
is  put  together  again,  it  will  give  a  discharge  almost  as  powerful  as 
if  it  had  never  been  taken  to  pieces. 

The  same  experiment  can  also  readily  be  made  with  an  ^pinus's 
condenser  (56). 

64.  Energy  of  an  Electric  Field. — As  already  pointed  out 

(9,  10),  an  electric  field  constitutes  a  store  of  energy,  the  amount 
of  which  is  measured  by  the  work  which  the  electric  forces  of  the 
field  can  do  during  exhaustion  of  the  field  ;  or,  what  comes  to  the 
same  thing,  by  the  work  that  must  be  done  against  electric  forces 
to  establish  the  field. 

We  can  estimate  this  amount  of  work  as  follows.  We  may 
suppose  the  total  charge  on  the  field  to  have  been  produced  by  the 
successive  transfer  of  elementary  portions  of  positive  electricity, 
dq,  from  the  negative  boundary  of  the  field  to  the  positive  boun- 
dary, until  the  total  charge,  Q,  had  been  transferred  ;  or  we  may 
suppose  an  equal  amount  of  negative  electricity  transferred  in 
successive  quantities  -  dq  in  the  opposite  direction ;  or  lastly,  we 
may  suppose  ^Q  transferred  from  the  negative  to  the  positive  boun- 
dary, and  -  iQ  from  the  positive  to  the  negative  boundary.  These 
three  operations  would  be  physically  identical  and  differ  only  in  the 
mode  of  expression ;  we  shall,  therefore,  for  the  sake  of  definite- 
ness,  adopt  language  appropriate  to  the  first  mode.  If  then  v  and 
v  are,  at  any  stage  of  the  process,  the  respective  potentials  of  the 
positive  and  negative  boundaries,  the  amount  of  work  done  in 
transferring  an  elementary  quantity  of  electricity  at  this  particular 
stage  is 

dW={v-v')  dq. 

If  C  is  the  capacity  of  the  field  and  q  the  quantity  already  trans- 
ferred 

_.  ? 


therefore 


v-v      ^ 


dW=^dq 


and  the  whole  amount  of  work,  W,  done  in  producing  the  final 
electrification  is  the  sum  of  all  the  values  of  the  last  quantity  as  q 
varies  from  0  up  to  its  final  value  Q,  or 


-^ 


qdq^h-^. 
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The  same  conclusion  can  be  easily  established   geometrically. 

In  Fig.  51,  let  the  straight  line  OA  be  drawn  so  that  the  ratio  of 
the  ordinate  of  any  point  to  the  abscissa  of 
the  same  point  may  be  equal  to  the  ratio 
of  the  difference  of  potentials  of  the  boun- 
daries of  the  field  to  be  considered  to  the 
corresponding  charge.  Then  if  oq  repre- 
sents the  charge  g-  at  any  stage  of  the 
electrification,  qm  will  represent  the  cor- 
responding difference  of  potentials,  and  the 
work  dW  due  to  an  increment  of  charge, 
dq,  represented  in  the  figure  by  qq',  will  be 
expressed  by  the  area  of  the  trapezium 
qhm^q'.     The  sum  of  all  such  areas  standing 

upon  the  base  op  is  equal  to  the  area  of  the  triangle  oap  =  ^  op  .  pa  ; 

hence  if  op  represents  the  total  charge   Q,  and  pa  the  resulting 

difference  of   potentials    V-  V,  we  have  for  the  work   spent   in 
.  electrification 

TF=iop.PA  =  |Q(F- F) 

By  combining  this  with  the  fundamental  expression  (51) 

connecting  charge,  capacity  and  difference  of  potentials,  we  see 
that  it  is  equivalent  to  the  formula  already  obtained.  In  fact, 
the  energy  of  an  electric  field  may  be  expressed  in  terms  of  any 
two  of  the  three  quantities  named,  as  follows : 

w=  1 Q  ( V-  V) = ^ = h  c{v-  vy. 

65.   Energy  of  a    Condenser. — The   energy  of  a  condenser 
like  that  of  any  electric  field  (64),  is  represented  by 


or  (53)  by 


Sire  ^  '      AK     ' 


which  shows  that,  for  a  given  difference  of  potentials  between  its 
surfaces,  the  energy  of  a  condenser  is  proportional  directly  to  the 
area  of  the  surfaces,  and  inversely  to  the  thickness  of  the  dielectric  ; 
while  for  a  given  charge,  the  energy  is  directly  proportional  to 
thickness  and  inversely  pi-oportional  to  surface. 
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It  follows  from  these  formulae,  that  if  a  charged  Leyden  jar  has 
its  surfaces  connected  with  the  coi'responding  surfaces  of  a  second 
uncharged  jar  (which  for  simplicity  we  will  suppose  exactly  similar 
to  the  first),  so  that  its  charge  is  shared  between  the  two,  the  com- 
bined energy  of  the  two  jars  is  now  only  half  the  original  energy 
of  the  first  jar.  By  combining  the  two  jars,  we  have  virtually  a 
condenser  of  twice  the  capacity,  and  therefore,  with  the  same 
charge,  only  half  the  energy.  The  electric  energy  that  is  lost 
during  the  transfer  of  part  of  the  charge  from  one  jar  to  another 
is  converted  into  heat  during  the  process. 

If  several  jars  with  their  similar  coatings  connected  are  charged 
simultaneously  to  a  given  difference  of  potentials,  the  energy  of 
the  combination  is  obviously  the  sum  of  the  energies  of  the  sepa- 
rate jars.  Thus  if  there  are  n  jars  each  having  a  capacity  C,  their 
total  energy  is 

W  =  n.  i  C{V-VJ 

or  n  times  the  energy  of  a  single  jar  charged  to  the  same  difference 

of  potentials. 

If  n  similar  jars,  connected  "  in  cascade,"  are  charged  so  that 

the  difference  of    potentials  between  the  first   and    last  coatings 

is    F  -  V,  the   difference   between    the    coatings   of  each  jar  is 

fV  -  V'V 
(F-  V')ln  and  therefore  its  energy  is  ^  C  ( )  ,   and   the 

energy  of  the  whole  number  is 

^       \       n       J        n    "       ^ 
or  the  »th  part  of  the  energy  of  a  single  jar  charged  to  the  same 
difference  of  potentials. 

65.*  Influence  of  Temperature. — The  dielectric  coefficient 

of  an  insulating  material  depends,  among  other  conditions,  on  its 
temperature.  It  has  been  found,  for  example,  that  the  dielectric 
coefficient  of  glass  in  the  neighbourhood  of  30°  C.  increases  by 
about  -jijj  of  its  value  for  a  rise  in  temperature  of  one  degree. 
It  follows  that  the  capacity  of  a  Leyden  jar,  or  other  condenser 
the  dielectric  of  which  is  glass,  must  rise  with  rise  of  tempera- 
ture, for  (53)  the  capacity  of  any  condenser  is  equal  to  the 
product  of  the  dielectric  coefficient  K  of  the  insulating  material 
into  a  factor,  say,  a,  depending  only  on  the  geometry  of  the 
conducting  surfaces  between  which  the  insulator  is  contained. 
It  also  follows  that  the  difference  of  potential,  between  the 
coatings  of  a  charged  Leyden  jar  and  the  energy  stored  up  in 
it  must  both  fall  as  temperature  rises,  since  both,  when  charge 
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is  constant,  are   inversely  proportional   to   capacity.       If   we   put 

P  for  the  quantity        '- -^,    that    is,    for    the    rate    of    increase    of 
A  dl 

dielectric  coefficient  with  temperature  expressed  as  a  fraction  of 

its  value  at  a  given  temperature,  the  relations  above  stated  can 

be  conveniently  expressed  by  the  following  formulae — 


Capacity 

Difference  of  potentials 


C~aK,     whence—  —  =  /?; 
'  GdT     ^' 


V-  V 


Q 


1       d{V~  V')_ 


V-  v 


(fi 

Electrical  energy  of  charge  1F=  |- — , 


1  dW 

"    W  dT  '' 


dT 


^^=-A', 


A  further  consequence  of  the  variation  of  dielectric  coefficient 
with  temperature,  not  so  immediately  obvious  as  those  just  pointetl 
out,  is  that  heat  must  be  supplied  to  a  Leyden  jar,  or  glass 
condenser,  to  maintain  its  temperature  constant  when  its  charge 
is  increased,  or,  what  comes  to  the  same  thing,  that  its  tempera- 
ture must  fall  if  its  charge  is  increased  without  allowing  it  to  gain 
heat  at  the  same  time.     To  show  that  this  is  the  case,   we  will 


v-v' 


"^^^ 


M 
Fig.  51a. 


N   Q 


suppose   tlie   following   series   of    operations   to   be   performed   on 
the  jar : — 

i.  The  charge  is  increased  from  Qo  to  (\  while  the  temperature 
is  kept  constant  at  T  on  the  absolute  scale.  During  the  increase 
of  charge,  there  will  be  a  proportionate  increase  of  the  difference  of 
potentials  between  the  coatings,  for  the  ratio  Qi{V -  V)  is  the 
capacity,  which  is  constant  at  the  same  temperature.  Hence  if 
the  initial   charge   Q^  is  represented  by  the   abscissa   OM   of  the 


I 
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point  A  in  the  diagram  (Fig.  51a)  and  the  initial  difference  of 
potentials  {V-  V')^  by  the  ordinate  MA  of  the  same  point,  the 
simultaneous  changes  of  these  quantities  will  be  represented  by  a 
line  such  as  AB,  if  the  point  B  is  taken  so  that  its  co-ordinates 
express  the  new  values  Q^  and  {V-  V\  respectively. 

ii.  Now,  without  further  increase  of  charge,  let  the  temperature 
be  lowered  by  the  very  small  amount  dT :  this,  in  accordance  with 
what  has  been  said  above,  will  cause  a  small  increase  in  the 
difference  of  potentials  between  the  coatings  equal  to 

d{V-  r')=^{V-  V')(3dT 

and  denoted  in  the  diagram  by  BC. 

iii.  Next,  decrease  the  charge  again  from  Q^  to  Q„  and  keep 
the  temperature  constant  at  the  value  T  -  dT.  The  corresponding 
changes  of  charge  and  potential-difference  may  be  represented  by 
the  line  cD. 

iv.  Lastly,  the  charge  having  now  been  restored  to  its  initial 
value,  let  the  temperature  be  raised  by  dT,  so  as  to  restore  it  also 
to  the  value  it  had  at  starting.  The  result  of  this  will  be  to  cause 
the  difference  of  potentials  to  fall  again  to  its  initial  value.  This 
change  is  denoted  in  the  diagram  by  the  line  da  which  completes 
the  closed  figure  abcd. 

During  the  first  of  the  above  operations  the  electrical  energy  of 
the  jar  is  increased  from 

hQo{V-V%  to  IQ,{V-V\ 

and  electrical  work  equal  to  the  difference  of  these  quantities, 
represented  in  the  diagram  by  the  area  mabn',  must  have  been 
done  upon  the  jar  from  without.  During  the  second  operation, 
the  infinitesimal  cooling  by  d7\  the  charge  remains  constant  but 
the  electric  energy  is  infinitesimally  increased  and  is  now  repre- 
sented by  the  area  of  the  triangle  ONC,  but  no  work  is  done 
since  no  displacement  of  electricity  takes  place.  During  the 
third  operation,  electric  energy  represented  by  the  difference  of 
the  areas  of  the  triangles  ONC  and  omd — that  is,  by  the  area 
MDCN — is  withdrawn  or  is  done  by  the  jar  on  some  external 
ol»ject.  During  the  fourth  operation,  no  work  is  done,  but  the 
.electric  energy  diminishes  to  the  value  represented  by  the  area 
DMA.  The  fourth  operation  completes  a  closed  cycle,  at  the 
end  of  which  the  condition  of  the  jar  is  in  all  respects  identical 
with  what   it  was  at  the  beginning.      Nevertheless,   more  work 
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has  been  obtained  from  the  jar  during  the  cycle  than  was  done 
upon  it ;  in  other  words,  work  has  been  gained  without  causing 
any  permanent  change  in  the  condition  of  the  jar,  the  amount 
of  this  work  being  represented  by  the  area  of  the  four-sided 
figure  ADCB. 

The  whole  series  of  operations  that  has  been  supposed  to  be 
performed  upon  the  jar  is  thermodynamically  "  reversible  "  ;  that 
is,  it  does  not  involve  the  existence  of  a  finite  difference  of 
temperature,  or  of  electric  potentials,  between  bodies  in  contact, 
and  an  infinitesim.al  change  of  conditions  during  any  operation  of 
the  cycle  would  suffice  to  invert  the  sense  in  which  that  operation 
is  going  on.  Hence  we  may  apply  the  conclusions  established 
by  thermodynamic  reasoning  in  reference  to  reversible  cycles 
generally :  those  with  which  we  are  concerned  are :  (a)  that, 
when  work  is  gained  as  the  result  of  such  a  cycle  involving 
operations  taking  place  at  two  fixed  temperatures,  heat  must 
have  been  taken  in  at  the  higher  of  the  two  temperatures  and 
a  smaller  amount  must  have  been  given  out  at  the  lower  ;  (A) 
that  the  work  done  is  the  mechanical  equivalent  of  the  amount 
by  which  the  heat  taken  in  exceeds  the  heat  given  out ;  (r)  that 
the  work  done  during  the  cycle  bears  to  the  mechanical  value  of 
the  whole  amount  of  heat  taken  in  at  the  higher  temperature 
the  same  ratio  as  the  difterence  of  the  two  temperatures  con- 
cerned bears  to  the  higher  temperature. 

The  application  of  these  results  to  the  case  under  consideration 
leads  to  the  following  conclusions.  First  from  (a),  that  the  jar 
must  receioe  heat  during  operation  i.  and  must  lose  heat,  to  a 
smaller  amount,  during  operation  iii.  ;  or,  what  comes  to  the 
same  thing,  that,  if  a  Leyden  jar  is  not  allowed  either  to  lose 
or  gain  heat,  its  temperature  will  fall  during  increase  of  charge, 
and  will  rise  during  decrease  of  charge.  If  we  put  I  for  the 
average  value,  during  increase  of  charge  at  T,  of  the  ratio 
(IHjdQ,  where  dH  is  the  heat  needed  to  maintain  temperature 
constant  during  the  very  small  increment  of  charge  dQ,  the 
whole  quantity  of  heat  taken  in  by  the  jar  during  operation  i. 
is  /(Qj-Q„).  Similarly,  if  l-dl  stands  for  the  average  value 
of  dHjdQ  during  decrease  of  charge  at  temperature  T  —  dT, 
the   whole    quantity    of    heat    removed    during    operation    iii.    is 

{i-di){Q^-Q:). 

Secondly,  we  conclude  from  (h)  that  the  excess  of  the  heat 
taken  in  during  opex-ation  i.  over  that  given  out"  during  opera- 
tion iii.,  namely  (Q-^-Q^)dl  is,  in  dynamical  measure,  equal  to 
the  work  gained  during   the  whole  cycle.      This  work  is,  as  we 
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h;ive  seen,  represented  in  Fig.  51a  by  the  area  of  the  quadri- 
lateral ABCD ;  that  is,  it  is  the  product  of  the  increase  of 
charge  Q^  -  Qg,  represented  by  mn,  into  the  mean  amount  by 
which  the  dijfference  of  potentials  of  the  coatings  at  temperature 
T  -  dT  exceeds  the  difference  at  temperature  T,  this  mean 
difference  being  expressed  in  the  figure  by  i(AD  +  bc).  Putting 
V-  V  for  the  arithmetic  mean  of  {V  —  ¥')„  and  (F-  V'\  the 
excess  in  question  is  (V-  V')f3dT.  Multiplying  this  by  Q^- Q,j 
and  equating  the  electrical  and  thermal  expressions  for  the  work 
done,  we  have 

(Qi-  Qo)(V-  V')/3dT=(Q^  -  Q,)dl 
In  the  third  place,  the  consideration  (c)  that  the  heat  converted 
into  woi'k  bears  the  same  ratio  to  the  whole  amount  of  heat 
taken  in  as  the  range  of  temperature  dT  does  to  the  absolute 
temperature  T,  gives  the  relation  dJll  =  dT/T.  If  we  use  this 
to  eliminate  dl  from  the  last  equation,  we  may  deduce 

/  =  (F-F')7|i. 

Accordingly,  the  heat  that  must  be  taken  in  by  a  condenser  to 
keep  its  temperature  constant  during  an  increase  dQ  of  its 
charge  is 

dH=  IdQ  =  {V-  r)Tf3dQ. 

In  this  expression  (1^-  V')dQ  is  the  amount  of  electric  work  dW 
that  is  done  in  increasing  the  charge  of  the  jar ;  hence  we 
may  write 

dH=  TfSdW. 

The  total  increment  of  energy  is  the  sum  of  the  electric  work 
done  in  charging  and  of  the  heat  taken  in  to  keep  the 
temperature  constant,  or 

dE=dW+dH=r(l  +  Tf^)d  W. 

Of  this  whole  amount,  only  the  electrical  part  dW  is  recovered 
when  the  jar  is  discharged. 

The  values  of  the  coefficient  (3  found  for  a  few  substances  by 
Cassie  are  as  follows  at  about  30°  C.  : — 

Substance.  /3. 

Glass 0-002  to  -0012 

Mica -0003 

Ebonite -0004 

Taking  the  value  0-002  for  glass,  we  have  T^  =  0-6  at  27°  C; 
consequently,  by  the  above,  dW/dU=  1/1-6.  Hence,  when  an 
oi'dinary  Leyden  jar  is  charged  at  constant  temperature,  the  gain 
of  electric  energy  is  only  about  ^  of  the  gain  of  total  energy. 
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In  the  case  of  such  liquid  dielectrics  as  have  been  examined, 
the  value  of  /?  is  in  most  cases  negative.  For  petroleum  oil, 
however,  it  is  positive.  Fleming  and  Dewar  have  experimented 
Oil  several  congealed  liquids,  both  saline  solutions  and  organic 
compounds,  at  very  low  temperatures,  down  to  that  of  liquid  air, 
and  find  that,  in  a  large  number  of  cases,  the  dielectric  constant 
at  -  185°  0.  is  not  far  from  2-5  or  3,  and  they  conclude  that,  at 
sufficiently  low  temperatures,  this  would  be  the  approximate  value 
for  nearly  all  the  substances  they  examined, 

66.  Geometrical  Representation  of  the  Energ-y  of  an 

Electric  Field. — If,  as  we  suppose,  the  forces  that  act  on  an 
electrified  body  in  an  electric  field  are  the  result  of  stresses  in  the 
field  itself,  we  may  expect  the  energy  of  the  field  to  be  definitely 
related  to  the  distribution  of  force  within  it  as  expressed  by  tubes 
of  force  and  equipotential  surfaces.  This  is,  in  fact,  the  case,  and 
the  energy  of  a  field  and  the  mode  in  which  it  is  distributed  admit 
of  very  simple  representation.  Suppose  the  positive  boundary  of  a 
field,  whose  charge  we  will,  for  simplicity,  assume  to  be  some 
whole  number  of  units,  to  "be  divided  into  areas  such  that  each  is 
charged  with  a  unit  of  positive  electricity,  and  let  each  of  these 
areas  be  taken  as  the  base  of  a  tube  of  force  extending  to  the 
negative  boundary.  In  this  way  the  whole  field  will  be  exhaus- 
tively divided  into  tubes  of  force  whose  number  gives  the 
numerical  value  of  the  total  charge.  If  we  now  suppose  a 
series  of  equipotential  sui-faces  to  be  drawn  in  the  field,  the 
potential  of  each  differing  by  unity  from  that  of  the  next,  every 
tube  of  force  will  be  divided  into  a  set  of  compartments  or  cells, 
the  number  of  which  gives  the  numerical  value  of  the  difference 
of  potentials  between  the  boundaries  of  the  field.  That  is,  the 
number  of  tubes  of  force  gives  the  value  of  Q,  and  the  number  of 
cells  into  which  each  tube  is  divided  by  the  equipotential  surfaces 
gives  the  value  of  V  —  V  ;  consequently  the  whole  number  of  cells 
gives  the  value  of  Q  {V-  V^');  or  half  the  number  of  cells  into 
which  the  whole  field  is  divided  by  tubes  of  force  and  equipotential 
sui'faces  drawn  in  the  way  described  gives  the  electric  energy, 
h  a{V-  V),  of  the  field. 

67.  Conversion  of  the  Energy  of  an  Electric  Field  into 

Work. — If  we  imagine  one  or  both  of  the  boundaries  of  the  field 
to  be  capable  of  yielding  to  the  electric  forces  which  tend  to  draw 
them  together,  the  field  would  ultimately  collapse,  its  energy  being 
exhausted  by  the  work  done  on  the  movable  boundaries.  During 
this  process  the  difference  of  potentials  between  the  boundaries 
would  gradually  fall  from  the  initial  value  V -  V  to  nothing  when 
the  surfaces  were  in  contact,  the  energy  remaining  in  the  field  at 
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auy  stage  being  the  half-product  of  tlie  then  existing  difference  of 
potentials  into  the  charge,  and  the  work  that  has  been  done  bein*^ 
equal  to  the  amount  by  which  this  product  falls  short  of  its  initial 
value.  Thus  the  work  done  while  the  difference  of  potentials  falls 
from  an  initial  value  ( V -  V')^  to  a  smaller  value  {V ~  V')-.  is 

Tr=-^(?[(F- F),-(F- F)J  =  i«^(i-l). 

If  the  field  is  bounded  by  parallel  plane  surfaces  whose  distance 
apart,  e,  is  small  in  comparison   with  their  linear  dimensions,  its 

i  1^ 
capacity  is  C=^  -  (53);  hence,  in  this  case  the  work  done  while 
'tire 

the  capacity  changes  from  C„  to  C\  is 

But  e^  -  gjL  is  the  distance  through  which  the  bounding  surfaces 
have  approached  each  other,  and  if  we  put  P  for  the  average  force 
pulling  them  together  through  this  distance,  we  have 

and  hence,  for  the  case  considered, 

AK' 

It  is  to  be  noted  that  this  value  of  P  contains  nothing  that  depends 
on  the  distance  apart  of  the  suifaces,  so  that,  under  the  conditions 
supposed,  P  is  the  same  at  all  distances. 

Whatever  the  configuration  of  the  field,  its  capacity  must  in- 
crease as  its  bounding  surfaces  are  drawn  nearer  together,  and  con- 
sequently, with  a  constant  charge,  the  difference  of  potentials  of  the 
surfaces  must  diminish.  If,  however,  the  field  under  consideration 
forms  only  a  part  of  a  connected  electrical  system — say,  for  instance, 
that  its  surfaces  are  each  connected  with  one  of  the  boundaries  of 
another  independent  field  of  practically  infinite  capacity — it  is  pos- 
sible for  the  difference  of  potentials  to  be  kept  constant  while  the 
surfaces  approach  and  work  is  done  by  the  force  in  the  field.  In  this 
case  it  is  evident  that  the  charge  must  increase  as  the  capacity  in- 
creases, the  increment  required  to  maintain  the  initial  difference 
of  potentials  being  Q'  =  (6\-  C^){V-  V),  and  energy  equal  to  the 
product  of  this  quantity  into  the  constant  difference  of  potentials 
of  the  surfaces,  or  </(  V-  V)  =  {C\-  C„)  ( V-  V'f,  must  be  supplied 
to  the  field  from  without.  The  energy  of  the  field,  which  was  at 
first  ^Q{V-  V),  is  now  -1{Q+Q'){V-  ]/')  ;  that  is  to. say,  it  has 

G 
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been  increased  by  IQ'{  V -  V),  or  by  half  the  amount  of  energy 
supplied  from  without,  the  other  half  of  the  energy  supplied  being 
spent  in  the  mechanical  work  of  drawing  the  surfaces  of  the  field 
nearer  together. 

To  see  more  in  detail  how  this  comes  about,  Ave  may  suppose 
the  whole  change  of  capacity  to  take  place  by  an  infinite  number 
of  successive  infinitely  small  changes  clG,  the  field  being  isolated 
during  each,  and  then,  before  the  next  small  change,  being 
connected  with  the  external  system  whereby  the  difference  of 
potentials  is  restored  to  its  original  value.  It  follows  from  what 
has  been  proved  above,  that  the  work  done  during  each  elementary 
change  of  capacity  is 


dW=-U-l\jQ-}j  =  1^.^10. 


In  the  List  expression,  both  Q  and  G  vary  as  the  process  goes  on, 
but  their  quotient,  Q/C'=^  V-  I"'  is,  by  the  circumstances  of  the 
case,  constant.  Hence  the  total  amount  of  work  done  is  equal 
to  the  product  of  hQ^C^  or  of  ^(F-  Vy  into  the  sum  of  all 
the  infinitesimal  changes  of  capacity  dC.      Hence  we  may  write 

That  is  to  say,  the  mechanical  work  done  during  the  whole 
process  is  numerically  equal  to  the  amount  by  which,  as  we  have 
already  seen,  the  energy  of  the  field  is  inrreased,  each  of  these 
quantities  representing  one-half  of  the  energy  supplied  fiom 
without. 

Comparing  the  amounts  of  work  done  in  the  two  cases  con- 
sidered, during  a  given  change  of  capacity,  we  have,  with  charge 
constant — 


"-^<el-^) 


with  difference  of  potentials  constant — 

Hence  TF,_,.     {V-VJ^n^C, 

which  is  always  greater  than  unity. 

For  the  force  pulling  the  boundaiies  of  the  field  towards  each 
other,  we  have,  with  difference  of  potentials  constant — 

^~      Te~      '^         ^  de' 
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In  the  special  case  of  parallel  plane  surfaces,  where   C=  —  ,  we 


,             dC     AK         •,  ,1        f 
have  —  —  = -,  and  therefore 

de      47re'-' 

p=(r-F')-i^. 

Since  in  this  expl'ession  everything  is  constant  except  e,  it  follows 
that  the  force  between  the  surfaces  is  inversely  as  the  square  of 
their  distance  apart. 

68.  Stresses  in  an  Electric  Field. — The  boundaries  of  an 

electric  field  are  subject  to  stresses  urging  them  towards  one 
another ;  further,  each  of  the  electrified  layers  by  which  the  field 
is  bounded  tends  to  spread  as  far  as  possible.  We  have  expressed 
these  facts  by  help  of  the  conception  of  lines  of  force  traversing 
the  medium  from  the  positive  boundary  to  the  negative  boundary 
of  the  field,  these  lines  being  conceived  of  as  in  a  state  of  longi- 
tudinal tension  and  as  mutually  repelling  each  other.  This  is 
equivalent  to  attributing  electric  attraction  and  repidsion,  not  to 
an  action  at  a  distance  taking  place  between  electrified  conductors, 
but  to  a  state  of  stress  existing  throughout  the  intervening  dielectric 
medium.  We  have  now  to  investigate  a  definite  system  of  stresses 
to  which  the  observed  phenomena  may  be  attributed. 

We  have  seen  (45)  that  the  mechanical  force  acting  on  unit 
area  of  the  surface  of  a  charged  conductor  is  2Tra-'^/K,  and  if  the 
force  is  due  to  a  tension  in  the  contiguous  dielectric  medium  this 
must  also  be  the  value  of  the  tension  close  to  the  suiface.  If  we 
express  this  in  terms  of  the  value  /„  of  electric  force  at  the  smface, 
the  tension jj  is  given  by 

^  =  ^' 

since  /„  =  iTra-jK  (20,  44)  ;  and,  assuming  that  throughout  the 
medium  the  tension  is  the  same  function  of  the  electric  force,  we 
get  for  the  tension  at  any  point  the  expression 


1>- 


''  Stt       2 


where  D  is  the  induction,  and  /  tne  electric  force  at  the  point. 
The  force  on  an  area  A,  so  small   that  p  is  uniform  throughout, 

<       i)^l 

isj>^  =~n-'  f,  and  since  the  product  DA  is  constant  tlnonghout 
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a  tubeof  induction,  the  force  ^9^4  is  greater  for  a  cross-section  of  smaller 
area  where/ is  relatively  great  than  for  a  section  of  larger  area  where 
/  is  relatively  small.     Thus,  if  the  figure  (Fig.   52)  represents  a 

part    of    a   tube,  there   is  a   pull 
from  right  to  left  applied  at  the 
smaller  end  which  exceeds  the  pull 
from  left  to  right  applied  at  the 
larger  end.      Consequently,  under 
these  forces  alone  the  portion  of  the  medium  occupy- 
ing this  portion  of  the  field  cannot  be  in  equilibrium, 
and  to  produce  equilibrium  there  must  also  be  stresses 
applied  at  the  lateral  faces  of  the  tube. 

To  investigate  the  relation  between  the  longitudinal  and 
trtinsverse  stresses  acting  on  the 
medium  irn  a  tube  of  induction,  con- 
sider as  a  special  case  a  tube  of 
rectangular  section  in  a  field 
bounded  by  two  concentric  spheri- 
cal conductois. 

Let  each  pair  of  the  four  plane  "C-'T  r"  ~-i 
faces  which  bound  the  tube  make 
a  small  angle  6  with  one  another, 
all    of    them    passing    through    a 
common    centre    (Fig.    53).     Con-  -p^      f^^ 

sidering  a  small  length  dr  of  the 

tube  at  mean  distance  /■  from  this  centre,  and  bounded  by  spherical 
surfaces  of  radii  r  +  \(lr  and  r  —  Idr,  the  force  along  the  length  of 
the  tube  on  any  such  spherical  surface  within  it  is 

^  2     *^       2     AV2 

where  Q  is  the  charge  of  the  field  (acting  as  though  it  were  con- 
centrated at  the  common  centre),  and  the  difference  of  the  forces 
on  its  bounding  curved  surfaces  is  (since  DA  =  constant) 


d{2->A) 


DA 

2 


df 


that  is,  a  force  of   amount 


DA 
2 


2Q 


dr=  — 


2pA 


dr, 


tending    towards   the   centre. 


Now  A  =  r'^6'^ ; 

hence  this  inward  force  is  2pr6'^dr. 

In  order  to  maintain  equilibrium,  a  stress  ^/,  the  magnitude 
of  which  is  to  be  determined,  must  be  applied  at  the  lateral  faces, 
giving  a  resultant  acting  away  from  the  centre  equal  to  the  inward 
force  just  found.      The  area  of   each   lateral  face  is  r9  .  dr ;  the 
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force  applied  to  each  is  therefore  ^/ .  rOdr ;  each  acts  at  right 
angles  to  the  face,  and  consequently  makes  the  same  angle  90°  —  - 

A 

with  the  central  axis  of  the  tube.  The  components  perpendicular 
to  this  axis  therefore  mutually  cancel  one  another,  while  the  radial 
components  add  up  to 

n 

4  .  »'.  rOdr  .  sin  - 
^  2 

=  2p'rd^dr,  since  9  is  small. 
And  in  order  that  this  may  act  outwards,  ^'  must  be  an  inward 
stress  ov  pressure. 

But  comparing  this  with  the  previous  result,  we  get 

p'=p, 
or,  at  each  part  of  a  tube  there  is  a  longitudinal  tension  and  a 
transverse  pressure  of  the  same  numerical  amount.  If  the  field 
is  uniform,  the  tubes  are  cylindrical  or  prismatic,  and  in  that  case 
the  longitudinal  tensions  applied  to  any  portion  of  the  medium  are 
in  equilibrium  of  themselves,  and  the  transverse  pressures  also, 
and  each  has  the  constant  value 

Df 

2' 

The  result  obtained  above  for  a  tube  bounded  by  lines  radiating 

from  a  point  may  be  extended  to  all  cases,  for  they  may  all  be 

regarded  as  resulting  from  the  geometrical  composition  of  forces 

arising  from  point-charges. 

68  *  Kerr's  Electro-Optic  Effect.  Quincke's  Experiments. 

— That  the  dielectric  is  modified  when  subjected  to  electric  stress 
was  demonstrated  by  Kerr,  who  found  that  if  plane-polarised  light  is 
passed  through  glass  across  the  lines  of  force,  the  light  in  general 
becomes  elliptically  polaiised,  indicating  that  the  velocity  with 
which  the  light  is  transmitted  depends  on  the  angle  between  its 
plane  of  polarisation  and  the  direction  of  the  electric  field.  This 
is  what  would  happen  if,  instead  of  electric  force  being  applied  to 
the  dielectric,  it  were  subjected  to  mechanical  pressure  or  tension 
in  the  same  direction.  Kerr  has  fui'ther  shown  that  it  is  only  the 
light  which  is  polarised  perpendicularly  to  the  direction  of  the 
field  that  has  its  velocity  affected.  The  efltect  may  be  shown  by 
placing  a  rectangular  vessel  containing  carbon  bisulphide  between 
two  crossed  Nicol's  prisms,  two  parallel  plates  (connected  to  an 
electric  ma(;hine)  being  immersed  in  the  liquid.  No  light  can  pass 
through  the  combination  if  the  plates  are  unchai^ged  ;  if  they  are 
then  chai'ged  the  field  grows  bright  unless  the  principal  directions 
of  the  Nicols  are  either  parallel  to  or  at  right  angles  to  the  lines  of 
force.     The  effect  is  a  maximum  if  the  angle  is  45°. 
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Quincke  has  shown  that  an  air  bubble  in  a  liquid  medium 
changes  shape  when  placed  in  an  electric  field,  expanding  in  the 
direction  of  the  lines  of  force  and  contracting  at  right  angles  to 
them.  At  the  same  time  the  pressure  in  the  bubble  increases.  He 
has  also  shown  that  if  a  glass  bvilb  with  a  capillary  stem  be  filled 
with  conducting  liquid  the  level  of  the  liquid  falls  in  the  tube 
when  the  vessel  is  used  as  a  condenser  and  charged.  Since  there  is 
no  stress  in  the  conducting  liquid  the  effect  is  due  to  the  expansion 
of  the  glass, 

68.**  Pyro-electricity. — Certain  crystals  when  heated  become 
oppositely  electrified  at  two  extremities.  These  crystals,  of  which 
tourmaline  and  quartz  may  be  taken  as  examples,  possess  one  or 
more  crystallographic  axes  the  extremities  of  which  are  dissimilar. 
It  is  at  the  ends  of  such  an  axis  that  the  opposite  charges  appear ; 
these  ends  are  known  as  antilogous  poles  and  analogous  poles 
according  as  negative  or  positive  electricity  appears  at  them  on 
warming ;  and  the  line  joining  opposite  poles  is  known  as  the 
electric  axis. 

Piezo-electricity.^ — The  crystals  which  exhibit  the  above 
phenomenon  (and  only  these)  also  produce  opposite  electricities 
when  subjected  to  pressure  or  tension  in  directions  parallel  to  an 
electric  axis.  To  develop  this  effect  a  slice  of  the  crystal  may  be 
cut  with  its  faces  perpendicular  to  the  axis  in  question.  Armatures 
of  tinfoil  are  then  gummed  on  opposite  faces ;  and  plates  of  hard 
rubber  (for  insulating  purposes)  are  placed  one  on  each  outside 
surface.  The  whole  can  then  be  placed  between  the  jaws  of  a 
press.  If  the  armatures  are  connected,  one  to  earth  and  the  other 
to  the  needle  of  a  quadrant  electrometer,  while  the  alternate  pairs 
of  quadrants  are  connected  with  the  terminals  of  a  cell,  the  pro- 
duction of  the  electrification  can  be  observed.  The  sign  is  reversed 
when  the  pressure  is  changed  to  a  tension.  In  all  cases  the  sign 
of  the  charge  produced  by  pressure  is  the  same  as  that  due  to 
cooling. 

To  this  phenomenon  corresponds  a  reciprocal  one.  Take  a 
parallelopiped  of  quartz,  say,  with  two  of  its  faces  cut  normal  to  the 
electrical  axis  and  two  of  them  normal  to  the  optic  axis  of  the 
crystal.  If  a  difference  of  potential  be  produced  between  the 
former  two  faces,  the  quartz  expands  along  the  electric  axis  and 
contracts  in  the  direction  which  is  normal  to  both  the  electric 
and  optic  axes ;  or  else  the  reverse,  according  to  the  sign  of  the 
difference  of  potential.  The  third  direction  does  not  change  in 
length.  The  changes  in  the  reciprocal  and  the  direct  phenomenon 
are  connected  together  by  a  law  of  opposition  (analogous  to  the  law 


68**]  PYRO-ELECTRICITY  103 

of  Lenz,  299)  ;  that  is  to  say,  the  difference  in  potential  produces 
a  change  in  length  along  the  electric  axis  which  would,  if  produced 
by  pressure,  give  rise  to  a  difference  of  potential  of  opposite  sign. 
Moreover,  in  all  cases,  the  magnitude  of  the  change  in  length 
is  given  in  centimetres  for  a  difference  of  potential  of  1  C.G.S. 
electrostatic  unit  by  the  same  number  as  that  which  expresses  in 
absolute  value  the  charge  set  free  by  a  force  of  one  dyne  in  the 
direction  in  question. 


CHAPTER  VII 

ELECTRICAL  MACHINES 
69.  Electric  Machines  in  General. — Any  contrivance  which 

serves  for  the  continuous  generation  of  electrical  energy  may  be 
called  an  electrical  machine.  Such  contrivances  are  frequently 
spoken  of  as  sources  of  electricity,  although  no  process  is  known 
which  can  be  properly  described  as  the  production  or  generation  of 
electricity.  All  that  can  be  done  by  any  electrical  process  is  to 
transfer  electricity  in  such  a  way  that  the  quantity  which  enters  a 
field  across  one  of  its  bounding  surfaces  is  equal  to  the  quantity 
which  simultaneously  leaves  the  same  field  across  the  other  bound- 
ing surface.  Or,  if  we  prefer  to  speak  of  two  different  kinds  of 
electricity,  then  whenever  a  given  quantity  of  positive  electricity 
is  transferred  in  one  direction  across  a  given  surface,  and  an 
equal  quantity  of  negative  is  simultaneously  transferred  in  the 
opposite  direction  across  the  same  surface,  we  must  say  that  equal 
but  contrary  transfers  are  taking  place  at  the  other  boundary  of 
the  field.  It  is  thus  impossible  either  to  increase  or  decrease  the 
absolute  quantity  of  electricity. 

The  energy  of  an  electric  field  (64),  namely  J  Q  (F-  F'),  being 
proportional  jointly  to  the  charge  and  to  the  difference  of  potentials, 
is  increased  when  either  of  these  factors  separately,  or  their  pro- 
duct, is  increased.  In  the  various  kinds  of  electrical  machines,  the 
mechanical  energy  expended  is  partly  expended  in  overcoming  the 
ordinary  friction  of  the  moving  parts,  but  in  addition  to  this  there 
is  always  an  expenditure  of  energy  in  maintaining  motion  in 
opposition  to  electric  force,  and  the  electric  energy  generated  by 
the  machine  is  equal  to  the  mechanical  energy  thus  expended. 

Electrical  machines  may  be  divided  into  two  classes,  namely, 
those  in  which  the  friction  of  heterogeneous  substances  plays  an 
essential  part  in  the  electrical  action,  and  those  whose  action  de- 
pends on  electrical  influence.  Machines  of  the  former  class  are 
called  friction  machines,  those  of  the  latter  class  are  called  influence 
viachines. 

70.   General  Mode  of  Action. — In  either  case  an  electric  field 
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is  established,  one  boundary  of  which  is  formed  by  a  moving  part 
of  the  machine,  which  may  be  called  the  carrier,  and  the  other 
boundary  usually  by  the  surface  of  the  room.  The  motion  of  the 
machine  brings  the  carrier  into  a  position  in  which  either  the  whole 
of  it  at  once,  or  the  various  parts  of  it  in  succession,  are  more  or 
less  completely  surrounded  by  an  insulated  conductor,  the  coUedor 
of  the  machine.  Consequently,  the  field  of  force  extending  between 
the  carrier  and  the  room  is  cut  into  two  parts,  one  extending  from 
the  carrier  to  the  collector,  and  the  other  from  the  collector  to  the 
room.  If  the  carrier  is  formed  of  conducting  material  and  comes 
into  connection  with  the  collector  as  it  passes,  or  if,  being  a  non- 
conductor, its  surface  comes  sufficiently  near  to  a  number  of  fine 
points  projecting  inwards  from  the  inner  surface  of  the  collector,  the 
first-mentioned  part  of  the  field  is  abolished,  and  the  carrier  passes 
away  unelectrified  and  ready  to  be  electrified  afresh  by  friction  or 
by  influence.  The  resvilt  is  thus  to  set  up  an  electric  field  between 
the  collector  of  the  machine  and  the  room.  The  charge,  and  there- 
with the  difference  of  potentials  of  this  field,  increases  with  the 
continued  action  of  the  machine.  By  appropriate  connections  a 
greater  or  less  portion  of  the  charge  and  energy  of  the  field  may 
be  transferred  to  a  field  bounded  by  any  given  conducting  surfaces. 
In  this  way  a  Leyden  jar  or  any  other  condenser  may  be  charged. 

71.  Law  of  Increase  of  Charge.— In  general,  in  a  friction 
machine,  each  portion  of  the  surface  of  the  carrier  is  in  the  same 
electrical  condition  every  time  it  comes  under  the  influence  of  the 
collector,  and  consequently  it  increases  the  charge  on  the  field 
established  by  the  machine  by  the  same  amount  every  time ;  in 
other  words,  the  charge  on  the  field,  and  the  difference  of  potentials 
which  is  proportional  to  the  charge,  increase  in  arithmetical  pro- 
gression. In  other  cases,  however,  particularly  with  influence 
machines,  the  charge  freqixently  varies  as  the  terms  of  a  geometrical 
progression.  Consider,  for  example,  the  following  arrangement, 
which  may  be  taken  as  a  type  of  all  influence  machines.  Two 
metal  jars,  a  and  b,  are  placed  on  insulating  stands,  the  potential 
of  A  exceeding  that  of  the  room  by  some  small  amount  F^,  and  the 
potential  of  B  exceeding  that  of  the  room  by  V'„.  A  metal  ball  is 
hung  by  an  insulating  thread  inside  each  jar,  and  while  there  is 
connected  for  a  moment  with  the  room.  Each  jar  thus  becomes 
one  boundary  of  an  electric  field,  the  second  boundary  of  which  is 
formed  partly  by  the  ball  hanging  inside  the  corresponding  jar, 
and  partly  by  the  surface  of  the  room.  If  c  is  the  capacity  of  the 
part  of  the  field  extending  between  the  inner  surface  of  a  jar  and  its 
ball,  and  C  the  capacity  of  the  part  of  the  field  extending  between  the 
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oviter  surface  of  a  jar  and  the  room,  the  total  capacity  of  each  field 
is  C+c,  and  the  electrification  on  the  ball  in  the  jar  a  is  —  cVg,  and 
that  on  the  other  ball  is  —  c  V'^.  ISTow  transfer  each  ball  to  the 
other  jar,  letting  it  first  go  down  to  the  bottom  and  then  raising  it 
a  little  by  the  insulating  thread.  The  balls  thus  give  up  their 
electrification  completely  to  the  jars,  which  therefore  acquire  the 

potentials  V-^  =  V„  -  ——  V ^  and  V\  =  V'^  -  -r^—   V^  respectively, 

or,  more  shortly,  F^  =  F^  -  ??^  F'^  and  V\—V\-mVg.  This  gives, 
for  the  difference  of  potentials 

F,-F\  =  (l+m)(F,-FV). 
Next  let  both  balls  be  again  connected  for  a  moment  with  the 
room  and  then  reti'ansferred  to  the  jars  they  were  in  before,  allowed 
to  touch  the  bottom  and  raised.  The  potentials  of  the  jars  thus 
become  V^  —  F^  —  m  V\  and  F.,  =  V\  -  m  F^  respectively,  and  the 
difference  becomes 

If  the  same  series  of  operations  be  repeated  over  and  over  again, 
the  difference  of  potentials  becomes  progressively  greater  and 
greater,  being,   after  n  times, — 

F„-F'„=.(i+7;0"(T;-n)- 

72.  Frictional  Machine.— This  consists  of  a  glass  plate,  p, 
movable  about  a  horizontal  axis  (Fig.  54) ;  of  two  pairs  of  cushions, 
c,  placed  at  the  ends  of  a  vertical  diameter ;  and  of  two  U-shaped 
insulated  conductors,  s  and  s',  provided  with  points  on  the  side 
towards  the  j)late.  These  conductors  are  called  combs.  Electri- 
fication results  from  friction  of  the  glass  against  the  cushions,  and 
as  each  part  of  the  electrified  glass  comes  between  the  arms  of 
the  combs,  the  electrification  is  transferred  to  the  latter,  and  the 
plate  passes  on  almost  unelectrified  ;  accordingly  a  quantity  of  elec- 
tricity, equal  to  that  which  the  plate  has  brought,  is  communicated 
to  the  insulated  prime  cojidudor,  dd',  connected  with  the  combs. 

Glass  is  the  best  material  for  the  plate,  bvit  as  there  is  con- 
siderable variation  in  the  quality  of  glass,  some  care,  is  needed  in 
selecting  it ;  that  which  is  least  hygroscopic  is  the  best.  All  parts 
of  the  machine  should  be  kept  thoroughly  dry. 

The  cushions  are  ordinarily  of  leather  stuffed  with  horse  hair, 
and  are  kept  pressed  against  the  plate  by  springs.  If  the  pressure 
is  suflicient  to  bring  the  rubbers  into  good  contact  with  the  glass, 
further  pressure  does  not  increase  the  electrification.  The  surface 
of  the  rubber  should  be  covered  with  a  conductor  such   as   that 
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variety  of  sulphide  of  tin  known  as  aurum  musivum,  or,  still  better, 
with  Kienmai/er's  amalgam.,  which  is  composed  of  zinc,  tin,  and 
mercury ;  this  is  reduced  to  powder,  and  a  little  lard  having  been 
applied  to  the  cushion,  some  of  the  powder  is  spread  evenly 
over  it. 

The  contact  between  the  glass  and  the  rubber  sets  up  a  fixed 


Fig.  54. 


difference  ot  potentials  between  them,  the  glass  becoming  positively 
electrified,  and  the  rubber  negative.  This  difference  of  potentials 
is  at  first  vei-y  small,  since  the  equal  oppositely  electiified  suifaces 
are  very  close  together.  But  as  each  portion  of  the  glass  moves 
away  from  the  rubber,  its  potential  acquires  a  very  high  value, 
and,  iji  order  to  prevent  loss,  quadrant-shaped  pieces  of  oiled  silk, 
not  shown  in  the  figure,  are  often  fixed  to  tlie  i-ubbers  so  as  to 
enclose  on  both  sides  the  parts  of  the  plate  between  the  rubbers 


108  ELECTRICAL   MACHINES  [72- 

and  the  combs.  These  are  kept  in  contact  with  the  plate  by  the 
electrical  attraction. 

The  rubbers  are  usually  put  in  connection  with  the  earth  by 
strips  of  tinfoil  which  pass  down  the  support;  the  conductor  of 
the  machine  thus  gives  positive  electricity.  But  machines  are 
also  constructed  in  which  the  cushions  are  supported  by  glass 
legs,  and  connected  with  a  second  system  of  conductors.  Either 
positive  or  negative  electricity  may  thus  be  obtained  at  will. 
Whether  the  rubbers  are  insulated  or  not,  the  yield  of  the 
machine  is  the  same  for  the  same  atmospheric  conditions,  as  is 
also  the  difference  of  potentials  between  the  rubbers  and  the 
conductors.  It  is  only  the  absolute  value  of  the  potential  which 
changes. 

In  order  to  take  sparks  from  either  the  positive  or  the  negative 
conductor,  the  experimenter  must  be  electrically  connected  with 
the  other  conductor.  If  this  is  not  insulated  the  table  and  floor 
generally  serve  as  a  sufficient  connection. 

Similarly,  to  charge  a  Leyden  jar  or  battery,  the  rubbers  of 
the  machine  must  be  connected  with  one  coating  and  the  prime 
conductor  with  the  other.  Here,  again,  if  the  rubber  is  uninsu- 
lated, the  table  generally  forms  a  sufficient  connection  between 
it  and  the  outer  coating.  But  if  either  the  rubber  or  the  outer 
surface  of  the  jar  is  insulated,  some  conducting  connection  must 
be  provided. 

In  order  to  estimate  the  potential  of  the  conductor,  a  small 
electroscope  known  as  Henley's  electrometer  (r,  Fig.  54)  is  used. 
This  is  a  small  pendulum  formed  of  a  thread  with  a  pith-ball  at 
the  end,  movable  about  an  axis  in  front  of  a  scale.  The  divergence 
increases  with  the  potential.  Similarly  the  diminution  of  the 
divergence  indicates  the  loss  of  electricity. 

In  order  to  increase  the  capacity  of  conductors  and  obtain 
stronger  sparks,  the  prime  conductor  used  formerly  to  be  connected 
with  large  hollow  metallic  cylinders  suspended  from  the  ceiling  by 
silk,  which  were  called  secondary  conductors.  It  is  simpler  and 
less  cumbersome  to  connect  the  conductor  with  the  inner  coating 
of  a  Leyden  jar,  the  outer  coating  of  which  is  connected  with  the 
room.  If  the  potential  of  the  machine  should  exceed  that  which 
the  jar  can  support,  a  cascade  arrangement  may  be  used  (57). 

The  unit  jar,  to  be  described  later  (88),  furnishes  a  very  simple 
means  of  measuring  the  yield  of  the  machine,  and  of  investigating 
the  conditions  which  modify  it.  We  have  already  said  that  this 
yield  is  independent  of  the  pressure  of  the  rubbers  when  once 
there  is  sufficient  contact  between  them  and  the  glass.     The  yield 
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is  likewise  independent  of  the  capacity  of  the  conductors,  provided 
the  causes  of  loss  are  the  same.  It  is  proportional  to  the  surface 
of  the  glass  which  passes  between  the  rubbers ;  it  is,  therefore, 
proportional  to  the  length  of  the  rubbers  ;  thus,  if  one  pair  of 
rubbers  is  used  instead  of  two,  the  yield  is  reduced  to  one  half. 
The  yield  is  further  proportional  within  wide  limits  to  the  speed 
of  rotation  of  the  plate. 

In  some  machines  only  a  single  pair  of  rubbers  and  a  single 
comb  is  used,  with  the  object  of  pushing  back  the  limit  at 
which  discharge  is  produced  between  the  conductor  and  the 
rubber.  A  greater  difference  of  potentials  is  obtained,  but  a  lower 
yield. 

73.  Influence  Machines — Replenisher. — We  shall  commence 

the  description  of  these   machines  by  that   of   Lord   Kelvin's  re- 


FiG.  55. 


Fig.  56. 


plenisher,  which  Figs.  55  and  56  represent  in  about  its  ordinary 
size. 

A  and  B  (Figs.  55  and  56)  ai-e  two  portions  of  a  cylinder  with 
the  same  axis,  o,  both  of  which  are  insulated ;  these  take  the 
place  of  the  metal  jars  in  the  arrangement  described  in  (71).  In 
the  interior  are  two  ciirved  metal  plates,  p  and  Q,  which  are  fixed 
by  a  cross-piece  of  ebonite  to  an  ebonite  rod,  t,  so  that  by  means 
of  a  milled  head,  e,  they  can  be  made  to  rotate  within  the  cylinders 
A  and  B.  Four  springs,  a,  h,  c,  d,  placed  at  the  same  distance  from 
the  axis,  are  touched  in  succession  by  the  projecting  parts  of  the 
plates  P  and  Q  ;  a  and  h  communicate  with  A  and  B  respectively, 
while  c  and  d  are  connected  with  each  other.  The  action  of  the 
I'eplenisher  is  essentially  the  same  as  that  discussed  in  (71). 

74.  Water  Dropping  Machine. — Kelvin  has  also  constructed 
a  machine  in  which  the  carriers  are  drops  of  water. 
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A  and  a'  (Fig.  57)  are  insulated  metal  cylinders  into  which  dip 
the  nozzles  from  which  the  drops  fall.  If  A  has  a  slight  positive 
charge,  the  drops  within  it  being,  up  to  the  moment  of  breaking 
away,  connected  with  the  earth,  must  be  at  zero  potential  and  thus 

carry  away  a  negative  charge.  They 
then  fall  into  an  insulated  funnel,  b',  to 
which  they  give  up  their  charge  com- 
pletely, as  the  point  of  the  funnel  by 
which  they  escape  is  surrounded  by  the 
receiver  itself.  The  negative  charge 
thus  given  to  b'  is  shared  with  a' 
through  a  wire  connecting  them  ;  hence 
the  drops  through  a'  will  carry  a  posi- 
tive charge  to  B,  which  in  turn  shares 
it  with  a,  thus  increasing  the  charge 
on  A.  This  increase  goes  on  until  the 
falling  drops  are  diverted  from  their 
course  by  the  attraction  of  the  influencing  cylinders  and  the  repul- 
sion of  the  collecting  cylinders.  In  this  instrument  the  energy  of 
the  resulting  electric  field  is  drawn  from  that  of  the  falling  drops. 

It  is  instructive  to  calculate  the  law  of  increase  of  charge. 
Let  V  be  the  instantaneous  potential  of  the  system  ab  ;  and  V 
that  of  the  system  a'b'  ;  let  c  be  the  capacity  of  a  drop,  n  the 
number  of  drops  which  fall  per  second,  O  the  capacity  of  each  of 
the  equal  insulated   systems  ab  and  a'b',  and  I  the  coefficient  of 

leakage  oi  each  [i.e.  t'=^y    W  ~  ^\r    '^TT  r     ^^'^'^^  ^^^'^  charge  on 

each  drop  inside  a'  is-t'F'  the  increment  of  charge  of  the  system 

Ab  in  time  dt  is  ^p  ,,     ■,  j^  j. 

-  7ic  V  dt  —  t  Vat, 

and  the  corresponding  increase  of  potential  is  this  quantity  divided 
by  C.     Similarly  for  the  system  a'b'  the  increment  of  potential  is 
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It 


dV'=  {-ncV-lV')j-^ 


Subtracting  we  obtain 


f?(F-F')  =  («c-/)  {V-V) 


dt 

C 


whence  by  integration 


iog,(F-r)="^^^+^ 

where  J.  is  a  constant.      To  find  the  value  of  this  constant  assume 
that  when  t  =  0,  V  =  0,  and  F=  F„  then 

A  =  loir,  F„ 
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V-  V  =  V„  exp. 


I 


U 


showing  that  for  V-  V  to  increase  there  must  be  an  initial  differ- 
ence of  potentials  ]'„,  and  that  7ic  must  be  greater  than  /. 

75.  Holtz's  Machine. — The  action  of  Holtz's  macliine  is 
analogous,  except  that  the  increase  of  the  charge  is  continuous 
instead  of  intermittent. 

It  consists  of  two  glass  plates  (Fig.  58)  placed  parallel  at  a 
small  distance  from  each  other ;  one  is  fixed  by  means  of  wooden 
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Fig.  58, 


knobs  supported  by  glass  rods,  the  other  is  movable  about  a 
horizontal  axis.  Besides  the  central  aperture,  through  which 
passes  the  axle  of  the  movable  plate,  the  fixed  plate  has  two 
apertures  or  windoivs  at  the  ends  of  the  same  diameter.  Along 
one  edge  of  eacdi  of  these  windows  is  an  armature  of  paper  provided 
with  a  foni/ue,  also  of  paper,  terminating  in  a  point  in  the  centre 
of  the  opening.  Opposite  the  armatures,  on  the  other  side  of  tlie 
free  movable  plate,  are  two  combs  connected  with  two  small 
insulated  conductors,  p  and  N.  By  an  insulated  handle  it  is 
possible  to  vary  at  will  the  distance  of  the  two  knobs,  i>  and  n. 
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which  will  be  called  the  poles  of  the  machine.  Two  sliding  knobs, 
p'  and  n',  may  be  brought  into  contact  with  the  corresponding  poles, 
so  that  either  one  or  the  other  may  be  put  to  earth. 

To  get  the  machine  to  work,  it  must  first  be  pi-imed.  The  two 
poles,  P  and  N,  are  brought  into  contact,  and  the  movable  plate 
being  put  in  rotation  by  the  handle,  so  as  to  move  towards  the 
points  of  the  tongues,  an  ebonite  plate  or  stick  of  sealing-wax 
charged  by  fi-iction  with  negative  electricity  is  brought  near  one 
of  the  armatures.  When  the  machine  is  in  action  a  peculiar  hissing 
sound  is  heard  ;  from  the  comb  near  which  the  ebonite  was  held, 
a  luminous  sheet  spreads  in  a  dii'ection  opposite  to  the  motion 
of  the  plate,  this  is  the  positive  comb  (19) ;  every  point  of  the 
negative  comb  is  tipped  by  a  small  star  of  ligh^.  The  electrified 
ebonite  may  then  be  taken  away,  and  the  two  poles  can  be  sepa- 
rated ;  a  brush  discharge  then  passes  between  the  two  poles  as 
long  as  the  rotation  continues.  It  is  readily  shown  that  the 
electricity  of  each  of  the  poles  is  of  the  opposite  kind  to  that  which 
escapes  from  the  corresponding  comb.  The  action  stops  if  the 
knobs  P  and  N  are  di'awn  too  far  apart. 

The  brush  discharge  depends  upon  the  small  capacity  of  the 
conductors.  In  order  to  increase  this  capacity,  the  two  conductors, 
p  and  N,  may  be  connected  with  two  Ley  den  jars,  k  and  ii,  the 
outer  coatings  of  which  are  connected  with  each  other.  The  two 
jars  form  thus  a  cascade  between  the  two  poles,  and  each  of  them 
has  half  the  difference  of  potentials  of  the  two  poles  (57)-  If  the 
outer  coatings  are  connected  to  earth,  the  two  conductors  are  at 
equal  and  opposite  potentials.  When  jars  are  used,  the  sparks 
are  not  continuous,  as  with  the  brush,  but  they  follow  each  other 
at  regular  intervals,  and  are  much  more  luminous,  denser,  and 
produce  a  louder  crack.  With  a  machine  the  plate  of  which  is 
60  cm.  in  diameter  they  may  attain  a  length  of  20  cm. 

Most  of  these  machines,  as  now  constructed,  are  double ;  they 
have  two  fixed  plates  close  to  each  other.  The  two  movable 
plates,  which  are  mounted  on  the  same  axle,  rotate  on  the  outside. 
The  armatures  are  placed  opposite  each  other,  those  which  are 
similarly  electrified  being  together ;  the  same  U-shaped  comb 
surrounds  the  two  movable  plates.  The  action  of  the  machine  is 
in  no  way  altered,  except  that  the  yield  is  double. 

It  is  sometimes  difiicvdt  to  start  the  action  of  the  machine, 
especially  in  damp  weather ;  it  then  will  not  begin  unless  the 
ebonite  plate  is  strongly  electrified.  The  glass  plate  is  usually 
made  to  rotate  with  a  velocity  of  eight  to  ten  turns  a  second. 

In  order  to  explain  the  action  of  the  machine  and  to  make  the 
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figures  clearei',  we  will  suppose  the  glass  plates  replaced  by  con- 
centric cylinders  (Fig.  59). 

The  circumference  represents  the  movable  cylinder ;  a'  and  b' 
the  two  paper  armatures ;  the  fixed  cylinder  is  not  shown,  as  it  has 
scarcely  any  other  function  than  that  of  supporting  the  armatures  ; 
Aa  and  b&  are  the  two  conductors 
represented  as  in  actual  contact. 

Suppose  the  plate  to  be  at  rest. 
The  ebonite  plate  c  charged  with 
negative  electricity  is  brought  near 
the  armature  a'.  It  acts  by  influ- 
ence on  the  conductor  ab  ;  positive 
electricity  is  attracted  towards  A, 
and  negative  repelled  towards  B ; 
but  owing  to  the  points  the  posi- 
tive electricity  escapes  on  to  the 
glass  at  A  and  negative  at  b  until  equilibrium  is  established. 

When   the  plate  is  turned,  the  positively  electrified  glass   is 

carried  away  from  A,  and  the  negatively  electrified  glass  from  b, 

so  that  the  conductor  ab  is  again  left  subject  to  the  action  of  the 

ebonite,    which,    acting   as   before,    causes   a    stream    of    positive 

electricity  to  escape  from  the  comb  a,  and  a  stream  of  negative 

from  B.      Each  part  of  the  plate,  as  it  passes  A,  thus  receives  a 

positive  charge,  and,  as  it  passes  B,  a  negative  charge,  iintil,  after 

half  a  turn,  the  whole  plate  is  electrified  as  indicated  by  Fig.  60. 

Henceforward  the  armatures  come 
+ 

into  play  :  the  papei-  tongues  that 
project  from  them  throvigh  the 
windows  in  the  fixed  plate  graze 
the  surface  of  the  approaching 
pai-ts  of  the  revolving  plate,  and 
thus  the  armature  a'  acquires 
a  negative  charge,  and  b'  a  posi- 
tive charge.  The  electric  force 
due  to  these  charges  acts  in  the 
same  wa,y  as  that  due  to  the 
electrified  ebonite,  so  that  the 
electric  influence  on  the  conductor  ab  is  increased,  and  a  greater 
discharge  of  electricity — positive  at  A,  negative  at  b — takes  place 
on  to  the  surface  of  the  revolving  plate.  The  consequence  is 
that  the  armatures,  in  their  turn,  become  more  strongly  charged, 
or  acquire  a  greater  difference  of  potentials,  and  that  the  action 
already  described  goes  on  still  more  actively,  so  that,  after  a  few 
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turns  of  the  plate,  the  electrified  ebonite  may  be  removed  and  the 
machiue  continues  to  act.  As  described,  the  upper  half  of  the 
plate  carries  positive  electricity  from  left  to  right,  and  the  lower 
half  carries  negative  electricity  from  right  to  left,  which  is  electri- 
cally the  same  thing.  This  transfer,  due  to  the  motion  of  the 
plate,  is  compensated  by  a  flow  of  positive  electricity  from  B  to  a 
through  the  conductor,  and  of  negative  elsctricity  from  A  to  B. 
When  the  difference  of  potentials  between  the  armatures  has 
attained  a  sufficiently  high  value,  the  electric  flow  through  the 
conductor  continues,  even  if  the  knobs  p  and  N  are  separated,  and 
it  then  becomes  evident  as  a  stream  of  sparks.  If  the  knobs  are 
separated  too  far,  the  action  of  the  conductor  ceases,  and  there 
being  now  no  electrical  interchange  between  the  combs  and  the 
revolving  glass-plate  as  it  passes  them,  negative  electricity  is 
carried  round  to  the  positive  armature  b',  and  positive  electricity 
to  the  negative  armature  a'.  The  electrification  of  the  armatures 
is  thus  lessened,  and  may  be  destroyed  altogether,  or  even  inverted. 
When  the  knobs  are  quickly  put  into  contact  again,  if  the  electrifi- 
cation has  only  been  diminished,  or  if  it  has  been  inverted  in  sign, 
the  action  of  the  machine  recommences,  either  in  the  same  way  as 
before  or  in  the  opposite,  as  the  case  may  be. 

If  the  jars  are  connected  with  the  conductors,  the  flow,  instead 
of  passing  continuously  across  the  gap  ah,  charges  the  jars  until 
the  potential  reaches  the  value  corresponding  to  the  striking 
distance  ;  a  spark  passes  and  the  same  succession  of  phenomena 
is  repeated. 

When  the  jars  are  used,  if  the  distance  of  the  two  poles  is  too 
great  for  the  spark  to  pass,  it  sometimes  happens  that  the  action 
stops,  then  starts  again,  the  signs  of  the  poles  being  reversed, 
and  the  same  series  of  alternations  are  reproduced.  Each  jar  is 
periodically  charged  and  discharged  by  the  corresponding  comb. 
This  is  specially  liable  to  occur  with  batteries  of  large  capacity. 

Holtz's  machine  affords  a  means  of  making  a  curious  experiment 
on  reversihilHij.  If  the  two  combs  of  a  machine  in  the  ordinary 
state  are  connected  with  the  poles  of  a  second  one,  from  which  the 
driving  band  has  been  removed  so  as  to  allow  the  plate  to  turn 
freely,  and  if  the  first  machine  is  then  set  in  action,  and  a  slight 
impulse  is  given  to  the  plate  of  the  second  machine,  it  continues 
to  rotate ;  the  electricity  thus  transmits  the  motion  of  the  first 
machine  to  the  second. 

76.  Diametral  Conductor. — A'^arious  attempts  have  been  made 
to  prevent  the  machine  from  ceasing  to  act  or  reversing  its  poles. 
A  useful  contrivance  for  this  purpose  is  the  diametral  conductor 
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(Fig.  61).     Eacli  armature  occupies  almost  the  whole  of  a  quadrant, 

and  an  insulated  conductor,  a'b',  with  combs  at  the  ends,  can  be 

placed    between    them    along    any 

diameter.     So  long  as  the  two  poles 

are  in   contact,  or  when   they   are 

separated,  so  long  as  the  machine 

continues    in    normal    action,    the  A' 

diametral  conductor  has  no  effect, 

the    conditions    of    its    equilibrium 

between   the   two  armatures  being 

those  which  have  been  established 

by  the  principal  conductor.     But  if 

the  poles  are  separated  so  far  that 

the    principal    conductor    ceases  to   act,  the    diametral    conductor 

replaces  it,  and  the  machine  continues  to  work. 

77.  Voss's  Machine. — Holtz's  machine  has  been  modified  in 
many  ways.  Voss's  machine  (Fig.  62),  which  is  now  widely  used, 
is  a  machine  with  a  diametral  conductor,  and  has  some  of  the 
features  of  the  Holtz  machine  and  of  the  replenisher. 

The  movable  plate  is  provided  with  metal  studs,  which  act  like 


Fig.  61. 


Fig.  62. 

the  carriers  of  the  replenisher.  The  influencing  conductors  are 
represented  by  two  strips  of  tinfoil  fixed  to  the  centre  of  the  paper 
armatures.  They  are  connected  with  two  small  bi'ushes  which 
touch  the  studs  just  before  their  passing  under  the  combs ;  these 
brushes  play  the  same  part  as  the  two  springs  a  and  b  (Figs.  55, 
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56).     Two  other  brushes  placed  in  the  middle  of  the  comb  of  the 
diameti-al  conductor  act  like  the  two  springs,  c  and  d. 

78.  Wimshurst's  Machine. — This  consists  of  two  identical 
plates  of  glass  which  are  mounted  on  horizontal  spindles  so  as  to 
rotate  in  contrary  directions,  and  are  provided  on  the  outside  with 
naiTow  strips  of  tinfoil  arranged  radially  at  equal  distances  apart 
(Fig.  63).  Two  horseshoe-shaped  conductors  provided  with  points 
enclose  the  two  plates  at  opposite  ends  of  the  horizontal  diameter, 
and  are  in  connection  with  the  two  poles,  and  also  with  two  Leyden 
jars.     Diametral  conductors,  making  an  angle  of  from  60°  to  90° 


Fig.  63. 


with  each  other,  are  placed,  one  opposite  each  plate ;  they  have 
small  brushes  at  their  ends  which  graze  against  the  bands  of 
tinfoil. 

The  direction  of  rotation  of  the  plates  is  such  that  a  radius, 
which  at  any  instant  is  horizontal,  becomes  parallel  to  the  corre- 
sponding diametral  conductor  by  turning  through  an  acute  angle. 
To  explain  the  action,  suppose  that,  by  the  approach  of  an  electri- 
fied body  or  otherwise,  the  potential  near  one  end  of  one  of  the 
diametral  conductors, — say  at  the  left-hand  upper  part  of  the 
figure, — is  made  higher  than  elsewhere.  A  tinfoil  sector  passing 
through  this  region  is  connected  by  the  conductor  wdth  the  sector 
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at  the  opposite  end  of  the  same  diameter,  and  the  two  are,  there- 
fore, brought  for  the  moment  to  the  same  potential,  by  the  passage 
of  positive  electricity  through  the  conductor  from  the  first  to  the 
second.  The  motion  of  the  plates  brings  these  two  sectors  simul- 
taneously opposite  two  sectors  of  the  other  plate,  which  are  for  the 
moment  conne«ted  by  the  second  diametral  conductor.  This 
second  pair  of  sectors  thus  assume  the  same  potential,  although 
one  is  near  a  negatively  charged  sector  of  the  first  plate,  and  the 
other  near  a  positively  charged  sector.  This  equalisation  of 
potentials  involves  a  passage  of  positive  electricity  through  the 
second  conductor  from  the  lower  left-hand  end  to  the  upper  right- 
hand  end.  These  actions  taking  place  with  all  the  sectors  in  turn 
as  they  pass  the  diametral  conductors,  the  result  is  a  continuous 
succession  of  positively  and  negatively  charged  sectors  on  one 
plate,  arriving  simultaneously  opposite  the  two  ends  of  the  dia- 
metral conductor  applied  to  the  other  plate.  As  we  have  described 
the  action,  the  sectors  arriving  opposite  the  left-hand  ends  of  both 
conductors  would  be  positively  electrified,  and  those  to  tlie  right 
negatively.  There  would  thus  be  a  continuous  flow  of  positive 
electricity  through  both  conductors  from  left  to  ■  right,  charging 
the  sectors  positively  which  pass  simultaneously  through  the  left- 
hand  collecting  comb.  Similarly,  those  which  pass  simultaneously 
through  the  right-hand  comb  would  be  negatively  charged.  The 
combs  take  up  the  electrification  of  the  sectors  that  pass  them, 
and  there  is,  consequently,  a  flow  of  positive  electricity  from  the 
left-hand  comb  and  discharging  knob  to  the  right-hand  comb, 
which  compensates  the  transfer  from  right  to  left  due  to  the  motion 
of  the  plates  and  the  action  already  described.  The  action  of  the 
macliine  is  such  as  to  increase  the  initial  inequality  of  potential, 
and  it,  tlierefore,  acts  more  powerfully  as  the  motion  goes  on. 

As  a  general  rule,  a  machine  like  that  of  Holtz,  where  the 
electricity  has  to  strike  across  an  interval  of  air,  can  only  begin  to 
work  with  an  appreciable  charge.  On  the  other  hand,  a  machine 
with  direct  metallic  contact  or  with  a  brush  may  start  itself,  how- 
ever small  the  initial  charge.  It  is  very  seldom  that  there  is  not 
siifficient  difference  of  potentials  between  the  different  parts  of  a 
Wimshurst's  machine  to  make  it  begin  work. 

79.  Yield  and  Energy  of  a  Machine.— By  means  of  Lane's 

unit-jar  (88),  it  may  easily  be  shown  that  the  yield  of  inflmnice 
machines  is  proportional  to  the  velocity  of  rotation,  independent  of  the 
capacity  of  the  conductor,  and  of  the  absolute  value  of  the  potential 
of  the  poles  ;  it  does  not  alter  when  one  of  these  is  connected  with 
the  ground  ;  it  diminishes  as  the  difference  of  potentials  between 
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the  poles  increases.     The  yield  of  influence  machines  is  ordinaril}' 

much  greater  than  that  of  frictional  machines.     With  a  Lane's  jar 

with  a   striking  distance  of  1   mm.,  the   yield   for  one  turn  of  a 

plate  machine,   98   cm.  in  diameter,  being  taken  as   1,  that  of  a 

Holtz  machine  of  55  cm.  was  0"86.     But  the  former  made  one  turn 

in  a  second,  and  the  latter  ten  turns,  so  that  the  yields  per  second 

were  as  1  :  8"6. 

The  following  numbers  will  give  an  idea  of  the  absolute  value  of 

the  yield  :  seven  turns  of  a  double  plate  Holtz  machine  charged  a 

battery,  the  electrostatic  capacity  of  which  was  22,500  cm.,  so  as  to 

give  a  spark  of  0"1  cm.  in  length, 

22,500 
As  the  capacity  of  the  battery  was  „,,     ,  .^^  =  0"025  microfarads 

(1  microfarad  being  eqvial  to  3-  x  10''  electrostatic  units  of  capa- 
city), and  since  a  striking  distance  of  0"1  cm.  corresponds  to  a 
potential  difference  of  4830  volts  (95),  we  get  for  the  charge  of 
the  battery 

Q=  FC=  4830  X  0-025  x  10-6=  120-75  ^  iQ-e  coulombs, 

and  for  the  coresponding  work  (39) 

W=mV=h  x  4830  X  120-75  x  10-«  =  0-742  joules. 

These  numbers  correspond  to  seven  turns  of  a  machine,  which 
makes  ten  a  second  ;  so  that  to  get  the  numbers  for  one  second  we 
must  multiply  by  10  and  divide  by  7.  We  thus  find  that  the 
machine  would  give  per  second  0'00017  coulombs  of  electricity, 
and  1-06  joules  of  work. 

The  i^oiver  of  a  machine  is  defined  by  the  work  which  it  does  in 
unit  time.  The  watt,  which  corresponds  to  one  joule  per  second, 
has  been  t;iken  as  unit  of  power.  We  should  accordingly  say  that 
the  power  of  the  machine  was  1-06  watts. 


CHAPTER  VIII  ^^  '   ^  ^ 

APPARATUS   FOR    ELECTROSTATIC 
MEASUREMENT 

80.  Coulomb's  Balance. — This  fundamental  apparatus,  by 
which  a  quantity  of  electricity  may  be  measured  in  absolute  value, 
has  been  previously  described.  Much  skill  and  many  precautions 
are  needed  to  obtain  exact  numerical  results  by  means  of  a  tor- 
sion-balance, and,  as  we  shall  see  later,  equivalent  measurements 
can  be  made  by  the  help  of  more  modern  instruments,  whiclij, 
although  the  theory  of  their  action  is  less  simple,  are  much  easier 
to  use.  Nevertheless,  on  account  of  the  importance  of  the  matter, 
it  is  worth  while  to  point  out  how — in  piinciple  at  least — the  total 
electrification  of  any  electrified  body  can  be  deduced  from  measure- 
ments that  can  be  made  with  a  toi'sion-balance. 

Suppose  the  electrified  body  to  be  placed  inside  an  insulated 
hollow  metal  sphere  (which  for  this  purpose  may  be  made  in 
two  halves),  then,  as  we  have  seen  (2^h)  the  outer  surface  of 
this  sphere  will  assume  an  electrification  exactly  equal  to  that  of 
the  body  enclosed  within  it.  If  now  the  fixed  ball  of  the  torsion- 
balance  (a,  Fig.  12)  be  put  in  contiict  with  the  outside  of  the 
sphere,  it  will  share  its  electrification  in  a  proportion  depending 
on  the  comparative  diameters  of  the  ball  and  the  hollow  sphere. 
This  proportion  has  been  calculated  so  as  to  satisfy  the  conditions 
specified  in  (18),  and  the  result  is  given  in  mathematical  treatises 
on  electricity  :  let  it  be  expressed  by  n,  so  that  if  Q  is  the  original 
electrification  of  the  sphere  and  q  that  of  the  ball  when  put  in 
contact  with  it,  we  have      .^       /      ,    .x 

where  n  can  be  obtained  from  the  published  tables. 

For  simplicity  we  will  suppose  the  movable  ball  b  of  the  torsion- 
balance  to  be  exactly  equal  to  a,  the  fixed  ball ;  then  when  the  two 
come  into  contact  the  electrification  of  the  latter  will  be  equallv 
divided  between  them  and  each  will  have  electrification 

'^'^       2(m+1)' 
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Applying  CoulomlVs  law,  we  get 

,.  „        1  O" 

J'- 


K    '  i{n  +  1)- 
and,  by  the  formula  in  the  footnote  to  (14) 

1      ^-     ^  4:  CI  (A  +  a)  sin  "  tan  " 

or  Q  =  4(«  +  1)  J KGl  {A  +  «)  sin  |  tan  ^  • 

The  factors  G  and  I  in  this  formula  depend  on  the  construction  of 
the  torsion-balance,  and  can  be  determined  once  for  all,  n  depends 
on  the  relative  diameters  of  the  ball  and  hollow  sphere,  and  A 
and  a  are  angles  observed  during  the  experiment.  Hence  it  may 
be  said  that  Q  is  expressed  in  terms  of  known  quantities  and  the 
factor  K. 

It  is  to  be  remembered  that  O  in  the  above  formula  stands  for 
a  couple  per  unit  angle  (14),  or  the  product  of  a  force  into  an  arm 
divided  by  an  angle.  If  the  force  is  expressed  in  dynes,  the  arm 
and  the  length  I  in  centimetres,  the  angle  involved  in  the  value 
of  C  in  the  same  unit  (degrees  or  radians)  as  that  in  which  the 
angles  A  and  a  are  expressed,  and  if  K  is  taken  =1,  the  value 
of  Q,  obtained  by  putting  their  proper  numerical  values  for  the 
quantities  on  the  right-hand  side  of  the  above  formula,  is  said  to 
be  expressed  in  absolute  centimetre-gramme-second  (or  CCS.)  eledro- 
static  measure. 

81.  Gold  Leaf  Electroscope.— This  instrument  has  already 
been  described  (11)  as  well  as  the  manner  in  which  it  is  used,  A 
few  words  may  here  be  added  to  complete  the  theory. 

In  order  that  the  indications  of  the  instrument  may  be  definite, 
the  cage  which  contains  the  leaves  should  be  at  a  known  potential — 
that  of  the  earth,  for  instance.  It  is  advisjxble  to  make  the  bell-jar 
a  conductor  by  lining  the  interior  to  within  a  convenient  distance 
from  the  stem  with  strips  of  tinfoil,  or  with  brass  gauze  of  some- 
what large  mesh.  This  as  well  as  the  metal  rods  is  in  connection 
with  the  ground.  An  excellent  earth  contact  is  obtained  by  con- 
necting the  apparatus  with  gas  or  water  pipes. 

The  charge  of  the  leaves  is  proportional  to  their  capacity  and  to 
the  difference  of  potentials  V-Vo  (51),  where  V  is  the  potential 
of  the  leaves  and  F^  that  of  the  cage.  The  divergence,  which  de- 
pends on  the  charge,  serves  to  measure  either  the  charge  or  the 
potential.  If  the  capacity  were  independent  of  the  divergence, 
the  potential  and  the  charge  would  vary  proportionally  to  each 
other,  and  the  same  graduation  would  r.crvo  for  both  cases. 
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82.  Condensing  Electroscope. — We  have  sometimes  to  deal 

with  electrification  which  is  very  great  as  to  quantity,  but  which  is 
so  distributed  as  not  to  produce  a  difference  of  potentials  sufficient 
to  cause  a  visible  divergence  of  the  leaves  of  an  electroscope  em- 
ployed as  hitherto  described.  In  such  cases  it  is  advantageous  to 
use  a  Volta's  condenser  (Fig.  64)  in  connection  with  the  electro- 
scope. This  consists  of  two  metal  plates 
varnished  on  the  surfaces  facing  each 
other,  the  two  layers  of  varnish  forming 
an  insulating  plate. 

The  two  boundaries  of  the  electrified 
field  to  be  tested  are  connected,  one  with 
one  of  the  plates  of  the  condenser,  and 
the  other  with  the  other.  If,  as  is  the 
commonest  case,  one  of  the  boundaries 
consists  of  an  insulated  conductor  and 
the  other  of  the  surface  of  the  room,  the 
former  is  connected,  say,  with  the  lower 
plate,  while  the  upper  plate  is  con-  ,=;" 
nected  with  the  room  either  through  the  ^_-" 
body  of  the  experimenter,  who  touches  "^ 
it  with  his  finger,  or,  still  better,  by  a 
wire.  The  connections  with  both  plates 
are  removed  after  a  moment  or  two,  and  then  the  upper  plate  is 
raised  by  the  insulating  handle.  The  capacity  of  the  Volta's  con- 
denser, which  is  very  great  when  the  plates  are  together,  is  thus 
greatly  diminished,  and  the  potential  of  the  lower  plate  and  leaves, 
which  was  previously  nearly  the  same  as  that  of  the  room,  now 
differs  from  it  enough  to  make  the  gold  leaves  diverge. 

The  phenomenon  of  electrical  absorption  (62)  explains  why  it  is 
necessary  that  the  insulating  layer  should  consist  of  two  parts  :  it  is 
necessary  that  the  upper  plate  should  remove,  with  the  adjacent  half 
of  the  insulating  layer,  the  chai'ge  which  the  latter  may  have  absorbed. 

83.  Quadrant   Electrometer.— Tliis   instrument   (Fig.   65), 

which  was  invented  by  Lord  Kelvin,  serves  for  the  same  purpose 
as  the  gold-leaf  electroscope,  but  is  far  more  sensitive  and  is  better 
adapted  for  accurate  quantitative  measurements. 

It  consists  of  two  pairs  of  quadrants  aa',  bb'  (Fig.  Q>(S),  which 
together  form  a  flat  cylindrical  metal  box  cut  into  four  equal  sectors 
by  two  diametial  sections  at  right  angles  to  each  other.  Each 
quadrant  is  supported  by  an  insuLiting  glass  stem,  and  the  alternate 
pairs  of  quadrants,  aa'  and  Bii',  are  in  conducting  connnunication 
with  each  other.     Each  pair  is  connected  nlso  with  a  small  insulated 
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roil,  which  is  called  the  electrode,  iind  which  serves  to  connect  up 
with  bodies  on  the  outside. 

In  the  middle  of  the  quadrants  is  suspended  what  is  called  the 


Fig.  r.n. 

needle,  which  has  the  shape  represented  in  the  figure,  and  consists 
essentially  of  two  quadrants  of  thin  sheet  aluminium  joined  at  the 
centre,  parts  being  cut  out,  as  shown  in 
the  figure,  for  still  greater  lightness. 

The  needle  usually  hangs  by  two 
cocoon  fibres,  which  constitute  what  is 
called  a  hijilar  stcspension. 

The  position  of  mechanical  eqiiili- 
brium  of  the  needle  is  that  in  which  the 
two  fi1r)res  are  in  the  same  plane.  For 
a  small  deflection  the  foice  which  tends 
to  bring  the  needle  back  to  its  position 
of  equilibrium  is  proportional  to  the 
angle  of  deflection.  The  suspension 
must  be  adjusted  so  that  the  position  of  equilibrium  of  the  needle 
is  symmetrical  in  reference  to  the  space  which  separates  the 
quadi'ants. 


Fig.  GG. 
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We  may  regard  the  electrometer  as  consisting  of  two  condensers 
the  inner  coatings  of  which  are  portions  of  the  needle  at  potential 
r„,  while  the  outer  are  the  two  pairs  of  quadrants  aa'  and  bb'  at 
potentials  V^  and  F.,  respectively,  while  their  charges  are  Q^  and 
(l^ ;  we  shall  assume  that  V^  >  V^  and  F^  >  V^-  The  capacities 
of  these  condensers  depend  upon  the  position  of  the  needle,  and 
may  each  be  expressed  as  the  sum  of  two  terms,  one  of  which, 
representing  the  capacity  of  that  part  near  a  radial  edge  either 
of  the  needle  or  the  quadrant,  is  constant  for  all  usual  positions 
of  the  needle,  while  the  other  represents  the  capacity  of  the  por- 
tion which  is  distant  from  any  such  edge,  and  increases  if  the 
needle  moves  further  into  the  quadrant  by  an  amovmt  propor- 
tional to  the  angular  movement,  say,  by  an  amount  cd9.  In 
order  to  calculate  the  couple  acting  upon  the  needle  in  any 
position  we  shall  suppose  a  small  displacement  dd  to  take  place 
about  this  position  from  A  toward  b'.  If  we  keep  the  quad- 
rants insulated  during  this  displacement  (so  that  no  energy 
may  be  gained  from  external  sources)  we  may  equate  the  work 
done  by  the  electrical  couple  to  the  decrease  of  energy  of  the 
system.  Let  C^  and  C,  be  the  capacities  of  the  quadrants  in  the 
first  position ;  in  the  second  position  they  will  be  C\  —  cdd  and 
Gc  +  rdd.      Recalling   the   general    expression   for   energy,   viz.: — 

2  7^  (64)  we  may  write 

Initial  energy      =  J  Tr  +  ^  yr 

^1  ^2 


Final  energy 
energy  equah 


^l'        ,     1        '3-2' 


Hence,    since    dO    is    supposed    to  be  veiy  small,  the  decrease  of 


1  J  _  Q^^jyW     Orcde} 


But  ^  =  (F„-l'i)and^^^  =  (T;-T^,); 

therefore  the  decrease  of  energy  equals 

^cde{{v^-v,y~-{v^-j\Y}, 

and  this  must  equal  the  work  done  l)y  the  electrical  couple  during 
the  displacement,  that  is,  Gd9  if  G  is  this  couple. 
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The  position  of  equilibrium  in  any  case  will  be  that  for  which 
the  electrical  couple  and  the  mechanical  couple  due  to  the  bifilar 
suspension  are  equal  and  opposite.  The  latter  is  very  nearly  pro- 
portional to  sinO  for  moderate  angles ;  or,  as  stated  above,  for 
small  angles  it  may  even  be  taken  as  proportional  to  6  the  angle 
of  deflection  itself.     Hence  we  have 


=  A{V,-V,)  |f„-Zi±Z2| 


where  A   is   a   constant   depending   upon   the   construction   of   the 
instrument. 

As  the  electrometer  is  commonly  used,  the  potential  F^  of  the 
needle  is  positive  and  very  mtich  higher  than  that  of  either  pair 
of  quadrants.  Consequently,  the  part  of  the  above  formula 
enclosed  within  long  brackets  does  not  differ  much  from  F^,  and 
we  may  write,  approximately,  in  ordinary  cases 

0  =  A{V,-V,)  F, 
Again,   this    simple    formula    will    be    rigorous    if   the   arithmetic 
mean  of  the  potentials  of  the  quadrants  is  zero,  that  is,  if  they  are 
equal  but  of  opposite  signs. 

In  order  to  keep  the  potential  of  the  needle  as  nearly  constant 
as  possible,  it  is  connected  with  the  inner  surface  of  a  Leyden  jar, 
generally  formed  by  a  glass  vessel  forming  part  of  the  outer  case 
of  the  electrometer.  In  the  more  complete  forms  of  instrument, 
there  is  a  small  electrical  machine  (called  a  replenisher)  whereby 
the  potential  of  the  jar  and  needle  can  be  brought  to  any  required 
value ;  and  also  a  subsidiary  electrometer  (the  gauge)  which  shows 
when  the  right  value  is  attained.  These  two  organs  are  referred 
to  in  more  detail  in  73  and  87. 

Any  two  conductors,  the  difference  of  whose  potentials  is  to 
be  measured,  are  connected  one  to  each  of  the  electrodes  be- 
longing to  the  respective  pairs  of  quadrants  and  the  resulting 
deflection  6  is  observed  (see  84).  The  lequired  difference  of  poten- 
tials would  then  be  given  by 

V,-V,=  0/(AV,) 
if  Vo  and  the  factor  A  were  known  for  the  electrometer  used. 
But  as  these  hardly  admit  of  being  accurately  determined  directly, 
the  usual  plan  is  to  observe  the  deflection,  say  $„,,,  corresponding 
to  some  known  difference  of  potentials  F„  —  V^,  and  then  to 
eliminate  A  and  F^  from  two  equations  similar  to  the  last.  We 
thus  get  the  required  difference  of  potentials  in  the  form 
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If  it  is  required  to  determine  the  amount  by  which  the  poten- 
tial of  an  insulated  conductor  differs  from  that  of  the  earth,  the 
electrode  of  one  pair  of  quadrants  is  connected  with  the  room  and 
the  other  with  the  conductor  to  be  tested. 

A  different  mode  of  employing  the  quadrant  electrometer  is 
often  adopted  by  Continental  experimenters.  The  two  pairs  of 
quadrants  are  maintained  at  equal  opposite  potentials  (so  that 
their  mean  potential  is  zero)  by  connecting  them  respectively 
with  the  opposite  terminals  of  a  large  number  of  small  galvanic 
cells  connected  in  series,  the  middle  of  the  series  being  put  to 
earth.  Thus  arranged,  the  electrometer  is  adapted  for  indicat- 
ing the  difference  of  potentials  between  an  insulated  conductor 
and  the  earth.  The  conductor  is  connected  with  the  needle,  and 
its  potential,  reckoned  from  that  of  the  earth  (or  the  room)  taken 
as  zero,  is  given  by 

d 


v= 


^i^i-V-z)' 


If  a  dilTerence  of  potentials  between  two  insulated  conductors 
is  to  be  measured,  each  is  connected  separately  with  tlie  needle 
and  the  corresponding  values  of  6  are  observed.  Their  difference 
gives  the  required  difference  of  potentials,  thus 


A{V,-V,) 

As  before,  the  factor  A  can  be  eliminated  by  observing  the  effect 
due  to  some  known  difference  of  potentials. 

Another  way  of  using  the  electrometer  is  to  connect  the  needle 
with  one  pair  of  quadrants,  and  with  one  of  the  two  bodies  whose 
difference  of  potentials  is  required,  while  the  second  of  these  is 
connected  with  the  second  pair  of  quadrants.  In  this  case,  K^  =  F^, 
and  the  deflection  becomes 

and  is  thus  always  in  the  same  direction,  whether  the  difference 
Vg  -  v.,  is  positive  or  negative.  This  circumstance  makes  this 
method  of  employing  the  quadrant-electrometer  of  great  value 
when,  as  sometimes  happens,  a  rapidly  alternating  difference  of 
potentials  lias  to  be  measured. 

84.  Reading  by  Scale  and  Mirror. — The  deflections  are 

measured  by  the  method  of  reflection.  A  small  concave  mirror 
(Fig.  65)  is  supported  by  the  rod  of  the  needle,  and  is  movable 
with  it.      A  vertical  slit  of   light  and  a  scale  divided  into  milli- 
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metres  (Fig.  67)  are  placed  in  the  vertical  plane  passing  through 
the  centre  of  curvature  and  perpendicular  to  the  axis  of  the  mirror, 
at  equal  distances  above  and  below  the  centre  of  curvature.      The 


hiiiiiiiiiiiiiiiiiiTiiiiiiiiiriiiiiiiiJiiiiiiiiihhiiiiiiTiiiiiiiiifiiiiiiiiiTiiiiiiiiiTiiiiiiihi 


Fig.  67. 

image  of  the  slit  of  light  is  produced  in  its  real  size  on  the  scale. 
Instead  of  a  narrow  slit,  a  wider  one  may  be  used,  in  the  middle 
of  which  an  opaque  wire  is  stretched  vertically  (Fig.  67).  The 
image  of  the  opening  moves  along  the    scale,  and,  as  the  region 

where  the  shadow  of  the  wire 
falls  is  bright,  the  divisions  are 
easily  read  off.  Very  good  residts 
are  also  obtained  with  a  scale  on 
ground  glass  or  celluloid,  which 
is  read  from  behind. 

Letp  (Fig.  68)  be  the  division 
of 
to 

of  the  needle ;  if  the  needle  is 
deflected  through  an  angle  a,  the  image  is  formed  on  the  division 
X,  such  that 

X  —p  =  d  tan  2a 

d  being  the  distance  of  the  scale  from  the  mirror.  As  the  angles 
are  always  very  small,  we  may  take  the  arc  for  the  tangent  and 
replace  tan  2«  by  2a,  which  gives 


the    scale    which    corresponds 
the    position    of     equilibrium 


x  —  p 
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85.  Difference  of  Potentials  between  a  point  in  the  Air 

and  the  Earth. — If  an  insulated  cunJuctor  is  placed  in  an 
electric  field,  the  surface  of  the  conductor  is  everywhere  at  the 
same  potential,  and  becomes  continuovxs  with  some  one  equipoten- 
tial  surface  of  the  field.  Those  parts  of  the  surface  of  the  con- 
ductor which  lie  to  one  side  of  this  equipotential  surface  extend 
into  regions  where  the  undisturbed  potential  of  the  field  would  be 
higher  than  that  of  the  conductor,  and  the  other  parts  of  the 
surface  exten<l  into  regions  where  the  potential  would  be  lower. 
The  electrification  assumed  by  the  conductor  is  such  as  to  keep  the 
potential  of  the  first-mentioned  parts  down,  and  to  bring  that  of  the 
remaining  pai«ts  up  to  the  actual  uniform  potential  possessed  by 
the  conductor  as  a  whole.  That  is  to  say,  the  parts  of  the  surface 
of  the  conductor  which  extend  into  the  region  of  higher  potential 
acquire  a  negative  charge,  and  those  parts  which  extend  into  the 
region  of  lower  potential  acquire  a  positive  charge.  If  now  a 
portion  of  the  surface  of  the  conductor  were  to  become  detached, 
say  from  the  part  which  is  negatively  electrified,  carrying  its 
electrification  with  it,  the  potential  of  the  whole  remaining  part  of 
the  conductor  would  rise  ;  and  if  the  part  that  has  been  detached 
were  in  some  way  to  grow  again,  a 
conductor  of  the  original  form  would  _fl_a_s-jL-V 
be  reproduced,  but  it  would  have 
a  somewhat  higher  potential  than 
before.  Now,  imagine  this  process 
of  successive  separation  and  repro- 
duction of  a  portion  of  the  surface  of 
the  conductor  to  go  on,  over  and 
over  again,  always  at  the  same  part : 
it  is  obvious  that  the  potential  of  the 
conductor  as  a  whole  will  go  on  rising 
(if  the  portions  that  become  detached 
are  negatively  electrified,  or,  in  the 
opposite  case,  that  it  will  go  on 
falling)  until  the  density  of  the  sur- 
face-charge of  the  detached  portions 
becomes  zero,  when  there  will  be  no 
further  change.  The  whole  conductor  will  then  have  been  brought 
to  the  potential  of  the  equipotential  surface  passing  through  the 
part  from  which  the  successive  portions  break  away. 

To  apply  this  principle  to  the  experimental  determination  of 
the  potential  at  a  point  in  the  air,  a  vessel  of  water  is  placed  on  an 
insulating  stand  (Fig,  G9),  and  provided  with  a  long,  very  narrow 


Fig.  G'J. 
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tube,  from  the  end  of  which  the  water  escapes  in  a  fine  stream. 
The  whole  vessel  is  thus  gradually  brought  to  the  potential  of  the 
point  at  which  the  stream  of  water  breaks  into  separate  drops. 
To  observe  this,  one  pair  of  quadrants  is  connected  with  the  water- 
vessel,  and  the  other  pair  with  the  earth.  The  flame  of  a  spirit- 
lamp  connected  by  a  fine  wire  with  the  electrometer  acts  in  the 
same  way  as  a  water-jet,  or  a  piece  of  touch-paper  prepared  by 
soaking  paper  with  a  solution  of  nitrate  of  lead  may  be  used. 

86.  Absolute  Electrometer. — This  is  based  on  the  attraction 
which  is  exerted  between  a  movable  plate  and  an  infinite  plane 
parallel  to  each  other  and  at  different  potentials  (Fig.  70). 

Let  V-^  be  the  potential  of  the  movable  plate,  Fthat  of  the  plane, 
j^  V,  'i^'i     6      their     distance 

1  apart.       Neglecting    per- 

:  turbations    arising    from 

V  the    edges,    the    lines    of 

^^"  force  are  straight,  perpen- 

dicular to  the  planes.  In  other  words,  the  tubes  of  force  extending 
between  the  opposed  surfaces  have  the  same  cross-section  fi'om 
end  to  end,  and  the  intensity  of  force  is  therefore  uniform  through- 
out and  equal  to  Atto-JK,  where  o-  is  the  equal  surface-density  at 
each  end  of  the  tubes,  positive  at  one  end  and  negative  at  the 
other  (43,  44).  But  the  electrification  at  each  end  of  the  tube 
contributes  equally  to  the  force  within  it,  hence  the  force  due  to 
each  end  is  'Iira/K,  and  this  represents  the  pull  exerted  by  one 
plate  on  each  unit  of  electricity  on  the  other  (for  the  mutual 
forces  exerted  by  the  various  portions  of  the  charge  on  either  plate 
cannot. have  a  resultant  tending  to  move  that  plate).  The  pull  is, 
therefore,  27rcr^/K  per  unit  of  surface,  or  F=?,Tr(T"A/K  for  the 
whole  surface  A. 

Since,  further  (52), 


we  have  (comp.  68-) 


K         47re    ' 


K  87re-^^     1       ^'' 

In  order  to  avoid  the  disturbing  effect  of  the  edges,  the  movable 
plate  s  is  cut  out  of  a  larger  plate,  ab,  which  is  called  the  t/uard 
ring  (Fig.  71).  The  plate  s  can  move  freely  in  this,  and  is  in  me- 
tallic connection  with  it,  and  therefore  at  the  same  potential.  The 
plate  AB  is  the  bottom  of  a  box  abcd,  which  forms  a  closed  conductor 
and  prevents  any  action  which  might  be  exerted  from  the  outside 
on  the  upper  face  of  the  plate. 
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The  plate,  s,  is  supported  by  a  spring  which  keeps  it  when  not 
electrified  a  little  above  the  plane  of  the  ring.  The  experiment 
consists  in  raising  the  lower 
plate  A  (Fig.  72),  which  repre- 
sents the  infinite  plane  and  is 
at  the  potential  V,  until  the 
plate  s,  as  observed  by  help  of 
the  lenses  I  and  I',  appears 
exactly    in    the    plane    of   the  Fig.  71. 

guard  ring.  On  the  other  hand,  it  is  easy  to  determine  the  mass 
P,  whose  weight  causes  the  plate  s  to  sink  through  the  same  distance. 
The  attraction  is,  then,  equal  to  Pg  dynes. 

We  thus  have  F=Pg,  and  therefore  the  difference  of  potentials 
becomes 


P 


v,-v 


It  is  somewhat  diflicult  to  measure  accurately  the  distance  e 
of  the  two  plates.     This  difiiculty  is  got  rid  of  by  the  following 

device  :  The  lower  plate  is  put  to 
earth  so  that  its  potential  F=0, 
and  the  reading  of  the  micro- 
meter rii,  which  satisfies  the  con- 
dition above  stated,  is  noted : 
suppose  the  corresponding  dis- 
tance between  the  surfaces  is  e. 
The  plate  is  then  put  in  connec- 
tion with  the  body  at  the  poten- 
tial V,  and  the  distance  is  again 
adjusted  :  if  it  is  now  e,  we  have 


'>^V^- 


i\-v 


SirPg 
AK' 

Ik' 


^fgjgjg;;-^^ j^>g-^^^^^'=g^^^=s^^     from  which  by  subtraction 

Fig.  72.  V={e'-e), 

It  is  thus  sufficient  to  measure  the   difference   e  -  e  of  the  two 
positions  of  the  plate  a. 

87.  In  order  to  keep  this  plate  at  a  constant  potential,  Fj,  the 
whole  system  consisting  of  the  plate,  the  guard  ring,  and  the  box 
is  connected  with  the  inner   coating   of  a   Leyden  jar,  which   is 

I 
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formed  by  the  gla.ss  case  of  the  instrument.  One  of  two  accessory 
pieces  of  apparatus  serves  to  maintain,  and  the  other  to  verify,  the 
constancy  of  the  potential,  Vy  The  first,  R,  which  is  called  the 
replenisher  (73),  increases  the  charge  of  the  jar  when  the  knob  is 
turned  in  one  direction,  and  lessens  it  when  it  is  turned  in  the 

contrary  direction.  The  second, 
which  is  called  the  gauge,  J,  makes 
it  possible  to  recognise  when  the 
potential  has  acquired  a  given 
value.  This  is  an  apparatus  which 
is  based  on  the  same  principle  as 
the  electrometer  itself,  and  con- 
sists of  a  movable  plate  of  alumi- 
-p,    ,  r-r,  nium,  p  (Fig.  73),  with  its  guard 

ring,  and  a  plate  which  attracts 
it,  the  whole  being  contained  in  the  box,  J  (Fig.  72).  Both  the 
plate  2>  ^^^^  t^^6  guard  ring  are  connected  with  the  outer  coating 
of  the  Leyden  jar  ;  the  lower  plate  is  at  a  fixed  distance  from  the 
plate  p,  and  is  in  connection  with  the  inner  coating  of  the  Leyden 
jar,  and  thus  the  plate  p  always  comes  back  to  the  plane  of  the 
guard  ring  for  the  same  value  of  the  potential  difference. 

The  plate  jj  is  attached  to  a  stretched  platinum  wire,  /,  which 
it  twists  slightly  in  coming  into  the  plane  of  the  guard  ring  ;  a  pro- 
jecting tongue,  h,  carries  at  its  end  a  fine  wire  which  can  be 
observed  by  means  of  the  lens  I,  and  the  plate  jj  is  in  the  plane 
of  the  ring  when  this  wire  appears  exactly  mid-way  between  two 
marks  on  a  white  card. 

A  modified  form  of  quadrant  electrometer  has  been  introduced 
by  Dolezalek,  and  this  has  practically  replaced  the  older  forms. 
It  is  of  the  ordinary  quadrant  type,  the  quadrants  being  mounted 
on  short  insulating  pillars.  The  "  needle "  is  of  thin  silvered 
paper,  and  in  consequence  of  its  lightness  any  motion  given  to 
it  rapidly  dies  out.  It  is  suspended  by  a  very  fine  quartz  fibre ; 
in  the  earlier  forms  this  was  made  conducting  (to  enable  the 
needle  to  be  charged)  by  dipping  it  into  calcium  chloride  solution ; 
in  the  later  forms  a  metal  rod  can  be  bi^ought  into  contact  with  the 
central  metal  frame  of  the  needle,  and  contact  is  made  through 
this.  The  electric  capacity  of  the  instrument  (j.e.  the  ratio  of  the 
charge  on  the  positive  quadrants  to  the  difference  of  potential 
between  the  terminals)  is  about  50  electrostatic  units.  The  sensi- 
tiveness passes  through  a  maximum  when  the  needle  is  charged 
to  about  100  volts,  and  a  deflection  of  10,000  millimetre  divisions 
per  volt  of  the  spot  of  light  on  the  scale  can  be  then  readily  obtained. 
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88.  Lane's  Unit  Jar. — This  apparatus  is  used  to  measure 
comparatively  large  quantities  of  electricity,  such  as  the  charge  of 
a  Leyden  battery.  It  consists  of  a  Leyden  jar  (Fig.  74),  the  outer 
coating  of  which  is  in  conducting  communication  with  a  knob,  b, 
which  by  means  of  a  micrometric  screw,  p,  may  be  set  at  any 
measured  distance  from  the  knob  A,  connected  with  the  internal 
coating.     If  the  knob  a  is  connected  with  the  source  of  electricity, 


a  spark  passes  between  the  two  knobs  whenever  the  difference 
of  potential  between  them  reaches  a  value  depending  on  their 
distance  apart.  For  the  same  distance  between  the  knobs,  every 
spark  that  passes  represents  the  same  quantity  of  electricity. 

In  order  to  measure  the  charge  of  a  Leyden  battery,  the  unit 
jar  may  be  insulated  and  interposed  between  one  terminal  of  the 
machine  and  the  inner  coating  of  the  battery  ;  or  the  battery  may 
be  insulated  and  the  unit  jar  interposed  between  the  outer  coating 
of  the  battery  and  the  second  terminal  of  the  machine.  In  either 
case  the  number  of  sparks  serves  as  a  comparative  measure  of  the 
quantity  of  electricity  given  to  the  battery. 

To  follow  the  action  in  fuller  detail :  suppose  the  whole  arrange- 
ment shown  in  Fig.  74  to  be  insulated,  let  the  knob  a  be  connected 
with  the  positive  conductor  of  the  charging  electrical  machine, 
while  the  knob  B  is  connected,  through  the  metal  rod  d,  with  the 
inner  coating  of  the  battery  to  be  charged,  the  outer  coating  of 
the  battery  being  connected  to  the  negative  conductor.  Then, 
on  working  the  machine,  while  the  inner  surface  of  the  unit-jar 
receives  a  positive  charge,  an  equal  quantity  leaves  the  outei' 
surface  and  passes  to  the  inner  surface  of  the  battery.  This  goes 
on  until  the  difference  of  potentials  between  the  knobs  A  and  b 
has  attained  the  value,  say  v,  required  to  cause  a  spark  to  pass 
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between  them.  At  the  same  time  a  difference  of  potentials  =  rcjC 
is  established  between  the  coatings  of  the  battery,  if  c  is  the 
capacity  of  the  unit-jar  and  C  that  of  the  battery.  The  effect  of 
the  spark  is  to  equalise  the  potentials  of  the  coatings  of  the  unit- 
jar  ;  therefore,  to  cause  a  second  spark  between  a  and  b,  the  same 
quantity  of  electricity  as  before  must  pass  fi'om  the  machine  to  the 
inner  coating  of  the  unit-jar  and  also  from  the  outer  coating  of  the 
jar  to  the  inner  coating  of  the  battery.  The  battery  will  thereby 
be  charged  to  potential  2re/C  Similarly,  the  passage  of  n  sparks 
will  indicate  that  the  battery  has  received  a  total  charge  Q  =  n.vG 
and  has  been  charged  to  potential  V=n.vc/0.  The  charge  will 
reach  its  limit  when  the  potential  of  the  inner  coating  of  the 
battery,  and  therefore  also  that  of  the  outer  coating  of  the  unit- 
jar,  has  reached  such  a  value  that  the  machine  employed  is  unable 
to  cause  the  potential  of  the  inner  coating  of  the  jar  to  exceed  it 
by  the  amount  /'. 

88.*  Measurement  of  Specific  Inductive  Capacity.— Nearly 

every  phenomenon  in  which  the  properties  of  a  dielectric  medium 
are  concerned  depends,  as  to  its  quantitative  aspects,  on  the  value 
of  the  specific  inductive  capacity  of  the  medium.  Hence  every 
such  phenomenon  which  admits  of  being  accurately  measured  may 
be  made,  in  principle,  to  furnish  the  basis  of  a  method  for  deter- 
mining the  numerical  value  of  this  property  for  the  medium 
concerned.  We  shall  indicate  here  the  general  principles  of  two 
of  the  simplest  and  most  direct  methods  that  are  available  for  this 
purpose. 

1.  Condenser  Method. — As  has  been  pointed  out  (51),  the 
capacity  of  a  condenser  depends  jointly  on  a  factor  determined 
by  the  geometrical  relations  of  its  conducting  surfaces  and  on  the 

specific    inductive    capacity    of    the 
B    J —    A      ,   ~1_    B  medium    between    them.       If    this 

Lm'^^^{/.::'.^A^;i(y ::::'■::::::' ::::;:<mrA  medium  is  in  one  case  air,  and   if 
H  K        ill  another  case  the  air  is  entirely 

iiu.  74a.  displaced  by  another  dielectric,  the 

ratio  of  the  capacity  of  the  con- 
denser in  the  second  case  to  its  capacity  in  the  first  gives  at  once 
the  specific  inductive  capacity  of  the  dielectric  referred  to,  that 
of  air  taken  as  unity.  But  this  method,  in  the  form  indicated, 
is  applicable  only  in  the  case  of  liquids  or  gases,  for  it  is  not 
practicable  to  displace  the  air  between  the  plates  of  a  condenser 
accurately  and  completely  by  a  solid  dielectric.  By  a  modification, 
however,  the  same  general  principle  can  be  applied  in  the  case  of 
solid  bodies. 
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Let  A,  in  Fig.  74a,  be  a  metal  disk  surrounded  by  a  guard-plate  b., 
the  lower  surfaces  of  the  disk  and  guard-plate  being  exactly  in  the 
same  plane,  and  suppose  the  two  so  arranged  that  they  can  be 
connected  or  disconnected  at  will,  and  let  c  be  a  metal  cover, 
electrically  continuous  with  the  guard-plate.  Further,  let  hk 
represent  a  second  metal  plate,  parallel  to  the  disk  and  guard - 
plate,  at  distance  e.  This  plate  and  the  disk  taken  together  form 
a  condenser  of  which  the  capacity  is  very  accurately  represented 
by  the  formula 

Aire 

if  A  is  the  area  of  the  disk  and  K  the  specific  inductive  capacity  of  air. 

Now,  let  a  plate  lm,  formed  of  a  solid  dielectric  material,  whose 
specific  inductive  capacity  K'  is  to  be  compared  withthat  of  air,  be 
introduced  between  the  two  metal  surfaces  and  parallel  to  them, 
care  being  taken  that  it  does  not  come  in  contact  with  either  of 
them  either  when  in  its  place  or  while  being  put  in.  The  effect  of 
this  is  to  alter  the  capacity  of  the  condenser,  and  the  ratio  of  the 
specific  inductive  capacity  of  the  solid  dielectric  to  that  of  air  can 
be  deduced  from  the  ratio  of  the  capacities  of  the  condenser  in  the 
two  states. 

If  e'  is  the  thickness  of  the  solid  dielectric,  the  thickness  of  the 
remaining  layers  of  air  is  e  —  e',  and  if  /  is  the  intensity  of  electric 
force  in  the  air  and  /'  that  in  the  solid,  the  difference  of  potentials 
between  the  plates  of  the  condenser  is 

F-r=/(e-e')+/V. 

But,  putting  cr  for  the  surface-density  of  the  charge  of  the  positive 
plate  and  Q  for  the  charge,  we  have — 

f=^^,   i=-7v>,  and    Qr=Aar. 
A      /      A' 

Putting  in  these  values,  the  capacity  of  the  condenser  becomes 

Q  AK 


a 


V-V     , 


.-,n-% 


Comparing  this  with  the  capacity  of  the  same  condenser  with  air 
only  between  tlie  plates,  we  have 
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whence,  for  tlie  ratio  of  the  two  inductive  capacities — 

2.  Electrometer  Method. — If  the  disk  in  Fig.  74a  is  in  permanent 
electrical  connection  with  the  guard-ring  and  is  suspended  from  the 
arm  of  a  balance,  or  from  a  spring,  whereby  the  force  in  dynes  can 
be  ascertained  which  is  required  to  counterbalance  the  attraction 
between  it  and  the  lower  plate,  when  a  given  difference  of  potentials 
is  established  between  them  and  the  lower  surface  of  the  disk  is 
exactly  in  the  same  plane  as  the  lower  face  of  the  guard-ring,  the 
whole  arrangement  becomes  an  absolute  electrometer  (86). 

If  m  is  the  mass  whose  weight,  mg,  balances  the  pull  between 
the  disk  and  the  lower  plate,  with  air  only  between  them,  when 
they  are  electrified  to  a  difference  of  potentials  V  -  V,  we 
have  (68)— 

since  V—  V  =fe. 

If  now  part  of  the  air  is  replaced  by  a  slab  of  a  solid  dielectric  of 
thickness  e',  the  electric  intensity  in  the  air,  for  the  same  difference 
of  potentials  between  the  plates,  is  altered  :  let  it  be  /^  and  put  m^ 
for  the  corresponding  value  of  m.  The  difference  of  potentials 
is  now 

V  -  V  =/,(e  -  e')  +/,V  =/,(e  -e'  -t-  ^,e'), 
and  the  pull  on  the  disk  becomes 

Hence  m^jin^pjf^  and,  equating  the  two  values  of  V  —  F',  we  get 


/i- 
^~e-e'{x-l, 


V    7 


From  this  we  get,  for  the  ratio  of  the  dielectric  coefficients, 
K^^ 1 

To  obtain  accurate  results,  either  b}'  this  method  or  by  the  con- 
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denser  method,  it  is  essential  that  the  solid  dielectric  examined 
should  be  quite  free  from  superficial  charge.  One  of  the  most 
effectual  ways  of  ensuring  this  condition  is  to  pass  the  flame  of  a 
Bunsen  lamp  over  all  parts  of  the  surface  in  succession.  For  the 
same  reason,  the  dielectric  slab  should  be  supported  between  the 
metal  plates  without  coming  into  actual  contact  with  either  of  them. 


^ 
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CHAPTER   IX 
EFFECTS   OF    THE   DISCHARGE 

89.  Conductive  Discharge  and  Disruptive  Discharge.— 

Tlie  energy  which  is  accumidated  in  an  electric  field  is  expended 
during  the  discharge  in  various  forms,  which  will  now  be  briefly 
discussed. 

When  the  boundaries  of  the  field  are  put  in  conducting  com- 
munication with  each  other,  a  spark  is  always  produced.  The 
experiment  may  be  made  in  such  a  manner  that  this  spai'k  absorbs 
either  the  greater  part  of  the  available  energy,  or,  on  the  contrary, 
only  a  very  small  portion.  In  the  latter  case  the  work  of  the 
discharge  is  chiefly  expended  in  the  conductors,  and  the  discharge 
is  said  to  be  conductive;  in  the  former  case  it  is  said  to  be  dis- 
7'upfive. 

90.  Resistance  of  Conductors. — Whatever  may  be  the  nature 
of  the  conductors  by  the  aid  of  which  the  discharge  is  effected, 
they  always  offer  a  certain  resistance  to  the  motion  of  electricity, 
and  a  greater  or  less  part  of  the  work  available  is  expended  in 
overcoming  this  resistance,  and  in  so  doing  it  produces  an  equiva- 
lent quantity  of  heat. 

The  quantity  of  heat  disengaged  in  any  portion  of  the  conducting 
wire  is  readily  measured,  at  any  rate  comparatively,  by  means  of 
Eiess's  thermometer  (Fig.  75).  The  portion,  s,  of  the  conductor 
to  be  investigated  is  placed  between  binding  screws,  a  and  B,  in  a 
glass  globe  to  which  is  connected  a  slightly  inclined  capillary  tube 
terminating  in  a  much  wider  vertical  tube,  E.  The  whole  rests  on 
a  hinged  board,  which  can  be  fixed  at  any  desired  angle  by  the 
screw  K.  The  capillary  tube  contains  a  coloured  liquid,  and  when 
the  discharge  is  passed,  the  increase  of  pressure  produced  by  the 
heating  of  the  gas  is  manifested  by  a  displacement  of  the  top  of 
the  capillary  column.  The  heating  takes  place  so  rapidly  that 
there  is  not  time  for  appreciable  loss  of  heat  to  occur  :  and  as  the 
volume  of  gas  does  not  sensibly  alter,  the  displacement  is  pro- 
portional to  the  change  of  pressure,  which  in  turn  is  proportional 
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to  the  rise  of  temperature,  and  therefore  to  the  quantity  of  heat 
disengaged  in  the  wire  s. 

In  order  to  compare  two  conductors,  they  are  both  placed 
simultaneously  in  the  circuit,  each  in  tm^n,  in  the  bulb  of  the 
thermometer,  and  the  other  outside,  and  the  same  quantity  of 
electricity  is  discharged  through  the  circuit.  Experiment  shows 
that  the  quantity  of  heat  liberated,  and  consequently  also  the  re- 
sistance, is,  for  a  given  metal,  directly  proportional  to  the  length 
of  the  wire,  and  inversely  proportional  to  its  area  of  cross-section. 
It  varies,  moreover,  with  the  material  of  the  wire.  In  this  way 
the  resistance  of  the  metals  may  be  determined  in  comparison 
with  any  one  taken  as  a  standard.     If  p  is  the  specific  resistance 

c 


Fig.  75. 

of  a  metal — that  is  to  say,  the  resistance  expressed  in  any  units 
which  it  offers  for  unit  length  and  unit  section — the  resistance,  R, 
of  a  conductor  of  this  metal,  of  length  I,  and  section  s,  in  terms 
of  the  same  unit,  will  be 

11  =  p  — 

s 

"We  shall  hereafter  become  acquainted  with  methods  more  con- 
venient than  that  of  Riess's  thermometer  for  determining  the 
resistance  of  a  conductor,  and  of  obtaining  it  not  merely  in  relative, 
but  in  absolute  value.  The  practical  unit  of  resistance  is  the  ohm. 
This  will  afterwards  be  defined  theoretically  ;  for  the  present  it 
will  be  sufficient  to  know  that  it  is  the  resistance  presented  at  0°  C. 
by  a  column  of  mercury  a  sc^uare  millimetre  in  cross-section  and 
106 "3  centimetres  in  length. 
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91.  Fusion  and  Volatilisation  of  Metals.— In  the  conductive 

discharge  all  the  energy  is  converted  into  heat  in  the  conductor 
itself,  provided  no  external  work  is  done.  We  have  already  seen 
(39)  that  if  we  express  quantity  of  electricity  in  coulombs,  and 
difference  of  potentials  in  volts,  electric  energy  is  expressed  in 
joules.  On  the  other  hand,  a  gramme-degree, — that  is,  the  quan- 
tity of  heat  necessary  to  raise  the  temperature  of  one  gramme 
of  water  at  0°  through  one  degree, — is  equal  to  4-18  joules.  This 
number   is    called   the  mechanical   equivalent  of  heat,   and   is  de- 


FiG.  76. 

noted  by  the  letter  /.     If  H  is  the  number  of  gramme-degrees 
disengaged,  we  have 

JH=  TF=  I  a ( F-  V)  =  \C{V-  V'f  =  1  91, 

The  quantity  of  heat  corresponding  to  a  given  discharge  is  a 
fixed  quantity  ;  it  is  independent  of  the  conditions  in  which  the 
discharge  takes  place,  and  in  particular  of  the  nature  of  the  con- 
ductor. If  this  latter  is  made  up  of  two  parts,  R  and  R',  experi- 
ment shows  that  the  quantity  of  heat  divides  between  them  in 
proportion  to  their  respective  resistances.  Accordingly,  by  !akin(^ 
very  thick  conductors  of  very  small  resistance,  and  interposing 
between  them  a  wire  of  great  resistance,  we  may  concentrate  in 
the  latter  almost  the  whole  of  the  heat  produced  by  the  discharge. 
Thus  with  an  apparatus  called  the  universal  discharger  (Fig.  76), 
we  may  raise  the  temperature  of  a  fine  wire  of  any  material 
stretched  between  the  two  knobs  B  and  d'  sufficiently  to  melt  it, 
or  even  to  volatilise  it. 
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If  H  is  the  quantity  of  heat  available,  m  the  mass  of  the  metal, 
d  its  density,  and  c  its  mean  specific  heat,  the  temperature,  t,  to 
which  it  will  be  raised  from  0°  by  the  quantity  of  heat,  H,  is 


mc 


H 

side 


if  we  disregard  any  losses  by  radiation. 

Hence,  for  a  given  metal,  the  temperature  depends  only  on  the 
mass  of  metal ;  it  is  higher  as  the  mass  is  less — that  is  to  say,  as 
the  wire  is  finer  and  shorter. 
For  two  wires  of  the  same 
mass  but  of  different  metals, 
it  is  inversely  as  the  specific 
heat ;  lastly,  for  two  wires  of 
different  metals,  of  the  same 
section  and  the  same  length, 
it  is  inversely  as  the  product  ^i''-  '''^■ 

of  the  density  into  the  specific  heat — that  is  to  say,  the  thermal 
capacity  of  unit  volume. 

If  the  wire  is  to  be  fused  by  a  given  quantity  of  heat,  H,  the 
mass  of  the  wire  may  be  determined  by  the  equation 

m{cT+X)  =  H 

in  which  T  is  the  melting  point  and  A  the  heat  of  fusion  of  the 
metal. 

All  metals  may  thus  be  either  melted  or  volatilised ;  iron  is 
suddenly  reduced  to  droplets,  which  burn  in  the  air,  throwing  out 
sparks,  and  producing  oxide  of  iron.  Silk  threads  interwoven 
with  fine  gold,  silver,  or  copper  wire,  are  very  well  suited  for  these 
experiments.  A  quite  moderate  discharge  is 
sufiicient  to  volatilise  them  with  explosive 
violence.  The  metal  disappears  completely  in 
fumes,  Avhich  rapidly  settle.  They  are  easily 
collected  on  a  card  placed  against  the  wire 
(Fig.  77),  leaving  a  deposit  on  it  which  is 
characteristic  of  the  metal,  both  in  shape  and 
in  colour.  The  silk  usually  remains  unchanged. 
The  explosion  which  accompanies  the  volatili- 
sation of  the  metal  is  an  indication  that  the 
air  is  violently  disturbed.  If  the  experiment 
is  made  by  immersing  the  ends  of  the  rods  between  which  the  wire 
is  stretched  in  a  vessel  of  water  (Fig.  78),  the  disturbance  which 
takes    place   when    the    discharge    is   passed,     being    transmitted 


Fig.  78. 


140 


EFFECTS   OF   THE   DISCHARGE 


[91- 


through  an  incompressible  liquid,  smashes  the  glass  with  a  great 

noise.     The  effect  resembles  that  of  a  torpedo. 

In  what  is  known  as  Franklin's  experiment  (Fig.  79),  a  piece  of 

gold-leaf,  ff',  is  applied 
against  a  piece  of  paper, 
B,  in  which  a  portrait  of 
Franklin  is  cut  out ;  on 
the  other  side  is  placed 
a  white  silk  ribbon,  c, 
and  the  whole  is  strongly 
clamped  between  two  slips 
of  wood,  p.  When  a  dis- 
charge is  passed,  the  gold 
is  volatilised,  its  vapours 
pass  through  the  parts  cut 

out,  and  reproduce  the   design  in  a  violet-brown    colour    on    the 

ribbon. 

92.  Passage  of  the  discharge  through  Bad  Conductors.— 

If  a  bad  conductor  is  interposed  in  the  circuit,  the  greater  part  of 
the  energy  is  expended  in  the  mechanical  operations  of  tearing 


Fig.  80. 


Fig.  81. 


and  of  rupture.     A  sheet  of  paper,  a  card,  a  thin  sheet  of  glass  are 
easily  perforated  even  by  rather  weak  discharges. 

In  the  experiment  with  the  card  represented  in  Fig.  80,  when 
the  discharge  is  passed,  the  perforation  produced  exhibits  a  kind 
of  welt  round  the  edges,  and  if  the  two  points  are  not  at  the  same 
height,  the  hole  is  nearer  the  negative  point. 
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Electricity  passes  less  easily  through  glass.  The  experiment 
may  be  made  by  means  of  the  apparatus  represented  in  Fig.  81. 
The  greatest  difficulty  in  this  experiment  is  to  prevent  the  spark 
from  travelling  over  the  surface  of  the  glass  plate.  This  should 
be  well  warmed,  and  a  drop  of  oil  placed  round  the  upper  point. 
With  powerful  batteries  glass  plates  of  some  centimetres  in  thick- 
ness may  be  perforated  ;  in  this  case  the  two  points  should  be 
completely  imbedded  in  a  bad  conductor,  such  as  resin  or  wax,  or, 
still  better,  a  mixture  of  the  two. 

93.  Passage  of  the  discharge  over  the  surface  of  Bad 

Conductors. — The    property    which    the    discharge    possesses   of 

travelling  over  the  surface  of  bad 
conductors  gives  rise  to 
remarkable  luminous  pheno- 
mena. When  a  battery  is  so 
strongly  charged  that  it  is  on 
the  point  of  discharging  spon- 
taneously between  the  two 
coatings,  a  crackling  sound  is 
heard,  and  at  the  same  time 
numerous  lines  of  light 
spread  over  the  uncoated 
surface  of  the  jars. 

Very  beautiful  effects  are 
obtained  by  covering  a  glass 
plate  with  tinfoil  on  one  side 
only.  One  of  the  limbs  of 
the  discharger  is  placed  in 
contact  with  the  tinfoil,  and 
the  other  at  a  small  distance 
in  front  of  the  uncoated  sur- 
face. Each  discharge  gives 
rise  to  very  beautiful  ramifi- 
cations. 

The      discharges      which 
travel  thus  over  the  sui-face 
of  the  glass  leave  a  permanent 
trace,  which  can  be  made  visible  by  breathing  on  the  surface  so  as 
to  deposit  a  little  moisture. 

The  propagation  of  the  spark  along  the  surface  of  badly  con- 
ducting bodies  is  facilitated  by  portions  of  conducting  material 
dispersed  over  them.  Very  beautiful  effects  are  thus  obtained 
with   what    is  known  as  the    luminous  jar   (Fig.    82) ;    this  is  a 
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Leydeii  jar,  the  outer  coating  of  which,  instead  of  being  con- 
tinuous, consists  of  metal  filings  fastened  on  with  varnish.  The 
inner  coating  is  prolonged  by  a  tongue  of  tinfoil  to  within  a  short 
distance  from  the  outer  coating.  Every  spark  which  passes  be- 
tween the  two  armatures  branches  out  over  the  latter. 

With  these  phenomena  may  be  associated  the  luminous  tubes 
and  panes  (Fig.  83),  obtained  by  fastening  on  the  surface  of  glass 
a  series  of  small  lozenges  of  tinfoil,  between  which  sparks  pass 
simultaneously,  producing  the  effect  of  a  continuous  line  of 
light. 

94.  Disruptive  Discharge. — The  disruptive  discharge  (8, 
89)  presents  a  great  variety  of  forms,  which  may  be  referred  to 
three  types — the  spark,  the  brush,  and  the  glow. 

All  these  forms  have  one  common  character,  which  is  that,  not- 
withstanding their  short  duration,  they  are  not  simple 

phenomena.     When  examined  by  means  of  a  rotating 

mirror,  a  discharge  is  often  seen 

to    be  an   intermittent    pheno- 
menon   consisting    of    a    great 

number  of  successive  discharges 

in    opposite    directions,    which 

have  a  well-marked   oscillatory 

character,  as  if    the   electricity 

went    from    one    armature    to 

another  until  it  had  lost  all  its 

energy. 

The  spark  when  it  is  short 

appears    as    a     bright    line    of 

light,  which  is  the  more  dense 

the    greater    the    quantity    of 

electricity.     In    proportion    as   ^^ 

the    distance    inci'eases    or    as  ^=c- 

the   capacity  of   the    condenser   ^^ 

diminishes,     the     line     is    less 

defined ;    it  becomes   narrower 
and  less  luminous,  and  acquires  a  zigzag  form  (Fig.   84),  passing 
into  that  of  a  brush. 

The  production  of  the  spark  is  always  accompanied  by  a 
hard  crackling  sound,  due  to  a  violent  mechanical  disturbance 
of  the  medium,  as  may  be  illustrated  by  means  of  Kmnersleifs 
thermometer  (Fig.  85).  When  the  dischai'ge  passes  between  the 
two  knobs,  the  water  is  driven  out  of  the  larger  tube  into  the 
smaller  one. 


^\> 


Fig. 


Fig.  85. 
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If  the  spark  is  passed  through  water  in  the  apparatvis  repre- 
sented in  Fig.  86,  the  disturbance  is  sufficient  to  break  the  tube. 

The  brush  (Fig.   87)  has  a  v 

pale  violet  tint,  and  is  accom- 
panied by  a  peculiar  continuous 
hissing    sound,    very    different  ^^^-  ^^• 

from  the  sharp  crack  of  the  spark  discharge.  The  whole  has  an 
ovoidal  form,  and  the  ramifications  which  proceed  from  the  positive 
pole  are  connected  with  it  by  a  kind  of  brightly  luminous  stem. 
The  negative  pole  appears  as  though  it  were  clothed  with  a  luminous 
layer ;  if  it  ends  in  a  point,  this  is  tipped  with  a  small  brilliant 
star. 

When  the  spark  passes  between  terminals  sealed  into  glass 
vessels,  and  the  pressure  of 
the  contained  gas  is  altered, 
very  various  effects  are  pro- 
duced. Thus  at  a  pressure, 
which  varies  from  4  cm.  for 
air  to  over  atmospheric  pres- 
sure for  helium,  the  discharge 
forms  an  imbroken  flexible 
column,  passing  without  noise 
between  the  terminals.  This 
can  be  investigated  by  means 
of  the  electric  egg  (Fig.  88). 
At  a  smaller  pressure  the 
column  becomes  more  nebu- 
lous and  breaks  up  into  de- 
tached portions  (strice)  (Fig. 
89),  which   commence  at  the  P^^    g^ 

positive      pole      and     extend 

through  almost  the  whole  length  of  the  tube,  whatever  its  length 
(e.g.  40  feet).  These  striaj  are  convex  outwards  on  the  side  facing 
the  negative  pole,  but  nearly  flat  on  the  other  side.  The  negative 
pole  is  coated  with  a  blue  velvety  glow  (the  negative  gloic),  between 
which  and  the  striae  a  dark  space  exists  (the  Faraday  dark  space). 
As  the  pressure  of  the  gas  is  made  still  smaller  the  striae  disappear, 
the  luminosity  of  the  positive  column  decreases,  while  a  second  dark 
space  (the  Crookes  space)  is  seen  to  separate  the  velvet  glow  from  the 
negative  terminal ;  the  size  of  this  space  increases  as  the  exhaustion 
proceeds ;  its  shape  is  that  of  the  locus  of  equal-length  normals 
drawn  from  the  electrode.  The  negative  glow  stai^ts  abruptly  from 
the  outer  boundary  of  the  Crookes  space  but  ends  diffusely  in  the 
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Faraday  space.  At  the  same  time,  especially  if  the  terminal  be 
concave,  a  stream  of  blue  light  (or  green  light  if  the  gas  is  laden 
Avith  mercury  vapour)  emanates  in  straight  lines  from  the  electrode, 
traverses  the  dark  space  and  negative  glow,  and  excites  phosphor- 
escence on  any  objects  upon  which  it  may  fall. 
The  phosphorescence  is  blue  if  it  falls  upon  lead 
glass,  green  if  on  soda  glass,  brilliant  green  if  on 
uranium  glass.  This  stream  is  called  the  Cathode 
stream  :  its  properties  will  be  further  described  in 
the  concluding  chapter  (481,  482). 

Finally,  if  the  exhaustion  be  pushed  as  far  as 
possible,  all  luminosity  in  the  tube  gradually 
vanishes,  and  any  discharge  which  takes  place  pi'o- 
bably  does  so  by  leakage  over  the  surface  of  the 
glass  vessel  itself.  To  obtain  the  necessary  vacuum 
very  prolonged  pumping  is  required,  and  the  vessel 
has  to  be  heated  at  the  same  time  to  drive  off 
absorbed  gases. 

The  difference  of  potentials  necessary  to  produce 
a  discharge  in  a  partial  vacuum  varies  from  many 
causes.  Under  ordinary  circumstances  a  few 
hundred  volts  at  least  are  required ;  but  if  the 
terminals  are  heated,  or  if  another  discharge  is  already  passing 
through  the  tube  between  independent  terminals,  the  required 
voltage  is  much  less ;  while  in  the  highest  stage  of  exhaustion 
100,000  volts  may  be  ineffectual. 

Spectroscopic  examination  of  the  luminous  phenomena  pro- 
duced by  the  discharge  throws  some  light  on  their  nature.  The 
light  of  the  spark  in  air  at  ordinary  pressure  shows  lines  which  are 
chai-acteristic  of  the  metals  of  the  electrodes  between  which  the 
spark  passes,  and  at  the  same  time  of  the  gas  in  which  it  is  formed. 


Fig. 


O^^H(((((Pj^ 


M(((((((((((: 


Fig.  89. 

The  light  of  the  former  predominates  especially  in  the  case  of 
strong  sparks.  If  the  electrodes  are  of  two  different  metals,  the 
lines  due  to  both  metals  are  found,  A  portion  of  the  energy  is 
therefore  expended  in  detaching  and  volatilising  particles  of  metal 
from  the  two  electrodes.  It  is  observed,  for  instance,  that  after  a 
somewhat  powerful  discharge  between  a  gold  knob  and  a  silver  one, 
silver  is  found  on  the  gold,  and  ijold  on  the  silver  knob. 
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In  the  light  of  the  glow  discharge  no  trace  of  metallic  lines  is 
met  with ;  the  spectrum  is  the  same  whatever  the  nature  of  the 
metal,  and  is  due  solely  to  the  luminous  gas. 

95.  Striking  Distance. — The  length  of  the  spark  in  air  under 
the  ordinary  pressure,  or  what  is  known  as  the  striking  distance, 
depends  on  the  difference  of  potentials  of  the  two  electrodes.  It 
varies  with  the  shape  and  size  of  the  electrodes ;  thus,  for  the  same 
striking  distance,  the  difference  of  potentials  required  between  two 
spheres  increases  when  their  radii  increase.  It  must  be  observed 
that  in  the  case  of  two  parallel  plates,  which  are  large  in  proportion 
to  their  distance  apart,  if  the  difference  of  potentials  increased  in 
proportion  to  the  striking  distance,  the  discharge  would  always  take 
place  with  the  same  electrical  force,  and  consequently  for  the  same 
density  of  the  electric  layer  (44).  As  a  matter  of  fact,  both  for 
planes  and  spheres,  and  for  striking  distances  greater  than  1  mm., 
the  difference  of  potentials  increases  less  rapidly  than  the  distance, 
the  rate  of  increase  becoming  less  rapid  the  greater  the  distance. 
This  is  seen  from  the  following  table,  which  refers  to  the  discharge 
between  two  knobs  each  one  centimetre  in  diameter : — 


Length 

of  Spark. 

Cm. 

Difference  of  Potentials. 
Electrostatic 

Units.                             Volts. 

0-1 

161 

4,830 

0-5 

56-3 

16,890 

ro 

84-7 

25,440 

1-5 

97-8 

29,340 

2-0 

104-5 

31,350 

3-0 

124-0 

37,200 

5-0 

153-0 

45,900 

10-0 

187-8 

56,100 

15-0 

206-0 

61,800 

For  the  case  of   brass  balls,   diameter  of  each   2-54  cm.,   the 
following  values  have  been  obtained  : — 


Length 

of  Spark. 

Cm. 

Difference 
Electrostatic 
Units. 

of  Potentials. 

Volts. 

0-1 

16-0 

4,800 

0-5 

60-9 

18,270 

1-0 

108-9 

32,670 

1-5 

146-2 

43,860 

2-0 

175-7 

52,710 

The  following  values  (taken  from  more  complete  tables  quoted 
by  Dr.  A.  Russell ;  see  95*)  have  been  found  for  the  case  of  equal 
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brass  balls  of  5  cm.  diameter.     The  three  first  results  are  due  to 
Heydweiller,  the  remainder  to  Algermissen  : — 


Length 

of  Spark. 

Cm. 

Difference 
Electrostatic 
Units. 

of  Potentials. 

Volts. 

0'5 

61-2 

18,360 

1-0 

109-5 

32,850 

1-5 

154-1 

46,230 

1-5 

154 

46,200 

2-0 

194 

58,200 

2T) 

230 

69,000 

3-0 

260 

78,000 

3-5 

288 

86,400 

4-0 

314- 

94,200 

4-2 

324 

97,200 

The  striking  distance  in  air  is  sensibly  the  same  for  the  spark 
properly  so  called  as  for  the  brush.  This  is  readily  demonstrated 
by  a  Holtz  machine,  with  or  without  the  Leyden  jars,  which  in- 
crease the  capacity  of  the  conductors  (75).  Without  the  jars,  the 
brush  is  formed  continuously  and  the  difference  of  potentials 
between  the  two  electrodes  is  sensibly  constant.  When  the  jars  are 
used  the  sparks  pass  intermittently  ;  the  difference  of  potentials 
increases  until  the  spark  is  produced,  when  it  falls  almost  to  zero. 

When  the  pressure  is  diminished,  the  difference  of  potentials 
corresponding  to  a  given  striking  distance  diminishes  rapidly  to  a 
certain  limit,  beyond  which  it  again  increases  with  extreme 
rapidity.  There  appears  to  be  one  particular  pressure  at  which 
the  resistance  to  the  discharge  is  a  minimum.  This  varies  in 
different  gases,  and  with  one  and  the  same  gas  it  varies  with  the 
dimensions  of  the  tube.  With  air  it  is  about  3  mm.  in  a  space  of 
an  ovoidal  form,  but  it  is  considerably  smaller  in  tubes.  Lastly,  as 
the  pressure  is  gradually  diminished  a  point  is  reached  at  which 
the  spark  does  not  pass,  whatever  may  be  the  difference  of  poten- 
tials. It  seems  to  result  from  this,  that  matter  is  necessary  for 
the  transmission  of  electiicity. 

95.*  Electric   Strength   of  Dielectrics. — Before  a  spark 

passes  in  a  dielectric  medium,  an  electric  stress,  measured  by  the 
rate  of  change  of  potential  dV/dx,  is  set  up  in  it,  and  the  spark 
passes  when  the  stress  reaches  such  a  value  that  the  medium  can 
no  longer  support  it,  but  breaks  down,  more  or  less  as  a  shell 
bursts  if  it  is  subjected  to  too  great  a  pressure.  The  limiting 
value  of  the  stress  (which  we  have  elsewhere  (18)  called  the 
electric  force  or  intensity)  that  a  medium  can  support  is  called  its 
electric  strength  (57).     For  air  at  ordinary  pressure  and  temperature, 
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it  is  about  127  electrostatic  units.  It  is  greater  at  higher  pressures. 
Asj  the  pressure  is  redviced,  the  electric  strength  of  air  falls  to 
about  1-1  electrostatic  unit  at  about  one-hundredth  of  an  atmos- 
phere and  rapidly  rises  again  at  still  lower  pressures. 

Suppose  two  metal  spheres,  each  of  radius  a,  with  their  centres 
at  a  distance  d,  and  having  charges  +  Q  and  —  Q  respectively  :  if 
d  is  much  greater  than  2a,  the  charges  will  act  externally  as 
though  concentrated  at  the  centres  of  the  respective  spheres.  In 
this  case  the  electric  stress  at  a  point  between  them,  on  the  line 

of  centres,  at  distance  x  from  the  surface  is  ^      _l — 

This  has  its  least  value  when  a  +  x  =  \d — that  is,  at  a  point  half-way 
between  the  spheres  — and  increases  from  this  point,  either  way, 
and    reaches   a  maximum    when   x  =  Q  —  that   is,  at  the  surface 

of  the  spheres  where  it  becomes  —  + .      If  therefore  the 

a^     (d-a)'^ 

charges  Q  and  -  Q  are  simultaneously  increased,  a  point  will  be 

reached  at  which  the  medium  will  break  down,  yielding  first  at  the 

point  on  the  surface  of   each   sphere  which  is  nearest  the  other 

sphere. 

Even  in  the  simple  case  we  have  supposed  the  limiting  stress 

required  to  give  a  spark  is  not  measurable  by  direct  experiment, 

for    it    is    hardly    practicable    to    measure    directly    the    charges 

+  Q  and  -  Q.     Under  the  given  conditions,  the  potential  of  the 

positive  sphere  is  approximately  Q  (-_-),  and  that  of  the  nega- 

\a     d) 

tive  sphere  is  approximately  -  (3  (  -  _  -  ),  and  therefore  the  differ- 

\«     d) 

ence  of  potentials   2Q  (__- j.     This  difference  of  potentials  can 

be  measured  and  hence  the  value  of  Q,  and  therefore  of  the  stress 
needed  for  a  spark,  can  be  calculated.  Eesults  deduced  from  this 
formula  would,  however,  only  be  comparatively  rough  apj^roxima- 
tions.  An  accurate  calculation  requires  that  the  distribution  of 
the  charges  on  the  two  spheres  resulting  from  their  mutual 
influence  should  bo  taken  into  account.  The  question  has  been 
carefully  discussed  by  Dr.  A.  Paissell  ^  by  a  method  founded  on 
the  principle  of  electrical  images  (38).  He  gives  tables  whereby 
the  disruptive  stress  can  be  found  from  the  difference  of  potentials 
required  to  give  a  spai'k  whose  length  is  in  a  known  ratio  to  the 
radius  of  the  spheres.     When  the  spark-length  /  is  small  as  com- 

1  Phiiosophical  Mayazinc.  [G]  vol.  xi.  (Feb.  1906). 
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pared  with  the  radius  a,  and  the  spheres  have  potentials  F/2  and 
-  F/2,  the   disruptive  stress  is  given  very  nearly  by  the  formula 

/I       l^ 

When  Ija  is  4  or  more,  one  sphere  being  at  potential  T^and  the  other 
at  0,  the  sparking  stress  is  given  very  accurately  by  the  formula 

/I  a 


95.**  Maximum  Surface-Density  of  Charge— Maximum 

Charge. — The  relation /=47ro-/ A'  (44)  determines  the  maximum 
surface-density  of  the  charge  that  can  exist  on  a  conductor  in  con- 
tact with  a  dielectric  of  inductive  capacity  K  when  the  electric 
strength  of  the  dielectric  is  known.  Thus,  for  air,  we  have  /v  =  l 
and,  taking  the  maximum  value  of  /=127,  as  stated  in  the  last 
section,  we  get 

fK      127 
'^=47r=lM7  =  l^"l- 
Hence  the  maximum  charge  that  can  be  given  to  a  metal  sphere 
surrounded  by  air  and  at  a  great  distance  from  other  conductors 
is=  10"1  X  surface-area  =  lO'l  x  12"57ft",  or  generally, 

^imax.  —  '^7na,r.  -^  —  ' T^ •  47ra"  =Jmax.  Aft". 

47r 

This  applies  to  a  condenser  of  any  form  if  it  is  such  that  the 
surface-density  of  the  charges  is  unifoi'm.  With  any  such  con- 
denser and  air  as  dielectric,  the  maximum  charge  is 

127 


12-57 


A  =  10-IA. 


The  electric  strength  of  non-conducting  solids  and  liquids  is  in 
general  much  greater  than  that  of  air.  Some  data  bearing  on 
this  point  will  be  found  in  a  table  at  the  end  of  this  book. 

96.  Chemical  Effects   of  the  Spark. — The   spark  in  air 

ignites  combustible  bodies  like  alcohol  and  ether ;  it  ignites 
mixtures  of  oxygen  with  combustible  bodies  like  hydrogen  and  its 
compounds,  carbonic  oxide,  etc.  The  eudiometer  is  based  on  this 
principle.  In  this,  as  in  VoltcCs  iristol  (Fig.  90),  a  spark  is  caused 
to  pass  through  a  detonating  mixture  of  gases.  The  rod,  de,  is 
insulated  from  the.  side  of  the  vessel,  and  the  moment  a  spark 
passes  between  the  electrified  body  and  the  knob  D,  a  spai'k  also 
strikes  between  the  knob  E  and  the  side  of  the  vessel  which  is 
connected  with  the  earth. 
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A  succession  of  sparks  decomposes  ammoniacal  gas  into  its 
elements,  nitrogen  and  hydrogen,  until  a  certain  proportion  of  these 
gases  has  been  produced.  If  hydrogen  and 
nitrogen  are  present  in  larger  proportion,  the 
passage  of  sparks  causes  the  gases  to  combine 
and  reform  ammonia.  By  means  of  an  appar- 
atus such  as  that  shown  in  Fig.  91,  it  was 
proved  by  Cavendish  that  the  passage  of  elec- 
tric spax'ks  through  a  mixture  of  nitrogen  and 


Fig.  91.  Fig.  90. 

oxygen  produced  nitric  acid.  The  ends  of  the  V-tuhe  filled  with  the 
mixture  of  the  two  gases  are  placed  iu  two  vessels  of  mercury,  one 
of  which  is  connected  with  the 
prime  conductor  of  an  electrical 
machine,  while  the  other  is  put 
to  the  rubber.  The  gases  should 
be  slightly  moist,  and  when  the 
machine  is  worked  the  mercury 
rises  in  the  tube  in  proportion  as 
the  gases  combine  to  form  the  acid. 
The  brush  discharge,  or  electric 
effluvium,  produces  in  some  cases 
characteristic  effects  different  fi'om 
those  of  a  sudden  spark  discharge. 
An  important  example  is  the  trans- 
formation of  oxygen  into  ozone, 
which  takes  place  when  a  current 
of  oxygen  is  passed  between  two 
glass  plates,  or  two  glass  tubes  one 
inside  the  other,  each  coated  on  the 
farther  side  with  tinfoil  connected 
with  the  terminals  of  an  induction- 
coil  or  of  a  Holtz  machine.  The 
proportion  of  ozone  formed  is  in- 
creased when  the  temperature  is  kept  low.  If  concentric  tubes  are 
employed,  the  tinfoil  coatings  may  with  advantage  be  replaced  by 
strong  sulphuric  acid.   Fig.  92  shows  a  convenient  form  of  apparatus. 


Fig.  92. 
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97.  Physiological  Effects  of  the  Discharge.— When  the 

discharge  is  passed  through  the  human  body,  a  shock  is  felt  which, 
according  to  the  energy  of  the  charge,  may  be  either  a  simple 
prickling  or  a  disabling  shock.  The  experiment  is  made  by  hold- 
ing a  charged  Leyden  jar  in  one  hand  by  its  outside  coating  while 
the  other  hand  is  brought  to  touch  the  knob  connected  with  the 
inner  coating.  The  shock  may  also  be  taken  by  a  large  number  of 
persons  at  once,  by  joining  hands  in  a  chain,  while  the  first  grasps 
the  outside,  and  the  one  at  the  end  brings  his  hand  to  the  knob. 

Experiment  shows  that  the  physiological  effect  depends  on  the 
energy  of  the  discharge,  that  is  to  say,  jointly  on  the  fall  of  poten- 
tial and  on  the  quantity  of  electricity.  Thus  we  may  take  with 
impunity  sparks  from  an  ordinary  machine  20  to  30  cm.  in  length, 
while  one  of  only  a  few  millimetres  from  a  battery  of  great  capa- 
city could  not  be  borne.  In  like  manner,  for  the  same  quantity  of 
electricity,  the  discharge  by  cascade  gives  a  more  violent  shock 
than  that  of  a  single  jar.  Another  circumstance  which  comes  into 
play  is  the  duration  of  the  discharge  and  the  manner  in  which  it  is 
effected ;  thus  a  battery  which  would  give  a  violent  shock  under 
ordinary  circumstances  only  gives  a  very  feeble  one  when  the 
dischaige  takes  place  through  a  moist  cord  forming  part  of  the 
circuit.  The  effect  of  this  is  to  increase  the  duration  of  the 
discharge,  and  at  the  same  time,  without  altering  the  total  energy 
of  the  discharge,  to  cause  a  considerable  part  of  it  to  be  converted 
into  heat  in  the  cord  itself  by  virtue  of  the  resistance  which  it 
offers. 


CHAPTER  X 

GALVANIC    OR    VOLTAIC    BATTERY 

98.  Galvanic  Element. — If  a  plate  of  zinc  and  a  plate  of  copper 
dip  side  by  side,  without  touching,  in  a  vessel  of  water  acidulated 
with  sulphuric  or  hydrochloric  acid,  two  pieces  of  copper  wire 
attached  one  to  each  plate  are  found  to  differ  in  potential.  If  the 
wires  are  connected  with  the  alternate  pairs  of  quadrants  of  a 
quadrant-electrometer,  a  deflection  is  produced  indicating  a  differ- 
ence of  potentials  of  about  one  volt,  the  potential  of  the  wire  from 
the  copper  plate  being  the  higher. 

Similar  results  wovdd  be  obtained  if  almost  any  two  metals 
were  substituted  for  copper  and  zinc  in  the  above  experiment,  and 
instead  of  acidulated  water,  ordinary  tap-water,  or  water  contain- 
ing a  small  quantity  of  some  salt  in  solution,  may  be  used.  The 
only  difference  in  the  result  would  be  in  the  magnitude  of  the 
observed  difference  of  potentials.  The  material  of  the  connecting 
wires  is  of  no  consequence ;  copper  is  mentioned  as  being  the 
material  most  likely  to  be  at  hand,  and,  on  the  whole,  the  most 
convenient. 

Results  equivalent  to  those  just  stated  were  observed  in  1789 
by  Ludovico  Galvani,  professor  of  anatomy  at  Bologna.  An 
arrangement  such  as  we  have  described,  or  any  modification  of 
it  producing  like  effects,  is  consequently  often  spoken  of  as  a 
galvanic  element  or  galvanic  cell;  and  the  study  of  the  numerous 
phenomena  for  the  discovery  of  which  Galvani's  observation  formed 
the  starting-point  constitutes  the  science  of  galvanism. 

99.  Voltaic    Pile— Galvanic    Battery.— The  difference  of 

potentials  between  the  wires  of  a  galvanic  cell  depends  only  on 

the  materials  employed,  and,  to  some  extent,  on  their  temperature  ; 

it  is  not  affected  by  the  size,  shape,  or  relative  positions  of  the 

plates,  nor  by  their  absolute  electrical  potential.      If  placed  on  an 

insulating  stand,  a  galvanic  cell  may  be  strongly  electrified  either 

positively  or   negatively,  but,  however  high   or  however  low  the 

potential  of  the  cell  as  a  whole  may  be,  the  potential  of  the  wire 

from  the  copper  plate  remains  about  one  volt  higher  than  that  of 

the  wire  connected  with  the  zinc. 
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A  consequence  of  this  is  that,  if  several  cells  are  arranged  one 
after  anothei-,  and  the  zinc  plate  of  the  first  is  connected  by  a  wire 
with  the  copper  plate  of  the  second,  the  zinc  of  that  with  the 
copper  of  the  third,  and  so  on  throughout,  the  zinc  of  the  last  cell 
but  one  being  joined  to  the  copper  of  the  last,  the  difference  of 
potentials  between  the  wire  from  the  first  copper  plate  and  that 
from  the  last  zinc  plate  is  equal  to  the  difference  found  in  the  case 
of  a  single  cell  multiplied  by  the  number  of  cells.  To  see  how 
this  follows,  let  us  assume  for  simplicity  that  the  difference  of 
potentials  in  the  case  of  a  single  cell  is  exactly  one  volt,  and  that 
the  wire  connected  with  the  last  zinc  plate  is  in  contact  with  the 
inside  of  the  room  where  the  experiment  is  made.  "We  may  assume 
then  (36)  that  its  potential  is  zero.  Accordingly,  the  potential  of 
the  copper  plate  of  the  same  cell  and  of  the  wire  attached  to  it 
will  be  one  volt.  But  this  wire  is  fastened  to  the  zinc  of  the  last 
cell  but  one,  and  therefore  the  copper  of  this  cell  will  have  a 
potential  =  2  volts.  In  the  same  way  that  of  the  next  preceding 
cell  will  have  a  potential  =  3  volts,  and  so  on  to  the  beginning  of 
the  series,  the  potential  rising  by  one  volt  for  every  cell.  Pro- 
ceeding in  the  opposite  direction  along  the  series  of  cells,  we  should 
find  a  fall  of  potential  equal  to  one  volt  at  a  time  as  we  passed 
from  one  cell  to  the  next ;  so  that,  if  the  first  copper  plate  were 
kept  at  potential  zero,  the  second  would  have  a  potential  =  —  1, 
the  next   —  2,  and  so  on. 

The  fact  that  the  difference  of  potentials,  resulting  from  a  single 
pair  of  metals  dipping  into  an  aqueous  liquid,  can  be  thus  mvilti- 
plied  by  arranging  in  order  a  number  of  such  pairs  connected 
together,  was  discovered  in   1800  by  Alessandro  Volta,  professor 

of  physics  at  Pavia.  In  order  to 
produce  the  effect  in  a  marked 
degree,  he  arranged  a  number  of 
alternate  discs  of  copper  and  zinc, 
each  pair  being  separated  from  the 
next  by  a  round  of  cloth  soaked 
with  acidulated  water,  as  shown 
in  section  in  Fig.  93,  and  in  per- 
spective in  Fig.  94.  This  arrange- 
ment is  known  as  Volta's  jnle.  A 
corresponding  combination  of  pairs  of  metal  plates  in  separate 
vessels  of  liquid  is  called  a  voltaic  battery  or  gal.vi(7iie  battery,  and 
in  general  the  terms  voltaic  and  galvanic,  and  words  formed  from 
them,  are  used  almost  interchangeably  in  relation  to  the  class  of 
phenomena  we  have  now  to  study. 


Fig.  9:{. 
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100.  Volta's  Theory  of  Electrification  by  Contact. — In 

order  to  explain  facts  of  the  kind  referred  to  in  the  last  two  para- 
graphs, Volta  supposed  that  the  surface  of  contact  of  two  metals,  or 
more  generally  of  any  two  differ- 
ent substances,  is  the  seat  of  a 
peculiar  force,  which  he  termed 
electromotive  force,  the  effect  of 
which  is  to  transfer  positive  elec- 
tricity across  the  surface  in  one 
direction  and  negative  in  the  other, 
until  the  tendency  of  the  two 
electricities  to  reunite  balances 
the  force  which  tends  to  separate 
them.  He  supposed  the  electro- 
motive force  in  any  given  case  to 
depend  solely  on  the  nature  of 
the  materials  in  contact,  and  not 
upon  the  size  or  shape  of  the 
bodies,  or  the  extent  of  the  surface 
of  contact,  or  on  their  electric 
state. 

Among  the  numerous  experi- 
ments which  he  devised  to  establish 
this  principle  the  following  may  be 
cited : — 

1.  Two  plates,  one  of  zinc  and 
the  other  of  copper,  supported  by 
insulating  handles  (Fig.  95),  and 
at  first  in  the  neutral  state,  are 
placed  in  contact  and  then  sepa- 
rated. On  applying  these,  each 
separately,  to  a  delicate  electroscope,  it  is  found  that  they  are 
each  electrified,   the    zinc    positively   and    the   copper   negatively. 

The  amount  of  the  charge  is  proportional 
to  the  extent  of  the  surfaces  in  contact. 
The  two  plates  are  charged  as  if  they 
were  the  plates  of  a  condenser  between 
which  a  difference  of  potentials  has  been 
established.  The  two  electricities  form 
on  the  surfaces  in  contact  two  equivalent  layers,  wdiich  I'emain 
separated  in  conformity  with  the  electromotive  force  of  contact  of 
Volta,  notwithstanding  the  absence  of  an  insulating  plate. 

2.  A  zinc  strip  joined  to  one  of  copper  is  held  in  the  hand,  and 


Fig.  94. 


Fig.  95. 
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the  copper  end  is  applied  against  the  lower  of  the  two  copper  plates  of  a 
condensing  electroscope,  the  top  plate  of  which  is  touched  by  the  other 
hand  (Fig.  96).     If  the  connections  are  broken  and  the  top  plate  is 

raised,  the  gold  leaves  diverge, 
with  negative  electricity  ;  this 
proves  that  the  potential  of  the 
copper  was  negative,  for  as  the 
zinc  was  held  in  the  hand,  it 
was  at  the  potential  of  the  earth 
— that  is,  at  zero.  If  the  ex- 
periment is  repeated  in  exactly 
the  same  manner,  except  that 
the  copper  is  held  in  the  hand 
and  the  zinc  applied  to  the 
electroscope,  the  leaves  do  not 
diverge.  The  fall  of  potential 
fx'om  zinc  to  copper  is  evidently 
the  same  in  both  cases,  and  the 
potential  of  the  plate  is  zero 
like  that  of  the  copper  held  in 
the  hand. 

The  experiments  may  be  modified  by  interposing  between  the 
plate  of  the  condenser  and  the  strip  of  copper  a  disc  of  cloth  or 
paper  wetted  with  acidulated  water.  Nothing  is  changed  in  the 
former  case ;  the  divergence  of  the  gold  leaves  is  still  negative. 
But  in  the  second  case,  in  which  the  copper  is  held  in  the  hand, 
the  leaves  diverge  with  positive  electricity,  instead  of  remaining 
unaffected. 

101.  Objections  to  Volta'S  Theory. — While  no  question  is 
raised  as  to  the  results  of  the  fundamental  experiments  adduced  by 
Volta  and  his  supporters  in  confirmation  of  his  views,  there  is  by 
no  means  universal  agreement  among  physicists  as  to  the  true 
interpretation  of  these  results.  The  most  serious  objection  to 
Volta's  theory  is  that  it  does  not  afford  a  satisfactory  account  of 
the  source  of  the  energy  the  production  of  which  it  implies.  Sup- 
pose S  to  be  the  capacity  of  the  condenser  used  in  either  of  the 
forms  of  experiment  described  in  (100),  and  V  and  V  to  be  the 
potentials  acquired  by  the  two  plates  respectively,  then  the  pro- 
duction of  the  difference  of  potentials  V—  V  would  indicate  a 
generation  of  electrical  energy  =  -^-  S  {V-  Vy. 
the  condenser  have  a  radius  of  5  cm.  and  are 


If   the  plates  of 
~j^  cm.  apart,  the 


capacity   is  (53)   S  = 


4?r  X  distance 


500    in    O.G.S.   units.     If  the 
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difference  of  potentials  is  one  volt,  or  y^o^h  of  an  electrostatic 
unit,  the  energy  is  1  x  500  x  -.-Jo  X  l^h  =  2-78  x  IQ-^  erg.  The  only 
source  from  which  this  energy  could  be  derived,  consistently  with 
Yolta's  hypothesis,  is  the  heat  contained  in  the  zinc  and  copper. 
It  is  true  that  the  withdrawal  of  the  quantity  of  heat  required  to 
furnish  the  quantity  of  energy  in  question, — rather  less  than  three- 
thousandths  of  an  erg, — would  cause  an  utterly  imperceptible  fall 
of  temperature  in  a  compound  bar  of  zinc  and  copper  large  enough 
to  be  used  in  the  experiment,  so  that  the  sviggested  explanation 
cannot  be  rejected  on  this  ground.  Indeed,  it  is  known  from 
other  experiments  (see  Chapter  XIV.),  that  when  a  much  larger 
quantity  of  electricity  than  there  is  any  question  of  in  the  present 
case,  is  caused  to  pass  from  copper  to  zinc  across  the  common 
surface,  an  ascertainable  lowering  of  temperature  really  ensues. 
But  when  a  numerical  comparison  is  made,  it  is  found  that  the 
quantity  of  heat  which  thus  disappears  is  inadequate  to  account 
for  the  difference  of  potentials  developed  in  Volta's  experiment. 
It  is  further  found,  when  other  pairs  of  metals  are  tried,  that  not 
only  is  the  fall  of  temperature  due  to  the  passage  of  electricity 
across  the  separating  surface  generally  insufficient  to  account  for 
Yolta's  results,  but  that  there  is  no  recognisable  relation  between 
the  magnitude  of  the  change  of  temperature  in  the  one  set  of 
experiments  and  the  difference  of  potentials  observed  in  the  other 
set.  In  fact,  there  appears  to  be  a  real  difference  of  potentials 
between  different  metals  in  contact,  arising  in  some  way  solely 
from  their  own  properties,  which  enable  them  to  transform  thermal 
energy  into  electric  energy ;  but  this  difference  is,  in  general, 
much  too  small  to  account  for  the  effects  now  under  consideration, 
and  it  does  not  always  agree  with  these  even  in  direction. 

102.  Alternative  Theory. — If  we  no  longer  look  for  the 

source  of  the  required  energy  in  the  surface  of  contact  of  the  two 
metals,  we  may  inquire  whether  it  is  not  possible  for  it  to  be 
furnished  by  chemical  action  taking  place  between  one  or  both  of 
the  metals  and  the  air  or  liquid  with  which  they  are  in  contact. 
It  is  well  known  (see  Chapter  XV.)  that  chemical  combination  or 
decomposition  is  associated  in  a  definite  way  with  the  transfer  of 
electricity  between  the  bodies  taking  part  in  the  action,  and  that 
the  occurrence  of  a  fixed  amount  of  chemical  action  involves  the 
transfer  of  a  fixed  quantity  of  electricity.  In  order  to  charge  a 
condenser,  such  as  that  supposed  in  (101),  of  capacity  500,  to  a 
difference  of  potentials  of  1  volt,  or  .^^th  of  an  electrostatic  unit, 

a  charge  of  -^7^7:=  If  electrostatic  unit  would  be  required.     Now 

0\)\) 
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the  oxidation  of  one  gramme  of  zinc  would  correspond  with  a 
charge  of  9  x  10^^,  or  nine  millions  of  millions  of  such  units. 
From  this  it  follows  that  if  the  electrification  observed  in  such  ex- 
periments as  those  of  Yolta  were  really  furnished  by  chemical 
action  (oxidation  of  zinc),  the  required  amount  of  such  action  would 
be  so  small  as  to  be  utterly  imperceptible  by  any  direct  mode  of 
investigation. 

The  connection  above  alluded  to  between  chemical  action  and 
transfer  of  electricity  naturally  suggests  the  idea  that  a  definite 
electric  charge  is  uniformly  associated  with  each  atom  of  a  chemical 
substance.  If,  in  addition  to  this,  we  admit  that  the  tendency  to 
combination  which  is  recognised  by  chemists  under  the  name  of 
chemical  affinity  is  capable  of  counterbalancing  electric  forces  so 
as  to  produce  a  condition  of  mutual  equilibrium,  we  may  give  some 
such  account  as  follows  of  the  action  that  results  from  the  contact 
of  two  metals. 

When  a  piece  of  zinc  is  exposed  to  oxygen  or  air,  we  may 
suppose  that  atoms  of  oxygen,  each  carrying  with  it  a  definite 
charge  of  negative  electricity,  unite  with  the  metal  and  at  the 
same  time  give  up  their  charge  to  it,  so  as  to  lower  its  potential 
below  that  of  the  air,  until  the  resulting  electi-ic  force  counter- 
balances the  chemical  force  tending  to  cause  further  combination. 
On  grounds  that  we  cannot  conveniently  discuss  at  this  stage,  we 
infer  that  equilibrium  is  reached  when  the  potential  of  the  zinc 
is  about  1-8  volt  below  that  of  the  air.  We  may  further  suppose 
that  when  a  piece  of  copper  is  exposed  to  oxygen,  oxidation  goes 
on  in  a  similar  way  until  again  a  condition  of  equilibrium  is 
reached,  this  time  when  the  potential  of  the  metal  is  about  0'8 
volt  below  that  of  the  gas.  We  assume  here  that  the  force  tend- 
ing to  cause  combination  of  copper  with  oxygen  is  less  than  that 
tending  to  make  zinc  combine  with  oxygen,  which  is  in  harmony 
with  the  generally  recognised  chemical  characters  of  the  two  metals. 

If  now  a  piece  of  zinc  and  a  piece  of  copper,  both  in  contact 
with  air,  and  therefore,  according  to  what  we  have  just  said, 
differing  in  potential  by  something  like  one  volt,  are  brought  into 
contact  with  each  other,  we  must  suppose  equalisation  of  potentials 
to  take  place  between  them  in  accordance  with  the  general  pro- 
perties of  conductors.  (We  leave  out  of  account  at  present  the 
small  difference  of  potentials  referred  to  at  the  end  of  101.)  The 
potential  of  the  zinc  is  thus  raised,  so  that  it  no  longer  causes 
equilibrium  between  the  chemical  and  electrical  forces,  and  we  may 
therefore  suppose  a  fui'ther  oxidation  to  occur  until  the  difference 
of  1*8  volt  is  again  produced.     Or  we  may  suppose  the  same  result 
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to  be  produced  by  a  deoxidation  of  tlie  copper ;  or,  again,  we  may 
imagine  that  both  these  actions  occur  simultaneously.  Either 
way,  the  resvilt  would  be  uniformitij  of  potential  throughout  the  tioo 
connected  pieces  of  metal,  with  a  difference  of  potentials  heticeen  the 
portions  of  the  gas  in  contact  with  the  zinc  and  copper  respectively. 
The  potential  of  the  gas  just  outside  the  oxidised  portion  of  the 
zinc  would  exceed  that  of  the  metals  by  1"8  volt,  and  that  of  the 
gas  just  ovitside  the  copper  would  exceed  it  by  0-8  volt.  That 
is  to  say,  there  would  be  an  electric  field  established  in  the  gas, 
the  difference  of  potentials  between  the  boundaries  being  one  volt, 
and  the  positive  side  of  the  field  would  adjoin  the  zinc.  We  must 
suppose  that  it  is  this  difference  of  potentials  which  is  observed  in 
many  experiments  that  are  usually  cited  as  evidence  of  a  difference 
of  potentials  between  the  metals. 

A  point  of  considerable  importance  remains  to  be  discussed  in 
connection  with  the  account  just  given  of  the  probable  origin  of 
the  phenomena  referred  to  in  the  preceding  paragraphs.  We 
have  assumed  that  the  oxidation  of  a  metal  is  accompanied  by  a 
transfer  of  negative  electricity  to  the  metal.  This  seems  to  imply 
that  oxygen  gas  as  such  is  negatively  electrified,  a  conclusion 
inconsistent  with  the  observed  electrical  neutrality  of  oxygen  or 
air  under  ordinary  conditions.  In  reference  to  this  we  may  call  to 
mind  the  fact  that,  on  purely  chemical  grounds,  chemists  have 
concluded  that  a  molecide  of  oxygen  gas  consists  of  two  atoms 
which  are  in  some  way  held  together,  and  that  the  connecting 
force  has  been  likened  to,  if  not  actually  identified  with,  electrical 
attraction,  a  molecule  of  oxygen  being  represented  by  the  symbols 

0  0.  If  we  follow  out  such  ideas,  we  must  look  on  each  mole- 
cule as  constituting  in  itself  an  electric  field  of  almost  infinitesimal 
extent,  but  the  gas  as  a  whole  would  be  electrically  neutral.  If 
now  combination  of  oxygen  and  zinc  takes  place,  we  must  suppose 
that  the  negative  member  of  a  molecular  pair  unites  with  the  metal, 
leaving  the  positive  member  in  the  state  of  a  so-called  dissociated 
atom.  It  seems  likely  that  the  metallic  surface,  with  which  a 
number  of  negative  atoms  have  entered  into  chemical  combination, 
would  have  the  corresponding  positive  oxygen  atoms  adhering  to 
it  as  an  external  layer  held  on  by  electric  force.  If  so,  we  should 
have  two  parallel  oppositely  electrified  surfaces  separated  by  a 
molecular  distance,  and  comparable  with  the  surface  of  a  condenser. 
The  difference  of  potentials  between  the  positive  and  negative 
layers  would  be  the  electric  force  multiplied  by  the  distance,  or, 
in  the  symbols  we  have  commonly  used — 
F -F' =  4^0-6/ A^ 


158  GALVANIC   OR   VOLTAIC   BATTERY        [102- 

1  .Q 

If  we  put  A'=l,  V-  F'  =  1'8  volt= =  0-006  electrostatic  unit, 

^  300 

and  e=l  cm./lO^  (one  hundred-millionth  of  a  centimetre),  a  value 

which  there  is  reason  to  believe  is  somewhere  near  the  truth,  we 

get  for  o-  the  charge  per  square  centimetre 

•006  X  108 


12 


=  5  X  lOi 


Now  we  have  already  said  that  the  oxidation  of  one  gramme  of 
zinc  corresponds  with  the  transfer  of  nearly  9  x  10^-  electrostatic 
units  of  electricity.  Hence,  to  produce  a  difference  of  potentials 
of  1  -8  volt  between  a  zinc  plate  and  the  adjacent  air,  we  should 
require,  according  to  the  view  we  have  been  discussing 

^J^i^  =  5-5/10» 
9  X  1012  ' 

grammes  of  zinc  to  be  oxidised  per  square  centimetre  of  surface. 
Or  the  oxidation  of  5i  milligrammes  would  suffice  for  100  square 
metres  of  surface. 

The  charge  per  unit  surface  of  a  copper  plate  in  air  or  oxygen 
would  be  proportionately  less  than  that  of  zinc,  as  its  potential 
differs  less  from  that  of  the  gas. 

103.  Resum^. — The  two  theories  we  have  been  discussing 
may  be  distinguished  as  the  contact  theory  and  the  chemical 
theory  respectively. 

According  to  the  contact  theory,  the  scat  of  the  action  that 
gives  rise  to  the  difference  of  potentials  is  at  the  separating  surface 
of  the  two  metals,  and  this  action  would  still  go  on  if  it  were 
possible  to  make  the  experiment  in  an  absolute  vacuum.  Accoi'd- 
ing  to  this  theory,  the  'source  of  energy  is  the  heat  contained  in 
the  metals,  whose  temperature  must  accordingly  be  lowered  by  an 
immeasurably  small  amount  when  they  are  put  into  contact. 

According  to  the  chemical  theory,  the  seat  of  the  action  is  the 
surface  of  contact  between  the  metals  and  the  surrounding  air 
(oxygen),  and  the  metals  themselves  are  at  the  same  potential. 
The  energy  is  derived  from  the  energy  of  chemical  combination 
between  one  of  the  metals  and  the  surrounding  gas. 

Various  attempts  to  decide  between  the  two  theories  have  been 
made  by  trying  experiments,  such  as  are  usually  quoted  in  proof  of 
the  contact  theory,  in  a  space  from  which  the  air  has  been  exhausted, 
or  where  it  has  been  replaced  by  an  inert  gas ;  but  these  have  not 
led  to  a  decisive  result.  A  more  effectual  way  of  displacing  a  film 
of  gas  or  moisture  adhering  to  the  surface  of  the  metals  is  to  heat 
them  in  heavy  petroleum  oil  to  about  145°  0.  A  pair  of  copper 
and  zinc  plates  that  have  been  thus  treated  do  not  show  the  usual 
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contact-effects,  and  even  when  the  oil  has  been  carefully  wiped  off 
these  effects  reappear  only  gradually  in  the  course  of  some  hours 
or  days,  the  metal  surfaces  apparently  retaining  for  a  considerable 
time  an  invisible  film  of  oil  sufficient  to  protect  them  from  the 
action  of  the  atmosphere.  This  result  seems  to  be  clearly  in  favour 
of  the  chemical  theory,  which  is  further  supported  by  the  apparently 
conclusive  facts  that  the  energy  of  the  galvanic  battery,  the  action 
of  which  Volta's  hypothesis  was  intended  to  explain,  is  admittedly 
dei'ived  from  chemical  action  (159)  ;  and  that,  in  the  case  of  thermo- 
electric action  (144,  148)  where  heat  is  undoubtedly  the  source  of 
electric  energy,  Volta's  theory  of  contact  action  has  no  application. 

104.  Electromotive  Force  of  a  Cell  or  Battery.— According 

to  the  contact  theory,  when  a  plate  of  copper  and  a  plate  of  zinc 
dip  into  acidulated  water  without  touching  each  other,  there  is  no 
appreciable  difference  of  potentials  between  them,  because  there 
is  no  metallic  contact  ;  while,  according  to  the  chemical  theory, 
there  is  a  difference  of  potentials  of  about  one  volt.  If  a  copper 
wire  is  attached  to  the  zinc  plate,  then,  according  to  either  view, 
there  is  a  difference  of  about  a  volt  between  this  wire  and  the 
copper  plate  or  a  copper  wire  attached  thereto.  According  to  the 
contact  theory,  this  result  is  attributed  to  the  introduction  of  a 
copper-zinc  contact ;  according  to  the  chemical  theory,  the  copper 
wire  merely  takes  the  potential  of  the  zinc  to  which  it  is  joined. 

In  (98)  and  (99),  in  order  to  avoid  raising  the  questions  we  have 
just  been  referring  to,  we  were  careful  to  speak  of  the  difference 
of  potentials  between  wires  of  the  same  metal  (copper)  attached  to 
the  two  plates  of  a  single  cell,  or  to  the  two  terminal  plates  of  a 
battery  or  pile.  But  in  any  case,  these  questions  are  of  theoretical 
and  not  practical  importance :  in  practice  the  plates  of  a  cell  or 
a  battery  are  always  connected  either  with  wires  of  the  same  metal 
(usually  copper),  or  with  binding-screws  of  the  same  metal  (usually 
brass),  and  there  is  then  no  controversy  as  to  the  difference  of 
potentials  existing  between  these  wires  or  binding-screws,  as  the 
case  may  be. 

Tliis  difference  is  necessarily  equal  to  the  algebraic  sum  of  the 
differences  occurring  at  all  the  surfaces  of  contact  of  different 
materials  intervening  between  the  two  extremities  of  the  cell  or 
battery ;  for  since  all  the  materials  are  conductors,  and  there  is 
electric  equilibrium,  there  is  no  difference  of  potentials  except  at 
the  contacts.  The  wii'es  or  binding-screws  connected  with  the 
first  and  last  plates  of  a  battery,  or  with  the  two  plates  of  a  single 
cell,  are  called  the  jioles  or  terminals  of  the  battery  or  cell ;  that 
one  which  is  connected  with  the  copper  plate  and  has  the  higher 
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potential  is  the  po&itive  pole  or  termir'al,  and  that  connected  with 
the  zinc  is  the  negative  pole. 

The  algebraic  sum  of  the  differences  of  potential  occurring  at 
all  the  surfaces  of  contact  of  different  materials  intervening 
between  the  terminals  of  a  cell  is  called  the  electromotive  force 
of  the  cell.  As  we  have  just  said,  this  is  the  same  as  the  differ- 
ence of  potentials  between  the  terminals  when  there  is  electrical 
equilibrium.  If,  however,  the  terminals  are  joined  by  a  wire,  a 
condition  of  statical  equilibrium  no  longer  obtains,  and  the  differ- 
ence of  potentials  between  the  terminals  is  then  less  than  the 
electromotive  force  of  the  cell.  The  relation  between  these 
quantities  is  more  fully  discussed  in  Chapters  XL  and  XII. 

When  several  cells  are  connected  one  after  another  to  form  a 
battery,  the  algebraic  sum  of  the  electromotive  forces  of  the  several 
cells  is  the  electromotive  force  of  the  battery.  By  connecting  the 
terminals  of  each  separate  cell,  and  then  those  of  the  battery,  with 
the  quadrant  electrometer,  it  is  easily  verified  that  the  difference 
of  potentials  between  the  terminals  of  the  battery  is  the  sum  of  the 
differences  between  the  terminals  of  the  cells  composing  it. 

105.  A  Galvanic  Battery  Comparable  with  an  Electric 

Machine. — ^The  fundamental  property  of  a  galvanic  battery,  by 
virtue  of  which  it  maintains  a  constant  difference  of  potentials 
between  its  terminals,  or  between  any  condvictors  connected  with 
them,  makes  it  exactly  analogoi;s  to  an  electric  machine.  By  its 
action  an  electric  field  is  established,  the  boundaries  of  which  are 
the  surfaces  of  the  conductors  attached  to  its  terminals.  If  the 
theory  set  forth  in  (102)  is  correct,  at  least  in  its  main  outlines,  the 
charge  of  the  field  is  derived  from  the  atomic  charges  of  the  mole- 
cules which  take  part  in  the  chemical  action  that  goes  on  in  the 
cell.  Expressing  the  same  thing  in  other  words,  we  may  say  that 
the  lines  of  force  that  extend  between  the  boundaries  of  the  field 
are  transferred  to  them  from  the  atoms.  Fig.  97  may  suggest  the 
electric  field  set  up  when  the  terminals  of  a  battery,  "b,  are  con- 
nected by  wires  with  the  surfaces  of  a  condenser,  c :  the  fine  lines 
in  the  figure  represent  roughly  the  distribution  of  lines  of  force. 
If  now  the  plates  of  the  condenser  be  connected  for  an  instant 
with  each  other,  the  lines  of  force  between  them  disappear,  but 
new  lines  immediately  take  their  place.  Lines  previously  extend- 
ing between  the  connecting  wires  close  in  upon  the  condenser  and 
are  followed  by  fresh  lines  generated  by  the  battery,  the  ends 
of  the  lines  travelling  along  the  wires.  We  have  already  seen 
(22)  that  a  surface  from  which  lines  of  force  start  is  what  is 
otherwise  called  a  positively  electrified  surface,  and  that  a  surface 
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on  which  lines  terminate  is  negatively  electrified.  It  follows  that 
when  lines  of  force  flow  through  the  dielectric  medium  from  the 
battery  to  the  condenser,  their  ends  at  the  same  time  moving  along 
the  connecting  wires,  that  the  process  may  be  otherwise  described 
as  a  flow  of  positive  electricity  from  the  positive  terminal  of  the 
battery  along  one  wire  to  the  corresponding  plate  of  the  condenser, 
and  of  negative  electricity  from  the  negative  terminal  along  the 
other  wire  to  the  second  plate  of  the  condenser.  But,  as  we 
cannot  distinguish  the  transfer  of  positive  electricity  in  one  direc- 
tion from  the  transfer  of  an  equal  quantity  of  negative  electricity 
in  the  opposite  direction,  the  process  referred  to  may  be  equally 
well  described  as  a  flow  of  positive  electricity  from  one  pole  of 
the  battery  to  the  condenser,  and  of  an  equal  quantity  of  positive 
electricity  from  the  condenser  to  the  negative  pole  of  the  battery. 


Fig.  97. 

If  the  plates  of  the  condenser  are  connected  permanently, 
instead  of  only  for  an  instant,  or,  more  simply,  if  a  continuous 
wire  (sometimes  called  an  inteiyolcw  wire)  is  used  to  connect  the 
terminals  or  })oles  of  the  biittery  with  each  other,  a  contiinious 
procession  of  lines  of  force  must  be  thought  of  as  spreading  out 
from  the  battery,  their  ends  travelling  in  opposite  directions  along 
the  wire  until  they  meet,  and  the  lines,  as  it  were,  shrink  into  the 
wire.  This  process  constitutes  what  is  known  as  a  continuovis 
electric  current,  which  may  be  described  as  the  passage  of  equal 
quantities  of  positive  and  negative  electricity  in  opposite  directions 
round  the  circuit  foi'med  by  the  battery  and  wire,  or  as  the  circu- 
lation of  a  double  quantity  of  positive  electricity  in  one  direction. 
The  ordinary  phraseology  employed  in  reference  to  electric  cur- 
rents is  founded  on  the  conception  of  a  single  kind  of  electricity 
traversing  the  circuit.  If  we  employ  the  conception  of  a  double 
cii'culation  of  the  two  kinds  of  electricity  in  opposite  directions. 
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any  statement  of  the  quantity  of  electricity  passing  tlirough  the 
battery  or  along  a  wire  must  be  taken  as  referring  to  the  arith- 
metical sum  of  the  quantity  of  positive  going  one  way  and  of 
negative  going  the  other  way.  This  conception  of  two  electricities 
in  some  ways  connects  itself  most  easily  with  the  notion  of  an 
electric  field  employed  in  the  previous  part  of  this  work ;  but, 
Avhatever  the  mode  of  expression  employed,  it  is  important  to 
remark  that,  while  what  is  called  an  electric  current  is  maintained 
in  a  circuit,  the  battery  is  continuously  giving  off  energy  to  the 
surrounding  dielectric  medium,  and  that  the  conducting  wire  is 
continuously  absorbing  energy  from  the  medium.  While  this  is 
going  on,  both  the  conducting  wire  and  the  dielectric  medium 
exhibit  special  properties  that  we  have  to  study  in  what  folhnvs. 

106.  Decrease  of  Electromotive  Force  by  the  Passage  of 

a  Current. — During  the  passage  of  a  current  through  a  galvanic 
cell,  chemical  action   goes  on  among  the  materials.      With  cells 


Fig.  98. 

of  the  construction  we  have  hitherto  spoken  of,  formed  of  two 
metal  plates  dipping  into  dilute  acid,  the  result  is  a  change  in 
the  chemical  nature  of  the  substances  in  contact,  producing  a 
diminution  of  electromotive  force,  and  a  consequent  weakening 
of  the  action  of  the  cell.  Usually,  on  interrupting  the  conducting 
circuit  and  allowing  the  cell  to  rest  for  a  while  without  producing 
a  current,  there  is  a  more  or  less  complete  recovery  of  the  original 
electromotive  force,  uidess  indeed  the  chemical  action  has  gone  so 
far  as  nearly  to  use  up  some  essential  constituent.  This  temporary 
decrease  of  electromotive  force  is  often  referred  to  as  polarisatioJi 
of  the  cell  or  battery.  We  shall  discuss  the  effect  more  fully  in 
connection  with  the  chemical  effects  of  the  current  (160). 

107.  Modifications  of  Volta's  Pile. — This  decrease  of  power 
is  shown  in  a  marked  degree  by  a  Volta's  pile  if  it  is  used  to  give 
a  continuous  current.  It  was  at  first  attributed  to  the  squeezing 
out  of  the  liquid  from  the  pieces  of  cloth  at  the  lower  part  of 
the  column  by  the  weight  of  the  metal  discs  above  them,  and  to 
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remedy  it  Volta  adopted  the  arrangement  shown  in  Fig.  98,  and 
known  as  the  crown  of  cups^  consisting  of  a  number  of  separate 
vessels  containing  dilute  acid,  with  a  strip  of  copper  and  a  strip 
of  zinc  inserted  in  each  and  connected  as  before  described.  To 
make  a  battery  of  many  cells  more  compact  and  portable,  and  to 
facilitate  filling  in  and  removing  the  acid,  a  further  early  device 
was  Cruickshank's  troiujli  battery  (Fig.  99),  consisting  of  a  number 
of  double  plates  of  zinc  and  copper  cemented  into  grooves  cut  in 
the  opposite  sides  of  a  wooden  trough  so  as  to  divide  the  trough 
into  a  number  of  water-tight  cells,  each  having  one  side  formed  of 
copper  and  the  other  of  zinc. 

The  electromotive  force  of  a  Volta's  cell,  as  measured  on  open 
cix'cuit  on    the   quadrant   electrometer,  is   about  one   volt,   but  in 


Fig.  99. 

whatever  form  it  is  constructed  the  electromotive  force  falls  rapidly 
when  the  circuit  is  closed. 

108.  Use  of  Amalgamated  Zinc. — If  ordinary  commercial 
zinc  is  used  in  the  construction  of  a  voltaic  cell,  it  dissolves  in  the 
acid  even  when  the  circuit  is  not  closed.  But  pvire  zinc,  or  common 
zinc  that  has  been  amalgamated,  does  not  dissolve  by  itself  in 
dilute  sulphuric  or  hydrochloric  acid.  When  used  in  a  voltaic  cell, 
it  is  attacked  only  while  the  current  is  passing,  and  the  quantity 
that  then  dissolves  in  a  given  time  is,  as  we  shall  see  (156),  pi'o- 
portional  to  the  current  produced.  To  amalgamate  a  zinc  plate, 
its  surface  should  be  cleaned  by  dipping  it  in  dilute  acid,  and  then, 
while  it  is  still  wet  with  the  acid,  pouring  on  to  it  a  few  di'ops  of 
mercury,  which  readily  spread  over  it. 

109.  Constant  Batteries. — The  so-called  polarisation  of  a 
Volta  cell  appeal's  to  be  mainly  due  to  the  formation  of  a  layer 
of  hydrogen  on  the  surface  of  the  copper  plate,  to  which  it  adhei'cs 
with  considerable  obstinacy.  To  prevent  this  many  expedients 
have  been  employed,  mostly  consisting  in  the  employment  of  such 
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materials  that  the  cheiiiieal  action  taking  phice  among  them  does 
not  lead  to  the  separation  of  hydrogen.  In  order  that  there  may 
be  no  polarisation,  in  other  words,  that  tlie  electromotive  force  may 
be  the  same  whatever  the  strength  of  the  current,  the  materials  of 
the  cell  should  be  such  that  the  passage  of  the  cuirent  and  the 
accompanying  chemical  action  cause  no  change  in  the  nature  of 
the  substances  in  contact.  In  pi-oportion  as  polarisation  is  avoided, 
a  battery  or  cell  is  called  constant.  No  perfectly  constant  form  of 
battery  has  yet  been  devised,  but  there  are  two  or  three  forms 
which  make  a  fair  approach  to  constancy  when  properly  consti'ucted 
and  employed. 

DanieWs  battery  (1836)  was  the  earliest  foi-m  of  constant 
battery,  aiid  is  still  one  of  the  most  efficient.  The  metals  em- 
ployed are  amalgamated  zinc 
and  copper,  the  zinc  dipping  in 
a  dilute  solution  of  zinc  sulphate 
or  in  dilute  sulphuric  acid,  and 
the  copper  in  a  saturated  solu- 
tion of  copper  sulphate.  The 
two  liquids  are  kept  from  mix- 
ing by  a  porous  partition  of 
unglazed  earthenware,  oi'  some- 
times by  putting  the  heavier 
saturated  co])per  solution  in 
the  bottom  of  a  vessel  and  the 
lighter  liquid  above.  A  cell 
arranged  in  the  former  way  is 
represented  in  Fig.  100,  where 
c  and  z  are  the  copper  and  zinc  plates  respectively,  and  D  is 
the  porous  partition.  During  the  passage  of  the  current,  metallic 
zinc  is  converted  into  zinc  sulphate,  which  dissolves  in  the  liquid  in 
contact  with  the  zinc  plate,  and  metallic  copper  separates  from  the 
solution  of  copper  sulphate  and  is  deposited  on  the  copper  plate. 
The  metallic  surfaces  thus  retain  permanently  their  original  char- 
acter, but  the  concentration  of  the  solutions  changes,  especially  in 
close  contact  with  the  metal  plates,  and  this  causes  a  small  decrease 
of  electromotive  foico  while  the  current  is  passing.  The  normal 
electromotive  force  of  a  Daniell's  cell  is  about  1*07  volt. 

In  Grovels  battery  (1840)  the  evolution  of  hydrogen  is  sup- 
pressed by  the  employment  of  strong  nitric  acid,  which  gives  up 
part  of  its  oxygen  and  converts  the  hydrogen  into  water.  One  of 
the  metals  is  again  amalgamated  zinc  dipping  into  dilute  sulphiu-ic 
acid  (1  vol.  of  acid  to  8  or   10  of  water),  which  is  separated  from 


^-H- 


Fig.  100. 


109] 


VARIOUS   FORMS 


165 


the  nitric  acid  by  a  partition  of  porous  earthenware.  The  use  of 
nitric  acid  necessitates  the  replacement  of  copper  by  a  metal, 
platinum,  which  the  acid  does  not  attack. 

Bimsen's  battery  (Fig.  101)  is  a  modification  of  Grove's,  in 
which  rods  of  dense  gas-graphite  are  substituted  for  the  expensive 
platinum  plates.     All  else  remains  as  in  Grove's  battery. 

The  electromotive  force  of  a  Grove's  or  Bunsen's  cell  is  about 
1  -8  volt. 

Latiiner  Clark's  cell  consists  of  mercury  in  contact  with  a  paste 
of  mercvu'ous  sulphate,  upon  which  is  a  saturated  solution  of  zinc 
sulphate  (containing  crystals  of  this  salt)  into  which  a  zinc  rod 
dips.  The  electromotive  force  is  1-434  volts  at  15°  0.  and  remains 
very  constant,  provided  no  sen- 
sible current  is  allowed  to  flow 
through  the  cell ;  moreover,  it 
recovers  its  original  value  very 
completely  even  if  a  small  cur- 
rent has  passed  through.  Owing 
to  its  great  constancy  it  is  largely 
used  as  a  standard  of  electro- 
motive force.  Unfortunately, 
however,  the  value  decreases 
considerably  with  rise  of  tem- 
perature (about  a  millivolt  for 
each  degree  centigrade). 

Among  the  many  other  forms 
of  cells  that  are  in  more  or  less 
common  use,  we  may  mention 
the  hieliromate  and  the  LedanchS  cells.  In  both  of  these  the 
plates  consist  of  amalgamated  zinc  and  graphite  respectively: 
in  the  former,  the  plates  dip  in  a  solution  of  potassium  bichro- 
mate acidulated  with  sulphuric  acid ;  in  tlie  latter,  the  liquid 
is  a  saturated  solution  of  ammonium  chloride  (sal  ammoniac), 
and  the  carlion  plate  is  closely  packed  round  with  black  oxide 
of  manganese  in  small  fragments.  The  electromotive  force  of 
a  bichromate  cell  is  about  2  volts,  but  it  has  the  disadvan- 
tage that  the  liquid  acts  on  the  zinc  even  when  no  current  is 
passing ;  it  must  not,  therefore,  be  left  to  stand  with  the  plates  in 
the  liquid.  A  Leclanche  cell  has  an  electromotive  force  of  not 
quite  1-5  volt  on  open  circuit.  It  falls  considerably  when  a 
current  passes,  but  recovers  when  left  to  itself,  and  the  plates 
may  be  left  in  contact  with  the  liquid  for  long  periods  without 
injury. 


Fig.  101. 
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In  all  the  cells  mentioned  the  dnc  terminal  is  negative. 

Fig,  102  represents  the  mode  of  connecting  a  number  of  cells 
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to  form  a  battery,  and  shows  a  conducting  wire  joined  to  opposite 
terminals  of  the  first  and  last  cells. 


CHAPTER  XI 

ELECTRIC  CURRENTS— RESISTANCE—OHM'S   LAW 

110.  The  Electric  Current. — We  have  already  said  (105)  that 
when  the  terminals  of  a  battery  are  connected  with  the  plates  of 
a  condenser,  positive  electricity  passes  to  the  plate  in  connection 
with  the  positive  terminal,  and  negative  electricity  to  that  con- 
nected with  the  negative  terminal.  This  accumulation  of  elec- 
tricity on  the  two  plates  continues  until  each  of  them  is  brought  to 
the  same  potential  as  the  pole  of  the  battery  with  which  it  is  con- 
nected. Wlien  this  state  of  things  has  been  reached,  there  is  a 
condition  of  equilibrium  in  which  one  condensei'-plate,  the  coire- 
sponding  wire,  and  the  battery  terminal  to  which  it  is  attached  are 
all  at  one  potential,  and  the  second  condenser-plate,  wire,  and 
terminal  are  all  at  another  potential,  differing  from  that  of  the 
first  plate  by  an  amount  equal  to  the  electromotive  force  of  the 
battery, — that  is,  the  same  change  of  potential  occurs  between  the 
two  sides  of  the  dielectric  of  the  condenser  as  between  the  two 
terminals  of  the  battery,  and  the  tendency  of  the  condenser  to 
discharge  exactly  balances  the  electromotive  force  of  the  battery. 

If,  however,  the  terminals  are  connected  by  a  continuous  wire, 
a  condition  of  statical  equilibrium  is  never  established.  The  wire 
tends  to  bring  the  two  terminals  to  the  same  potential,  while  the 
battery  tends  to  maintain  between  them  a  difference  of  potentials 
equal  to  its  own  electromotive  force.  These  two  tendencies  cannot 
be  satisfied  simultaneously :  the  result  is  that  an  intermediate 
state  of  things  is  reached,  in  which  there  is  a  continuous  passage 
of  positive  electricity  in  one  direction  through  the  wire,  and  of 
negative  in  the  opposite  direction,  tending  to  equalise  the  potential 
at  the  two  ends ;  while,  at  the  same  time,  the  battery  continues 
to  supply  positive  electricity  to,  and  to  remove  negative  from,  that 
end  of  the  wire  which  has  the  higher  potential,  and  to  supply 
negative  and  remove  positive  at  the  other  end,  thus  keeping  up  a 
difference  of  potentials  between  the  ends.  This  difference  of 
potentials  falls  short  of  equality  with  the  electromotive  force  of 
the  battery  to  an  extent  to  be  investigated  later  (111). 
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As  long  as  these  conditions  are  maintained,  the  wire  possesses 
certain  special  properties  which  are  briefly  indicated  by  saying 
that  it  is  traversed  by  an  electric  current.  These  properties  are  not 
in  all  respects  the  same  in  both  directions — that  is,  some  of  them 
differ  according  as,  when  we  pass  along  the  wire  in  a  given  diiec- 
tion,  we  are  proceeding  from  the  positive  terminal  of  the  battery 
to  the  negative,  or  the  reverse.  The  same  thing  is  commonly 
expressed  by  saying  that  the  properties  of  the  wii'e  depend  on  the 
direction  of  the  current,  which  is  conventionally  understood  to  mean 
the  direction  in  which  positii-e  electricity  is  conceived  of  as  passing 
round  the  circuit,  namely,  through  the  battei'y  from  the  negative 
terminal  to  the  positive,  and  through  the  connecting  wire  fi'om  the 
positive  terminal  to  the  negative. 

Experiment  shows  that  the  characteristic  properties  associated 
with  what  is  called  the  passage  of  a  current  are  possessed  by  every 
point  in  the  circuit  formed  by  the  battery  and  the  conductor  by 
which  the  terminals  are  connected,  and,  further,  that  the  intensity 
with  which  these  properties  are  exhibited,  as  well  as  their  direc- 
tion, is  the  same  all  round  the  circuit.  It  is  found  also  by  expei'i- 
ment  that  the  potential  at  any  one  point  of  the  circuit  remains 
constant,  which  shows  that  there  is  no  accumulation  of  electricity 
at  any  part.  Hence  it  is  concluded  that  the  current,  of  which  the 
circuit  is  the  seat,  is  of  the  natvire  of  a  continuous  circulation  such 
that  every  section  of  the  circuit  is  traversed  simultaneously  by  the 
same  quantity  of  electricity.  The  quantity  of  electiicity  which 
passes  any  section  of  the  circuit  in  a  given  time  determines  what 
is  called  the  strength  of  the  current.  The  unit  of  current-strength, 
or,  as  it  is  also  called  more  shortly,  the  unit  of  current,  commonly 
employed  for  practical  purposes,  is  that  which  corresponds  to  a 
coulomb  per  second.  Such  a  current  is  called  a  current  of  one 
ampere.  The  strength  of  a  current  expressed  in  amperes  therefore 
gives  the  number  of  coulombs  which  pass  every  cross-section  of  the 
circuit  in  one  second. 

If  the  strength  of  a  current  is  constant,  it  is  represented  by  the 
formula 

G=qlt 

where  q  is  the  quantity  of  electricity  which  traverses  any  section 
of  the  circuit  in  t  seconds,  and  since  the  quantity  which  traverses 
every  section  of  the  circuit  is  the  same,  we  may  speak  of  this  as 
the  quantity  which  traverses  the  circuit.  If  the  current  is  vari- 
able, its  strength  at  a  given  instant  is  still  expressed  by  the  same 
formula   if   we   understand    by   q  the   small   quantity   that   passes 
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during    an    indefinitely   short   interval   of    time,    t,   including    the 
instant  in  question. 

111.  Variation  of  Potential  along  the  Circuit. — A  charac- 
teristic property  of  the  current  is  that  on  each  of  the  conductors 
which  make  up  the  circuit,  the  potential,  instead  of  being  uniform 
throughout,  as  in  the  condition  of  statical  equilibrium,  varies  from 
one  point  to  another,  always  decreasing  in  the  direction  of  the 
current. 

Let  vis  suppose  that  the  terminals  of  the  battery  are  connected 
by  a  series  of  homogeneous  cylindrical  wires,  ab,  bc,  CD  ...  of 
different  metals  (Fig.  103).  Take  a  quadrant  electrometer,  the 
needle  of  which  is  kept  at  a  fixed  potential,  and  put  one  pair  of 
quadrants  in  connection  with  the  point  a,  which  may  be,  for  in- 
stance, the  positive  terminal  of  the  battery, 
a.nd  the  other  with  a  variable  point,  m,  of  the 
interpolar  wire. 

From  A  to  m  there  will  be  a  fall  of  poten- 
tial which  will  vary  with  the  position  of  the 
point  M.  So  long  as  this  point  is  on  the  wire 
AB,  the  fall  is  proportional  to  the  distance  of 
the  point  M  from  A,  and  its  value  in  volts  is 
equal  to  the  product  of  the  strength  of  the 
current  C,  expi'essed  in  amperes,  into  a  factor, 
that  we  will  denote  by  pj,  depending  on  the 
length  AM  measured  along  the  wire,  on  the  material  of  the  wire, 
its  thickness,  and  to  some  extent  on  its  temperature  and  other 
physical  conditions.  Thus,  letting  A  and  M  stand  respectively 
for  the  potentials  at  the  corresponding  points,  we  may  write 

A  -  M=  Cp^. 
If  we  put  ?*j  for  the  value  which  p^  assumes  when  M  comes  to  B, 
the  end  of  the  first  wire,  we  liave  for  -the  difference  of  potentials 
between  the  points  a  and  b 

A-B=Ci\. 
Again,  if  the  point  B  is  connected  with  one  pair  of  quadrants,  and 
the  point  m  connected  with  the  other  pair,  is  taken  on  the  second 
wire,  bc,  we  have,  as  in  the  previous  case,  for  the  difference  of 
potentials  between  b  and  M 

B  -  M=  Cp.-^ 
p.,  being  a  factor  depending  on  the  material  and  dimensions  of  the 
second  wire,  or,  when  M  coincides  with  c 

B-C=Cr.2 
and  so  on  for  each  wire  of  which  the  circuit  is  made  up. 
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If  N  be  the  potential  at  the  negative  terminal  of  the  battery, 
the  difference  of  potentials  between  the  terminals,  or  J.  -  iV,  is  the 
sum  of  the  differences  A-  B,  B  -  C,  .   .  .   .   ;  that  is 

A-N=  G  {i\  +  r.,  +  rg  +  .  .  .  ). 

If  we  examine,  similarly,  by  means  of  the  electrometer,  the 
difference  of  potentials  between  the  terminals  of  the  several  cells 
of  the  battery,  we  find  that  in  each  case  this  is  less  than  the  corre- 
sponding difference  when  the  circuit  is  not  closed,  and  when  there- 
fore no  current  is  passing,  by  an  amount  proportional  to  the 
strength  of  the  current  and  to  a  factor,  say  p,  depending  on  the 
nature  of  the  materials  foi'ming  the  cell,  and  on  the  size  and  shape 
of  its  different  parts.  Thus  if  e  be  the  electromotive  force  of  a 
cell,  or  the  difference  of  potentials  between  the  terminals  when  no 
current  is  passing,  the  difference  /  when  it  is  traversed  by  a  current 
of  strength  6',  is 

f=e-Cp'. 

If  the  battery  consists  of  n  identical  cells  connected  in  series,  its 
total  electromotive  foi'ce,  E,  is  equal  to  ii  times  the  electromotive 
force,  e,  of  one  cell  ;  and  when  the  circuit  is  completed,  so  that  the 
battery  is  producing  a  current  of  strength,  C,  the  difference  of 
potentials  between  its  terminals  is  n  times  the  difference  between 
the  terminals  of  a  single  cell,  or 

A-N=  vf=  ne - ?iCp'  =  E-  Or 

if  we  put  r'  instead  of  np'. 

Equating  this  value  of  A  -  N  with  that  previously  found,  we 
have 

£=a-'+G{r^  +  7\-,  +  r.^+  .   .   .   ) 
or 

E=C{r+r)  =  CE 

when  r  is  put  for  the  sum  of  the  separate  quantities,  j-^,  r.^^  73,  ...  , 
and  R  for  the  total  sum  ?■'  +  r. 

112.  Definition  of  Resistance. — Writing  the  expressions  for 
the  difference  of  potenj}ials  between  two  points  of  a  circuit  as 
follows : — 

A~B 

we  see  that  the  factors  r^,  r.r,  .  .  .  ajiplicable  to  the  metallic  parts 
of  the  circuit  may  be  defined  as  the  ratio  for  each  conductor  of 
the  difference  of  potentials  between  its  ends  to  the  strength  of  the 


113]  DEFINITION   OF   RESISTANCE  171 

current  which  traverses  it.  By  experiment  it  is  found  that  this 
ratio  is  constant.  If,  for  example,  various  differences  of  potential, 
A  -  B,  A'  —  B',  A"  -  B",  ...  be  maintained  between  the  ends  of  a 
conducting  wire,  the  wire  is  in  each  case  traversed  by  a  current 
of  definite  strength,  such  that  if  C,  C,  C",  .  .  .  represent  the 
cm^rents  in  the  several  cases,  we  have 

A-B_A'-B'  _A"-B"  _ 

c         c  a" 

This  ratio,  which  for  every  conductor  has  a  definite  value  charac- 
teristic of  that  conductor,  is  called  its  resistance  (90). 

In  order  that  any  conductor  which  is  not  itself  the  seat  of 
electromotive  force  may  be  traversed  by  a  cuirent,  it  is  essential 
that,  as  the  result  of  an  external  electromotive  force  applied  to 
it,  the  potential  at  the  part  where  the  curi'ent  enters  should  exceed 
that  at  the  part  where  the  current  leaves — that  is  to  say,  there 
must  be  a  drop  of  potential  as  we  pass  with  the  current  through 
the  conductor.  The  resistance  of  the  conductor  may  then  be 
shortly  defined  as  being  numerically  equal  to  the  drop  of  potential 
corresponding  to  a  current  of  unit  strenr/th  traversing  the  conductor. 

A  galvanic  cell  is  a  conductor  which  is  the  seat  of  electromotive 
force.  When  there  is  no  current,  there  is  a  difference  of  poten- 
tials, say  e,  between  the  terminals  equal  to  the  electromotive  force 
of  the  cell.  When  the  terminals  are  joined  by  a  wire,  a  current 
traverses  the  cell  from  the  terminal  which  has  the  lower  potential 
to  that  which  has  the  higher,  and  the  difference  of  potentials 
assumes  a  value,  say  /,  less  than  the  electromotive  force  of  the 
cell,  so  that  there  is  a  decrease  in  the  difference  of  l)otentials,  in 
consequence  of  the  passage  of  the  current,  equal  to  e-f  This 
decrease,  divided  by  the  strength  of  the  current,  is  again  a  constant 
qiiantity,  characteristic  of  each  particular  cell,  and  is  called  its 
resistarice.  Using  accents  to  distinguish  the  values  in  different 
cases,  this  may  be  expressed  in  symbols  as  follows : — 

e-f    e-f     e-f  ,      , 

— -L  =  — •'-  =  — •  -  =  .   .    .  =  a  constant. 

C         6"  C" 

Accordingly,  the  resistance  of  a  galvanic  cell  may  be  defined  as 
being  numerically  equal  to  the  decrease  of  difference  of  potentials 
between  its  terminals  due  to  the  passarie  of  ttnit  current. 

113.  Resistance  of  Combinations  of  Conductors.— If  several 

conductors  are  connected  end  to  end,  or  in  series,  so  as  to  be 
traversed  by  the  same  current,  the  resistance  of  the  coud>ination 
is,  l)y  definition,  the  drop  of  potential  between  the  points  where 
the  current  enters  and  leaves  the  series  divided  by  the  strength  of 
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the  current,  provided  that  none  of  the  conductors  is  the  seat  of  an 
electromotive  force  ;  and,  as  appears  at  once  on  writing  down  the 
values,  it  is  equal  to  the  sum  of  the  resistances  of  the  separate 
conductors.  Thus,  using  the  same  notation  as  previously,  we  have 
for  the  resistances  of  the  first,  second,  third,  .  .  .  conductors  taken 
by  themselves 


A-B 


?'o  =  ■ 


B-C 


C-D   „ 

r3=— ^,&c. 


C    '      '       a 
and  for  the  resistance  of  the  combination 

A-N 

or  ^ 

r  =  r,  +?■., +  r,  +  .   .  . 

SIHCG  J.  -  o 

{A-B)  +  (B~C)  +  {C-D)  +  .  .  .=^A-N. 

Similarly,  for  a  battery  formed  of  a  number  of  cells  connected 
in  series  ;  if  e^,  e.,,  .  .  .  are  the  electromotive  forces  of  the  separate 
cells  when  no  current  is  passing,  and/^,/o  .  .  .  the  differences  of 
potential  between  their  terminals  when  the  circuit  is  closed,  and 
if  E  and  F  have  corresponding  meanings  for  the  whole  battery, 
the  resistances  of  the  separate  cells  are 

'"IT'    '- (T' 


?•„  =  &c. 


and  the  resistance  of  the  battei-y  is 

,_JS-F 
G    ' 
Now  it  is  found  by  experiment  (99,   111)  that  E^('-^  +  e^  + . 
and  i^=/^  + /!,  + .  .    .,  hence 


c 


=  r^  +  ^2  +  . 


or,   again,   the   resistance   of   the   combination   is   the  sum  of   the 
separate  resistances. 

If  a  number  of  conducting  wires  whose  separate  resistances  are 

''i5  '"a;  ^'g)  •  •  •  ^re  em- 
ployed to  connect  the 
same  points,  as  A  and 
B  (Fig.  104),  the  total 
current,  of  strength 
say  C,  divides  among 
the  wires,  so  that  the 
sum  of  the  currents  in  the  separate  branches  is  equal  to  the  un- 
divided current,  or 

C=c-.  +c^  +  c\  +  .   .   . 


Fig.  104. 
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If  we  put  A  -  li  for  the  difference  of  potentials  between  the  points 
A  and  B,  the  resistances  of  the  separate  wires  are  given  by 
A-B  A-B  A-B   . 

q  C,  ^3 

and  the  resistance  of  the  combination  is 
A-B  A-B 


C         t'j  +  Cg  +  c^  +  .   .  . 
whence, 

1111^ 

-=-  +  -  +  -  +  .   .  . 
r     7\     r,     rg 

Conductors  connected  in  this  manner  are  variously  spoken  of  as 
being  connected  ahreasf,  or  in  multiple  arc,  or  in  2^<^^'<'i-^'l^l  circuit. 
A  case  that  occurs  in  practice  very  frequently  is  where  two  conduc- 
tors are  so  combined.  In  this  case  the  resistance  of  the  combina- 
tion is  ;■=  -J— ^-,  the  product  of  the  separate  resistances  divided 
v^  +  r., 

by  their  sum. 

If  two  galvanic  cells,  whose  separate  resistances  are  1\  and  r^ 
respectively  and  whose  electromotive  forces  are  e^  and  e.,,  are  con- 
nected in  multiple  arc,  their  positive  terminals  being  joined  at  a 
(Fig.  105)  and  their  negative  terminals  at  B,  the  difference  of 
potentials  between  the  points  a  and  B  may  be  found  from  the 
following  consideration.  The  two  cells  form  a 
closed  circuit,  round  which  there  will  in  general  be 
a  current  which  will  traverse  one  of  the  cells, 
namely,  that  one  which  has  the  greater  electro- 
motive force,  from  the  negative  to  the  positive 
terminal  (this  may  be  called  the  natural  direction),  ^- 
and  the  other  from  the  positive  to  the  negative 
terminal  (or  in  the  inverse  direction).  Let  c  de-- 
note  the  strength  of  this  current ;  then,  according 
to  (111),  the  difference  of  potentials  between  A 
and  B  will  be  less  than  the  electromotive  force, 
say  gj,  of  the  stronger  cell,  and  greater  than  that, 
^2,  of  the  weaker  cell,  by  the  product  of  the  current  strength  into 
the  resistance  of  the  corresponding  cell.  If  E  be  this  difference 
of  potentials,  we  have  accordingly 

E=e^-  cr-^  and  E  =  eo  +  cr^. 
Or,  eliminating  c  between  these  two  values. 
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Now  suppose  the  points  a  and  B  connected  by  a  wire  of  resisi> 
ance  /•  (Fig.  lOG).  This  wire  will  be  traversed  by  a  current  flowing 
from  A  to  B  of  strength  C=e^  +  C2,  if  c\  and  c.^ 
denote  the  currents  now  flowing  from  b  to  a 
through  the  two  cells  respectively.  As  the  result 
of  this  current,  the  difference  of  potentials  be- 
tween A  and  B  will  now  be  less  than  before :  let 
it  be  denoted  by  F.  Then,  by  the  definition 
given  at  the  end  of  (112),  we  have  for  the  resist- 
ance of  the  single  cell  which  would  be  eqviivalent 
to  the  given  combination  of  two  cells 
E-F 


ll  =  - 


a 


To  determine  F,  we  may  apply  the  same  definition  to  the  two  cells 
taken  separately  ;  we  thus  get 


=  -t and  >•.,  =  -^ , 


while  the  consideration  of  the  connecting  wire  gives 

O 
Remembering  that  G=l\  +  c.,,  these  equations  give 

r7\  +  ?•;■._,  +  T-^  r^ 

r      rr-j  +  rr.^  +  r^  r^ 

Putting  these  values  into  the  expression  for  li,  we  have 

E_F_  ri\  +  rr^  + 1\  r.,  _  _  _    )\  ?•„ 
0       ~  ^  "     '' 


R 


G 


ri\  +  rr^  +  r^  r.,  _  _  _ 


i\  +  v., 


Hence  it  appears  that  when  two  conductors  are  connected  in 
multiple  arc,  the  resistance  of  the  combination,  or,  in  other  words, 
the  resistance  of  the  single  conductor  by  which  the  two  given  con- 
ductors can  be  replaced  without  altering  the  strength  of  the 
current  in  any  other  part  of  the  circuit,  is  in  all  cases  equal  to  the 
2)roduct  divided  hy  the  sum  of  the  separate  resistances,,  whether 
these  are  simple  metallic  wires,  or  whether  they  are  galvanic  cells, 
or  other  arrangements  which  form  the  seats  of  electromotive  forces. 
In  the  first  case,  the  single  equivalent  conductor  must  not  contain 
an  electromotive  force  ;  in  the  second  case,  it  must  be  the  seat  of 
an  electromotive  force  E=  (e^  ro  -f-  e,,  r^)  /  (r^  -f  r.,). 

114.   Ohm's  Law.^The  nature  of  electric  resistance,  and  the 
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fact  that  the  resistance  of  any  given  conductor  has  a  definite 
numerical  vahxe  cliaracteristic  of  that  conductor,  were  first  cleai'ly 
recognised  by  G.  S.  Ohm.  The  properties  of  the  electric  circuit 
were  discussed  by  him  from  this  point  of  view  in  a  work  published 
in  1826,  and  the  relations  that  he  established  between  the  electro- 
motive force  or  forces  acting  in  a  circuit,  its  resistance,  and  the 
strength  of  the  current  by  which  it  is  traversed,  form  the  starting- 
point  of  all  calculations  involving  these  magnitudes.  This  relation 
is  usually  referred  to  as  OJim's  Law,  and  may  be  expressed  in 
symbols  by  the  following  equations — 

Ii  =  ^,     C=|,     E=CR 

which  may  be  applied  either  to  a  single  conductor  or  to  a  complete 
cu'cviit,  li  is  the  resistance  of  the  conductor,  or  the  total  resist- 
ance of  the  circuit,  as  the  case  may  be  ;  E  the  difference  of  potential 
between  the  ends  of  the  conductor,  or  the  resultant  electromotive 
force  of  the  circuit ;  and  C  the  strength  of  the  current. 

The  unit,  in  terms  of  which  resistances  are  commonly  expressed, 
or  the  pvactical  unit  of  resistance,  is  called  an  ohm,  and  is  such  that 
an  electromotive  force  of  one  volt  applied  to  a  homogeneous 
metallic  conductor  having  this  resistance  will  maintain  in  it  a 
current  of  one  ampere.  The  ohm  will  be  moi'e  fully  discussed  in 
the  chapter  on  Electrical  Units  (Chapter  XXXI.),  but  we  may  state 
here  that  it  is  very  nearly  equal  to  the  resistance  at  0°  C.  of  14*452 
grammes  of  mercury  in  the  form  of  a  column  of  uniform  cross- 
section  and  106 '3  cm.  long. 

Ohm  not  only  showed  that  the  resistance  of  a  given  conductor 
in  a  given  condition  is  a  constant  quantity  depending  on  its 
material  and  dimensions,  but  he  also  showed  that  the  resistance 
of  a  conductor  of  uniform  cross-section  s,  and  length  I,  is  ex- 
pressed by 

7?  ^ 

i{  =  p- 

s 

where'  p  is  a  constant  characteristic  of  the  material,  called  its 
specific  resistance.  The  full  statement  of  Ohm's  law  must  be  taken 
as  including  this  equiition. 

115.  Specific  Resistance. — If  we  put  R^  for  the  resistance  of 
a  conductor  of  length  1  cm. ,  and  cross-section  1  cm.-,  I  and  s  in  the 
above  expression  both  become  unity,  and  we  have  R^  =  p,  which 
gives  us  the  definition  of  the  specific  resistance  of  a  material  as 
being  numericallj'  equal  to  the  resistance  of  a  conductor  of  that 
material  1  on.  long  and  havimj  a  cross-section  of  1  cin.-.     The  shape 
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of  the  cross-section  makes  no  difference,  so  that,  for  the  purposes 
of  this  definition,  we  may  suppose  that  we  take  1  cm.  length  along  a 
square  rod  measuring  1  cm.  across  each  way  ;  such  a  piece  would  be 
a  centimetre-cube,  and  its  resistance  would  be  the  specific  resistance 
of  the  material.  But  it  is  important  to  notice  that,  when  specific 
resistance  is  defined  as  the  resistance  of  a  centimetre-cube,  it  is 
to  be  understood  that  the  flow  of  electricity  takes  place  between 
opposite  faces  and  is  uniformly  distributed  throughout  the  cross- 
section.  If  we  measure  resistance  in  ohms  and  lengths  in  centi- 
metres, the  unit  of  specific  resistance  will  be  an  ohm  x  1  square 
centimetre  and  divided  by  1  cm.  ;  i.e.  it  will  be  one  ohm-centi- 
metre. 

The  specific  resistances  of  the  metals  increase  with  temperature, 
and  therefore  also  the  actual  resistances  of  conducting  wires.  If 
the  resistance  of  a  wire  at  0°  0.  is  denoted  by  R^,  its  resistance  at 
f  may  be  represented  to  a  first  approximation  by 

R  =  R,{\  +  at), 

whei'e  a  is  a  coefiicient  depending  on  the  material.  For  several 
pure  metals,  the  value  of  a  has  been  found  to  be  from  0-0036  to 
0"0038,  or  nearly  equal  to  the  coefiicient  of  expansion  of  gases. 
For  alloys,  the  value  of  a  is  much  smaller,  and  solids  are  known 
{e.ij.  manganin)  for  which  its  value  is  actually  negative  at  least 
within  a  certain  I'ange  of  temperature. 

Experiments  by  Professors  Fleming  and  Dewar  show  that  at 
very  low  temperatures,  such  as  can  be  obtained  by  the  evapora- 
tion of  liquid  oxygen,  the  specific  resistances  of  the  pure  metals 
are  very  much  less  than  they  are  at  ordinary  temperatures.  The 
following  numbers  are  taken  from  their  results  : — 


Approximate 
Temperature. 

Specific  Resistance. 

Platinum. 

Silver. 

Copper. 

Iron. 

o°a 

10974 

1489 

1564 

9115 

-200° 

3339 

390 

289 

1220 

-220° 

2439 

144 

660 

The  unit  employed  in  this  table  is  the  one-thousand-millionth 
of  an  ohm-centimetre ;  to  obtain  the  values  expressed  in  ohm- 
centimetres  we  must  therefore  divide  the  given  values  by  10''. 
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When  a  long  range  of  temperature  is  regarded  or  great  accu- 
racy is  required  a  parabolic  formula  must  be  employed 

It  =  7i'„(l  +  a^ +  /?/■'); 

and  even  this  must  be  vised  with  caution.  Experiments  by 
E.  P.  Harrison  on  nickel  show  that  such  a  formula  fits  very  well 
between  -  191°  C.  {i.e.  the  temperature  of  liquid  air)  and  +  370°  0. 
but  that  at  this  point  a  change  occurs  and  thereafter  the  resistance 
increases  much  less  rapidly  and  almost  as  a  linear  function  of  the 
temperature  up  to  1050°  C.  Similar  results  were  obtained  with 
iron,  the  change  not  occurring  till  nearly  800°  C. 

The  specific  resistances  of  non-metallic  liquids  are  enormovisly 
greater  than  those  of  metals,  and  they  decrease  with  rise  of  tem- 
perature. 

A  table  giving  numerical  values  for  a  number  of  substances, 
both  metallic  and  non-metallic,  is  given  at  the  end  of  this  volume. 


CHAPTER  XII 

APPLICATIONS    OF    OHM'S    LAW 
116.  Current  in  a  Simple  Circuit. — Ohm's  luw  enables  us 

to  calculate  immediately  the  strength  of  the  current  that  a  given 
battery  will  produce  through  any  conductor  of  known  resistance 
which  may  be  connected  with  its  terminals.  For  instance,  suppose 
the  battery  to  consist  of  n  cells  connected  in  series,  each  having 
electromotive  force  e  and  resistance  r',  and  that  its  terminals  are 
connected  by  a  wire  of  resistance  r.  Then  the  total  electromotive 
force  of  the  circuit  is  E=ne,  and  the  total  resistance  is  R=^nr'  +  r  ; 
consequently  the  current  is 

p_E_     ne 
R     nr'  +  r 

If  the  cells  composing  the  battery,  instead  of  being  all  identical, 
have  vaiious  electromotive  forces  and  resistances,  e^,  e^,  .  .  .  and 


'•,',  ?'./,    .   . . . ,   we  shall  have  E  =  e-^  +  e.-^  +    .    .   .  ,   and   R  =  r  + 


'  +  r .,  +  .  .  .  Again,  if  any  of  the  cells  are  connected  with  their 
poles  in  the  opposite  direction  to  the  rest,  the  values  of  e  for  them 
must  be  taken  as  negative — that  is  to  say,  E  must  be  taken  as  the 
algebraic  sum  of  the  separate  electromotive  forces.  The  resistance 
of  a  cell  comes  into  account  in  the  same  manner,  whichever  way 
it  is  connected  in  the  circuit ;  hence  the  value  of  R  is  not  affected 
by  the  reversal  of  any  of  the  cells. 

117.  Geometrical   Representation. — The  influence  on  the 

strength  of  the  cui-rent  of  the  electromotive  force  of  the  battery, 
and  of  the  relative  resistance  of  the  battery  and  the  rest  of  the 
circuit,  can  be  conveniently  expressed  geometrically  by  the  con- 
struction of  Fig.  107.  Here  horizontal  distances  represent  resist- 
ances, and  vertical  distances  electromotive  forces  or  differences  of 
potential,  mn  represents  the  resistance  of  the  battery,  no  the 
external  resistance,  mk  the  electromotive  force,  and  nl  the  differ- 
ence of  potentials  between  the  battery  terminals. 

The  strength  of  the  current  is  given  by  the  slope  of  the  line 
KG,  that  is,  by  the  tangent  of  the  angle  at  o,  or  if  we  draw  kp 
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parallel  to  mo,  to  represent  one  ohiu  (represented  in  the  figure 
by  1-5  cm.),  and  rQ  at  right  angles  to  kp,  the  current  is  represented 
by  the  length  of  the  single  line  pq.      For,  by  construction 


-1^ 


MK  .  J.  PQ 

-  =  tan  MOK  ==  tan  pkq  =  -J^  =  pq. 

MO  PK 


The  figure  also  shows  clearly  the  relation  between  F,  the  difference 
of  potentials  at  the  terminals  of  the  battery,  and  the  electromotive 
force  E=ne.      For  nl,  which  represents  F,   is  equal  to  MK  -  ll', 

and  ll'  =  mn  x         which  is  equivalent  to 

MO 


F=F-hC=F-L—, 

h  +  r 

where  the  single  symbol   h  is   put  for  nr. 
K  PL' 


the  resistance  of  the 


--^ 

^ 

^^T^ 

L 
F 

^ 

c 

^"^^^"--...^^ 

e 

7j 

^^""^""^-^ 

M 


Fiu.  107. 


battery,  in  order  to  recall  the  fact  that,  as  long  as  the  battery 
remains  unaltered,  its  resistance  is  a  constant  quantity. 

It  is  easy  from  the  same  figure  to  see,  at  least  generally,  how 
the  strength  of  the  current  depends  on  the  external  resistance. 
If  this  is  great,  o  will  be  very  far  from  N,  the  line  kg  will  be 
nearly  parallel  to  mo,  and  PQ,  which  is  proportional  to  the  current 
strength,  will  be  small ;  obviously,  however,  pq  does  not  vanish 
for  any  finite  value  of  no  or  /■.  On  the  other  hand,  if  r  diminishes, 
o  approaches  N,  and  finally  coincides  with  it.  In  this  case  the 
current  attains  its  maximum  value,  C=^/Z>  =  e/r',  which  is  the 
same  as  that  of  the  maximum  current  obtainable  from  a  single 
cell.  When  the  terminals  of  a  cell  or  battery  are  connected 
through  a  conductor  of  no  appreciable  resistance,  the  battery  is 
often  spoken  of  as  being  shoi-t-ciiruitcd .  Fig.  108  represents  the 
effect  of  short-circuiting  a  battery  of  twelve  similar  cells  in  series, 
the  resistance  of  each  cell  being  represented  by  an  arc  of  a  circle 
instead  of  by  a  distance  along  a  straight  line. 
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In  Fig.  107  a  vertical  ordinate  drawn  from  any  point  in  no 
wonld  I'epresent  the  difference  of  potentials  between  that  point 
and  o,  which  corresponds  with  the  negative  terminal. 

118.  KirchTloff's  Rules. — The  two  following  deductions  from 
Ohm's  law,  often  referred  to  as  Kirclilioff  s 
rules,  are  useful  in  calculations  relating 
to  complex  circuits  : — 

1.  //'  several  conductors  meet  at  the 
same  ^;0Mif,  the  algebraic  sum  of  the 
strengths  of  the  currents  in  the  several 
conductors,  reclioned  positive  lohen  the 
direction  of  the  current  is  towards  the 
2)oint,  is  equal  to  nothing,  or 
Fig.  1  us.  2f  =  0. 

2.  //"  tu-o  or  more  conductors  form  a  closed  figure,  the  algebraic 
sum  of  the  products  of  the  resistances  of  the  several  conductors  into  the 
strengths  of  the  currents  through  them,  reckoned  positive  the  same  loay 
round  the  figure,  is  equal  to  the  algebraic  sum  of  the  electromotive 
forces  acting  round  the  figure  in  the  same  direction,  or 


Fig.  109. 


The  first  of  these  theorems  may  be  regarded  as  self-evident,  it 
being  simply  an  expression  of  the  fact  that  under  the  given  condi- 
tions there  is  no  accumulation  (positive  or 
negative)  of  electricity  at  the  point  considered 
(Fig.  109). 

The  second  depends  upon  the  relation 
already  pointed  out  (111),  that  the  difference 
of  potentials,  /,  between  the  ends  of  a  con- 
ductor which  is  the  seat  of  electromotive  force 
e,  is  less  than  e,  when  the  conductor  is  traversed  by  a  current  in 
the  direction  of  that  which  the  electromotive  force  tends  to  produce, 
by  the  product  of  the  strength  of  current  into  the  resistance,  or 

/=  e  -  cr. 

Applying  this  result  in  succession  to  each  of  the  conductors  form- 
ing a  closed  circuit,  we  get  from  any  selected  starting-point  back 
to  the  same  point  again ;  accordingly,  the  sum  of  the  differences  of 
potential  round  the  circuit  must  be  zero,  or 

^/'=  0,  whence  2cr  =  -e. 

An  important  special  case  falling  under  this  theorem  is  when  a 
number  of  metal  wires  form  a  closed  circuit  (Fig.  110):  here  e  is 
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equal  to  nothing  for  each  conductor,  and  therefore  also  for  the  sum, 
or  '2cr  =  0. 

119.  Conductors  in  Multiple  Arc— By  aid  of  the  foregoing 

results  it  is  easy  to  solve  many  problems 

which    present    themselves    in    connection 

with  complex  combinations  of  conductors. 

We  will  consider  first  a  number  of  metallic 

conductors  joining  the  same  points  A  and 

b;     three    conductors    (Fig.    Ill)    will    be 

enough  to  illustrate  the  general  case.      If  _, 

7'j,  ?-o,  r.,,  are  the  resistances  or  the  separate 

conductors,    we    have    already    seen    (113)  that  the  resistance    E 

of  the  combination  is  „.  ,. ,,. 

^_ '  Vi'  3 

'Vs  +  ^Vs  +  'V-i" 

The  strength  of  the  current  in  each  branch  may  be  expressed 

in  terms  of  the  total  current  O  as  follows  :  putting  A  -  B  for  the 

difference  of  potentials  between  the  points  A  and  b,  we  have 

A-B  A-B  A-B 


'>''>. 


whence 


A-B     A-B     A-B 

0= +  + 


r-. 


'2  '3 


Similarly 


C- 
'•I'o  +  'Vs  +  ^y'i 


The  case  that  occurs  oftenest  in  practice  is  the  simple  one  of  two 
conductors.  This  is  included  in  the  above  formula  if  we  suppose  r, 
to  become  infinite,  when  we  get 

?'l  +  ''.2  -  '"l  +  'o 

As  one  among  many  instances  of  the  application  of  these  formulae, 

we  may  refer  to  the 
measurement  of  cur- 
rents. It  often  happens 
that  it  is  not  desirable 
to  allow  the  whole 
of  the  ciu'rent  to  pass 
through  the  measuring  instrument.  In  sucli  a  case,  supposing  the 
resistance  of  the  instrument  to  be  r,,  its  terminals  may  be  con- 
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iiected  by  a  wire  of  resistance  j-g,  frequently  called  a  slmnt. 
Then  if  the  total  current  is  C,  and  the  current  indicated  by  the 
measuring  instrument  is  c^  the  strength  of  the  total  current  is 
given  by 


'-1 


For  example,  if  r-Jr.^  =  ^,  0=  lOr,  ;  if  r^/r,  =  99,  6'=  lOOc^. 

120.  Voltaic  Cells  or  Batteries  in   Multiple  Arc— Let 

fip  e.2,  eg,  be  the  I'espec- 
tive  electromotive  forces 
of  three  single  voltaic 
cells  or  batteries  con- 
nected as  in  Fig.  112; 
?-p  9-2,  j-g,  the  correspond- 
ing resistances  meas- 
ured between  the  points 
A  and  B ;  c^,  c^,  c.;,  the 
currents  through  the 
several  cells ;  lastly,  r 
the  resistance  of  a  wire 
connecting  a  and  b,  and 
e  the  current  in  it.  By  applying  Kirchhoff's  second  rule  to  the 
circuit  formed  by  taking  the  cells,  one  at  a  time,  together  with  the 
connecting  wire  r,  we  get  the  equations 

r  e. 

cr  +  c^r^  =  e^,  ore-  +q  =  - 


FiCx.  112. 


r  e, 

cr  +  c„r„  =  e.,,  or  c 1-  ^9  =  — 


cr  +  r^r^  =  es,  ore--  +r^  =  ;f. 

Then,  adding,  reducing  to  a  common  denominator,  and  simplifying, 
we  get  for  the  current  in  the  external  conductor 

_      gj  ^'-2  ^'3  +  g-2  ^\  '>'-i  +  ^3  ^'\  ^'2 
''  ~  '-1  r.2  r^  +  rr^  r^  + 1-1\  r^  +  rr^  r/ 

"For  the  resistance  R  of  a  single  cell  equivalent  to  the  combination, 
we  have  (113)  r,  r„  i\ 

'>'-2  ''3  +  ''1  ''3  +  ''1  '"'2 

To  obtain  the  electromotive  force  of  the  equivalent  single  cell,  we 
have  E=c{R  +  r) 
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which,  putting  in  the  vahies  of  c  and  R  and  reducing,  gives 


E= 


ro  ro  +  r,  n  +  r-,  1\ 


then 


We  may  note  the  following  special  cases  : — 

1.  All  three  cells  have  the  same  electromotive  force,  say 

E=e 

which  shows  that  the  resviltant  electromotive  force  of  any  number 
of  equal  cells  connected  in  multiple  arc  is  the  same  as  that  of  a 
single  cell  of  the  same  kind. 

2.  All   the   cells   have   the   same  resistance ;    in  this   case  the 
formula  gives 


E-- 


^1  +  ^2  +  ^3 

3 


or,  the  resultant  electromotive  force  of  any  number  of  cells  of  equal 
resistance  connected  in  multiple  arc  is  the  arithmetic  mean  of  their 
separate  electromotive  forces. 

To  get  the  currents  in  the  separate  branches,  we  may  start  from 
the  equation  ^^  ^  (^^  _  cr)lr^ 

and  the  corresponding  expressions  for  c^  and  Cy  Putting  in  the 
value  of  c  already  found,  we  get 

^  ''i  '2 '^'s  +  ^''"2 '"s  +  '^'''1  ''s  +  '"''1  '2 
The  values  of  c,  and  c,  may  be  obtained  similarly,  or  they  may  be 
written  down  from  the  last  expression  by  cyclically  changing  the 
suffixes.  It  is  evident  that  the  denominator  is  not  altered  thereby. 
120.*  "  Wheatstone'S  Bridge." — A  case  of  some  importance, 
in  consequence  of  the  applications  that  can  be  made  of  it,  is  that 
in  which  six  conductors  connect  four  points,  as  M,  N,  p,  Q,  in 
Figs.  112a  or  112b.     The  arrangement  intended  is  easily  iinder- 


M  h  N 

Fig.  112a. 


stood  if  the  four  points  are  thought  of  as  situated  at  the  corners 
of  a  tetrahedron  and  the  six  conductors  as  lying  one  along  each 
edge  of  the  tetrahedron.  If  the  conductor  connecting  one  pair 
of  points,  say,  that  connecting  M  and  N,  contain  a  battery,  every 
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bi-aiich  of  the  conducting  system  will,  in  general,  be  traversed 
by  a  current,  the  strength  of  whicii  can  be  calculated  if  the 
electromotive  force  of  the  battery  and  the  resistances  of  the 
several  branches  are  known. 

Let  E  be  the  electromotive  force,  and  b  the  resistance  (in- 
cluding that  of  the  battery)  of  the  conductor  connecting  M  and  n. 
Put  g  for  the  I'esiatance  of  the  conductor  pq,  r^  and  >■„  for  the  I'esist- 
ances  of  mp  and  pn  respectively,  and  r^  and  r^  for  those  of  mq  and 
QN  respectively.  Further,  let  G  stand  for  the  strength  of  the  current 
from  N  to  M  through  the  battery,  e  for  the  current  in  pq,  and 
c^,  c.„  ('3,  C4,  for  the  currents  in  mp,  pn,  mq,  qn  respectively.  To 
find  the  values  of  the  cnrrents  in  the  various  parts  of  the 
system,  we  may  proceed  as  follows.  We  can  at  once  write 
down  the  equations — 


I'-l  +  ''0  =  ^3'"3 
2''2  -  '7/  =  *^'A>'i 


C^c^  +  c^^c^  +  c^.      .     (1) 
c  =q-r,  =  r,-r-3.      .      (2) 

Combining  (1)  and  (3)  we  have — 

Similarly,  (1)  and  (4)  give — 

Cq'^o  -^0  =  (C  -  Co)l\ 
or,  by  (2)— 

Eliminating  c  from  (;"))  and  (7),  we  get — 

flip's +  ^'4) +  ^'^(^'2  +  ^4) 


(3) 


(^) 


i  +  ''K 


c,  =C 


o 


g{>\  +  ^2  +  'a  +  '4)  +  (^-1  +  ■'■3)  ('2  +  '4) 

.9(^3  +  '"4)  +  '■3(''2  +  '4) 


B 


(6) 
(') 

0-) 


if,  for  shortness,  we  write  D  for  the  demoninator  of  this  expression. 
From  this,  by  properly  changing  suffixes,  we  obtain — 


C.y=C' 


D 


Similar!  V- 


C 


g{r^  +  ?v)  +  i\{)\^  +  74) 


D 


c,  =  C 


,f/{j\  +  r^)  +  r20\  +  r^) 


1) 


(II.) 


(III.) 
(IV.) 


Substituting  for  Cj  and  ro,  or  for  Cg  and  r^,  in  (2)  we  get,  for 
current  in  PQ,  the  value— 


the 


c=G 


r.,r. 


D 


(V.) 


Or,  without  previously  finding  c^,  c.„  &c.,  we  may  get  the  value  of 
c  by  eliminating  c^  from  (5)  and  (7). 
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The  difference  of  potentials  between  the  points  M  and  n  is 
given  by  c^7\  +  c..f^_^  or  by  GR^  if  R  stands  for  the  resistance  of  a 
single  wire  which,  if  substituted  for  the  existing  combination  of 
conductors,  would  leave  the  current  through  the  battery  unaltered. 
Equating  these  two  values,  we  have — 

R=        ^       . 

From  this,  by  inserting  the  values  of  Cj  and  c,^  already  found 
(I.)  and  (II.)  and  reducing,  we  get — 

The  strength  of  the  current  through  the  battery  is  of  course 

^-h  +  R' 
or,  when  the  value  of  R  is  written  out  in  full — 

^^„ (l{n  +  ^2  +  'r^  +  n)  +  (n  +  '••2)(ni  +  '"4) 

Using  this  value  in  (I.),  we  have — •  ^        '' 

'^^        b:j(ri  +  ?-2  +  »-3  +  n)  +  6(ri  +  rs)  ( j-2 + u)  +£r(ri + j-aXrs +u)+  riV^^ir-i  +  u)  +  (r-^  +  r2)rsu 

(vni.) 

with  corresponding  expressions  for  c.^,  Cg,  c^,  and  c,  the  denominator 
being  the  same  for  all  and  the  numerators  those  already  given. 

120.**  Remarks. — (1)  From  equation  (V.)  of  the  last  section, 
it  appears  that  there  is  no  current  in  PQ,  or  c  =  0,  when  the 
condition  )\r^  =  r.^r^  is  satisfied  ;  and,  conversely,  when  there  is  no 
current  in  PQ,  we  know  that  r^r^  =  7Y^.  With  this  condition,  it 
follows  also  that  c^  =  C2  a^^  ^3  =  ^4'  ^^  ^^^^  appears  directly  on 
comparing  the  values  of  these  quantities  given  by  (I.)  and  (II.)  and 
by  (III.)  and  (IV.). 

(2)  If  a  battery  be  inserted  in  any  other  branch  instead  of  in 
NM,  the  currents  in  the  other  branches  can  be  written  down  frtjm 
the  expressions  already  obtained  by  properly  changing  the  suffixes 
of  the  symbols.  For  instance,  suppose  the  battery  removed  from 
NM  and  placed  in  pq,  so  that  Q  is  the  positive  terminal,  and  that 
we  want  to  find  the  strength  of  the  current  in  nm,  the  branch  of 
the  network  which  is  not  directly  connected  with  PQ  :  in  the  case 
already  considered,  with  the  battery  in  nm,  with  M  as  positive 
terminal,  we  got  for  the  current  from  p  to  Q  the  expression — 

.^  p ^if^.-r^n 

ti/('-l  +  '-2  +  »-3  +  '-4)+M'-l+»-a)('-2+'-4) +&('•! +'-2)('-3  +  n)  +  »-l»-2(''-3  +  ^4)  +  (''l  +  ^2)»3'-4' 

and  we  have  to  modify  this  to  suit  the  new  case.  We  note  that 
each  term  of  the  numerator  of  our  expression  is  the  product  of  a 
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resistance  connected  with  the  positive  terminal  of  the  battery  into 
a  resistance  connected  with  the  negative  pole.  In  the  new  case 
rg  and  r^  are  connected  with  the  positive  terminal  Q,  and  r^  and  r.^ 
with  the  negative  terminal  p.  The  corresponding  quantities  will 
therefore  again  be  r^7'^  and  r^i^^,  and  in  order  that  the  current  may 
as  before  flow  from  N  to  m,  the  difference  ^yg  -  r■^7•^  must  be 
positive.  Thus  the  numerator  remains  unaltered.  In  the  denom- 
inator, it  is  easy  to  see  that  the  first  term  remains  unchanged. 
The  second  is  the  resistance  of  the  battery,  now  g,  into  the  sum  of 
the  resistances  connected  with  the  positive  terminal  and  the  sum 
of  those  connected  with  the  negative  terminal :  the  corresponding 
expression  in  the  new  case  will  therefore  be  g(;r^  +  r^){r-^  +  ?'2)-  The 
third  tei'm  of  the  denominator  is  the  resistance  of  the  branch  not 
directly  connected  with  the  battery,  now  h,  multiplied  into  the 
product  of  the  resistances  of  mpn  and  mqn,  which  in  the  former  case 
connected  the  terminals  of  the  battery  :  the  corresponding  con- 
ductors are  now  qmp  and  qnp,  and  their  resistances  r^  +  )\ 
and  r^  +  r^  respectively.  The  modified  third  term  is  therefore 
^(rg  +  r-^)  (r^  +  rg).  The  fourth  and  fifth  terms  consist  of  the  pro- 
ducts taken  three  at  a  time  of  the  four  resistances  }\,  r^,  Vg,  and 
r^,  and  therefore  are  not  altered.  The  result  is  that  the  whole 
denominator  remains  unchanged,  for  the  second  and  third  terms 
have  merely  changed  places  and  the  rest  are  not  altered. 

This  leads  to  an  important  conclusion  which  may  be  stated  in 
general  terms,  as  follows  :  in  a  system  of  six  conductors  connected 
in  the  manner  described,  if  a  given  electromotive  force  be  applied 
to  any  one — call  it  for  distinction  number  one — a  current  of 
definite  strength  will  be  produced  in  the  conductor — call  it 
number  six — with  which  the  first-mentioned  conductor  is  not 
directly  connected  ;  if  now  the  electromotive  force  be  removed 
from  conductor  number  one  and  applied  to  number  six,  the 
resistance  of  each  branch  remaining  unchanged,  it  will  produce 
in  number  one  a  current  of  the  same  strength  as  that  previously 
produced  in  number  six.  A  particular  case  is  when  r.f^  =  i\r^  : 
then,  as  we  have  seen  a  battery  in  nm  produces  no  current  in  pq  : 
reciprocally,  a  battery  in  pq  produces  no  current  in  nm. 

(3)  We  have  seen  that  an  electromotive  force  B  in  the  arm 
NM  gives  a  current  c-^,  in  the  arm  MP  the  strength  of  which  is  given 
by  (VIII.).     If  the  resistances  are  such  that 

this  current  is  independent  of  the  value  of  the  resistance  r^  in  pn, 
and  reciprocally  the  current  c^  in  pn  is  independent  of  the  resist- 
ance i\  in  MP.      Similarly,  if 
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the  current  c^  is  independent  of  the  resistance  r^,  and  the  current 
c,  is  independent  of  the  resistance  r^. 

To  prove  these  relations  it  will  be  suJSicient  to  consider  the 
first-mentioned  case,  as  the  others  can  be  proved  in  an  exactly 
similar  way.  If  c^  is  independent  of  r^  its  value  will  not  be  altered 
if  we  give  to  this  quantity  in  turn  the  extreme  values  r^  =  0  and 
r^  =  oo  .     In  the  former  case,  equation  (YIII.)  becomes 

^.  ^^ {jl+j:iEl .. 

1         h,j{r^  +  7-,  +  ?3)  +  hr^{r^  +  r^)  +  gr^  (r,  +  ?■.,)  +  r^r^r^ 

Remembering  that  hg  =  r.-,r^  gives  g(l)  +  j-g)  =  (7  +  r,)''3,  this  may  be 
written — 


(9  +  '•?)'■• 


{'f  +  r.^)(br^  +  br^  +  r^r.^  +  r^r^) 


=  E-, 


If  now  we  put  r^  =  00  ,  we  have — 

9  +  ''3 


=  E 


hg  +  h{i\  +  rg)  +  g{r^  +  ;•.,)  +  r^r.,  +  r^r.^  +  r^r^ 
9  +  ^3 


{g  +  r.^{b  + 1\  +  u)  +  {h  +  r.^i\ 
or,  with  the  condition  hg  =  i\^r^ — ■ 


H-E^ 


(^  +  '3)[(^>  +  '*l  +  '2)'-3+^'"l] 


=  E, 


&ri  +  (&  +  ri  +  r2>-3 
as  before. 

121.  Best  Arrangement  of  Cells. — Suppose  that  n  similar 
cells,  each  of  resistance  r  and  electromotive  force  e,  are  available 
for  sending  a  current  through  a  conductor 
of  resistance  r  :  the  cells  may  be  Grouped  in 
various   ways,   as   all    in    series    (Fig.    113), 


Fig.  113. 


Fi(!.  114. 


Fig.  UT) 


or  all  in  multiple  arc  (Fig.  114)  ;  or  they  may  be  arranged  in  an 
intermediate  manner,  being  divided  into  two  or  more  series  and 
these  again  being  joined  in  multiple  arc  (Fig.  115).     In  general, 
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any  change  in  the  arrangement  of  the  cells  will  cause  an  alteration 
in  the  strength  of  the  ciu'rent  in  the  external  conductor,  and  the 
question  arises,  how  must  they  be  combined  in  order  to  make  this 
current  as  strong  as  possible  ?  Let  p  be  the  number  of  cells  in 
each  series,  and  q  the  number  of  series,  so  that  j^^/  =  n.  The  re- 
sistance of  each  series  will  be  pr,  and  the  resistance  of  the  q  series 

in  multiple  arc  will  be  -;•.     Again,  the  electromotive  force  of  each 

<1 
series  will  be  j?e,  and  as  the  series  are  all  equal,  this  will  also  be 
the  electromotive  force  of  the  whole  combination.      Consequently 
the  strength  of  the  current  will  be 


C-. 


pe 


prjq  +  r     pr  +  qr' 

The  numerator  of  the  expression  for  C,  in  its  second  form,  is  con- 
stant, and  C  will  therefore  be  greatest  when  the  denominator  is 
least.  But  the  product  of  the  two  terms  of  the  denominator  is 
pqrr'==nrr',  a  constant  quantity,  and  therefore  the  denominator 
has  its  smallest  value  when  its  two  terms  are  equal,  ov  pr  =  qr\ 
that  is,  when  the  resistance  of  the  battery  is  equal  to  the  external 
resistance,  or,  what  is  the  same  thing  (since  the  last  equation  is 
the  same  as  pjq  =  r'/r-),  when  the  number  of  cells  in  each  series  is 
to  the  number  of  series  as  the  external  resistance  is  to  the  resist- 
ance of  a  single  cell.  Seeing  that  p  and  q  must  be  whole  numbers, 
and  pq  =  7i,  it  is  not  generally  possible  to  satisfy  accurately  the 
condition  for  a  maximum  current ;  all  that  can  then  be  done  is  to 
choose  the  arrangement  that  comes  neai'est.  If  ?•',  the  exteinal 
resistance,  is  very  much  greater  than  r,  the  resistance  of  one  cell, 
we  must  make  ])/q  as  great  as  possible,  or  p  =  n  and  q  =  l  ;  on  the 
other  hand,  if  r'/r  is  small,  we  must  makep=l  and  q  =  7i. 

122.  Conduction  in  Two  Dimensions. — If,  in  place  of  being 

a  thin  wire,  the  conductor  is  a  iiniform  flat  sheet  to  which  elec- 
tricity is  supplied  or  from  which  it  is  withdrawn  at  a  given  point, 
the  current,  instead  of  taking  place  in  one  direction  only,  will 
spread  out  from  the  point  on  all  sides,  or  converge  towards  it,  as 
the  case  may  be.  If  we  suppose  the  uniform  sheet  to  extend 
without  limit  in  all  directions,  it  is  evident  that  the  current  will 
spread  uniformly,  and  that  the  flow  will  take  place  along  straight 
lines  drawn  through  the  point.  If  the  quantity  of  electricity  given 
to  or  removed  from  such  a  sheet  in  a  second  is  Q  coulombs,  and  we 
draw  straight  lines  through  the  point,  making  with  each  other  a 
common  angle  a,  such  that 

a  =  27r/Q, 
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the    total    flow    between    each    pair   of    consecutive    lines   will    be 

one   ampere.      A  quantity  equal   to    Q  will    flow  in  every  second 

across    any   circumference    having   its   centre   at    the    electrode   or 

point  where   electricity  is  supplied   or  withdrawn,   and  the  flow 

across  equal  parts  of  such  a  circumference  will  be  equal.     The  flow 

per  second  across  unit  length  of  a  circumference  drawn  through  any 

point  of  the  sheet  may  therefore  be  taken  as  the  measure  of  the 

intemitij  or  density  of  the   current  at  that  point.     Thus  at  any 

point  at  a  distance  r  from  the  electrode,  the  intensity  of  the  flow 

is  Q/2Trr=l/ar,   and   the  total   flow  per  second   across  an  arc  of 

D  ^  f)  S 

length  6-  is  -_  =  Q— ,  if  we  write  0  for  the  angle  -  subtended  by 
^  iTvr        '2ir  r 

the  arc  s. 

It  is  evident  from  symmetry  that  the  potential  at  every  point 

on  a  circle  drawn  about  the  electrode  as  centre  must  be  the  same, 

or  that  any  such  circle  must  be  an  equi- 

potentio.1  line.      And  since  the  direction  of 

flow   in   a    conductor   is   the    direction    of 

decreasing  potential,   the   potential    must 

decrease   with    increasing    distance    from 

an    electrode  that   supplies    electricity  to 

the    sheet,    that    is,    from    a    source^    and 

must    increase    with    increasing    distance 

from  a  sinlc,  or  an  electrode  that  removes 

electricity    from     the     sheet.       Consider  Fig.  116. 

(Fig.    116)    two    concentric    equi potential    circles    of    very  nearly 

equal  radii,  r  and  r  +  dr,  and  draw  two  radii,  making  a  very  small 

angle  dd  with  each  other.     The  two  circles  and  the  two  radii  will 

intercept   a   small   area  on   the   conducting   sheet,   which,  in    the 

limit,  may  be  treated  as  a  rectangle  of  length  dr,  in  the  direction 

of  the  cuireut,  and  of  breadth  nW,  at  right  angles  to  the  current. 

If  z  is  the  thickness  of  the  sheet  and  p  its  specific  resistance,  the 

resistance  of  this  elementary  portion  may  be  taken  as 

pdr 

znfe' 
The  whole  circular  strip  Ijounded  by  the  two  circles  contains  iTrjdd 
such  areas,  which  may  be  considered  as  conductors  connected  in 
multiple  arc,  and  therefore  the  resistance  of  the  whole  strip  to  the 
radial  flow  taking  place  across  it  is 

pdr 

To  cet  the  resistance  of  an  annular  belt  contained  between  circles 
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of  I'adii  i--^  and  /^  dilfering  by  a  fiuite  amount,  we  require  to  in- 
tegrate this  expression  between  the  corresponding  limits.  Thus 
the  resistance  of  the  belt  is 

li  =    P    r  '^  =  /_  log.'i  =  0-3665  P  \oajy. 

But  (114)  the  difference  of  potentials  between  two  equi- 
potential  circles  is  equal  to  the  resistance  of  the  intervening 
portion  of  the  conductor  multiplied  by  the  strength  of  the  current : 
we  have  therefoi'e  for  the  amount  by  wdiich  the  potential  at  radius 
r.^  exceeds  that  at  radius  r^ 

V^  -  V^  =  -  0'3665  _r  logjo--,  if  the  centre  is  a  source, 
z  i\ 

and  Fo  -  V.  =  0"3665— i-logj„-3,  if  the  centre  is  a  si?ik. 

z  r, 

It  follows  that  a  series  of  circles  drawn  about  the  same  electrode 
have  a  constant  difference  of  potentials  between  each  one  and  the 
next  if  their  radii  are  in  geometrical  progression,  and  if  Fj  be  the 
potential  at  unit  distance  from  an  electrode,  the  potential  at  any 

distance  r  is  given  by  V  =  V^  -  0"3665  —  logm  r,  the  sign  of  iX  being 
taken  positive  for  a  source  and  negative  for  a  sink. 

123.  Two  Equal  Opposite  Electrodes— Lines  of  Flow.— 

Now   consider  a    source   A   (Fig.    117)  svipplying   Li   coulombs  per 


Fig.  117. 


second  to  a  conducting  sheet,  and  a  sink  B  removing  electricity  at 
the  same  rate.  In  this  case  there  is  no  change  in  the  total  quantity 
of  electricity  possessed  by  the  sheet,  and  therefore,  with  a  limited 
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sheet,  if  the  shortest  distance  from  the  electrodes  to  any  point  of 
the  boundary  is  great  in  comparison  with  the  distance  between  the 
electrodes,  the  state  of  things  does  not  differ  appreciably  from  what 
would  exist  in  tl.>.e  corresponding  portion  of  an  unlimited  sheet, 
and  can  be  deduced  by  simply  superposing  on  each  other  the  con- 
ditions which  we  have  already  seen  would  apply  in  the  case  of  a 
source  or  a  sink  respectively  existing  by  itself  in  an  unbounded 
sheet.     Let  Aii,  Ai,  ak,  be  drawn  through  A,  making  a   constant 

angle  a  =  —  with  each  other  ;  and  let   bh,  bi,   bk  .    .   .  be  drawn 
^  Q  '  '       ' 

similarly  through  B.  Considering  the  effect  of  the  soiu'ce  A  by 
itself,  the  flow  between  ah  and  Ai  into  the  quadrilateral  iiHjIi' 
across  hi',  would  be  one  ampere.  Similarly,  considering  the  sink 
B  by  itself,  the  flow  due  to  it  between  bh  and  bi  would  be  one 
ampere  out  of  the  same  quadrilateral  across  I'l.  The  resultant 
flow  due  to  the  co-existence  of  the  source  and  sink  must  then  be 
such  as  to  satisfy  simultaneously  the  conditions  of  a  flow  of  one 
ampere  inwards  (with  respect  to  the  quadrilateral  considered) 
across  hi'  and  ovitwards  across  I'l.  Obviously,  also,  corresponding 
conditions  mxist  apply  to  the  flow  across  the  boundaries  of  any  of 
the  quadrilaterals  into  which  the  whole  surface  of  the  conducting 
sheet  is  cvit  up  by  the  mutual  intersection  of  the  two  sets  of  rays 
drawn  outwards  from  A  and  inwards  towards  B.  Again,  consider 
the  flow  at  one  of  the  points  of  intersection,  say  h  :  the  flow  due 
to  A  alone  is  along  hHj,  and  that  due  to  B  alone  is  along  hi'.  The 
resultant  flow  must  have  an  intermediate  direction.  Similarly  at 
I  the  resviltant  flow  must  have  a  direction  intermediate  between 
11^  and  ik'.  ISTow,  trace  a  curve,  such  as  hik,  through  alternate 
angles  of  successive  quadrilaterals,  and  consider  one  of  the  result- 
ing triangles,  such  as  Hi'i  :  we  have  already  seen  that  the  flow 
into  this  triangle  across  the  side  hi'  is  equal  to  the  outward  flow 
across  I'l.  Therefore,  on  the  whole,  there  can  be  no  flow  inwai'ds 
or  outwards  across  the  third  side,  hi,  of  the  triangle.  Hence  we 
see  that  lines  drawn  like  h'i'k',  hik,  h^^i^Kj,  in  the  figure  are  such 
that,  on  the  whole,  no  electricity  flows  across  them  ;  and  by  taking 
the  common  angle  between  the  constructive  lines  of  the  figure 
smaller,  so  that  the  flow  between  consecutive  lines  due  to  source  or 
sink  alone  is  less  than  one  ampere,  we  may  determine  as  many 
points  as  we  please  between  the  points  ii,  i,  k,  .  .  .  and  thus  trace 
continuous  curves  such  that  no  electricity  flows  across  them  any- 
where. But  such  lines  must  coincide  everywhere  with  the  direc- 
tioii  of  the  current — in  other  woi'ds,  they  must  be  lines  of  Jlow  of 
the  combined  system  of  source  and  sink.      We  see,  then,  that  the 
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lines  of  flow  for  the  case  we  are  considering  are  continuous  curves 
traced  through  the  alternate  intersections  of  equiangular  pencils 
of  rays  drawn  through  the  source  and  sink  respectively,  and  that, 
if  the  common  angle  between  the  rays  corresponds  to  a  flow  of 
one  ampere,  the  flow  between  consecutive  lines  of  the  resultant 
system,  e.-ij.  between  h'i'k'  and  hik,  or  hik  and  h^IiK^,  will  also 
be  one  ampere.  From  the  geometry  of  the  figure  it  is  easy  to  see 
that  the  angles  ahb,  aib,  akb,  .  .  .  are  equal,  and  therefore  that 
the  points  h,  i,  k,  ,  .  .  are  points  on  a  circle  passing  through  a 
and  B, — and  similarly  for  the  points  on  any  other  line  of  flow, 
as  h'i'k',  &c. 

124.   Equipotential    Lines.— The    system    of    equipotential 
lines  due  to  a  source  and  a  sink  in  a  conducting  sheet  can  be 


Fig.  118. 

obtained  by  a  process  of  superposition  quite  analogous  to  that 
employed  for  the  lines  of  flow.  In  Fig.  118,  let  A  and  b  again 
represent  a  source  and  a  sink,  and  let  the  two  sets  of  dotted 
circles,  of  which  these  points  are  the  respective  centres,  represent 
systems  of  equipotential  lines  which  would  correspond  to  the  two 
electrodes  if  each  existed  by  itself.  Further,  let  the  smallest  circle 
round  a  correspond  to  potential  V,  and  the  smallest  circle  round 
B  to  potential  -  T'',  and  let  there  be  a  common  difference  of  one 
volt  between  any  one  circle  and  the  next  in  each  set.  Then  at 
the  point  ii  in  the  figure  the  potential  due  to  the  source  is  V -  6, 
the  potential  due  to  the  sink  is  -  r+  6,  and  the  resultant  potential, 
being  the  algebraic  sum  of  these,  is  =  0.  Similarly,  the  potential 
at  I  and  k  =  0.  At  h^  the  potential  due  to  the  source  is  r-5, 
and   that   due   to   the   sink  is  -  V -\-  6,   consequently  the  resultant 
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potential  is  +  1.  At  ip  the  potentials  due  to  the  electrodes  sepa- 
rately are  V-  6  and  -  V+  7  respectively,  and  therefore  the  resultant 
is  again  +  1.  Similarly  at  K^.  It  follows,  then,  that  the  line  of 
zero  potential  must  pass  through  the  points  ii,  i,  K, — it  is,  in  fact, 
the  straight  line  that  bisects  ab  at  right  angles, — and  that  the  lino 
of  potential  +  1  must  pass  through  H^,  l^  K^.  From  similar  con- 
siderations it  is  evident  that  the  line  of  potential  +  2  must  pass 
through  the  points  H.,,  i^,  K.,-  In  like  manner  the  line  of  potential 
-  1  must  pass  through  h',  i',  k'  ;  the  line  of  potential  -  2  through 
ii",  i",  k";  and  so  on. 

If  we  put  r  for  the  distance  of  any  point  on  the  conducting 
sheet  from  the  source,  and  ?•'  for  the  distance  of  the  same  point 
from  the  sink,  it  is  easy  to  see  that  the  potential  must  be  the  same 
at  all  points  for  which  the  ratio  of  the  distances  r  and  r'  is  constant, 
and  that  it  must  be  positive  for  all  parts  of  the  sheet  for  which  r/r' 
is  less  than  unity,  and  negative  for  all  parts  for  which  this  latio 
is  greater  than  unity. 

The  same  result  is  easily  obtained  algebraically.  Let  V  be  the 
potential  which  the  source,  if  existing  alone,  would  produce  at  a 
given  point,  and  V  the  potential  which  the  sink  alone  would 
produce  at  the  same  point :  then,  if  we  put  U  for  the  resultant 
potential  due  to  both  source  and  sink,  we  have  (122) 

V  ==  V   -  -^  lof  r 


»"  =  - '"'  ^  t"^-' 


and  therefore 
U 


,-/  0.0    ,^  ,         1  X  Qp    ^  *'' 

==    T     +    ^       =   H^  (lo^'e?"     -   logeO   =   ^  log,  - 

wLence  it  appears  that  the  potential  is  proportional  to  log  -,  and 
therefore,  as  before,  it  is  constant  when  r'jr  is  constant. 

The  curves  which  fulfil  the  condition,  r'/r  =  constant,  are  circles 
with  their  centres  in  the  line  ab.  If  P  is  the  radius  of  one  of 
these  circles,  and  a  and  h  the  distances  of  its  centre  from  A  and  B 
respectively,  then 

L  ^E  =  ^ 
r      7i       P 

(Compare  37). 

125.   Resistance. — Suppose  a  portion  of  a  conducting  slieet,  in 

which  there  are  a  source  and  a  sink  of  equal  strength,  bounded 

by  two  lines  of  flow  and  by  two  equipotential  lines  of  potentials, 

N 
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U-^   and    U.,   respectively  :    we   can   deduce   the   resistance   of   this 
portion  of  the  sheet  to  the  current  through  it  from  the  formula 


E^  {[J^-  U.^/C 


derived  from  Ohm's  Law. 


^'o 


For  U.  we  may  wiite  -^  log^  -  L,  and  -^  loir^  '-5  for  f/.„  so  that 
the  diffei'ence 


u,-u,  =  ^Aw,, 


_  Qp 


^^    loc 


'"l  ■'■•2 


The  strength  of  the  current  (J  is  to  the  rate  of  total  flow  Q  as  the 
angle  9,  at  which  the  flow-lines  bounding  the  portion  of  the  sheet 


Fig.  119. 
considered  meet  each  other  at  the  electrodes,  is  to  27r.     That  i.s 


G  =  Qt^  :  hence 

'.TT 


i^  =   £    •    loc 


r,r., 


If  we  have  to  deal  with  the  whole  space  between  two  complete 
equipotential  lines,  we  have  6  =  2Tr  and  thei'efore  C  =  Q,  and 
consequently 

B  =  J^.  log.  <r^. 

Ittz  i\r.. 

Fig.  119  shows  the  lines  of  flow  and  the  equipotential  lines 
for  the  case  we  have  been  discussing  combined  in  one  diagram. 
It  will  be  seen  that  the  two  sets  of  lines  intersect  at  right  angles. 
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126.  Resistance  between  Parallel  Cylinders. — In  certain 

cells  one  electrode  consists  of  the  cylindrical  vessel  itself  (copper), 
while  the  other  is  a  cylindrical  rod  {e.g.  zinc),  immersed  in  the 
solution  contained  in  the  vessel.  We  can  calculate  the  resistance 
of  such  an  arrangement  as  this  on  the  bants  of  the  results  of  the 
previous  section  :  the  problems  are,  in  fact,  convei'se  to  one  another. 
For  since  we  may  usually  neglect  the  resistance  of  the  metal 
cylinders  in  comparison  with  that  of  the  intervening  solution  the 
fall  of  potential  along  their  lengths  will  be  an  insignificant  part  of 
the  whole  fall  across  from  one  to  the  other,  and  we  may  treat  their 
surfaces  as  being  equipotential  surfaces.  If  these  coincide  with 
two  of  the  equipotential  surfaces  in  Fig.  118,  the  resistance  of  the 
fluid  will  be  that  given  by  the  last  formula  ;  but  if  they  do  not, 
we  may  choose  the  points  A  and  B  so  that  they  shall.  The  data 
given  will  be  the  radii  of  the  cylinders  (P^  and  P^,  and  the  distance 
between  their  centres  (CjC.^  =  Z>).  Let  c^A  =  a]^,  c^b  =  &j,  c^A.  =  a^, 
C.,B  =  &.,,  then  D  =  a.^-  a^  =  b.,  -  l\ 

PJ  =  a.,  h  =  ("i  +  J>)  (^'i  +  JJ) 

p;'=a,  h^ 

whence 

P  2  _  p  2  _  2)2 

-^ ^ =  rtj  +  h^  =  2/; J  (say) 

P  - 
By  putting  — i-  for  h^  we  obtain 


a^  =  m  -  Jni^  -  P{^ 

P  - 
and  Ijy  putting    -  ^-  =  a^  we  obtain 

^1  =  m  +  Jm-  -  P^ 
Hence  the  expression  for  the  resistance  R  is 

p  r'i\,       p  P.  a.j 


2; 

For  example  :   if 
then 


27r,2     *"  r^i\^     2tcz     ^'  P.2  a^ 
p    ,       P^{a^  +  D)       p    ,       Po       &, 

loir,  — ^— ^ =  :t—  lO''    -tt"   7, 


whence  the  resistance  is 


P,  a^  2iTz     ''"  i\  (h-^  +  D) 

Pi  =  10,  P,=  16,  P>=2-5 

m=  29-95,  a^=    1-72,  a.,^    4-22 
^>^  =  58-18,  ?>.,  =  60-68 


o  10  X  4-22  p 

R=/~  log,  v^^^o  -  -008 1 2  ^■ 

2Trz       *"  16x1-72  z 
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We  may  similarly  calculate  the  lesistance  of  the  conducting 
medium  between  two  parallel  cylinders  that  are  external  to  one 
another  ;  the  only  change  is  that  a^  becomes  negative  :  so  that 
writing  a^^  for  its  positive  numerical  value 

2^z  ^^       P.,  a/ 
If  the  radii  of  these  cylinders  are  each  equal  to  P 

D 

m=  -  — 
2 


D-     ^JP-4:P^ 

a,  =  -  a-,  = ^~, 


and 


P 


D-a;  _   p   ,       D+  jn'-4.P^ 


If  the  radius  P.,  of  one  of  the  cylinders  becomes  infinite  the 
portion  at  a  finite  distance  of  this  cylinder  will  evidently  be  re- 
presented by  the  plane  of  symmetry  bisecting  the  line  ab  (Fig.  117), 
and  the  corresponding  resistance  will  be  half  that  of  the  total 
sheet  in  the  case  last  treated,  i.e. 

ATTZ  CI, 

where  the  value  of  D  determining  a^'  is  twice  the  distance  from  c^ 
to  the  plane.      If  d  be  this  distance  ( =  D/2) 


^~  Airz     ^"d-  ^d'^-P} 

127.  Applications  to  Analogous  Problems. — Since  the  law 

of  steady  flow  of  currents  in  a  conductor  is  the  same  as  that  which 
we  have  previously  investigated  for  the  flux  of  induction  in  a 
dielectric,  to  every  problem  in  connection  with  the  former  there 
is  a  corresponding  problem  in  electrostatics.  ISTow  in  the  former, 
when  the  lines  of  flow  are  straight  and  parallel 

R^p^ 

and  in  the  latter,  under  the  same  restriction, 

Capacity  =  . 


I  ft. 

In  each,  if  the  lines  are  not  parallel  — -  must  be  replaced  by  I  - 

-4  Jo  2 


127]  CAPACITY  AND  THERMAL  CONDUCTION    197 

Thus,  provided  the  geometry  of  the  boundaries  is  the  same  in  both 
cases  the  determination  of  the  resistance  when  the  medium  is  con- 
ducting gives  us  also  the  vakie  of  the  capacity  if  the  medium  is 
a  dielectric  by  the  following  relation 

47r  X  Resistance  x  Capacity  =  Kp. 

For  example,  the  capacity  per  unit  length  of  the  field  between 
two  parallel  cylindrical  conductors  of  equal  radius  P  and  distance 
D  from  centre  to  centre  is 

A-  1 


D-  jLfi-4.F^ 

Again,  the  capacity  per  unit  length  of  the  field  l>etween  a  plane  and 
a  cylinder  whose  axis  is  at  distance  d  and  parallel  to  the  plane  is 

1 


This  case,  it   should  be  noticed,  is  that  of  a  telegraph  wire  sus- 
pended parallel  to  the  earth  or  to  a  neighbouring  wall. 

Again,  the  flow  of  heat  in  a  thermally  conducting  medium 
also  follows  the  same  law.  Hence  if  two  cylindrical  surfaces  are 
maintained  at  steady  temperatures  diflfei'ing  by  one  degree,  and 
the  space  between  them  be  filled  with  matter  of  thermal  con- 
ductivity K,  the  above  expressions  will  determine  the  heat  con- 
ducted per  second  from  one  to  the  other  by  means  of  the  relation 

Thermal  conduction  =  -^' 


CHAPTER  XIII 

WORK  DONE  BY  THE  ELECTRIC  CURRENT 
128.  Energy  of  the  Circuit.— We  have  seen  (34,  35)  that, 

in  order  to  transfer  electricity  from  a  point  of  lower  to  a  point  of 
higher  potential,  work  has  to  be  done  against  electric  force,  the 
amount  of  work  being  numerically  equal  to  the  product  of  the 
quantity  of  electricity  transferred  into  the  difference  of  potentials  ; 
and  also  that,  when  electricity  passes  from  a  higher  to  a  lower 
potential,  a  corresponding  amount  of  work  is  done  by  electric  force. 
Accordingly  electric  enei'gy  is  generated  when  electricity  passes 
from  a  lower  to  a  higher  potential,  and  is  expended  when  it  passes 
from  a  higher  potential  to  a  lowei'.  In  the  former  case,  energy  of 
some  other  kind  must  be  expended ;  and  in  the  latter  case,  energy 
of  some  other  kind  is  produced. 

Let  us  consider,  from  this  point  of  view,  the  processes  that  go 
on  in  the  circuit  of  a  galvanic  battery  whose  terminals  are  con- 
nected by  a  conducting  wire.  To  make  the  discussion  definite, 
suppose  the  electromotive  force  of  the  battery  to  be  E,  and  let  h 
stand  for  the  resistance  of  the  battery  itself,  and  r  for  that  of  the 
connecting  wire.  Then  the  circuit  is  traversed  by  a  current  of 
strength  C=  Ej^h  +  r),  and  in  t  seconds  a  quantity  of  electricity, 
Q  =  Ct,  passes  round  it.  By  the  action  of  the  battery  this  quantity 
of  electricity  is  luised  in  potential  to  the  extent  E :  consequently 
a  quantity  of  work,  W=EQ,  is  done  against  electric  force^  and 
therefore  electiic  energy  equal  to  W  is  generated. 

It  is  the  function  of  the  battery  to  supply  this  energy,  and  it 
does  so,  as  will  be  fvirther  explained  in  Chapter  XV.,  at  the  ex- 
pense of  the  chemical  energy  of  the  materials  coiasumed  in  it. 
During  the  passage  of  the  current,  chemical  action  goes  on  in  the 
battery,  such  that  the  products  of  the  action  possess  less  chemical 
energy  than  the  materials  from  which  they  are  formed,  and  the 
difference  is  available  for  the  production  of  electrical  enei'gy. 

In  all  cases  energy  must  be  continuously  supplied  to  the  circuit 
in  order  to  maintain  a  current ;  but  according  to  the  nature  of  the 
case,  the  source  from  which  it  is  derived   may  vaiy.     Thus,  in  a 

19S 
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thermo-electric  cii'cuit,  energy  is  supplied  in  the  form  of  heat ;  in 
the  case  of  the  circuit  of  a  dynamo-electric  machine,  it  is  mechanical 
energy  that  is  supplied.  From  our  present  point  of  view,  it  may 
be  said  that  the  function  of  a  galvanic  battery,  of  a  thermo-electiic 
pile,  or  of  a  dynamo-electiic  machine,  is  identical  :  they  are  all 
contrivances  for  effecting  the  transformation  of  other  kinds  of 
energy  into  the  energy  of  an  electric  current,  and  the  differences 
in  their  construction  and  in  the  details  of  their  action  depend  on 
the  kind  of  enei'gy  which  they  respectively  transform. 

129.  Electric  Work. — Turning  to  the  other  aspect  of  the 
matter,  we  have  to  consider  the  electric  circuit  as  giving  out 
enei'gy,  or  the  electric  current  as  doing  work.  The  form  in  which 
energy  is  given  out,  or  the  nature  of  the  work  done,  depends  on 
the  nature  and  conditions  of  the  various  parts  of  the  circuit,  and 
much  will  have  to  be  said  on  these  points  in  subsequent  chapters, 
but  certain  general  laws  as  to  the  amount  of  energy  given  out  may 
be  considered  at  this  stage. 

It  follows  from  the  simple  consideration  that  the  energy  of  the 
circuit  does  not  on  the  whole  either  increase  or  decrease  during  the 
passage  of  a  steady  current,  that  the  amount  of  energy  given  out  by 
it  in  a  given  time  must  be  the  same  as  the  amount  received  by  it  in 
the  same  time,  though  the  form  may  be  wholly  or  partially  different. 
Another  consideration  which  leads  to  the  same  conclusion  is  that 
the  same  quantity  of  electricity  passes  every  section  of  the  circuit 
in  the  same  time ;  hence,  while  the  potential  of  a  quantity  of 
electricity,  Q,  is  raised  by  the  amount  U,  by  the  action  of  the 
battery  or  other  equivalent  organ  (thermopile,  dynamo,  &c.),  and 
while,  therefore,  energy  to  the  amount  EQ  is  received  by  the  circuit, 
the  same  quantity  of  electricity  has  its  potential  lowered  in  an 
equal  degree,  energy  being  thus  given  out  by  the  circuit  to  the 
amount  EQ. 

130.  Available  Energy. — We  have  already  seen  (HI,  113), 
that  the  difference  of  potentials,  F,  between  the  terminals  of  a 
battery  is  less  than  the  electromotive  E  by  the  product  of  the 
resist^ice  of  the  battery,  h,  into  the  strength  of  the  current,  or 
F=  E-bC.  Hence  the  fall  of  potentials  which  the  current  under- 
goes outside  the  battery  is  F,  and  the  energy  generated  in  the  part 
of  the  circvut  external  to  the  battery  and  given  out  by  it  is  FQ. 
This  represents  the  whole  of  the  energy  of  the  battery  which  is 
available  for  doing  external  work,  and  it  is  less  than  the  total 
energy  of  the  circuit  hy  {E  —  F)  Q  =  hC^t. 

Tlie  difference  between  the  total  energy  and  the  available 
energy  of  the  circuit  is  analogous  to  that  between  the  total  work 


000  ELECTRIC   CURRENT  [130- 

done  by  a  steam-engine  and  that  available  for  external  purposes. 
A  certain  amount  of  the  work  done  on  the  piston  by  the  steam  is 
consumed  within  the  engine  itself  in  processes  essential  to  its 
working  and  in  overcoming  unavoidable  fiiction,  and  it  is  only  the 
remainder  that  can  be  made  use  of  for  driving  external  machinery 
or  other  purposes.  In  like  manner,  the  external  or  available  energy 
of  the  electric  circuit  is  the  excess  of  the  total  energy  above  that 
consumed  in  the  battery. 

The  available  energy  given  out  per  second  is  FQjt  =  FC.  This 
quantity  is  the  rate  of  doing  work  by  the  cii-cuit,  and  is  comparable  . 
with  the  horse-power  of  a  steam  engine.  If  the  difference  of 
potentials,  F^  is  measured  in  volts,  and  the  strength  of  the  current 
0,  in  amperes,  the  product,  FG,  is  expressed  in  watts  or  volt- 
amperes,  one  watt  being  the  rate  of  doing  work  represented  by 
10^  ergs  per  second  (39,  79). 

By  analogy  with  the  horse-power  of  an  engine,  the  rate  at  which 
work  can  be  done  by  a  battery  may  be  called  the  poiver  of  the 
battery.  It  is  a  quantity  which  depends  in  part  on  the  con- 
struction of  the  battery,  but  in  part  also  on  the  conditions  of  its 
employment,  just  as  the  horse-power  of  an  engine  is  not  entirely 
determined  by  the  characteristics  of  the  engine  itself,  but  also  to 
some  extent  by  the  conditions  of  working,  such  as  the  speed, 
steam-pressure,  &c. 

131.  Joule's  Law. — Returning  to  the  case  of  a  battery  with 
its  terminals  connected  by  a  wire,  as  supposed  in  (128),  it  is  found 
that  the  temperature  begins  to  rise  as  soon  as  the  circuit  is  com- 
pleted, and  if  the  electromotive  force  amounts  to  a  few  volts,  and 
the  total  resistance  to  an  ohm  or  less,  the  elevation  of  temperature 
may  become  very  appreciable,  the  wire  becoming  red,  or  even 
white  hot,  if  it  does  not  previously  fuse  or  burn.  As  soon  as  the 
temperature  of  the  wire  has  risen  at  all  above  that  of  surrounding 
objects,  it  begins  to  lose  heat  by  conduction  and  radiation,  and  the 
temperature  continues  to  rise  until  the  rate  at  which  heat  is  thus 
given  out  becomes  equal  to  the  rate  at  which  it  is  generated  in  tlie 
wire  by  the  current.  In  this  case,  heat  is  the  only  form  of  energy 
generated,  and  during  the  passage  of  a  quantity  of  electricity,  Q, 
the  amount  of  heat,  i/,  is  such  that 

where  J  is  the   mechanical    equivalent   of   heat.       Assuming   the 
strength  of  the  current  constant  and  applying  Ohm's  law,  we  may 

write  this 

///  =  ECt  =  EHIR  =  C'^m, 
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where  R  is  put  for  h  +  r  the  total  resistance  of  the  circuit.  Of 
the  whole  amount  of  heat  produced,  a  pai't,  say  H^,  is  generated 
within  the  battery,  and  the  rest,  H^,  in  the  connecting  wire,  the 
relative  propoi-tions  being  such  that 

HJH  =  b/{b  +  r)     and     HjH  =  r/{b  +  r). 

The  law  of  the  generation  of  heat  in  the  circuit,  which  we  have 
here  deduced  from  general  considerations  relating  to  electric  energy, 
and  have  expressed  above  in  three  different  but  equivalent  formulas, 
was  discovered  experimentally  by  Joule  about  1843,  at  a  time 
when  the  true  nature  of  electromotive  force  was  very  imperfectly 
recognised.      It  is  consequently  known  as  Joule's  Jaw. 

The  subjoined  diagram  (Fig.  120)  may  be  taken  as  a  geometrical 
representation  of  Joule's  law  :  mk  represents  the  electromotive  force 
of  the  battery,  mn  the  battei'y  resistance,  no  the  external  resistance, 


and  the  ratio  mk  :  mo  the  strength  of  the  current.  Then  if  we 
draw  KP  at  right  angles  to  kg,  the  length,  MP,  represents  the  energy 
expended  in  the  circuit  per  second, — that  is  to  say,  the  energy  con- 
verted into  heat  per  second  in  the  whole  circuit.  To  get  the  heat 
generated  in  the  extei'nal  conductor  and  in  the  battei'y  respec- 
tively, we  must  draw  nl  pei'pendicular  to  mo,  lq  pei'pendicular  to 
KG,  and  LSR  parallel  to  op  :  then  nq  represents  the  external  energy 
(  =  JH.,),  and  sr  the  internal  energy  (  =  JH^. 

If  the  units  for  the  electrical  quantities  in  the  above  foi-mulaj 
are  the  volt,  the  ampere,  and  the  ohm  respectively,  the  energy 
developed  is  expressed  in  joules  (39,  114).  In  order  to  get  it 
expressed  in  units  of  heat,  gx'amme-degrees,  we  have  to  remember 
that  1  joule  =  10''  ergs,  and  that  1  gramme-degree  =  4*18  x  lO"  ergs. 
Hence,  the  heat  in  gramme-degrees  is  given  by  dividing  the  num- 
ber of  joules  by  4-18,  or  by  multiplying  it  by  0-239.  Thus,  for  the 
heat  produced  per  second,  we  have 

^=0-239  A'6^=  0-239  Ey  11  =  0-239  C-R. 
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These  formulas  apply  either  to  the  heat  developed  in  the  com- 
plete circuit,  or  to  that  developed  in  any  part  of  it,  provided  that 
appropriate  values  are  assigned  to  the  symbols. 

The  experimental  verification  of  Joule's  law  is  obtained 
by  allowing  a  measured  current  to  pass  for  a  known  time 
through  a  wire  of  known  resistance,  r,  immersed  in  a  calorimeter, 
and  measuring  the  resulting  quantity  of  heat,  h,  which,  when 
the  experiment  is  properly  performed,  is  found  to  satisfy  the 
equation 

7i  =  0-239  Ch't 

Taking  the  law  itself  as  established,  the  same  kind  of  experiment 
as  that  just  indicated  may  be  employed  for  determining  /■,  /,  or  C, 
when  in  each  case  the  other  quantities  are  known. 

132.  Heating  of  Wires.- — If  a  chain  be  formed  of  bits  of  metal 
wire — platinum,  for  instance — alternately  thick  and  thin,  and  a 
cvirrent  be  passed  through,  the  thin  wires  will  become  red  hot, 
while  the  stout  wires  are  scarcely  heated.  In  like  manner  with 
a  chain  formed  of  alternate  pieces  of  platinum  and  silver  wire 
of  equal  diameter,  the  former  become  red  hot  while  the  latter  are 
still  dark. 

Again,  if  we  take  a  long  thin  platinum  or  iron  wire  through 
which  a  current  is  passing,  and  we  gradually  diminish  the  length 
of  the  wire  interposed  in  the  circuit,  it  will  be  seen  that  this 
becomes  more  and  more  heated  until  it  fuses.  The  strength  of  the 
current  increases  as  the  length  of  the  wire  diminishes.  In  like 
manner,  if  we  take  a  long  piece  of  iron  wire  and  regulate  the 
strength  of  the  current  so  that  the  wire  is  at  a  dull  I'ed  heat,  and 
then  cool  a  part  of  the  wire  by  dipping  it  in  water,  the  remainder 
becomes  brightly  incandescent.  By  cooling  the  wire  its  resistance 
is  lessened  (115),  and  therefore  the  strength  of  the  current  is  in- 
creased ;  the  effect  is  the  same  as  if  part  of  the  wire  had  been 
taken  out  of  the  circuit. 

If  there  were  no  loss  of  heat  by  radiation,  the  temperature  of 
a  conductor  traversed  by  a  continuous  current  would  go  on  in- 
definitely increasing.  The  temperature  which  it  reaches  is  that 
for  which  the  gain  at  each  instant  is  equal  to  the  loss.  We 
may  admit  Newton's  law  of  cooling  as  at  any  rate  approximately 
applicable  to  this  case, — that  is  to  say,  the  rate  of  loss  by  radia- 
tion at  each  instant  is  proportional  to  the  excess  of  temperature 
of  the  wire  over  that  of  the  surrounding  medium,— then  the 
quantity  of  heat  lost  in  a  second  by  a  wire  of  length  I,  of  radius  r, 
of   emissive  power  e,   for   the    excess  of    temperature    6,    will   be 
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e.2TrrJ.O  °,  and  if  p  is  the  specific  resistance  of  the  metal,  and  C  the 
strength  of  the  current,  we  have  the  equation 


/P  rr^ 


from  which  we  get 


Je2TrrlO=^^  C^ 
■n-r- 


27rV  €r^ 


In  applying  this  formula,  it  must  be  borne  in  mind  that  e  has 
only  a  simple  meaning  for  an  isolated  bare  wire  radiating  to 
distant  external  bodies;  and  that  its  value  even  then  depends  upon 
the  condition  of  the  surface  and  upon  its  radius  (increasing  as  this 
diminishes)  as  well  as  upon  the  temperature.  The  conditions  are 
quite  changed  if  the  wire  is  covei-ed  with  an  insulator,  and  still 
more  if  it  is  coiled  on  a  reel.  With  copper  it  is  in  practice  as- 
sumed that  the  current  must  not  exceed  six  amperes  for  each 
square  millimetre  of  cross-section  if  the  wire  is  bare,  and  two  or 
three  if  it  is  covered. 

133.  Generalisation   of  Joule's   Law. — We  have  already 

stated  (129)  that  under  pioper  conditions  the  energy  of  the  electric 

circuit  can   be    employed,   not 

only  in  generating  heat,  but  in 

doing   work    of   various   other 

kinds.    Without  inquiring  what 

kinds  of  work  are  done  by  the 

current  between  any  two  given 

points  of  the  circuit,  we  may 

say  that  if    C  is  the  strength 

of  the  current  in  amperes,  and 

e  the  difference  of    potentials 

between  the  points  in  volts,  the  rate  of  performance  of  ^\'ork  by 

the  current  in  this  part  of  the  circuit  is 

TF^'i-C'watts. 

Suppose,  for  example,  a  circuit  made  up  as  in  Fig.  121,  where 
the  current  of  the  battery  is  sent  through  some  piece  of  apparatus 
enclosed  in  a  sealed  box.  A,  entering  by  the  binding-screw,  p, 
and  leaving  at  q.  We  can  measure  the  difference  of  potentials 
between  p  and  q,  and  the  strength  of  the  current  G,  and  thus 
determine  eC.  Without  its  being  needful  to  open  the  box,  or  to 
know  anything  about  the  apparatus  contained  in  it,  or  the  effects 
that  the  current  produces  within  it,  this  gives  the  algebraic  sum  of 
all  the  work  done  per  second  within  the  box.     If  V  is  the  resistance 
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of  the  part  of  the  circuit  within  the  box,  there  will  be  a  generation 
of  heat,  h,  per  second,  such  that 

Jh  =  Ch\ 

But  there  may  be  work  of  other  kinds  as  well.  Let  «'p  «'._,'  •  •  ' 
represent  the  amounts  of  work  of  various  kinds,  other  than  genera- 
tion of  heat ;  then 

eC=ic^  +  'u\,+    .  .   .    +Ch^, 
=  10+ Ch; 

if,  for  shortness,  we  put  %o  for  to^  +  ^i's  +  •  •  •  '  ^^^^  "'^"^  "^  *^®  ^^'°^"^ 
of  all  kinds  except  production  of  heat. 

If  w;  =  0,  the  whole  of  the  energy  expended  between  j;  and  q  is 
transformed  into  heat,  and  the  quantity  of  this  energy  may  be 
represented  indifferently  by  Ch'  or  by  eC.  This  is  Joule's  law  in 
the  special  sense.  But  we  may  generalise  the  law  so  as  to  make  it 
express  the  rate  of  expenditure  of  energy  independently  of  the 
form  or  forms  which  that  energy  assumes.  In  words,  the  more 
general  form  of  the  law  may  be  stated  thus  :  the  rate  of  expendi- 
ture of  energy  in  any  part  of  an  electric  circuit  is  equal  to  the 
strength  of  the  current  multiplied  by  the  amount  by  which  the 
potential  at  the  point  where  the  current  enters  exceeds  that  at  the 
point  where  it  leaves.  In  symbols  we  may  write  it — 
W=eC=2u+Ch: 

134.  Inverse  Electromotive  Force.— Suppose  the  resistance 

of  the  complete  circuit  to  be  R=^r'  +  r  ohms,  r  being  the  resistance 
of  the  battery  and  of  everything  not  included  in  a,  and  let  the 
electromotive  force  of  the  battery  be  E,  then  we  have  the  equation 

EG=  w  +  C\r  +  r)  =  xo+  C-R 

or  E=ivlG+GR. 

l^ow,  by  Ohm's  law,  CR  must  be  equal  to  the  algebraic  sum  of  all 
the  electromotive  forces  of  the  circuit :  let  this  be  denoted  by  E'. 
Then  .    E'^E-wjQ. 

That  is,  when  the  energy  of  a  current  is  not  wholly  expended  in 
generating  heat,  in  order  to  obtain  the  effective  electromotive  force 
of  the  circuit,  we  must  deduct  from  the  electromotive  force  of  the 
battery  the  quotient  obtained  by  dividing  the  sum  of  the  work  of 
other  kinds  done  per  second  by  the  strength  of  the  current. 
Hence,  we  conclude  that  the  doing  of  work,  other  than  the  genera- 
tion  of   heat,   by   a  current  involves   the   existence  of  a  negative 

electromotive  force 

e  =  iolC. 
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If  we  apply  similar  reasoning  to  any  part  of  the  circuit  instead 
of  to  the  whole  of  it  we  may  show  that  there  is  a  negative  electro- 
motive force  in  that  part  if  non-thermal  work  is  being  done  ;  for 
the  equation  in  (133)  is  equivalent  to 

that  is,  the  drop  of  potential  from  end  to  end  of  the  portion  whose 
resistance  is  r  is  greater  than  that  given  by  Ohm's  law  by  the 
amount  mjG;  this  last  term  therefore  corresponds  to  an  opposing 
electromotive  force  in  the  part  considered. 

135.  Strength  of  the  Current— Maximum  Rate  of  doing 

Work. — Seeing  that  the  battery,  in  the  case  now  under  considera- 
tion, is  not  the  only  seat  of  electromotive  force,  we  cannot  get  the 
strength  of  the  current  by  considering  it  alone  :  we  require  to  take 
also  into  account  the  rate  at  which  work  is  done.  The  equation 
used  in  the  last  paragraph — 

EG=iv+C^R 

gives  for  the  strength  of  the  current 


or 


2E-V  4i£2 


if  we  put  Co  for  the  strength  of  current  E/E  that  the  given  battery 
would  maintain  in  the  circuit  if  all  the  energy  were  transformed 
into  heat.  This  equation  in- 
dicates two  strengths  of  current 
for  any  given  value  of  w :  for 
example  if  to  =  0,  we  may  have 
C=0  or  C -  Cg.  It  is  repre- 
sented geometrically  by  the 
annexed  diagram  (Fig.  122), 
in  which  distances  measured  to 
the  right  denote  values  of  w, 
and  distances  measured  up- 
wards denote  values  of  C. 
The  electromotive  force  of  the 
battery  is  taken  as  4  volts, 
and  the  resistance  of  the 
circuit   as    0'04    ohm,    so   that 


Fig.  122. 
Co  =100    amperes.      The    diagram 


indicates  the  double  value  of  the  current  for  a  given  value  of  w  ; 
for    example,    C'=20    and    C'=yO,    both    correspond    with    w  =  64. 
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Again,  the  diagram  shows  very  cleai'ly  that,  however  great  the 
curi'eiit  may  become,  there  is  a  maximum  rate  of  work  that 
cannot  be  exceeded.  This  corresponds  with  6'=^6'„,  and,  with 
the  values  used  in  the  diagram,  is  equal  to  100.  The  same  thing 
appears  from  the  algebraical  formula,  in  which  the  quantity  under 
the  sign  of  the  square  root  would  assume  an  impossible  value  if  w 
were  greater  than  ^CgE.  With  this  limiting  value  of  «>,  the 
quantity  under  the  sign  of  the  square  I'oot  vanishes,  and  we  get 
(7=1(7^,  as  from  the  diagram. 

136.  Efficiency. — When  a  battery  of  electromotive  force  E 
maintains  a  cui'rent  of  strength  G,  it  gives  out  energy  at  the  rate 
EO,  of  which  the  amount  C^B  per  second  is  converted  into  heat, 
while  the  remainder,  EC—  C'^R,  is  available  for  doing  work  of  other 
kinds.  When  a  battery  is  employed,  say,  for  driving  an  electro- 
magnetic motor,  or  for  producing  chemical  decomposition,  the 
heat  generated  represents  a  loss  of  energy  so  far  as  the  intended 
purpose  is  concerned,  and  it  is  only  the  remainder  that  is  actually 
used.  The  ratio  of  the  energy  converted  into  useful  woi-k  in  a 
given  time  to  the  total  energy  given  out  by  the  battery  in  the 
same  time,  or  EC  -  C'R  _  Cp- C  _ 

is  called  the  effieieiicy  of  the  circuit.  Since  Cg  is  a  constant  quan- 
tity for  the  given  circuit,  it  is  evident  that  the  value  of  u  increases 
as  G  diminishes,  and  that  it  attains  its  maximum  value  =  1  when 
(7=0,  and  its  minimum  value  =  0  when  C=  6'„.  Efficiency  =1, 
or  perfect  efficiency,  represents  the  conversion  of  all  the  energy 
given  out  by  the  battery  into  useful  work  ;  the  other  extreme  case, 
M  =  0,  is  when  the  whole  of  the  energy  of  the  battery  is  converted 
into  heat.  The  actual  rate  of  doing  useful  work  is  equal  to  the 
rate  at  which  energy  is  given  out  by  the  battery  multiplied  by  the 
efficiency,  or  ,^^^.^  _  EG={Gg-G)  GR. 

This  equation  shows  that  in  the  extreme  case  of  perfect  efficiency 
(C  =  0)  the  actual  amount  of  work  done  would  vanish,  for  no 
energy  would  be  given  out  by  the  battery.  It  also  again  shows 
that  the  maximum  rate  of  doing  work  is  when  the  invei'se  electro- 
motive force  spoken  of  in  (134)  is  equal  to  ^E  and  therefore  suffi- 
cient to  reduce  the  strength  of  the  battery  current  to  hGg  ;  for  the 
sum  of  the  two  factors  Cg—  G  and  C  in  the  expression  for  w  is 
constant,  and  therefore  the  product  is  greatest  when  the  factors 
are  equal,  or  G=^Go.     In  this  case  7i  =  0-5,  and 

w  =  0-25EGg  =  0-25EyR. 
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That  is,  the  maximum  rate  at  which  useful  work  can  be  done  is 
equal  to  one  quarter  the  rate  at  which  energy  would  be  given  out 
by  the  battery  if  it  were  all  converted  into  heat. 

From  the  diagram  of  (135)  it  is  easily  seen  that,  when  the  rate 
of  wo)'k  is  64  per  cent,  of  the  maximum,  the  efficiency  may  be  0-8 
or  0"2.  The  greater  value  corresponds  with  the  lower  half  of  the 
curve,  which  I'epresents  the  conditions  that  would  always  be 
employed  in  pi'actice. 

137.  Maximum  Power  of  a  Cell. — Suppose  a  single  cell 

of  electromotive  force  e  and  resistance  p,  and  let  the  external 
resistance  be  negligible,  then  the  maximum  rate  of  work  obtain- 
able from  the  cell  is 

e2 

Tp' 

which  is  a  constant  quantity  characteiistic  of  the  cell.  The 
greatest  value  of  e  is  about  two  volts  in  cells  actually  used.  It 
approaches  this  value  in  a  Grove's  or  Bunsen's  cell,  and  slightly 
exceeds  it  in  secondary  cells  with  lead  plates.  The  value  of  p  may 
vary  greatly,  according  to  the  size  and  airangement  of  the  plates, 
but  it  happens  to  be  most  easily  made  small  in  cells  of  the  kinds 
for  which  e  is  great  ;  hence  the  practical  advantage  of  such  cells. 

Next  suppose  ?i  similar  cells  arranged  in  q  series  of  j)  cells  each. 
The  electromotive  foi'ce  of  the  combination  will  be  E=2)e,  and  the 

resistance  R  =  ^  p;  and,  if  we  again  suppose  the  external  resistance 

'1 
to  be  negligible,  the  maximum  attainable  rate  of  work  is 

4/^  ~  4/Yj        4/j ' 

that  is  to  say,  that  the  maximum  rate  of  woi'k  is  proportional  to 
the  total  number  of  cells  employed,  but  does  not  depend  upon  the 
manner  in  which  they  ai'e  combined. 


CHAPTER  XIV 
THERMO-ELECTRICITY 

138.  Peltier's  Phenomenon.— The  generation  of  heat  depend- 
ing on  resistance  being  (131)  proportional  to  C'R,  is  the  same 
whether  the  current  is  positive  or  negative.  It  is  in  this  sense 
like  the  generation  of  heat  by  ordinary  mechanical  friction,  which 
is  independent  of  the  direction  of  the  motion,  and  it  may  conse- 
quently be  spoken  of  as  the  frictional  generation  of  heat.  But  it 
is  evident  that  if  there  is  anywhere  a  fixed  difference  of  potentials 
between  adjacent  parts  of  a  conducting  circuit,  existing  independ- 
ently of  the  passage  of  a  current,  as,  for  example,  an  electromotive 
force  acting  at  the  surface  of  contact  of  two  different  metals,  this 
must  give  rise  to  a  further  production  of  heat  if  the  ciuTent  passes 
from  higher  to  lower  potential,  and  to  a  disappearance  of  heat  if 
the  current  flows  in  the  opposite  direction.  The  sign  of  any  such 
effect  would  then  be  reversible  with  the  direction  of  the  current, 
and  the  quantity  of  heat  produced  in  the  one  case  or  destroyed  in 
the  other,  in  a  given  time,  would  be  proportional  to  the  strength 
of  the  current. 

Conversely,  a  reversible  thermal  effect  occurring  at  any  part  of 
a  circuit  must  be  attributed  to  the  existence  at  this  part  of  a 
difference  of  potentials  existing  independently  of  the  current.  If 
at  a  part  of  the  circuit  there  is  a  fall  of  potential  11  as  we  pass 
along  the  circuit  in  the  direction  of  the  current,  the  reversible 
quantity  of  heat  H  generated  by  a  current  of  strength  C  flowing 
for  t  seconds  will  be  given  by 

JH  =  cm, 

Now,  an  effect  of  this  kind  taking  place  at  the  surface  of 
contact  of  two  metals  was  discovered  by  Peltier  in  1834,  and  is 
consequently  known  as  the  Peltier  effect.  If  a  current  passes  from 
antimony  to  bismuth,  heat  is  produced  at  the  surface  of  contact ; 
and  if  a  current  passes  from  bismuth  to  antimony,  heat  is  destroyed  : 
similarly  in  the  case  of  any  other  two  metals,  heat  is  generated  if 
a  current  traverses  the  surface  of  contact  in  one  direction,  and  is 
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consumed  if  it  passes  in  the  opposite  direction,  the  quantity  in  a 
given  time  being  in  each  case  proportional  to  the  strength  of  the 
current  and  to  a  coefficient  (IT  in  the  last  equation)  depending  on 
the  nature  of  the  metals  and  on  their  temperature.  This  co- 
efficient, known  as  the  Peltier  coefficient,  or  the  coefficient  of  the 
Peltier  effect,  represents  for  a  junction  of  any  two  metals 
the  amount  of  energy  converted  into  or  produced  from  heat 
per  second  when  a  current  of  unit  strength  traverses  the 
junction. 

Experiments  on  the  Peltier  effect  present  some  difficulties,  from 
the  fact  that  they  ai'e  always  complicated  by  the  frictional  genera- 
tion of  heat.  It  is  not  possible  to  observe  the  thermal  effects 
occuiring  at  the  mere  surface  of  contact  of  two  metals  :  in  any 
actual  experiment  we  are  obliged  to  include  a  finite  portion  of  the 
circuit,  extending  from  a  point,  say  m,  on  one  side  of  the  junction 
to  a  point,  say  N,  on  the  other  side,  and  to  observe  the  total 
amount  of  heat  generated  in  a  given  time  within  this  part  of  the 
circuit.  If  '/■  is  the  resistance  between  the  points  M  and  N,  the 
energy  converted  into  frictional  heat  per  unit  of  time  is  C'-r,  and 
the  energy  converted  into  reversible  heat  is  (711.  Hence,  if  H  is 
the  quantity  of  heat  produced  in  t  seconds  when  the  current  flows 
in  one  direction,  we  have 

JH  =  (Cn  +  Ch-)t ; 

and,  denoting  the  heat  generated  when  the  cmrent  flows  in  the 
opposite  direction  by  H',  we  have 

JH'  =  {-  Cn  +  Gh')t. 

In  order  to  determine  the  value  of  the  Peltier  coefficient  for  a 
given  case,  we  may  allow  a  current  of  constant  strength  to  pass 
first  in  one  direction,  and  then,  for  the  same  length  of  time,  in  the 
opposite  direction:  taking  the  difference  of  the  two  quantities  of 
heat  produced,  we  get  in  this  way 


n 


J{H  -  H') 

2  at 


To  get  good  results,  the  frictional  or  non-reversible  term  C'-r 
should  1)6  made  as  small  as  practicable  by  making  mn,  the  poi'tion 
of  the  circuit  over  which  the  experiment  extends,  shoit,  and  there- 
fore r  small,  and  by  using  a  small  current. 

If  an  iron  wire,  ab,  be  connected  by  copper  wires  with  the 
terminals  of  a  battery,  on  completing  the  circuit  a  current  will  flow 
from  copper  to  iron  at  one  end,  say  A,  and  from  iron  to  copper  at 
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the  other  end.  In  this  case  heat  will  disappear  at  A,  and  will  he 
generated  at  B  ;  and  if  the  current  is  sufficiently  weak,  there  may 
be  an  actual  fall  of  temperature  at  A,  while  the  temperature  at  B 
rises.  This  effect  may  be  shown  in  a  striking  form  by  surrounding 
the  joint  a  with  ice-cold  water,  and  placing  the  joint  B  in  ice.  As 
the  current  passes,  ice  is  formed  at  A,  and  an  equal  quantity  is 
melted  at  B. 

In  a  case  like  that  just  described,  where  two  opposite  junctions 
have  the  same  temperature,  the  Peltier  coefficient  has  the  same 
value  for  both,  but  has  opposite  signs  ;  hence  the  Peltier  effects  at 
the  two  junctions  exactly  compensate  each  other,  and  the  quantity 
of  heat  generated  in  the  circuit  is  that  which  a  current  of  the  same 
strength  would  produce  in  a  homogeneous  conductor  of  the  same 
resistance. 

A  similar  compensation  occurs  in  a  circuit  containing  any 
number  of  metallic  junctions  all  at  the  same  temperature ;  the 
sum  of  the  reversible  thermal  effects  vanishes,  and  Joule's  law 
expresses  the  total  genei^ation  of  heat. 

139.  Thomson  Effect. — Professor  William  Thomson  (Lord 
Kelvin)  discovered  in  1856  that  a  phenomenon  analogous  to  the 
Peltier  effect  occurs  in  a  conductor  of  one  and  the  same  material 
when  a  current  passes  from  a  hotter  to  a  colder  part,  or  vice  versa, 
whence  we  must  conclude  that  parts  at  different  temperatures  are 
not  at  the  same  potential,  even  when  there  is  electrical  equilibrium. 
Thus,  for  instance,  if  the  ends  A  and  b  of  a  copper  bar  (Fig.  123) 
are  kept  at  0°,  and  an  intermediate  point,  c,  is  raised  to  some 

c' 

A'  B' 

B' 


Fig.  123. 


Fig.  124. 


higher  temperature,  T,  the  potential  increases  continuously  from 
A  to  C,  and  decreases  by  the  same  amount  from  c  to  B.  Con- 
sequently, when  electricity  flows  through  the  wire  from  A  to  b, 
there  is  an  increase  of  electrical  energy  as  it  goes  from  A  to  c,  and 
a  corresponding  quantity  of  heat  is  used  up,  while  from  c  to  B 
there  is,  to  an  equal  extent,  a  decrease  of  electrical  energy  and  a 
generation  of  heat.  The  final  result  thus  shows  itself  as  a  transfer 
of  heat  from  the  part  A  c  to  the  part  c  B — that  is  to  say,  in  the 
direction  of  the  current. 
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In  iron,  on  the  other  hand,  the  effect  is  reversed  :  the  potential 
decreases  as  the  temperature  rises,  so  that  there  is  generation  of 
heat  between  A  and  c  (Fig.  124),  and  disappearance  of  an  equal 
quantity  between  c  and  b,  a  result  which  is  equivalent  to  a  tiansf er 
of  heat  in  the  opposite  direction  to  the  current. 

To  show  these  effects,  the  ends  A  and  b  of  the  bar  to  be  ex- 
perimented upon  may  be  kept  at  0°,  and  the  middle  c  at  a  higher 
temperature,  such  as  100°  ;  then,  if  everything  is  symmetrical,  the 
temperature  at  a  point,  M,  between  A  and  c  will  be  the  same  as 
at  m',  equidistant  from  c  on  the  other  side.  On  sending  a  strong 
current  through  the  bar  in  the  direction  ab,  the  temperature  will 
be  raised  throughout  by  the  frictional  development  of  heat,  but,  as 
the  result  of  the  effect  we  are  considering,  the  temperature  at  m' 
will  be  raised  more  than  that  at  m  in  the  case  of  copper,  silver, 
zinc,  cadmium,  or  antimony  ;  while  with  iron,  platinum,  or  bismuth, 
the  temperature  at  M  will  become  higher  than  that  at  m'.  In 
metiils  of  the  former  class,  the  Thomson  effect  is  said  to  he  positive  ; 
in  those  of  the  latter  class  the  Thomson  effect  is  negative  ;  in  lead 
it  is  not  perceptible. 

140.  Thermo-Electric   Currents. — In  a  circuit  formed  of 

different  metals,  if  all  the  points  where  two  different  metals  join 
are  at  the  same  temperature,  the  differences  of  potential  to  which 
both  the  Peltier  and  Thomson  effects  are  due  compensate  each 
other  all  round  the  circuit,  and  there  is  no  current.  But  if  the 
joints  are  not  all  at  the  same  temperature,  this  compensation  no 
longer  exists,  and  the  circuit  is  traversed  by  a  current.  The  pro- 
duction of  currents  under  such  conditions  {thermo-eledrie  currents), 
was    discovered    by    Seebeck    in     1821,  B 

therefore  a  good  while  before   either  of        y^-'^'^T"'^    ~--^ 
the  allied  phenomena  that  we  have  been  Cui  yVe 

discussing  were  known.  \_^     _  A^  ^  ~ 

Suppose  a  circuit  formed  by  twisting  -v^  / 

or  soldering  together  at  their  ends  wires  M 

of  two  different  metals,  as,  for  example,  ^Sx 

iron  and  copper  (Fig.  125):  then,  if  one  fe^O/ 

junction,  b,   remaining    at    the    ordinary  .^^=     ^^i^^^^ \ 

temperatui'O,  the  other.  A,  is  I'aised  to  a  ~' 

higher  temperature,  a  current  is  pi'oduced 

which  goes  from  copper  to  iron  at  the  heated  junction,  and  from 

iron  to  copper  at  the  cold  one. 

The  metals  named  in  the  following  list  are  airanged  in  such  an 
order  that  if  any  two  of  them  aie  foi'ined  into  a  circuit,  as  above 
described,  there  is  a  current  across  the  heated  junction  from  the 
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metal   whose  name  occurs  first  in  the  list  to   that   whose   name 
occurs  later  : 

Bismuth.  Manganese.  Gold. 

Nickel.  Silver.  Zinc. 

b  Platinum.  Tin.  Iron. 

^  Palladium.  Lead.  Arsenic. 

Cobalt.  Copper.  Antimony. 

An  actual  difference  of  material  is  not  essential  to  the  pro- 
duction of  a  thermo-electric  current,  a  difference  of  physical  con- 
dition, such  as  can  be  brought  about 
by  mechanical  treatment,  being  suffi- 
cient. For  example,  if  the  central 
portion  of  a  platinum  wire  is  wound 
into  a  rather  close  spiral  and  the 
ends  of  the  wire  are  connected  with 
a  sensitive  galvanometer,  when  one 
end  of  the  spiral  is  heated  (Fig.  126) 
Fig.  126.  the  galvanometer  indicates  a  current 

from  the  untwisted  to  the  twisted  part  of  the  wire  through  the 
heated  j^art. 

Mere  dissymmetry  of  distribution  of  temperature  on  opposite 
sides  of  a  part  at  which  heat  is  applied  does  not  produce  a  current 
if  the  matei-ial  on  both  sides  be  chemically  and  physically  identical. 
If  the  central  part,  r/^,  of  a  thick  copper  wire  (Fig.  127)  is  turned 


Fig,  127. 

down  to  a  much  smaller  diameter  than  the  rest,  no  current  is  pro- 
duced when  the  wire  is  made  part  of  a  closed  circviit,  and  heat  is 
applied  at  one  of  the  points,  g. 

141.  Thermo-Electric  Inversion. — The  direction  of  the  cur- 
rent is  in  accordance  with  the  rule  just  given,  only  so  long  as  the 
average  temperature  of  the  two  junctions  is  not  above  or  below 
some  definite  value,  depending  on  the  two  metals  of  which  the 
circuit  is  formed.  Thus  with  iron  and  copper,  this  temperature  is 
about  275°  C.  If  the  average  temperature  of  the  junctions  is  above 
this  point,  or,  what  comes  to  the  same  thing,  if  the  sum  of  the  two 
temperatures  is  more  than  550°,  the  current  is  from  iron  to  copper 
at  the  hotter  junction,  and  from  copper  to  iron  at  the  cooler  one. 
If  the  sum  of  the  two  temperatures  is  equal  to  550°,  there  is  no 
current  in  the  circuit.      Supposing  one  junction  kept  permanently 
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at  0°,  and  the  temperature  of  the  other  to  be  gradually  raised, 
the  circuit  is  traversed  by  a  current  which  increases  in  strength, 
at  first  comparatively  quickly,  and  afterwards  more  slowly,  till  the 
hotter  junction  reaches  275°,  then  decreases,  slowly  at  first,  and 
afterwards  more  rapidly,  till  the  hot  junction  is  at  550°,  when  it 
ceases.  If  the  temperature  is  raised  still  higher,  a  current  re- 
appears, but  in  the  opposite  direction.  If  the  junction  whose 
temperature  remains  constant  is  kept  at  100°  instead  of  0°,  the 
maximum  strength  of  cm-rent  is  again  reached  when  the  other 
junction  is  at  275°,  but  the  tempei'ature  at  which  inversion  of  the 
current  takes  place  is  450°  instead  oi  550°. 

142.  Law  of  Successive  Temperatures. — For  a  given  cou^jU, 

the  electromotive  force  obtained  hy  raidwj  the  junctions  to  the  tevi- 
peratu7'es  t^  a7icl  t.,  is  the  algebraic  sum  of  the  electromotive  forces 
wJiich  are  obtained  by  raising  the  junctions  to  the  tem2)eratnres  t^ 
and  6,  and  then  to  the  temperatures  6  and  t^. 

This  law  may  be  expressed  in  the  following  manner  : — 

t„         e         t^ 

E'  =  E   +E  . 

ti         <i        e 

143.  Law  of  Intermediate    Metals. — In  a  thermo-electric 

circuit  composed  of  two  metcds,  A  and  B,  with  junctions  at  tempera- 
tures t,  a7ul  t.,  respectively,  the  electromotive  force  is  not  altered  if  one 
or  both  the  J7hnctions  are  opened  and  one  or  more  other  metals  are  in- 
terposed between  the  metals  A  and  B,  2>rovided  that  all  tlie  junctions 
by  lohich  the  single  junction  at  temperature  \  may  be  replaced  are 
Jiept  at  tj,  and  all  those  by  ivhich  the  junction  at  temperature  t^  may 
be  replaced  are  Tcept  at  t^. 

If  X  is  the  intermediate  metal,  the  law  is  expressed  by  the 
equation 

e\ab)=e\ax)  +  e\xb). 

«,  <i  h 

Several  important  consequences  result  from  this  law. 

In  a  thermo-electric  couple  it  is  immaterial  whether  the  two 
metals  are  joined  directly  or  are  soldered  together.  If  the  circuit 
is  cut  at  any  point,  and  the  two  ends  are  connected  with  the 
binding  screws  of  an  electrometer  or  of  a  galvanometer,  provided 
that  the  binding  screws  and  the  various  parts  in  contact  are  all  at 
the  same  temperature  as  the  two  ends  of  the  circuit,  no  fresh 
electromotive  force  is  introduced,  and  the  electromotive  forces 
measured  are  those  of  the  original  circuit. 
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144.  Thermo-Electric    Pile    or    Battery. — Thermo-electric 

forces  are  always  very  feeble,  that  of  the  bismuth-antimony  pair, 
which  is  one  of  the  strongest,  and  between  0°  and   100°  is  nearly 

proportional  to  the  difference  of 
temperature  of  the  two  junctions, 
is  0'000057  volt  for  each  degree. 
As,  however,  the  resistance  of 
couples  wholly  metallic  may  be 
made  extremely  small,  such 
couples  can  give  currents  of  con- 
sidei'able  strength.  Thus  the 
bismuth  -  copper  couple  repre- 
sented in  Fig.  128,  when  heated 
at  the  junction  B  by  a  spirit  lamp,  strongly  deflects  a  magnetic 
needle  placed  inside  the  circuit. 

Any  number  of  such  couples  may  be  associated  together  in 
such  a  way  as  to  form  a  pile  or  battery.  Melloni's  pile,  which 
has  been  of  great  service  in  the  investigation  of  radiant  heat,  is 
formed  of  small  bars  of  antimony,  aa,  arranged  alternately  with 
bars  of  bismuth,  bb,  so  that  all  the  even-numbered  joints  are  on 
one  side,  and  the  odd  ones  on  the  other  (Fig.  129).     Several  such 


Fig.  128. 


Fig.  129, 


Fig.  130. 


piles  are  connected  together,  the  couples  being  insulated  by  mica 
or  asbestos,  which  is  not  altered  by  heat ;  they  thus  form  a  rect- 
angular parallelopipedon  (Fig.  130),  the  faces  c  and  D  being  those 
which  correspond  to  the  junctions.  These  faces  are  covered  with 
lamp-black,  and  protected  by  the  screens  T  and  t'.  The  two  poles 
being  connected  with  a  galvanometer,  a  very  slight  difference  of 
temperature  between  the  two  faces  is  sufficient  to  produce  an 
appreciable  deflection. 

Clamo7id's  bat  tern,  which  is  occasionally  used  in  lal^oratoiies,  is 
made  up  of  an  alloy  of  zinc  and  antimony,  alternating  with  an 
alloy   of-  zinc,   nickel,   and  copper.     The  metals  are   ari'anged   in 
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series  so  as  to  form  a  sort  of  cylinder  (Fig.  131) ;  the  even-numbered 
junctions  are  inside  and  are  heated  by  a  gas-flame,  while  the  odd- 
numbered  junctions  are  on  the  ov^tside,  and  are  ai^ranged  so  that 
they  present  a  large  cooling  suiface  to  the  air. 

We  may  cite  as  an  example  a  Clamond  battery  consisting  of 
120  couples,  having  an  electromotive  force  of  8  volts  and  a  resist- 
ance of  3'2  ohms,  which,  therefore,  at  the  maximum,  has  a  power 
of  5  watts.  The  couples  may  be  grouped  so  as  to  satisfy  in  each 
case  the  conditions  of  the 
maximum  (136).  To  pro- 
duce this  current  180  litres 
of  coal-gas  are  consumed 
per  hour. 

Assuming  that  a  litre 
of  gas  gives  5200  gramme- 
degrees  of  heat,  the  heat 
expended  is  260  gramme- 
degrees  per  second,  which 
corresponds  to  a  power  of 
1084  watts.  The  efliciency 
is  about  -o^Q. 

145.  '  Theory  of 
Therm  o-E  1  e  c  t  r  i  cal 

Phenomena. — The  exist- 
ence of  theimo-electiic  cur- 
I'ents  shows  clearly  that 
the  resultant  electromo-  '■'■^-^ 
tive  force  in  a  metallic 
circuit  is  a  function  of  the 
temperature.  In  order 
to  investigate  the  matter,  let  us  again  take  the  case  of  a 
circuit  formed  by  joining  at  the  ends  a  piece  of  iron  wire  and 
a  piece  of  copper  wire.  It  is  known  by  expei'iment  (138) 
that  heat  disappears  when  an  electric  current  traverses  the 
junction  of  the  two  metals  in  the  direction  from  copper  to  iron, 
and  that  heat  is  produced  by  a  current  traversing  the  junction 
from  iron  to  copper.  Hence  we  infer  that,  at  ordinary  tempera- 
tures, the  potential  of  iron  is  higher  than  that  of  copper  to  an 
extent  measured  by  the  value  of  the  Peltier  coefiicient  for  tlio 
two  metals,  that  is  to  say,  by  the  energy  required  to  transfer  a 
unit  of  electricity  from  copper  to  iron.  It  is  further  known  (140) 
that  if,  one  of  the  junctions  remaining  at  the  temperature  of  the 
air,  the  other  is  gradually  heated  (Fig.  125),  the  circuit  is  traversed 


Fig.  131. 
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by  a  current  whose  direction  is  from  iron  to  copper  at  the  cold 
junction,  and  from  copper  to  iron  at  the  heated  one.  The  direction 
of  the  current  may  also  be  stated  as  being  from  hot  to  cold  in  the 
iron  wire,  and  from  cold  to  hot  in  the  copper. 

In  seeking  for  the  origin  of  the  electromotive  force  in  a  thermo- 
electric circuit,  we  must  bear  in  mind  (129)  that  the  electromotive 
force  is  equal  numerically  to  the  work  done  during  the  passage 
of  a  unit  quantity  of  electricity  round  the  circuit,  and  that  this 
amount  of  work  must  be  equal  to  the  energy  sinmltaneously  taken 
in  by  the  circuit.  A  simple  thermo-electric  cii'cuit  consists  of 
two  homogeneous  wires  and  two  junctions,  and  any  energy  taken 
in  by  it  must  be  taken  in  at  one  or  more  of  these  four  parts. 

In  the  case  we  have  supposed,  the  direction  of  the  current, 
being  that  of  increasing  temperature  in  the  copper  and  that  of 
decreasing  temperature  in  the  iron,  is  from  lower  to  higher 
potential  in  both  (139),  and  therefore  there  is  a  gain  of  energy 
in  both  wires  as  the  current  passes.  Energy  is  also  gained  at  the 
heated  joint,  where  the  current  flows  from  copper  to  iron,  that  is, 
from  lower  to  higher  potential,  but  there  is  loss  of  energy  at 
the  other  joint,  where  the  direction  of  the  current  is  from  iron 
to  copper.  The  net  gain  is  therefore  the  amount  by  which  the 
sum  of  the  enei-gy  taken  in,  in  the  continuous  wires  and  the  hot 
junction  taken  together,  exceeds  that  given  out  simultaneously 
at  the  cold  junction,  and  the  electromotive  force  is  numerically 
equal  to  this  net  gain  of  energy  per  unit  of  electricity  traversing 
the  circuit. 

In  order  to  express  this  relation  by  means  of  an  equation,  we 
may  use  the  symbol  cr  as  the  coefficient  of  the  Thomson  effect ; 
that  is  to  say,  when  a  current  of  strength  C  flows  for  t  seconds  in 
a  given  metal,  from  a  part  where  the  temperature  is  T  to  a  part 
where  the  temperature  is  higher  by  the  very  small  amount  dT, 
the  energy  taken  in  is  equal  to  the  quantity  of  electricity  Ct 
multiplied  by  the  small  difference  of  temperature  dT  and  by  the 
coefficient  cr  depending  on  the  nature  of  the  metal,  or 

Ct  (T  dT. 

If  T^  be  the  temperature  of  the  colder,  and  Ty  that  of  the 
hotter  junction,  we  may  suppose  an  infinite  number  of  points 
taken  one  after  another  along  each  wire,  so  that  the  tempei'ature 
at  each  point  exceeds  that  at  the  preceding  point  by  dT.  Then 
the  enei'gy  gained  by  the  flow  of  a  current  along  each  eleinentni'y 
length  of  wire  intervening  between  two  consecutive  points  will  be 
represented  by  CtcrdT,  if  the  direction  of  the  current  is  the  direc- 
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tion  of  increasing  temperature  (or  clT  positive),  and  by  -  Cta-dT, 
if  the  current  flows  in  the  direction  of  decreasing  temperature 
(dT  negative).  The  total  gain  of  energy  due  to  the  whole  wire 
will  be  expressed  by  the  sum  of  all  such  tei"ms  from  one  end  to 
the  other.  The  factor  Ct  is  common  to  all,  but  the  value  of  cr  for 
a  given  metal  depends  in  general  on  the  temperature  ;  hence  we 
cannot  calculate  the  required  sum  by  adding  together  all  the 
intervals  of  tempera tiu-e  dT,  so  as  to  get  the  total  difference 
T.,  -  T-^,  and  multijtlying  this  by  C'/cr,  but  we  must,  before  adding, 
multiply  the  temperature-difference  dT  corresponding  to  each 
successive  element  of   the   wire  by  the   value  of  cr  applicable  to 

it,  that   is,  we  must  take   the  integral  I  crdT,  and   multiply   this 

by  Ct. 

Distinguishing  the  values  of  <t  corresponding  to  copper  and 
iron  respectively  as  cr^^.^,  and  a-p^,  and  remembeiing  that  the  direction 
of  the  current  is  from  cold  to  hot  in  the  copper,  and  from  hot  to 
cold  in  the  iron,  we  have,  for  the  total  gain  of  energy  due  to  the 
continuous  wires, 


Cti^jc/cudT-pUTy 


IT,  JT, 

We  have  next  to  consider  the  effect  of  the  junctions.  We 
have  already  (138)  seen,  that  the  coefficient  of  the  Peltier  effect 
for  the  junction  of  two  metals  measures  their  permanent  difference 
of  potentials.  Putting  11^^  for  the  value  of  this  coefficient  in  the 
case  of  iron  and  copper  at  the  temperature  T-^  of  the  cooler 
junction,  and  11.,  for  the  value  of  the  same  coefficient  at  the  tem- 
peratvire  7^  of  the  hot  junction,  the  gain  of  energy  at  the  latter 
may  be  written  CtTl.^,  and  the  loss  at  the  former  CtHy  Hence 
the  net  gain  of  enei-gy  at  the  two  junctions  taken  together  is 

c^(n,-n^). 

If  we  denote  the  electromotive  force  of  the  circuit  by  E,  the 
work  done  by  the  current  in  time  t,  or  the  energy  given  out,  is 
EGt.  Writing  this  as  equal  to  the  whole  amount  of  energy  taken 
in,  we  get  the  equation, 

ECt  =  Cticrl.,/IT  -  Ct  (i/pJT  +  CVn,  -  CfUy 

The  quantity  of  electricity  ti-aversing  the  circuit  Ct  =  Q,  is  a 
factor  of  every  term  of  this  equation.  If  we  divide  throughout  by 
this,  or,  what  comes  to  the  same  thing,  if  we  suppose  the  quantity 
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of  electricity  to  be  unity,  we  get,  as  the  expression  for  the  electro- 
motive force, 

rT.. 


146.  Application  of  Thermo-Dynamics.— The  only  form  in 

Avhich  energy  is  supplied  to  a  thei-mo-electric  circuit  is  that  of  heat, 
but  the  work  done  by  it  may,  in  part  at  least,  take  any  form  we 
please.  For  example,  by  including  in  the  circuit  an  electro- 
magnetic motor,  a  greater  or  less  amount  of  mechanical  energy 
may  be  obtained.  If,  therefore,  we  leave  out  of  account  the  inter- 
mediate processes  and  attend  only  to  final  results,  we  may  saji 
that  a  thermo-electric  circuit  employed  to  maintain  the  motion  of 
an  electro-magnetic  motor  is  equivalent  to  a  steam-engine,  or  any 
similar  contrivance,  the  function  of  which  is  to  convert  heat  into 
mechanical  enei'gy. 

It  is  thus  natural  to  inquire  how  far  the  general  conditions 
which  have  been  shown  to  apply  to  the  transformation  of  heat  into 
mechanical  energy  in  the  steam-engine,  or  other  forms  of  heat- 
engine,  are  applicable  to  the  corresponding  transformation  by 
means  of  a  thermo-electric  circuit.  The  most  important  of  these 
principles  is  that,  in  the  case  of  a  reversible  engine, — that  is  to 
say,  an  engine  such  that  an  inversion  of  the  direction  of  the 
motion  is  accompanied  by  an  exact  reversal  of  the  dynamic  and 
thermal  processes  going  on  in  it, — the  sum  of  the  quantities  of 
heat  taken  in  by  the  engine,  each  of  them  divided  by  the  tempera- 
ture, reckoned  from  absolute  zero,  at  which  it  is  taken  in,  is  equal 
to  the  sum  of  the  quantities  of  heat  given  out,  each  of  them  divided 
by  the  temperature  at  which  it  is  given  out.  The  application  of 
this  conclusion  to  the  case  of  a  thermo-electric  circuit  leads  to  very 
important  consequences. 

But  before  this  application  can  be  made,  certain  conditions 
must  be  discussed.  A  thermo-electric  circuit  cannot  in  general  be 
regarded  as  reversible.  Part  of  the  energy  of  the  circuit,  namely, 
the  amount  Q-R  per  second,  R  being  the  resistance  of  the  circuit, 
is  converted  into  heat  in  a  non-reversible  manner,  that  is  to  say, 
the  production  of  heat  is  independent  of  the  direction  of  the 
current  and  the  application  of  heat  to  the  circuit  cannot  be  made 
to  reproduce  the  equivalent  quantity  of  electrical  energy.  The 
evolution  and  absorption  of  heat  in  consequence  of  the  Peltier  and 
Thomson  effects  are,  however,  reversible ;  for,  being  each  of  them 
proportional  to  the  strength  of  the  current,  they  are  reversed  when 
the   current   is  reversed.      The   non-reversible   evolution   of  heat 
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being  thus  proportional  to  the  square  of  the  cuirent-strength,  and 
the  reversible  effects  being  proportional  to  the^r*'^  power,  it  follows 
that,  if  the  strength  of  the  current  is  sufficiently  small,  the  former 
will  be  very  small  as  compared  with  the  latter,  and  may,  without 
sensible  error,  be  neglected.  To  fulfil  this  condition,  we  have  only 
to  suppose  that  the  temperatures  T^  and  T,,  are  very  nearly  the 
same:  let  them  be  2"  and  7"+ fZ  2"  respectively,  differing  from  each 
other  by  the  indefinitely  small  amount  dT.  In  this  case  the 
electromotive  force,  and  therefore  the  strength  of  the  current,  will 
be  very  small/ 

Going  back  to  the  equation  at  the  end  of  (145),  and  assuming 
the  difference  of  temperature  to  be  very  small,  we  may  write  it 

Where  dU.  stands  for  the  increment  of  the  Peltier  coefficient 
corresponding  to  an  increment  of  temperatiu-e  dT.  Under  the 
conditions  here  supposed,  the  processes  taking  place  in  the  circuit 
are  all  reversible  ;  we  may  therefore  apply  to  them  the  thermo- 
dynamic conclusion  referred  to  above. 

The  heat  absorbed  in  the  continuous  parts  of  the  circuit  divided 

•      -,       •         /  ^<^^T 

by  the  temperature  at   which   it  is   received,  gives  {(rcu-(^Fe)jJ^ 

per  unit  of  electricity,  if  we  put  J  for  the  mechanical  equivalent  of 
heat.  To  this  is  to  be  added  the  heat  absorbed  at  the  hotter 
junction  divided  by  the  temperature  of  the  junction ;  this  may  be 

written  i-'^ .     The  only  part  of  the  circuit  at  which  heat  is 

J{T+dT)  ^  ^ 

given  out  is  the  cooler  junction.  Dividing  the  heat  here  evolved 
by  the  temperature  of  the  junction,  we  get  -- .     Then,  equating 

t/  J. 

the  value  applicable  to  the  heat  taken  in  and  that  corresponding 
to  the  heat  given  out,  we  have 

{<rc,.-'^Fe)dT     U  +  dn^U 
T  T+dT      2" 

whence,  by  reduction, 

{a,,,-a,,)dT=^^dT-dYl. 

1  Without  making  tlie  difference  of  temperatures  infinitely  small,  the 
current  might  be  made  as  small  as  we  please  by  a  suflicient  increase  of  re- 
sistance. But  by  writing  EC  instead  of  C-R  to  express  the  non-reversible 
production  of  heat,  we  see  that,  so  long  as  E  is  finite,  this  is  a  small  quantity 
of  the  first,  not  of  the  second,  order,  and  consequently  would  not  vanish  in 
comparison. 
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Putting  this  value  on  the  right-hand  side  of  the  equation  foi' 


dE  above,  we  get 

dE=^dT. 
T 


If  the  junctions  have  the  temperatures  T^  and  T^  respectively, 
the  electromotive  force  of  the  circuit  is  represented  by 

147.  Values  of  the  Peltier  and  Thomson  CoeiRcients. — 

It  has  been  pointed  out  already  (138)  that  the  direct  experimental 
measurement  of  the  coefficient  of  the  Peltier  effect  pi'esents  a  good 
deal  of  difficulty,  but  the  last  equation  but  one  of  (146)  contains 
the  principle  of  another  method  of  measuring  this  quantity.  Writ- 
ing this  equation  in  the  form 

dT 

we  get  the  Peltier  coefficient  expressed  in  terms  of  the  rate  of 
change  of  the  electromotive  force  of  the  circuit  with  temperature. 

In  this  formula  dE  stands  for  the  infinitesimal  electromotive 
force  of  a  circuit  whose  junctions  are  at  the  absolute  temperatures 
T  and  T+dT  respectively;  but,  by  the  law  of  successive  tem- 
peratures (142),  this  is  the  same  as  the  increment  of  electromotive 
force  in  a  circuit  with  one  junction  kept  at  a  fixed  temperature 
when  the  other  is  I'aised  from  temperature  T  to  T  +  dT. 

Now  it  is  found  by  experiment  that  the  connection  between 
electromotive  force  and  temperature,  for  a  circuit  formed  of  a 
given  pair  of  metals,  can,  in  a  large  number  of  cases  and  between 
wide  limits  of  temperature,  be  expressed  by  the  foi^mula 

E=a{T„-T^)  +  b {T^^  -  T^), 

where  a  and  b  are  constant  coefficients  whose  values  depend  on 
the  particular  metals  employed.  They  can  be  determined  experi- 
mentally in  each  case  by  measuring  the  electromotive  forces  corre- 
sponding to  various  values  of  the  temperatures  T^  and  T^.  If,  in 
this  formula,  T-^  stands  for  the  temperature  of  one  junction  which 
is  kept  constant,  while  To  varies,  we  get,  by  differentiating  with 
respect  to  T^,  riir 

dT     "^  +  ^^^2' 

and  therefore,  for  the  value  of  11  at  temperature  T^, 
Il  =  T,'^,  =  aT,  +  2bT,^. 
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For  copper  and  iron, 

a  =  3187,  and  &=  -   2-91. 

With  these  numbers  the  value  of  II  can  be  calcuh^ted  for  any 
given  temperature  :  the  following  table  gives  the  results  for  a  few 
temperatures : — 

Temperature  \ 

fromabso-V=r         273°  373°  473°        547-6°         573° 

lute  zero  .  ) 

Temperature)       ^  0  100  200  274-6  300 

centigrade  J 
n   (eigs  per  ) 

unit     of  V  436,000    379,000    205,000  0      -85,000 

electricity)  j 

The  value  of  (r^;,^  -  a-p^  can  also  be  expressed  by  means  of  the 
same  coefficients.     Referring  to  (146),  we  see  that 

n   dJi 


' 

^Cn- 

'""'^-'T'df 

Consequently 

dT 

^ 

T 

Fe  _   _ 

/ 1  (f  n    II  \ 

KTdT      TV 

But  (see  above) 

n   dE 

f     dT' 

therefore, 

O-Cu 

-^Fe 

(IE 

~      ^  dT  ~ 

T 

^  dT^ 

Writing,  as  before,  the  electromotive  force  in  the  form 
7<;=a(r-rj  +  &(T2-7\2), 

where  T^  is  the  fixed  temperature  of  the  cooler  junction,  we  have 

-—-  =  a  +  2hT 
dT 

and 

Therefore,  finally. 

This  gives  at  0°  C.  (!'=  273) 

(r,.,-^,,=  1589, 
and  at  300°  (7'=  573) 

<^ca-«^;.fe=3335. 
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In  the  same  way  the  difference  between  the  values  of  the 
coefficients  of  the  Thomson  effect  can  be  calculated  for  any  two 
metals  when  the  electromotive  force  of  a  thermo-electric  circuit 
formed  of  these  metals  has  been  determined  for  various  intervals 
of  temperature. 

It  is  found  that  the  passage  of  an  electric  current  through  lead, 
between  parts  at  different  temperatures,  is  not  accompanied  by  a 
reversible  production  or  destruction  of  heat  to  an  extent  capable  of 
being  detected  by  experiment.  Hence  the  coefficient  cr  for  lead 
must  be  either  accurately  or  nearly  =  0. 

Suppose,  then,  that  a  thermo-electric  circuit  is  made  up  of  lead 
and  another  metal,  say  iron,  and  that  the  electromotive  force  of 
the  circuit  has  been  measured  for  various  ranges  of  temperature. 
The  results  enable  us  to  determine  the  values  of  the  coefficients 
a  and  b,  applicable  to  this  circuit,  in  the  equation — 

E  =  a{T  -  T^)  +  h(T-  -  T^^) 

and  therefore  to  calculate 

or,  putting  a-p^^  =  0, 

In  this  way  the  value  of  a-p^  has  been  fovind  to  be 

at  0°  C.         .  .  .      -1330 

at  300°  C.    .  .  .      -  2791 

Combining  these  values  with  those  given  above  for  cr^,„  —  cr^.^.,  we 
get  for  o-c.„, 

at  0°  C.         .  .  .      +  259 

at  300°  C.    .         .         .         544 

If  we  distinguish  by  suffixes  the  values  of  the  coefficients  a  and 
h,  in  the  case  of  cii'cuits  made  up  of  three  given  metals,  1,  2,  and 
3,  wlien  1  and  2,  2  and  3,  or  1  and  3  are  taken  together,  the  law 
of  intermediate  metals  (139)  gives  the  following  relations — 

by  which,  when  the  values  applicable  to  two  of  the  pairs  have  been 
determined,  that  corresponding  to  the  third  pair  can  be  found. 

148.  Neutral  Point. — As  already  stated  (141),  when  the 
mean  temperature  of  the  junctions  of  a  copper-iron  circuit  is 
about  275°  0.  ( =  548°  from  absolute  zero)  the  current  ceases. 
With  circuits  formed  of  other  metals,  the  same  thing  happens  at 
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other  temperatures.      The  formula  of  (147)  for  the  electromotive 
force  of  a  circuit,  when  written  thus — 


E={l\-T,){cc  +  '2b.'LL±21^j 


shows  that  E  must  vanish  whenever  the  mean  temperature  of  the 
junctions  satisfies  the  condition. 

The  temperature  thus  determined  is  called  the  neutral  temperature 
for  the  i^iven  pair  of  metals.  If  we  denote  it  by  the  symbol  2\^,  we 
get  for  the  coefficent  a  the  value 

Putting  this  into  the  formula  for  electromotive  force,  we  may  write 
this  as  containing  the  product  of  two  differences,  namely, 


E=^2h{T,^-T,){p^^-T,}j, 


which  shows  that  it  must  vanish  when  either  difference  vanishes. 
The  first  case  is  when  both  junctions  have  the  same  temperature ; 
the  second  is  when  the  mean  temperature  is  equal  to  the  neutral 
temperature.  The  meaning  of  the  neutral  temperature  for  a  given 
pair  of  metals  becomes  more  apparent  when  we  consider  the  value 
of  the  corresponding  •  Peltier  coefficient.  As  we  have  seen,  this  is 
expressed  by  the  formula 

Il  =  aT+2hTK 
Expressing  a  in  terms  of  the  neutral  temperature,  this  becomes 
=  -  2hTT,,+  2h'r-  =  2hT{T-  2\). 

It  follows  that  the  value  of  the  Peltier  coefiicient  for  a  given  pair 
of  metals  which  are  at  the  neutral  tempera tvire  is  zero,  or  that  no 
reversible  thermal  effect  accompanies  the  passage  of  a  current  from 
one  to  the  other  at  this  temperature. 

When  the  temperature  of  one  junction  is  kept  constant,  the 
electromotive  force  reaches  a  maximum  when  the  second  junction 
is  at  the  neutral  point ;  and  if  one  junction  is  kept  at  the  neutral 
point,  the  current  is  in  one  direction  or  the  other  I'ound  the  circuit, 
according  as  the  temperature  of  the  second  junction  is  below  or 
above  the  neutral  point. 

149.  Geometrical  Representation  of  the  Phenomena. — 

Two  methods  may  be  used  to  represent  thermo-electrical  phenomena 
geometrically. 

Suppose  a  couple  formed  of  two  metals,  a  and  x,  one  of  tlie 
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junctions  being  kept  at  0°,  and  the  other  at  any  temjierature,  t. 
Take  the  vahies  of  t  as  abscissae  (Fig.  132),  and  the  corresponding 
electromotive  forces  as  ordinates ;  a  cmve,  ax,  is  obtained,  which 
is,  in  fact,  a  parabola  with  a  vertical  axis. 

If  the  cokl  junction,  instead  of  being  at  0°,  is  at  the  temperature 
t^,  the  same  curve  still  gives  the  electromotive  forces,  provided  we 
measure  the  ordinates  from  the  line  mm'  drawn  parallel  to  the  axis 
of  abscissae  through  the  point  M  of  the  curve,  which  corresponds  to 
the  temperature  t-^.  This  is  a  consequence  of  the  law  of  successive 
temperatures  (142). 

The  point  m',  where  the  curve  cuts  the  parallel  mm'  to  the  axis 
of  abscissae,  gives  the  temperature  at  which  the  electromotive 
force  changes  its  sign,  and  gives,  consequently,  the  temperature 

y 


of  inversion  (141,  148).  This  temperature  varies,  as  we  see,  with 
that  of  the  cold  junction. 

The  temperature  if,„  of  the  maximum  electromotive  force,  on 
the  contrary,  is  fixed,  and  is  represented  on  the  diagram  by  the 
point  D.  It  will  be  seen  that  it  is  the  mean  of  the  temperatures  of 
the  cold  junction  and  of  the  temperature  of  inversion. 

In  like  manner,  let  BX  be  the  curve  corresponding  to  the  couple 
formed  by  the  metals  B  and  x ;  the  difference  mn  of  the  two 
ordinates  represents,  for  the  temperatures  0°  and  P  of  the  two 
junctions,  the  electromotive  force  of  the  couple  formed  by  the 
two  metals  A  and  b.  We  have,  in  fact,  from  the  law  of  inter- 
mediate metals—        ^(^  x)  =  ^(.4  B)  +  E{BX). 

150.  Thermo-Electric  Height.— Another  method  is  to  plot 
temperatures  as  abscissae,  and  as  ordinates  the  values  of 

dT~T' 
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Fig.  13c 


which  are  known  as  thermo-electric  heights.    The  line  ab  in  Fig.  133 
represents  part  of  a  curve  so  drawn.     The  ordinate  of  the  point 
where  it  intersects  the  vertical  axis  repre- 
sents the  value  of  a ;  the  tangent  of  the  ^ 
angle    which    it    makes   with    the    axis   of 
temperature  gives   the  value  of   2h.     The 
area  of  the  vertical  strip,  pmm'p',  being  the 
product  of  the  vertical  height  into  the  base, 
represents  the   value  of    dE,   namely,  the 

thermo-electric    height    --    multiplied     by 

the  infinitesimal  difference  of  temperature  dT  of  the  junctions. 
The  sum  of  all  such  areas  between  the  lines  t^x  and  ^^b  is  the  area 

of  the  figure  ^jAB^o,  and  is  expressed  algebraically  as  I    —  dT,  and 

therefore  represents  the .  electromotive  force  of  a  circuit,  formed 
of  the  two  metals  for  which  the  figure  is  drawn,  with  junctions 
at  the  temperatures  t^  and  t.,  respectively. 

In  Fig.  134  the  area  pmm'p'  represents  in  ]ike  manner  the 
electromotive  force  of  a  circuit  of  two  metals,  say  a  and  x,  with 
junctions  at  the  temperatures  denoted   by  the   points   p  and   p'. 

Similarly  the  area  pnn'p'  repre- 
sents the  electromotive  force  for 
the  same  range  of  temperature  of 
a  circuit  formed  of  the  metals  B 
and  X. 

From  the  law  of  intermediate 
metals  it  follows  that  the  differ- 
ence of  these  areas,  or  nmm'n',  re- 
presents the  electromotive  force 
— still  for  the  same  range  of  tem- 
perature— of  a  circuit  formed  of  the 
metals  a  and  B.  The  abscissa  of  the  point  K,  where  the  lines  mm' 
and  nn'  intersect,  represents  the  neutral  point  for  the  metals  a 
and  B,  and  the  area  nmm'n'  increases  with  rise  of  temperature  of 
the  hotter  junction  until  this  point  is  reached.  An  area  like 
n"km"  to  the  right  of  the  point  K  is  to  be  reckoned  negative,  and 
represents  an  electromotive  force  acting  the  opposite  way  round 
the  circuit  to  one  represented  by  an  area  to  the  left  of  K.  If  the 
temperature  of  one  junction  is  below,  and  that  of  the  other  is 
above  the  neutral  point,  the  electromotive  force  of  the  circuit  is 
represented  by  the  difference  of  the  areas  to  the  left  and  right 
of  the  point  K  respectively,  and  vanishes  when  the  temperatures 

P 


Fig.  134. 
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are  such  that  these  areas  are  equal,  that  is,  as  the  figure  indicates, 
when  the  temperatures  of  the  two  junctions  are  equidistant  from 
the  neutral  point. 

151.  ThermO-Electric  Diagram.— Fig.  135  gives  a  thermo- 
electric diagram,  according  to  Professor  Tait,  for  the  principal 
metals.  Lead  is  the  metal  taken  as  standard,  since  this  does  not 
show  the  Thomson  effect.  The  abscissae  represent  temperatures 
in  centigrade  degrees,  and  the  ordinates  the  thermo-electric  heights 
in  microvolts  (or  millionths  of  a  volt)  per  degree. 

All  the  curves,  excepting  those  for  iron  and  nickel  at  high  tem- 
peratures, are  straight  lines.  In  order  to  obtain  the  electromotive 
force  of  a  couple  ab  working  between  the  temperatures  t^  and  f,,, 


¥m.  135. 


the  area  to  be  calculated  is  that  of  a  trapezium,  such  as  mnm'n' 
(Fig.  134) ;  it  is  sufficient  to  multiply  half  the  sum  of  the  two 
parallel  sides  by  their  distance  apart.  This  distance  is  the  differ- 
ence ^2  -  ii  of  the  two  temperatures ;  half  the  sum  of  the  parallel 
sides  is  equal  to  the  portion  intercepted  by  the  lines  a  and  B  on 
the  ordinate  which  corresponds  to  the  mean  4  (/.,  + 1-^)  of  the  tem- 
peratures of  the  two  junctions. 

I'or  instance,  let  one  of  the  junctions  of  an  iron-copper  couple 
be  at  50°,   and  the  other  at  250°  ;    the  diagram   gives  about   7 
microvolts  for  the  diffei'ence  of  the  ordinates  corresponding  to  the 
mean  temperature,  150°  :  the  electromotive  force  will  then  be  7  x 
200  =  1 400  microvolts  or  1-4  x  10"=^  volts. 

152.  As  the  area  n'm'mn  (Fig.  136)  represents  the  electro- 
motive force  in  volts,  it  also  represents  in  joules  the  work  done  by 
a  coulomb  traversing  the  circuit.     In  the  case  of  the  figure  the 
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in  other  words,  the  metal  b 


current  flows  in  the  direction  n'm'mn 
is  positive  in  reference  to  a. 

The  outline  of  the  area  n'm'mn  may  be  considered  as  represent- 
ing the  cycle  traversed  by  the  electricity,  and  if  we  assume  that 
the  temperatures  are  measured 
from  absolute  zero,  the  area  com- 
prised between  one  of  the  bound- 
ing lines  of  the  figure,  the  axis  o^, 
and  two  lines  parallel  to  the  axis 
of  temperature,  represents  the  work 
depending  on  the  corresponding 
element  of  the  cycle. 

Thus  nn'  represents  the  passage 
of  a  unit  of  electricity  from  the 
lower  temperatvne  T  to  the  higher 
tempei-ature  T,  along  the  con- 
ductor B,  and  the  area  nn'q'q  the  energy  taken  in  in  this  pait  of  the 
circuit  in  consequence  of  the  Thomson  effect. 

The  line  n'm'  denotes  the  passage  of  electricity  from  the  con- 
ductor B  to  the  conductor  a  at  the  temperature  ?",  and  the  area 
n'm'p'q'  the  energy  corresponding  to  the  Peltier  effect. 

The  line  m'm  denotes  the  passage  of  electricity  along  the  con- 
ductor A  from  the  temperature  T'  to  the  temperature  T,  and  the 
area  m'mpp'  represents  the  energy  corresponding  to  the  Thomson 
effect  in  the  conductor  a. 

Finally,  the  line  MN  expresses  the  passage  of  electricity  from  the 
metal  a  to  the  metal  B  through  the  cold  junction  at  the  tempera- 
ture 2\  and  the  area  mnqp  the  energy  corresponding  to  the  Peltier 
effect. 

The  diagram  is  so  drawn  that  gain  of  energy  corresponds  to  the 
passage  of  a  current  from  a  lower  to  a  higher  point,  and  loss  of 
energy  to  the  passage  from  higher  to  lower.  Consequently  the 
areas  qnn'q',  q'n'm'p',  and  p'm'mp  represent  energy  gained  during 
the  passage  of  a  coulomb  of  electricity  round  the  circuit,  and  the 
area  pmnq  represents  energy  given  out.  The  net  gain  of  enei'gy 
per  coulomb,  or  the  electromotive  force  in  volts,  is  represented  by 
the  difference  of  these  areas,  namely,  nn'm'm. 

152.*  Circuit  of  Three  Metals  in  Series.— When  a  circuit 

consists  of  three  metals  in  series,  the  junctions 
being  all  at  different  temperatures,  the  thermo- 
electric electromotive  force  is  given  by  the  sum 
of  the  terms  arising  from  the  various  wires  and 
junctions.  If  the  three  metals  are  denoted  as  in 
Fig.  ISOa.      pig^  136a  by  the  letters  a,  h,  and  c,  and  the  junctions 
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by  the  figures  1,  2,  and  3,  the  total  electromotive  force 
equals 

£=    772     +    TTg     +     TTj     +    /    0-,/?T+    /    (T^dr  +    I    CT^cZt 
ab  ^c  ca  J  I  J  2  J  3 

where      tt^     is  the  Peltier  coefficient   between   the   metals  a  and 

ah 

h  at  the  temperature  2  and  similarly  for  like  terms  ;  and   Po-^^^t  is 

the  contribution  from  the  wire  a,  whose  Thomson  coefficient  is  o-„, 
the  integration  being  between  the  extreme  temperatures  of  this 
wire,  and  similarly  for  like  terms. 

This    may    be    written     (by    simultaneously    subtracting    and 
adding  several  terms) — 

ah  ab  be  be  \  ub  be  ca       J 

+  1    \(rf,rlT+    \<Tf,dT+         (T.drj 

But  TTj  +  TTj  +  TTj   is    the    total    electromotive    force    when    the 

lib  be  ea 

three  junctions  are  all  at  the  same  temperature  and  is  therefore 
zero ;  and  the  other  expression  in  brackets  is  obviously  equivalent 

to   /  a-^dr  and  is  therefore  also  zero.     The  remaining  terms  can  be 

grouped  into  two  pairs :  one  of  which  is  the  value  of  the  e.m.f.  for 
a  circuit  of  the  two  metals  a  and  h,  the  junctions  being  at 
temperatures  2  and  1  ;  and  the  other  is  the  e.m.f.  for  a  circuit 
consisting  of  b  and  c,  the  junctions  being  at  temperatures  3  and  1. 
This  result  may  be  written 

E  =  eI+  if,. 


abc  ab 


Obviously   two  other    expressions    for   the   same  quantity  can  be 
wiitten  down  from  analogy 

E  =  eI+  e\ 

abc  be  ca 

=  eI  +  eI 
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These  results  are  readily  obtainable  in  an  alternative  way. 
Let  an  auxiliary  conductor  V  of  the  same  metal  as  h  connect  any 
point  on  h  with  a  point  on  c  which  is  as  near  as 
may  be  to  the  junction  l(Fig.  136b),  so  that  the 
minute  part  of  c  which  is  intercepted  may  be 
considered  as  being  all  at  one  temperature 
and  therefore  non-contributory  to  the  total 
effect  (143).  Then  the  electromotive  force 
sought  for  is  the  sum  of  the  electromotive 
forces  in  the  two  circuits  to  which  the  wire  V 
is  common.  The  value  for  the  right-hand  circuit  is  that  for  two 
metals  a  and  h  with  their  junctions  at  temperatures  2  and  1 
(^1 )  ;  and  similarly  for  the  left-hand  circuit  the  value  is  E-^ .    The 

ab  be 

addition  of  these  two  terms  gives  the  same  result  as  before.  The 
alternative  expressions  may  be  obtained  in  succession  by  aid  of 
auxiliary  wires  joining  points  on  a  and  c  respectively  to  the 
immediate  neighbom^hood  of  the  opposite  junctions. 

It  will  be  easily  recognised  that  the  terms  which  are  added  and 
subtracted  in  the  calculation  given  at  the  beginning  of  this  section 
represent  the  effect  of  introducing  the  auxiliary  conductor  //, 
which  in  the  result  cancels  out,  since  its  effect  as  belonging  to  the 
circuit  abb'  is  exactly  equal  and  opposite  to  that  which  it  has  as  a 
part  of  the  circuit  b'bc. 

153.  Measurement  of  Temperatures  by  Thermo-Electric 

Couples. — As  the  electromotive  force  of  a  thermo-electric  couple 
is,  for  a  fixed  temperature  of  tlie  cold  junction,  a  function  of  the 
temperature  of  the  hot  junction,  it  can  be  vised  to  determine  this 
latter  temperature. 

A  simple  arrangement  for  this  purpose  consists  in  twisting 
together,  as  at  o  (Fig.  137),  the  ends  of  two  wires,  ab,  forming  a 
couple,  and  connecting  the  other  two  ends  to  a  galvanometer,  G,  all 
G-  the  junctions  from  a  and  from  B  being 
at  the  same  temperature.  It  is  necos- 
sai'y  to  know  once  for  all  the  cuive  of 
the  electromotive  forces  as  a  function 
of  the  temperature,  and  to  be  certain 
that  the  couple  is  comparable  with  it- 
self, and  is  not  altered  by  being 
reheated.  Care  must  also  be  taken  to  work  below  the  point  of 
inversion. 

A  couple  of  pure  platinum  and  an  alloy  of  rhodium  with  plati- 
num is  well  adapted  for  measuring  temperatures  up  to  1200°,  and 
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towards    this    limit    indicates    temperatures    to   within    10   or    20 
degrees,  which  in  most  cases  is  sufficient. 

For  temperatures  below  100°,  by  the  arrangement  known  as 
Becquerel's  thermo-electric  needle  (Fig.  138),  the  curve  can  be  dis- 


A  B 

Fig.  138. 


Fig.  139. 


pensed  with.  Two  identical  couples  are  joined  in  series  in  opposi- 
tion to  each  other.  The  junction  a  being  placed  at  the  point  whose 
temperature  is  to  be  determined,  the  junction  b  is  placed  in  a  bath, 
the  temperature  of  which  can  be  varied  until  there  is  no  deflection 
of  the  galvanometer.  The  temperature  of  the  bath  is  then  the 
temperature  to  be  measured. 

For  very  small  differences  of  temperature,  it  is  advantageous  to 
use  a  bismuth-antimony  couple  (Fig.  139).  So  long  as  the  tem- 
perature of  100°  is  not  exceeded,  the  current  is  proportional  to  the 
difference  of  temperature  of  the  two  junctions.  By  arranging  two 
couples  in  series,  as  shown  in  Fig.  139,  we  have  Peltier's  thermo- 
electric clip,  by  which  the  temperature  of  any  given  body  may  be 
taken,  such,  for  instance,  as  that  at  any  part  of  a  bar,  mn.  This 
apparatus  was  used  by  Peltier  in  investigating  the  so-called 
"Peltier  effect"  at  the  junction  of  two  metals. 

Melloni's  pile, described  above  (Fig.  130),constitutesadifferential 

thermometer  of   extreme 
X  ^.__^  sensitiveness.    When  the 

^ '         ^  two     faces     are     at     the 

temperature  of  the  sur- 
rounding air,  and  heat  is 
allowed  to  radiate  against 
one  end,  for  instance,  if 
the  hand  is  held  in  front 
of  it,  a  difference  of  tem- 
perature is  established  be- 
tween them,  which  is  proportional  to  the  radiation,  and  therefore  a 
current  is  produced  whose  intensity  is  proportional  to  this  radiation. 
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As  a  further  example,  may  be  cited  the  application  of  the  pile 
by  M.  Leroux  to  measuring  the  Thomson  effect  (139).  If  we 
suppose  two  similar  bars,  ab,  a'b'  (Fig,  140),  placed  parallel  to  each 
other  and  joined  by  a  cross-piece,  bb',  at  the  heated  end,  a  thermo- 
electric pile,  placed  with  its  faces  in  contact  with  two  symmetrical 
points,  c  and  c',  will  indicate  a  difference  of  temperature  between 
these  points  when  a  strong  current  is  passed  through  the  bars  from 
A  to  a'  or  in  the  opposite  direction. 
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154.  Electrolysis. — If  tlie  interpolar  wire  of  a  battery  is  cut, 
and  the  two  ends  are  then  placed  in  a  liquid  (Fig.  141),  so  that 
the  circuit  is  completed  by  a  column  of  liquid,  two  cases  may 
present  themselves.  The  liquid  may  act  like  air,  as  a  perfect 
insulator,  and  then  no  current  passes ;  or  the  current  passes,  and 
then,  except  in  the  case  of  mercury  or  any  melted  metal,  the 
liquid  is  decomposed.  A  non-metallic  liquid  never  acts  like  a 
simple  conductor ;  it  never  allows  any 
quantity  of  electricity  to  pass  without  a 
correlated  decomposition. 

This  phenomenon  is  called  electrolysis; 
the  term  electrolyte  is  applied  to  the  liquid 
which  undergoes  decomposition ;  and  the 
conductors  by  which  the  current  enters  and 
leaves  the  liquid  are  called  electrodes;  that 
in  connection  with  the  positive  terminal  is 
called  the  positive  electrode,  or  sometimes 
^^=  the  anode,  and  that  connected  with  the 
=  negative  terminal  is  the  negative  electrode 
or  latJiode. 

The  only  bodies  which  are  susceptible  of 
electrolysis  are  apparently  salts  liquefied  either  by  solution  or 
by  fusion.  Perfectly  pure  liquids,  such  as  water,  alcohol,  ether, 
bisulphide  of  cai'bon,  etc.,  are  not  electrolytes.  We  understand 
by  the  term  salt  a  compound  formed  of  a  metal  united  either  to 
an  element  such  as  CI,  Br,  S,  or  to  a  compound  radical  such  as 
SO4,  NO3,  .  .  .  &c.  The  primary  decomposition  which  takes  place 
under  the  action  of  the  current  appears  always  to  consist  in  the 
separation  of  the  metal  from  the  simple  or  compound  radical 
with  which  it  was  combined. 

The  constituents  into  which  a  body  is  decomposed  never  appear 
in  the  mass  of  the  liquid  itself,  but  only  at  the  electrodes :  the 
metal  at  the  negative  and  the  radical  at  the  positive  electrode. 
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Thus  if  we  use  as  electrodes  two  platinum  plates,  and  immei^se 
them  in  solution  of  sulphate  of  copper,  copper  is  deposited  on  the 
negative  electrode,  with  its  characteristic  colour,  while  at  the 
positive  electrode  oxygen  is  given  off  in  the  form  of  gas,  and 
sulphuric  acid,  SO^H^,  remains  in  solution.  This  may  be  supposed 
to  result  from  the  action  of  the  liberated  SO^  on  water,  thus : — 

SO^  +  H,0  =  SO^H,  +  0. 

When  the  electrode  is  not  unalterable,  the  body  which  is  given 
off  may  give  rise  to  chemical  actions,  which  are  called  secondary 
actions.  Thus,  in  the  decomposition  of  sulphate  of  copper,  if  a 
plate  of  copper  is  taken  as  positive  electrode  instead  of  a  platinum 
plate,  no  oxygen  is  liberated,  but  the 
radical  SO^  unites  with  copper  and 
forms  a  quantity  of  sulphate  of  copper 
exactly  equal  to  that  which  has  been 
decomposed  ;  the  quantity  of  copper 
sulphate  in  solution  remains  constant, 
and  in  each  unit  of  time  the  positive 
electrode  loses  just  as  much  copper  as 
is  deposited  on  the  negative  electrode. 

Again,  secondary  actions  may  take 
place  between  the  immediate  products 
of  electrolysis  and  the  solvent.  Thus 
with  an  alkaline  salt  such  as  potas- 
sium sulphate,  K.^SO^,  the  decomposi- 
tion may  be  supposed  to  take  place  in 
the  same  way  as  with  copper  sulphate  ; 
but  the  potassium  set  free  at  the 
negative  electrode,  being  in  contact 
with  water,  at  once  decomposes  water, 
with  the  formation  of  potassium  hydrate  and  liberation  of  hydro- 
gen in  the  form  of  gas  ;  thus  : — ■ 

2H,0  -t-  Ko  =  2KH0  +  H.,. 

The  result  is  that  hydrogen  is  liberated  at  the  negative  electrode, 
and  an  equivalent  quantity  of  oxygen  at  the  positive  ;  at  the  same 
time,  sulphuric  acid  is  found  in  solution  at  the  positive  electrode, 
and  potassic  hydrate  at  the  other.  This  can  be  shown  by  means 
of  a  U  tube  (Fig.  142)  containing  a  solution  of  potassium  sulphate, 
coloured  with  infusion  of  red  cabbage,  and  provided  with  platinum 
electrodes,  A  and  B.  The  liquid,  which  is  at  first  violet-coloured, 
becomes  red  at  A  where  the  oxygen  is  given  off,  while  at  B,  where 


Fig.  142. 
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hydrogen  is  liberated,  it  becomes  green  ;  these  changes  of  colour 
indicating  the  presence  of  free  acid  and  base  respectively. 

When  a  solution  of  common  salt  is  electrolysed,  the  direct  action 
is  similar,  but  the  final  result  is  more  complicated.  The  sodium 
liberated  at  the  negative  electrode  decomposes  water,  with  the 
formation  of  sodium  hydrate,  NaHO,  and  liberation  of  hydrogen  ; 
at  the  positive  electrode,  chlorine  is  liber-ated,  partly  in  the  form 
of  gas,  while  another  portion  decomposes  water  with  formation  of 
hydrochloric  acid  and  liberation  of  oxygen,  and  another  portion 
still  is  converted  into  hypochlorous  acid  and  other  oxygen  com- 
pounds of  chlorine. 

155.  Decomposition  of  Water,  of  Potass,  &c. — Water  fur- 
nished the  first  instance  of  decomposition  by  the  electric  current. 

The  experiment  may  be 
made  with  the  appara- 
tus represented  in  Fig. 
143.  This  is  a  glass 
vessel,  v,  in  the  base  of 
which  are  two  holes,  in 
which  are  cemented  two 
wires  or  strips  of  pla- 
tinum, A  and  B,  which 
act  as  electrodes.  The 
vessel  V  contains  acidu- 
lated water,  and  two 
graduated  glass  tubes, 
C  and  D,  also  filled  with 
water,  are  inverted  over 
Fig.  143.  the    electrodes.     When 

a  battery  of  three  or 
four  cells  is  connected  with  the  binding  screws,  p  and  p',  the 
decomposition  commences ;  the  gases  are  liberated  at  the  elec- 
trodes, oxygen  at  the  positive,  and  hydrogen  at  the  negative,  and 
it  is  found  that  the  volume  of  the  latter  is  twice  that  of  the  former. 
The  addition  of  acid  to  the  water  is  essential,  as  perfectly  pure 
water  does  not  conduct  the  cm-rent,  and,  therefore,  is  not  de- 
composed. It  is  probable  that  the  acid  is  decomposed  into 
hydrogen  and  the  radical  SO^,  and  that  this  acts  on  water, 
reforming  sulphuric  acid  and  liberating  oxygen. 

The  celebrated  experiment  of  Davy,  by  which  he  first  discovered 
potassium,  sodium,  &c.,  may  be  made  in  the  following  manner. 
A  small  piece  of  moist  caustic  potash,  m  (Fig.  144),  is  placed  on  a 
platinum  plate  which  forms  the  positive  electrode,  the  negative 


156]        ELECTRO-CHEMICAL   EQUIVALENTS         235 

electrode  is  formed  by  a  small  quantity  of  mercury  placed  in  a 
hollow  made  in  the  upper  side  of  the  potash.  When  a  pretty 
strong  current  is  passed,  oxygen  is  liberated  on  the  positive  plate, 
and  the  mercury  swells  up  and  becomes 
pasty,  owing  to  its  dissolving  the  potas- 
sium as  it  is  liberated.  If  the  resulting 
amalgam  of  mercury  and  potassium  is  m[ 
heated  out  of  contact  with  air,  the  A  fy/#w>>^>^>^)>>i>^^^^^ 
mercury  may  be  distilled  off  and  potas- 
slum  left  behind.     This  decomposition 

may  be  regarded  as  a  decomposition  of  2KH0  into  K.^  and 
2H0,  which  latter  further  breaks  up  into  water  and  oxygen : 
2H0  =  H,0  +  O. 

156.  Electro-Chemical  Equivalents. — The  quantity  of  an 

electrolyte  decomposed  by  a  current  depends  on  the  nature  of  the 
electrolyte  and  on  the  qviantity  of  electricity  which  passes.  Thus, 
if  the  electrolyte  is  water,  1  gramme  is  decomposed  by  every 
10,704  coulombs  of  electricity  that  are  passed  through  it.  In 
this  case  the  products  of  decomposition  are  i  gramme  of  hydrogen 
and  ^  gramme  of  oxygen.  To  liberate  1  gramme  of  hydrogen 
requires  nine  times  as  much  electricity,  or  96,340  coulombs,  and 
it  was  shown  by  Faraday  that,  in  order  to  liberate  the  same 
quantity  of  hydrogen  by  the  decomposition  of  any  other  substance, 
say  hydrochloric  acid,  or  a  solution  of  caustic  potash,  the  same 
quantity  of  electricity  is  required.  He  further  showed  that  if, 
instead  of  comparing  equal  quantities  of  different  substances,  we 
compare  quantities  which  are  chemically  equivalent  to  each  other, 
the  same  quantity  of  electricity  is  required  in  every  case.  This 
result  is  known  as  Faraday's  law. 

The  quantity  of  any  substance  which  is  liberated  or  decomposed, 
or,  in  general,  which  undergoes  chemical  change,  during  the  pas- 
sage of  unit  quantity  of  electricity,  is  called  the  electro-chemical 
equivalent  of  that  substance.     Thus  the  electro-chemical  equivalent 

of  hydrogen  is  =  0"00001038  grammes  per  coulomb,  that  of 

^       *  96340  ®  ^ 

oxygen  is  7-98  x  0-00001038  =  0-00008283,  and  that  of  water  is 
8-98  X  0-00001038  =  0-00009321.  Using  this  term,  we  may 
enunciate  Faraday's  law  by  saying  that  the  electro -chemical 
equivalents  of  all  substances  are  in  the  same  proportion  as  their 
ordinary  chemical  equivalents.  In  fact,  to  get  the  electro- 
chemical equivalent  of  any  substance,  we  have  only  to  nndtiply 
the  chemical  equivalent  of  that  substance  by  the  constant  factor 
0-00001038.     The  following  table  gives  the  electro-chemical  equi- 
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valents  of  a  few  important  substances  in  addition  to  those  named 
above  : — 

Chemical  Electro-chemical 

Equivalents.  Equivalents. 

Silver        ....     107-7  0-001118  grammes  per  coulomb 

Copper  (ill  cupric  salts)     .       -^  -000328  „  „ 

Zinc ^  -000337  „  „ 

Potassium  ...       39  -000405  „  „ 

Sodium     ....       23  -000239  „  „ 

Chlorine  ....       35-4  '000367  .,  „ 

Thus,  whatever  be  the  electro-negative  or  acid  radical  in  a  salt, 
or  the  time  taken  in  the  operation,  a  coulomb  liberates  always 
0-000328  gr.  of  copper,  or  0-001118  gr.  of  silver;  it  decomposes 
0-00009321  gr.  of  water,  and  liberates  0-00001038  gr.  of  hydrogen, 
which  at  0°  and  76  cm.  occupies  a  volume  of  0-1153  cubic  centi- 
metre. And  as  the  same  quantity  of  electricity,  that  is,  the  same 
number  of  coulombs,  traverses  simultaneously  all  parts  of  the 
circuit,  all  chemical  actions  which  take  place  simultaneously  in 
the  circuit  take  place  in  equivalent  proportions.  Hence,  in  order 
to  ascertain  the  amount  of  chemical  action  which  takes  place  in  a 
given  time  in  the  battery,  it  is  only  necessary  to  insert  a  voltameter 
at  any  part  of  the  circuit  (that  is  to  say,  an  apparatus  in  which 
electrolysis  is  caused  by  the  current,  and  which  is  so  arranged  that 
the  products  can  be  collected  and  their  quantity  determined),  and 
to  measure,  as  the  case  may  be,  the  quantity  of  hydrogen  liberated, 
or  of  copper  or  silver  deposited,  during  the  time  in  question. 
The  action  taking  place  simultaneously  in  each  cell  of  the  battery 
is  then  chemically  comparable  with  that  observed  in  the  volta- 
meter. This  is  on  the  understanding  that  the  cells  of  the  battery 
are  connected  in  a  single  series :  if  they  are  arranged  in  two  or 
more  parallel  series,  only  one-half,  or  some  smaller  fraction,  of  the 
total  current  traverses  each  cell,  and  the  resulting  amount  of 
chemical  action  is  proportionately  smaller. 

157.  Grotthus'S  Hypothesis. — In  order  to  explain  how  it  is 
that  the  products  of  decomposition    always   appear   at   the    elec- 

<         trodes,    Grotthus    assumed 

H     H     H    H    H    H    H  that  the   elements   of   any 

0     0     0     0     0     0    0  "~Q^     electrolyte — water,  for  in- 

~       ^  ^\      stance — are     arranged     in 

l^iG.  l4o.  ^    Y\x^Q    between    the    two 

electrodes,  and  that   while   an    equivalent  of  oxygen  and    one   of 

hydrogen  are  liberated  at  the  same  instant  at  the  ends,  water  is 
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being  reformed  all  along  the  line,  the  oxygen  of  each  molecule 
combining  simultaneously  with  the  hydrogen  of  the  following  one. 
This  conception  may  be  represented  materially  by  two  strips  of 
paper  marked  o  and  H  respectively  at  equidistant  intei'vals ;  if  the 
two  bands  are  placed  side  by  side  and  drawn  in  opposite  direc- 
tions, the  symbols  o  will  be  seen  separately  on  one  side,  and  the 
symbols  h  on  the  other,  while  H  and  o  are  in  juxtaposition, 
representing  combination  in  the  state  of  water,  in  the  intermediate 
space.  It  will  be  understood  that  each  letter  H  stands  for  two 
atoms  of  hydrogen,  since  this  is  the  number  which  is  equivalent  to 
each  oxygen  atom. 

In  order  to  understand  why  ati  electrolyte  never  acts  like  a 
simple  metallic  conductor,  and  at  the  same  time  to  explain 
Faraday's  law,  it  is  sufficient  to  suppose  that  the  atoms  of  the 
electrolyte  are  the  sole  carriers  of  electricity — for  instance,  in 
the  case  of  water,  that  oxygen  carries  negative  and  hydrogen 
positive  electricity — provided  that  each  atom  always  carries  a 
charge  proportional  to  its  chemical  valency.  Thvxs,  if  an  atom  of 
hydrogen  always  possesses  a  certain  absolute  charge,  then  Fara- 
day's law  can  be  accounted  for  if  an  oxygen  atom  always  carries  a 
charge  equal  in  magnitude  (but  opposite  in  sign)  to  that  which  is 
on  the  two  hydrogen  atoms  with  which  it  can  chemically  combine. 

When  the  constituents  of  an  electrolyte  are  regarded  as  carriers 
of  electi'icity  they  are  called  ions ;  that  which  travels  doion  icith 
the  curi-ent  is  called  the  katio7i,  that  which  travels  uj)  against 
the  current,  the  anion. 

When  a  current  is  passed  through  copper  sulphate  solution 
between  copper  electrodes,  it  is  observed  that  the  blue  colour  of 
the  solution  becomes  deeper  in  the  neighbotxrhood  of  the  anode 
and  paler  near  the  kathode.  The  total  amount  of  salt  dissolved 
remains  constant,  because  for  each  gramme  of  copper  which  is  dis- 
solved from  the  anode  a  gramme  is  deposited  on  the  kathode.  If 
platinum  electrodes  are  used,  the  solution  will,  on  the  whole,  be- 
come weaker,  but  in  this  case  it  is  observed  that  more  is  removed 
from  the  neighbourhood  of  the  kathode  than  from  near  the  anode, 
and  consequently  the  strength  of  the  solution  decreases  faster  at 
the  former.  The  phenomenon  is  best  seen  if  the  electrodes  are 
placed  with  their  planes  horizontal  and  the  kathode  uppermost, 
for  it  is  then  not  disturbed  by  convective  cxirrents  arising  from 
differences  in  concentration.  To  account  for  this  effect,  Hittorf 
supposed  that  the  ions  moved  with  different  velocities  toward 
the  two  electrodes,  in  the  case  of  copper  sulphate  the  anion  (SO^) 
travelling  the  faster. 
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The  following  diagram  (Fig.  146)  in  which  the  velocities  are 
taken  in  the  ratio  of  two  to  one  will  serve  to  illustrate  this 
explanation. 

The  upper  portion  represents  the  uniformly  concentrated  fluid  at 
the  commencement ;  in  the  lower  portion  a  second  stage  is  repre- 
sented in  which  each  of  the  positively  charged  ions  has  travelled 
an  eighth  of  the  whole  distance  between  the  electrodes,  whUe  each 
of  the  negatively  charged  ions  has  travelled  a  quarter.  The  result 
is  that,  while  three  molecules  have  been  decomposed,  the  left-hand 
compartment  retains  three  undecomposed  molecviles,  while  the 
right-hand  compartment  only  retains  two.  Thus  while  both  have 
lost  in  concentration,  the  latter  has  lost  most ;  and  the  loss  in  the 
two  cases  is  pi'oportional  to  the  velocities  of  the  ions. 

This,  however,  can  only  represent  the  initial  march  of  events, 
for  it  will  be  seen  that  only  one  positive  ion  is  represented  as 
having  reached  the  kathode  and  given  up  its  charge,  while  two 

negative  ions  have  reached 
the    anode    and    been    dis- 


eeeeioeee 


charged  ;  the  solution  would 

in  consequence  have  become 

_   positively     charged ;       and 

since    the    charge    on    each 

ion  is  vei-y  large  compared 

0©   0©   ©0;0   0  with    its    mass,    any    such 

.      ,  ly  T.1     T      accumulation  of  ions  of  one 

Anode-  tNoTnode      .  .        ,,  n    •  i  i  i 

■pj(j  j^g  Sign    m    the    fluid    would, 

even  if  it  took  place  to  a 
very  small  extent,  lead  to  the  fluid  becoming  strongly  charged, 
but  this  does  not  occur. 

A  compensating  action  must  therefore  be  set  up  in  the  neigh- 
bourhood of  the  electrodes  which  will  oppose  this  accumulation,  and 
this  is  to  be  found  in  the  changes  of  concentration  that  take  place. 
For,  as  soon  as  a  difference  of  concentration  is  produced,  diffusion 
tends  to  annul  it ;  but  so  long  as  it  persists,  the  local  electric  force 
to  which  the  motion  of  the  ions  is  due  is  modified  (the  fall  of  con- 
centration acts,  in  fact,  as  in  a  concentration  cell,  165),  and  it  can 
be  shown  that,  taking  these  two  circumstances  into  account,  the 
solution  can  automatically  adjust  itself,  so  that  while  the  actual 
transport  through  any  cross-section  at  a  distance  from  the  elec- 
trodes is  that  given  above,  the  sharing  of  the  transport  of  electricity 
between  the  positive  and  negative  particles  at  the  boundary  between 
each  electrode  and  the  solution  shall  be  the  same  on  both  sides  of 
the  boundary — a  condition  imposed  by  the  mode  of  transport  in 
the  metal  itself. 
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According  to  Hittorf 's  theory  the  ratio  of  the  velocities  may  be 
arrived  at  by  exaiuining  the  composition  of  the  liquid  in  the  two 
compartments  of  an  electrolytic  cell,  one  containing  the  anode 
and  the  other  the  kathode  ;  and  he  made  measurements  towards 
this  end. 

The  first  experimental  proof  of  the  theory  was  given  by  Sir  O. 
Lodge,  who  measured  the  actual  velocities  in  the  following  way  : 
Sodium  chloride  was  dissolved  in  agar-agar  jelly,  and  placed  in  a 
horizontal  glass  tube  ;  the  jelly  also  contained  a  trace  of  phenol- 
phthallein  with  enough  caustic  soda  to  bring  out  its  colour.  The 
ends  of  the  tube  were  immersed  in  two  vessels  containing  dilute 
sulphuric  acid,  and  an  electric  current  was  passed.  The  hydrogen 
atoms  of  the  sulphuric  acid  pass  down  with  the  current,  and  when 
they  reach  the  jelly  displace  the  sodium  ions  which  are  travelling 
in  the  same  direction,  thus  forming  hydrochloric  acid  which  de- 
colourises the  phenol-phthallein.  The  rate  of  advance  of  the  de- 
colouration gives,  therefore,  the  velocity  of  the  hydrogen  ion  ;  this 
came  out  as  about  '0026  cm.  per  second  under  a  potential  gradient 
of  one  volt  per  cm. 

158.  Kohlrausch's  Calculation   of  the  Velocities   from 

Conductivity. — Since  on  the  above  theory  the  current  is  carried 
in  an  electrolyte  by  the  moving  ions,  the  conductivity  of  a  solution 
must  depend  upon  the  velocity  with  which  they  travel :  the  rela- 
tion between  these  quantities  was  first  investigated  by  Kohlrausch. 
Take  a  solution  containing  n  gramme-equivalents  [a  gramme- 
equivalent  is  a  number  of  grammes  equal  to  the  chemical  equiva^ 
lent]  of  an  electi'olyte  per  cubic  centimetre.  Let  U  and  Y  be  the 
velocities  of  the  ions,  which  we  shall  suppose  to  be  univalent.  Then 
they  will  move  past  each  other  with  relative  velocity  {U  +  Y),  and 
the  charge  caii'ied  per  second  thi'ough  any  unit  area  at  I'ight  angles 
to  the  flow,   provided  that  all  the  ions  present  take  part  in  the 

transfer,  will  be  — ^^ '-  where  i]  is  the  electrochemical  equiva- 

lent  of  hydrogen  ;  but  again,  the  current  through  unit  area  equals 

/iTx  fall  of  potential  along  unit  length,  that  is  -  K  —  where  K  is 

dx 

the  conductivity ;  therefore 

n     dx 

the    relative  velocity    is   therefore    proportional   to    the    potential 
gradient. 
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Let  u  and  y  be  the  velocities  produced  by  a  potential  gi'adient 
of  1  volt  per  centimetre — i.e.  10^  O.G.S.  units — then 

M  +  2/  =  -x  1-038  X  10*. 
n 

Kohlrausch  made  an  elaborate  series  of  measurements  of  conduc- 
tivity from  which  he  showed  that  Kjn.,  which  he  called  the  vwle- 
cular  conductivity,  was  more  and  more  independent  of  the  sti'ength 
of  the  solution  the  more  dilute  the  solution  became,  and  had  then 
its  greatest  value.  If  we  know  (?« +  y)  for  any  strength,  and  also 
ujy  (which  can  be  obtained  from  Hittorf's  measurements)  we  can 
calculate  both  u  and  y.  For  very  dilute  solutions  the  values  so 
obtained  agree  with  those  obtained  by  Lodge's  method.  Moreover, 
Kohlrausch  showed  that  if  we  take  different  electrolytes  in  which 
one  of  the  ions  is  the  same,  the  velocity  of  this  ion  is  always  the 
same  for  infinitely  dilute  solutions.  These  results  led  him  to 
assign  a  specific  velocity  to  eacli  ion  ;  the  values  in  a  few  cases 
are  given  in  the  following  table : — 


Velocity  in  cm.  per  second 
due  to  1  volt  per  cm. 

Velocity  in  cm.  per  second 
due  to  1  volt  per  cm. 

u. 

V. 

K 

*'      66  X  10-5 

CI 

69  X  10-5 

Na 

45      „ 

I 

69      „ 

Li 

36      „ 

NO3 

64      „ 

NH4 

66      „ 

OH 

182      „ 

H 

Ag 

320      „ 

57      „ 

c;h,o; 

36      „ 
33      „ 

Conversely,  if  the  specific  velocities  of  any  two  ions  are  known,  it 
is  possible  to  calculate  the  conductivity  of  infinitely  dilute  solu- 
tions of  the  salt  formed  by  their  combination. 

We  have  stated  above  that  the  molecular  conductivity  ceases 
to  be  independent  of  the  concentration  when  the  solution  ceases 
to  be  very  dilute.  This  might  arise  from  two  causes :  (1)  the 
velocities  of  the  ions  may  not  be  so  great  in  the  stronger  solution. 
It  should  be  observed  that  the  velocities  represent  the  limiting 
values  acquired  under  the  action  of  the  unit  electric  force.  If  we 
suppose  that  the  motion  is  resisted  by  the  viscosity  of  the  fluid  in 
the  same  way  as  the  motion  under  constant  force  of  a  small  body 
in  a  fluid  is  resisted,  this  limiting  velocity  will  be  inversely  pro- 
portional to  the  viscosity  of  the  fluid,  and  this  will  be  different  for 
solutions  of  different  strength.  (2)  It  is  possible  that  all  the 
electrolyte  present   may   not  take   part  in    the   conduction :    the 
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result  obtained  is  the  same  as  though  each  ion  were  able  to  take 
part  in  the  process  during  only  a  fraction  of  the  time.  There  is 
evidence  that  the  work  done  in  the  body  of  an  electrolyte  when  a 
cui'rent  passes  is  sensibly  zero,  for  FitzGerald  and  Trouton  have 
shown  that  Ohm's  law  is  satisfied  for  electrolytes  as  well  as  for 
solid  conductors,  and  this  covdd  not  be  if  work  were  required  to 
separate  the  ions  before  their  relative  motion  could  take  place. 
A  theory  which  has  been  developed  by  Arrhenius,  Ostwald,  and 
others,  supposes  that  a  certain  proportion  of  the  ions  in  a  solution 
are  free  from  one  another,  or  at  any  rate  potentially  so  ;  and  that 
it  is  only  this  fraction  of  the  whole  amount  of  salt  present  which 
takes  part  in  electi-ical  conduction.  This  theory  is  known  as  the 
dissociation  theory ;  one  form  of  it  had  previously  been  put  for- 
ward by  Williamson,  from  a  chemical  standpoint,  to  explain  the 
velocity  of  etherification  ;  and  other  facts  are  known  which  give 
support  to  it.  Thus  osmotic  pressure  (like  ordinary  gaseous 
pressure)  for  different  svibstances,  depends  at  constant  temperature 
only  upon  the  total  number  of  molecules  present,  if  the  varioxis 
solutions  compared  with  one  another  are  very  dilute ;  when  a 
sokition  of  any  one  substance  is  made  more  concentrated  the 
osmotic  pressure  does  not  increase  proportionally  to  the  salt 
added ;  the  behaviour  is  what  we  should  expect  if,  in  very  dilute 
solutions,  the  salt  split  up  into  its  ions,  thus  making  the  number 
of  molecules  as  large  as  possible,  but  if  in  more  concentrated 
solutions  this  dissociation  were  not  so  complete.  And  when  the 
variation  of  osmotic  pressure  with  concentration  is  compared  with 
the  corresponding  variation  of  molecular  conductivity,  the  two 
exactly  correspond  after  allowance  has  been  made  for  the  influence 
of  change  of  viscosity,  which  is  relatively  small.  Thus  there  is 
a  considerable  mass  of  evidence  in  favour  of  this  theory ;  however, 
it  is  at  present  only  on  its  trial,  and  other  theories  have  been 
proposed.  In  order,  therefore,  not  to  suggest  any  particular 
theory,  and  since,  moreover,  the  state  of  dissociation  which  is 
supposed  to  occur  is  different  from  the  ordinary  dissociation  of  a 
gas  with  rise  of  temperature,  the  term  ionisation  is  used  to  denote 
the  peculiar  quality  which  part  of  an  electrolyte  possesses,  enabling 
it  to  be  effective  in  connection  with  electric  conduction. 

159.  Work  of  Electrolysis. — A  coulomb  always  decomposes 
equivalent  quantities  of  different  electrolytes.  On  the  other  hand, 
this  decomposition  requires  very  different  quantities  of  heat.  It 
follows  from  this  that  the  work  done  by  a  coulomb  must  differ 
greatly  according  to  the  electrolyte  through  which  it  passes.  If  it 
be   assumed    that  the  work  of  electricity,  like  that  of   water,  is 
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represented  by  the  product  of  a  quantity  into  a  fall  of  potential 
(34,  35,  128),  the  conchxsion  follows  that  there  must  be  a  differ- 
ence of  potential  between  the  two  electrodes  of  a  voltameter,  and 
that  this  difference  is  such  that,  when  expressed  in  volts,  it  is 
numerically  equal  to  the  number  of  joules  of  work  required  to 
effect  the  decomposition  of  one  electro-chemical  equivalent  of  the 
electrolyte. 

If  a  is  the  mass  of  a  substance,  expressed  in  grammes,  de- 
composed by  the  passage  of  one  coulomb  of  electricity,  that  is,  the 
electro-chemical  equivalent  of  the  substance  (156),  and  h  the 
quantity  of  heat  per  gramme  resulting  from  the  recombination  of 
the  products  of  decomposition,  the  electrical  work  per  coulomb  is 
Jah  (91) ;  if  P  denotes  the  difference  in  potential  in  volts  of  the 
two  electrodes,  we  have  P=  Ja7i  =  4-18  x  0-00001038J/  {M  being 
the  equivalent  mass  referred  to  hydrogen  as  unity)  li  = 
0-0000 434M7^.  For  water,  M7i  =  34500,  so  that  P=l-50  volts  for 
the  difference  of  potential  between  the  electrodes  of  a  water 
voltameter. 

160.  Polarisation  of  the  Electrodes. — How  does  this  differ- 
ence of  potential  arise?  Let  us  take  as  an  example  a  water 
voltameter :  at  the  beginning  of  the  experiment,  before  the 
passage  of  the  current,  the  two  platinum  plates  are  at  the  same 
potential.  When,  however,  the  current  passes,  the  substances 
liberated  at  the  electrodes  change  the  nature  of  the  surface  and 
set  up  a  difference  of  potential  between  them,  which  goes  on 
increasing  until  it  attains  a  constant  value,  from  which  point 
onwards  the  decomposition  is  a  normal  one.  This  phenomenon  is 
known  as  the  polarisation  of  the  electrodes,  and  the  difference  of 
potential  between  the  electrodes,  which  determines  the  fall  in  the 
direction  of  the  current,  is  called  the  electromotive  force  of 
jjolarisation. 

The  quantity  of  electricity  necessary  to  bring  about  a  given 
state  of  polarisation  depends  on  the  nature  and  the  dimensions  of 
the  plates.  The  quantity  required  to  produce  unit  difference  of 
potentials  represents  their  capacity  of  polarisation.  By  taking 
two  electrodes  of  very  unequal  surface,  it  may  happen  that  a 
qviantity  of  electricity  which  is  sufficient  to  completely  polarise 
the  smaller,  only  produces  a  very  slight  modification  in  the  larger 
one ;  the  final  difference  of  potential  is,  however,  always  the 
same.  Experiment  shows,  moreover,  that  the  capacity  of  polarisa- 
tion, in  the  case  of  unequal  electrodes,  is  the  same,  whatever  be  the 
direction  of  the  current,  and  therefore  the  sign  of  the  electrode. 

In  the  case  of  copper  sulphate  solution  and  copper  electrodes  no 
back  electromotive  force  exists.     This  might  be  expected  from  the 
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nature  of  the  chemical  action  that  takes  place :  copper  is  dissolved 
from  one  plate  and  an  equal  quantity  of  copper  is  deposited  on 
the  other,  but  no  change  is  produced  thereby  in  either  surface. 

161.  Polarisation  Currents. —  The  difference  of  potential 
between  the  polarised  electrodes  may  be  measured  by  the  electro- 
meter. If  the  battery  is  disconnected  from  the  electrodes  and 
a  galvanometer  (an  instrument  which  indicates  the  passage  of  a 
current  by  the  deflection  of  a  magnetic  needle,  the  construction  of 
which  is  described  in  Chapter  XXYIII.)  is  connected  with  them 
in  its  place,  it  is  found  that  a  current  traverses  the  galvanometer 
from  the  positive  electrode  to  the  negative,  and  consequently 
passes  through  the  liquid  from  the  negative  electrode  to  the 
positive,  or  in  the  oj)posite  direction  to  the  battei'y  current.  This 
result  occurs  whether  the  electrodes  are  left  in  the  original  liquid, 
or  whether  they  are  transferred  to  acidulated  water  contained  in 
another  vessel. 

This  current,  which  is  due  to  the  electromotive  force  of  polai  i- 
sation,  is  called  a  polarisation  current ;  it  rapidly  diminishes,  and 
ceases  when  the  substances  formed  on  the  electrodes  have  com- 
pletely combined  again.  The  quantity  of  electricity  which  corre- 
sponds to  their  recombination  is  manifestly  equal  to  that  which 
had  caused  their  separation.  We  shall  afterwards  see  (164)  that 
important  applications  of  the  polarisation  current  have  been  made. 
It  may  be  added  that  the  production  of  a  polarisation  current  in 
the  manner  described  above  is  a  very  delicate  means  of  investigat- 
ing whether  a  liquid  has  been  decomposed  by  a  current,  and  there- 
fore whether  or  not  it  is  an  electrolyte. 

162.  Chemical  Work  in  Batteries. — In  a  properly  arranged 

battery  there  is  no  chemical  action  so  long  as  the  circuit  is  open  ; 
when  it  is  closed  the  chemical  action  pi'oduced  is  solely  that 
which  results  from  the  passage  of  the  current  in  conformity  with 
Faraday's  law.  As  the  quantity  of  electricity  which  traverses 
any  section  of  a  circuit  is  everywhere  the  same,  the  chemical 
action  in  each  element  of  the  battery  is  equal,  equivalent  for 
equivalent,  to  that  which  wovdd  be  produced  in  an  external 
voltameter. 

In  Volta's  couple  the  current  traverses  acidulated  water  from 
the  zinc  to  the  copper  plate  ;  the  hydrogen  which  goes  along  with 
the  current  is  disengaged  iu  the  form  of  gas  at  the  negative  plate, 
while  the  acid  group,  SO^,  attacks  the  zinc  plate  and  forms  zinc 
sulphate.  For  each  coulomb  that  traverses  the  circuit,  0-00034 
gramme  of  zinc  (156)  is  disscjlved  and  converted  into  zinc  sulpliate. 

In  Daniell's  cell  the  zinc  plate  dissolves  and  gives  zinc  sulphate 
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in  consequence  of  the  electrolysis  of  dilute  sulphuric  acid  ;  the 
copper  plate  is  covered  with  copper  owing  to  the  electrolysis  of 
copper  sulphate.  Hydrogen  and  the  group  SO^  pass  through  the 
porous  diaphragm  in  opposite  directions,  and  reform  sulphuric  acid. 
The  formation  of  zinc  sulphate  and  decomposition  of  copper 
sulphate  take  place  in  equivalent  proportions,  in  accordance  with 
the  equation  ^^^  ^  ^^^^^^  ^  ^^^  ^  ^^^^^^^ 

In  Grove's  element  the  action  is  the  same  as  regards  the  dilute 
acid  and  the  zinc ;  in  consequence  of  secondary  actions  it  is  a 
little  more  complicated  for  the  nitric  acid  and  the  platinum.  At 
first  there  is  reduction  of  nitric  acid  to  nitrous  acid,  probably  as 
expressed  by  the  chemical  equation 

Zn  +  H0SO4  +  HNO3  =  ZnSO^  +  H,0  +  HNOg. 

Afterwards,  the  nitrous  acid  is  still  further  reduced,  red 
fumes  are  given  off,  and,  from  this  stage,  the  electromotive  force 
decreases. 

In  like  manner  we  may  explain  the  reactions  which  take  place 
in  other  couples.  In  all  couples  in  which  zinc  is  used  as  the 
positive  metal,  the  passage  of  one  coulomb  corresponds  to  the 
same  expenditure  of  zinc  in  every  cell — that  is,  0-00034  gramme. 

163.  Energy  of  Batteries. — The  only  difference  which  exists 
between  the  chemical  work  of  a  voltaic  couple  and  that  of  a  volta- 
meter is,  that  the  first  necessarily  corresponds  to  actions  which, 
considered  as  a  whole,  are  exothermic — that  is  to  say,  produce  heat. 
The  energy  of  the  current  is  derived  from  these  reactions.  A 
voltaic  battery  is,  in  short,  an  agent  by  which  chemical  energy  is 
transformed  into  electrical  energy. 

This  is  very  clearly  shown  by  the  following  experiments,  due 
to  Favre  and  Silbermann,  The  heat  which  was  produced  by  the 
solution  of  a  given  weight  of  zinc  in  dilute  acid  was  measured  in 
a  calorimeter.  A  small  voltaic  couple  of  zinc  and  platinum  was 
then  introduced  into  the  calorimeter,  and  the  circuit  closed  by  a 
wire,  when  it  was  found  that  the  same  quantity  of  heat  was  pro- 
duced for  the  same  quantity  of  zinc  dissolved.  The  couple  was 
next  placed  in  the  calorimeter  while  the  interpolar  wire  was  out- 
side, and  it  was  then  found  that  for  the  same  quantity  of  zinc 
dissolved  a  smaller  quantity  of  heat  was  developed  in  the  calori- 
meter, and  the  quantity  was  smaller  in  proportion  as  the  resistance 
of  the  wire  increased.  If  the  couple  was  made  to  do  chemical 
work,  such  as  the  decomposition  of  water  in  a  voltameter,  the 
heat  produced  fell  short  of  that  coi^esponding  to  the  quantity  of 
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zinc  consumed  by  an  amount  equivalent  to  the  chemical  woik 
done. 

If  the  whole  of  the  chemical  energy  is  converted  into  electrical 
energy,  it  follows  from  a  calculation  analogous  to  that  of  (159), 
that  if  q  is  the  quantity  of  heat  resulting  from  the  whole  of  the 
reactions  which  correspond  to  a  gramme-equivalent,  the  expression 
for  the  electromotive  force  E  of  the  couple  will  be 

^=0-0000434r^. 

Thus  in  Daniell's  cell  the  chemical  work  consists  in  the  con- 
version of  metallic  zinc  into  zinc  sulphate,  and  the  formation  of 
copper  fi'om  copper  sulphate.  This  process  causes  a  production 
of  25, ,300  gramme-degrees  per  gramme-equivalent  of  the  metals 
taking  part  in  the  action.     We  find,  therefore,  that 

E=  25,300  X  0-0000434  -  M  volts, 

which  agrees  very  closely  with  the  results  of  direct  measurement. 

The  agreement,  however,  is  not  equally  good  in  all  cases. 
Generally  the  chemical  energy  exceeds  the  electric  energy,  but 
in  some  instances  it  falls  short.  In  the  first  case,  more  heat  is 
developed  in  the  cell  during  the  passage  of  the  current  than  is 
due,  according  to  Joule's  law,  to  the  strength  of  the  current  and 
the  resistance  ;  in  the  second  case,  the  production  of  heat  in  the 
cell  is  less  than  that  calculated  from  Joule's  law. 

The  difference  is  due  to  thermal  action  in  the  cell  similar  to  the 
absorption  or  disengagement  of  heat  at  a  metallic  junction  when 
a  current  passes  (138).  It  can  be  shown  that  there  is  a  necessary 
connection  between  such  thermal  actions,  reversible  with  the  direc- 
tion of  the  current,  and  the  variation  of  electromotive  force  with 
temperature.  This  can  be  shown  by  supposing  the  cell  to  go  through 
a  thermodynamically  reversible  cycle  of  operations.  Imagine  a  unit 
quantity  of  electricity  passed  through  it  at  absolute  temperature  1\ 
under  such  conditions  that  the  heat  developed  according  to  Joule's 
law  is  negligible,  and  let  H  be  the  quantity  of  heat,  j^ositive  or  i^ga- 
Hoe,  that  must  be  supplied  simultaneously  to  keep  the  temperature 
constant.  The  work  done  by  the  cell  during  this  operation 
is  E.  Now  lower  the  temperature  of  the  cell  slightly  and 
let  a  unit  quantity  of  electricity  pass  through  it  in  the  opposite 
direction,  heat  being  withdrawn  or  siqiplied  at  the  same  time,  as 
may  be  required,  to  keep  the  temperature   constant.     The  work 

spent  on  the  cell  during  this  operation  is  ^  -  ^/^^-  Finally  re- 
store the  original  temperature.  During  the  complete  cycle,  heat 
H  has  been  given  to  the  cell  and  the  electrical  energy  yielded  by 
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exceeds  that  spent  upon  it  by  -^dT ;  that  is,  electrical  energy  to 

this  amount  has  been  gained.  Applying  the  thermodynamical 
expression  for  the  efl&ciency  of  a  reversible  cycle,  we  thus  get 

W  dT         „     JE 

which  shows  that  the  rate  of  change  of  electromotive  force  with 
temperature  is  of  the  same  sign  as  H.  Also  the  electromotive 
force  of  the  cell,  or  the  work  done  by  it  during  the  passage  of  unit 
quantity  of  electricity,  is  equal  to  the  sum  of  JaJi,  the  amount  by 
which  its  internal  energy  is  decreased,  and  of  the  heat  H  required 
to  keep  its  temperature  constant  during  the  passage  of  this 
quantity.     That  is 

B  =  Jail  +  H=^  Jail  +  r^. 

In  the  case  of  a  Daniell's  cell,  as  shown  above,  the  energy  of 
chemical  action  accounts  very  closely  for  the  electromotive  force. 
It  is  in  accordance  with  this  result  that  the  ratio  hEjhT  is 
sensibly  zero  for  a  Daniell's  cell. 

In  any  case,  the  work  measured  in  joules  which  a  cell  can 
do  for  each  coulomb  of  electricity  is  numerically  equal  to  its 
electromotive  force  expressed  in  volts.  This  work  is  expended  in 
heat  in  the  circuit,  and  in  other  actions  produced  by  the  current, 
svich  as  electi'olysis.  Hence  it  is  not  difficult  to  understnnd  why 
a  Daniell,  which  can  only  give  I'l  joules  per  coulomb,  cannot 
effect  the  decomposition  of  water  in  a  voltameter,  which  requires 
1*50  (161),  while  this  decomposition  can  be  effected  with  a  single 
Grove,  which  gives  I'S.  It  will  thus  be  still  more  readily  effected 
by  two  l^aniolls,  which  give  2-2  joules  per  coulomb. 

164.  Secondary  Batteries — Accumulators. — We  have  seen 

that  two  polarised  electrodes  joined  by  a  conducting  wire  produce 
a  current  opposite  to  that  which  had  brought  about  the  polarisa- 
tion. The  secondary  current  thus  obtained  gradually  becomes 
weaker,  and  soon  disappears,  unless  the  polarisation  is  kept  up  by 
an  extraneous  cause. 

This  is  done  in  what  is  known  as  Grovels  gas  hattery,  a  single 
cell  of  which  is  represented  in  Fig.  147.  It  consists  of  a  kind  of 
voltameter  in  which  platinum  plates  acting  as  electrodes  occupy 
the  whole  length  of  the  tubes  which  are  to  be  filled  with'  gas.     The 
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Fig.  147. 


tubes  contain  dilute  sulphuric  acid,  and  the  current  of  a  battery 
is  passed  until  the  tubes  are  filled  with  oxygen  and  hydrogen 
respectively.  Contact  with  the  battery  is  then  broken,  and  the 
electrodes  are  connected  either  directly 
or  through  a  galvanometer  ;  the  polarisa- 
tion current  is  then  formed  ;  the  water 
gradually  rises  in  the  tubes,  and  the 
current  only  ceases  when  all  the  gas  in 
one  or  both  tubes  has  disappeared. 

Plante  has  shown  that  by  using 
lead  plates  secondary  couples  of  great 
capacity  can  be  obtained.  Such  couples 
are  called  accumulators.  They  are 
formed  of  two  lead  plates  placed  parallel 
and  near  to  each  other,  and  immersed 
in  dilute  acid.  While  being  charged, 
the  plate  which  serves  as  positive  elec- 
trode is  transformed  to  a  greater  or  less 
depth  into  an  oxide  of  lead,  while  the 
negative  plate  is  reduced  if  it  had 
been  previously  oxidised.  The  dis- 
engagement of  free  hydrogen  on  the  negative  plate  is  an  indi- 
cation that  the  reduction  is  complete.  The  plate  which  formed  the 
positive  electrode  during  the  charge  becomes  the  positive  electrode 
during  the  discharge.  This  is  called  the  positive  plate  of  the 
accumulator.  The  discharge  takes  place  in  two  periods  :  at  first 
the  electromotive  force  is  pretty  constant  at  about  two  volts  ;  it 
then  begins  to  fall  off,  and  continues  to  do  so  very  rapidly.  It  is 
best  only  to  utilise  the  first  portion  of  the  charge,  and  to  recharge 
before  the  potential  begins  to  sink  materially. 

Plants  showed  that  accumulators  form  by  usage — that  is  to 
say,  that  up  to  a  certain  point  their  capacity  is  greater,  the  more 
frequently  they  have  been  charged  and  discharged.  By  repeated 
oxidation  and  deoxidation  the  lead  acquires  a  spongy  structure, 
and  gradually  a  larger  mass  of  metal  takes  part  in  the  reaction. 
The  formation  is  accelerated  by  immersing  the  fresh  plate  for  a 
day  or  two  in  nitric  acid  diluted  with  its  own  volume  of  water. 

With  well-formed  accumulators  from  10,000  to  20,000  coulombs 
can  in  practice  be  stored  for  each  kilogramme  of  lead.  Plant6 
obtained  still  higher  numbers,  40,000,  or  even  60,000.  As  the 
discharge  usually  takes  place  under  an  electromotive  force  of  about 
two  volts,  the  available  energy  in  the  ordinai'y  case  is  20,000  to 
40,000  joules  per  kilogramme  of  lead.     Of  course  this  energy  is 
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expended  in  a  longer  or  shorter  time,  according  to  the  strength  of 
the  current.  i 

In  practice  the  capacity  of  an  accumulator  is  frequently  ex- 
pressed in  ampere-hours,  an  ampere-hour  being  the  quantity  of 
electricity  which  passes  through  the  circuit  in  an  hour,  when  the 
strength  of  the  current  is  1  ampere. 

1  ampere-hour  =  3600  coulombs. 

Thus,  in  practice,  from  5  to  10  ampere-hours  may  be  stoied  for 
each  kilogramme  of  lead. 

Experience  shows  that,  except  for  very  slight  losses,  which,  of 
course,  increase  with  the  time  which  elapses  between  the  charge 
and  the  discharge,  accumulators  in  being  discharged  restore  almost 
all  the  electricity  which  had  been  given  to  them  during  the  charge. 
It  must,  however,  be  remarked  that  the  qviantity  of  energy  re- 
stored is  always  necessarily  less,  since  the  chai'ge  is  effected  at 
a  higher  potential  than  the  discharge.  If  E  is  the  electromotive 
force,  R  the  resistance  of  the  accumulator,  and  C  the  strength  of  the 
current  during  the  charge,  E',  li',  and  C  the  corresponding  values 
in  the  discharge,  and  if  Q  and  Q'  are  the  quantities  of  electricity 
which  come  into  play  in  the  two  cases,  the  efficiency  will  be  given 
by  the  fraction  q^^'  -  C'R') 


u  = 


Q{E+  CM) 
which  is  always  less  than  unity,  even  if  we  suppose  Q=  Q'  and  E  =  E'. 

165.  Concentration  Cells. — In  order  to  obtain  a  galvanic  cell 
it  is  not  necessary  that  the  electrodes  shall  be  in  any  way  different ; 
it  is  sufficient  if  they  are  immersed  in  solutions  of  different 
strength.  The  electromotive  force  of  such  a  cell  is  not  great,  how- 
ever. For  example  :  in  the  following  cell — silver,  decinormal  silver 
nitrate  solution,  centinormal  silver  nitrate  solution,  silver — the 
electromotive  force  is  -055  volt.  The  current  in  this  case  flows 
through  the  cell  from  the  dilute  solution  to  the  more  concentrated, 
while  the  concentrations  of  the  solutions  tend  to  become  equal. 

It  has  been  shown  experimentally  that  the  electromotive  force 
of  all  such  cells  is  nearly  the  same  for  the  same  ratio  of  concentra- 
tions if  the  metal  is  univalent ;  and  in  other  cases  is  inversely  pro- 
portional to  the  valency.  Thus,  if  the  metal  is  copper  and  the  salt 
a  copper  salt,  then  for  the  same  ratio  of  concentrations  the  electro- 
motive force  is  about  half  the  above.  Similarly,  in  an  ordinary  cell, 
the  electromotive  force  is  modified  to  a  slight  extent  if  the  strengths 
of  the  solutions  are  changed.  Thus  in  a  Daniell's  cell  its  value 
is  increased  by  concentrating  the  copper  sulphate  solution,  but 
decreased  by  increasing  the  concentration  of  the  zinc  sulphate. 
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A  theoretical  account  of  the  action  of  these  so-called  concentra- 
tion-cells has  been  developed,  chiefly  by  ISTernst,  and,  although 
some  of  the  suppositions  on  which  it  is  based  cannot  be  said  to 
have  received  direct  experimental  verification,  the  agreement  with 
experiment  in  many  cases  of  the  results  to  which  it  leads  must  be 
admitted  to  afford  strong  indirect  support  to  the  hypotheses  assumed. 

It  is  assumed  that  the  transference  of  electricity  through  an 
electrolyte  is  due  solely  to  its  convection  by  charged  ions,  the 
anions  carrying  negative  electricity  towards  the  anode,  and  the 
kations  carrying  positive  towards  the  kathode.  We  have  seen 
(156)  that  the  electrolytic  separation  of  one  gramme-equivalent  of 
hydrogen,  that  is,  of  1  gramme,  requires  the  passage  of  96,3-iO 
coulombs;!  this  then,  according  to  the  law  of  electro-chemical 
equivalents,  is  the  quantity  required  to  separate  a  chemically 
eqviivalent  amount  of  any  other  substance,  or  it  is  the  quantity 
conveyed  by  one  gramme-equivalent  proportion  of  univalent  ions 
of  whatever  kind  :  we  will  denote  this  quantity  of  electricity  by  e 
in  the  following  discussion  :  in  (158)  it  is  called  I/tj.  The  strength 
of  the  current  through  any  cross-section  of  an  electrolyte  is  reckoned 
as  the  sum  of  the  positive  electricity  conveyed  through  it  in  unit  time 
toward  the  kathode  by  the  kations,  and  of  the  negative  electiicity 
conveyed  through  it  toward  the  anode  in  the  same  time  by  the  anions. 

All  compound  substances  when  dissolved  in  a  liquid  are  sup- 
posed to  be  broken  up  more  or  less  completely  into  ions,  and  the 
property  of  conducting  electricity  and  undergoing  electrolysis  is 
supposed  to  depend  essentially  on  the  fact  of  ionisation.  This 
action  increases  the  number  of  separate  particles  contained  in  a 
given  volume  of  the  solution  and  consequently  affects  all  those 
properties  of  it  that  depend  upon  this  number.  If  7i'  is  the 
number  of  molecules  of  a  salt  dissolved  in  unit  volume  of  an 
aqueous  solution,  and  if  a  is  the  fraction  of  these  that  undergo 
ionisation,  each  ionised  molecule  yielding  h  ions,  each  unit  volume 
of  the  liquid  now  contains  n  =  n'\\  +  a{h  -  \)^^  separate  particles, 
that  is,  w/(l  -  a)  unchanged  molecules  and  hn'a  ions.  In  very  dilute 
solutions  of  electrolytes  a  is  approximately  equal  to  unity  ;  h  is 
a  small  whole  number  :  its  smallest  value  is  2  for  such  compounds 
as  HGl  or  AgNO^,  3  for  such  compounds  as  K^^SO^  or  CuCl^. 

It  is  well  known  that  a  saline  solution  of  which  the  concentra- 

1  There  is  reason  to  suppose  that  the  mass  of  an  atom  of  hydrogen  is 
about  8"3  X  10^"  grm.  Since  1  coulomb  is  j^  of  an  ab.solute  electromagnetic 
unit  of  electricity,  the  charge  of  1  grm.  of  hydrogen  in  the  ionic  condi- 
tion is  9-6x10'  absolute  units,  and  the  charge  of  1  ion  =9-Gx  8-3x10'  " 
=  8-0x10-*!. 
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tion  is  different  in  different  parts  becomes  more  and  more  uniform 
throughout,  if  left  to  itself,  as  the  result  of  spontaneous  diffusion 
of  the  salt.  This  phenomenon  may  be  otherwise  described  by 
saying  that,  if  a  layer  of  pure  water  be  poured  over  the  surface  of 
an  aqueous  solution  of  a  salt,  the  salt  expands  from  the  volume  it 
originally  occupied  so  as  to  extend  throughout  the  whole  mass  of 
liquid.  This  expansion  is  analogous  to  the  expansion  of  a  gas  into 
an  exhausted  vessel,  and  is  explained  in  a  similar  way  by  suppos- 
ing the  particles  of  the  liquid  and  of  the  dissolved  substance  to  be 
moving  about  among  each  other  in  all  directions  and  thus  to  exert 
a  pressure  on  any  surface  upon  which  they  impinge.  Just  as, 
with  a  mixture  of  two  gases,  the  total  pressure  is  the  sum  of  the 
partial  pressures  exerted  by  the  two  constituents  separately,  so 
with  a  solution,  the  total  pressure  is  partly  due  to  the  particles  of 
the  solvent  and  partly  to  those  of  the  dissolved  substance.  Again, 
just  as  the  pressure  of  a  gas  on  a  given  surface  is  not  directly  per- 
ceptible so  long  as  it  is  the  same  on  both  sides,  so  in  the  case  we 
have  supposed  of  an  aqueous  solution  with  a  layer  of  pure  water 
above  it,  the  water  particles  are  present  in  equal  numbers  through- 
out the  whole  space  (neglecting  any  small  change  of  volume  that 
may  result  from  the  solution  of  the  salt)  and  therefore  the  pressure 
due  to  them  is  uniform,  but  the  particles  of  salt,  or  the  ions  result- 
ing from  them,  are  absent  from  the  upper  part  of  the  liquid,  and 
therefore  there  is  nothing  to  counterbalance  the  pressure  resulting 
from  those  in  the  solution  below.  The  resultant  upward  pressure 
which  causes  the  diffusion  of  the  salt  is  called  osmotic  •pressure  and 
is  recognised  in  a  great  variety  of  phenomena. 

Between  the  uniform  solution  forming  the  lower  part  of  our 
liquid  and  the  pure  water  above,  there  will  be  a  horizontal  transi- 
tion-stratum, within  which  the  strength  of  the  solution  decreases 
from  below  upwards.  Let^)  be  the  osmotic  pressure  at  any  point 
and  consider  a  vertical  cylindrical  jiortion  of  the  liquid,  of  cross- 
section  A,  extending  right  through  the  transition-stratum.  If  n 
be  the  number  of  particles  in  unit  volume  of  the  liquid,  the 
number  contained  within  an  elementary  length  d.c  of  the  cylinder 
is  nAclx.  On  the  lower  surface  of  this  element  there  is  an  upward 
force  Ap  due  to  osmotic  pressure,  and  on  the  upper  surface  a 
downward  pressure  A{p  +  dp),  the  pressure  decreasing  from  below 

dp 
upwards  at  the  rate  y- ;   consequently  there  is  a  resultant  upward 

pressure  Adp,  which,  being  shared  among  vAdx  particles  gives  a 

p  1  f^/^        . 

force   -  -J-  acting  on  each.     To  fix  ideas,  we  will  sup^jose  the  dis- 
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solved  substance  to  be  fully  ionised,  each  molecule  yielding  two 
univalent  ions  (a=  1, /i  =  2)  :  then  ?^  =  twice  the  number  of  mole- 
cules of  salt  dissolved  in  unit  volume  of  the  solution.  In  general 
the  two  kinds  of  ions,  anions  and  kations,  move  through  the  liquid 
with  different  degrees  of  facility  :  let  ?/'  be  the  steady  velocity  of 
an  anion  through  the  liquid  which  unit  force  can  maintain,  and  u' 
that  of  a  kation  ;  then,   under  the  actual  conditions,   the  anions 

if  dp 
will  stream  upwards  with  velocity  -   -r;,  and  the  kations  with  velo- 

%  dp 
city       -,-.     feuppose  that  y'  is  greater  than  m',  then  the  negatively 

charged  anions  move  more  quickly  than  the  positively  charged 
kations    and    will     begin     to    separate    from    them    at    the    rate 

(?/'  -  u)  ~   >- .     But   as   soon    as  the    oppositely  charged    ions    are 

unequally  distributed  a  difference  of  potential  is  set  up  between 

the    different  strata  of   the   liquid  which   goes    on  increasing    as 

dV 
separation  proceeds.     Let  -r   be  the  consequent  rate  of  decrease 

of  potential  upwards  at  a  particular  level  at  a  given  instant :  this 

will  correspond  to  an  upwai'd  force  on  the  kations  and  a  downward 

force  on  the  anions,  thus  tending  to  counteract  the  separation  of 

the  two  kinds  of  ions.     As  each  gramme-ion  carries  an  electric 

charge  e,  positive  or  negative,  the  force  per  gramme-ion   on  the 

dV 
(positive)  kations  will  be  e  j^,  which,  if  it  acted  alone,  would  cause 

d  V 
an  upward  velocity  u'e  -j-  ,  and  on  the  (negative)  anions  there  will 

be  a  force  which,  if  it  acted  alone,  would  produce  a  downward 
velocity  T/'e  YT"     "^^^^  algebraic  difference   of  these,  or   {]/' +  ii')e  ~j- 

represents  the  downward  velocity  of  the  anions  relatively  to  the 
kations  which  would  result  from  the  electric  forces  if  they  acted 
alone  ;  in  other  words,  it  represents  the  rate  at  which  these  forces 
tend  to  undo  the  separation  of  the  ions  resulting  from  the  osmotic 
pressure,  and  it  goes  on  increasing  as  long  as  the  rate  of  sepai-a- 
tion  exceeds  the  opposite  action  due  to  the  resulting  gradient  of 
potential.  The  condition  of  equilibrium  is  that  the  resultant  relative 
velocity  due  to  the  conjoined  action  of  the  gradient  of  osmotic  pres- 
sure and  the  gradient  of  potential  shall  be  zero,  and  is  expressed  by 
the  equation 

/  /  ,     ,\   dV     I  ,        ,.\  dp 
ax,  n  ax 
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This  gives,  as  the  ultimate  value  of  the  gradient  of  potential 

dx     y'  +  u'    en  dx 

or,  in  terms  of  the  velocities  y  and  u,  which  unit  potential -gradient 
would  cause  in  the  kations  and  anions  respectively  in  the  absence 
of  any  other  force, 

d V _ y  -u     1  dp 

dx     y  +  u    en  dx' 

since  y'e  =  y  and  u'e  =  u.  The  establishment  of  this  permanent 
condition,  though  of  necessity  a  gradual  process,  seems  to  be  com- 
pleted almost  instantaneously. 

It  has  been  shown  by  Arrhenius  and  others  that,  in  many 
respects,  the  properties  of  substances  in  the  state  of  dilute  solution 
are  parallel  to  those  of  gases.  We  have  already  compared  generally 
osmotic  pressure  to  the  pressure  of  a  gas,  but  according  to 
Arrhenius  and  van't  Hoff  osmotic  pressure  obeys  the  same 
numerical  laws  as  gaseous  pressure  and  the  characteristic  equation 
of  perfect  gases,  namely — 

pv^zRT, 

applies  to  dilute  solutions  if  jp  be  interpreted  as  the  osmotic  pres- 
sure due  to  the  presence  of  z  independently  moving  particles,  ions 
and  un-ionised  molecules  (if  any),  in  a  volume  v  of  solution  at 
absolute   temperature   T,  and    R  ^    be    the   so-called    gas-constant 

8-29  X  10''' 

8"290  X  10'  ergs,  or =1-98  gramme-degrees  per  deo:ree. 

*=  4-18  X  107  ^  to         f  » 

Assuming  this  relation,  we  have 

p=^RT~  =  RTn 

V 

where  w,  as  above,  is  the  number  of  gramme  ions  per  cubic  centi- 
metre of  the  solution,  and,  in  the  case  we  have  supposed  (every 
molecule  of  the  dissolved  salt  being  split  up  into  two  univalent 
ions),  z  —  2n'v ;  that  is,  twice  the  number  of  gramme-molecules  of 

^  R  may  be  defined  physically  as  the  external  work  done  by  1  gramme- 
molecule  of  a  gas  when  it  is  heated  1  degree  under  constant  pressure.  To 
calculate  its  numerical  value  we  may  take  any  nearly  perfect  gas  for  which  we 
have  the  necessary  data:  taking  1  gramme-molecule  of  hj'drogen  (2  grammes) 
at  0°  C,  and  atmospheric  pressure,  ^  =  76  x  13'596x  981  dynes  per  cm.^ ;, 
v=l-116xl0^cm.3;  ^=273:  hence 

.K  =  8-290x  10'  dyne-centim.  =  8-29  x  10'  ergs. 


I 
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salt  dissolved  in  the  v  cubic  centimetres  of  solution.     With  T  con- 
stant, this  gives  ^  =  RT'^^,  where  — -   is  the  rate  of  decrease  of 
dx  ax  ax 

concentration  upward,  and  using  this,  in  the  expression  found 
above  for  the  final  value  of  the  gradient  of  potential,  we  have 

dV _y  -  u  RT dn 

dx     y  +  u  en  dx 

Integrating  this  between  the  values  V^,  and  n.^  corresponding  to 
the  dilute  liquid  above  the  transition-stratum  and  V^  and  n-^^ 
corresponding  to  the  less  dilute  liquid  below,  we  get 

Fi  -  ^2  =  ^- log  -i, 

y  +  u    e  «2 

as  the  difference  of  potentials  between  the  two  parts  of  the 
liquid. 

Now  insert  in  each  pai't  a  metallic  electrode,  both  being  of  the 
same  metal,  and  we  have  a  complete  concentration  cell  ]  but,  in 
order  to  determine  its  electromotive  force  we  must  take  account  of 
possible  differences  of  potential  at  the  liquid-metal  surfaces  and 
add  these  algebraically  to  that  due  to  the  difference  of  concentra- 
tion in  the  liquid.  So  as  to  introduce  as  few  complications  as 
possible,  suppose  the  electrodes  to  be  of  the  same  metal  as  that 
contained  in  the  solution  ;  e.g.  silver  in  solution  of  silver-nitrate. 
At  the  metal  surface  there  is  in  general  a  passage  of  metallic 
ions  (katious)  from  liquid  to  metal  or  from  metal  to  liquid,  but  no 
passage  of  anions  ;  and  in  the  metal  we  may  suppose  the  concen- 
tration of  the  ions  to  be  very  great,  say  A  per  unit  volume.  Hence 
in  adapting  the  above  formula  to  the  case  of  the  metal  surfaces  we 
may  put  y  =  0,  and  A  for  the  concentration  in  the  metal,  and  so 

write log  — ,  or  -  —  log  —  tor  the  excess  or  the  potential 

0+u    e  n  e  n 

of  the  metal  over  that  of  the  liquid  in  contact  with  it.     Hence, 

for  the  electromotive  force  of  the  cell — that  is,  for  the  excess  of  the 

potential  of  the  metal  in  the  stronger  solution  over  that  of  the  metal 

in  the  weaker — we  may  write 

„        RT .      N  ,y-uRT  ,      n.     RT ,      N 

E=  -  —  log  —  -t- -i locf  -^+  —  log  — 

e  n^     y  +  u    e        ""  Wg       e  n^ 

=  ^.-2iLlog^i. 
e      y  +  ^t'         n^ 

Hence   the  metal   in  the  stronger  solution  (concenti'ation,  mS) 
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is  at  a  higher  potential  than  that  in  the  weakei"  sohition  (/?.,)  so 
that  the  electromotive  force  acts  through  the  liquid  from  the  lattei- 
to  the  former,  and  if  the  electrodes  are  joined  by  a  wire  the 
electrode  in  the  stronger  solution  will  act  as  the  positive  pole  of 
the  combination. 

As  an  example  of  the  application  of  the  formula  to  an  actual 
case,  we  may  take  that  of  a  cell  with  two  strengths  of  nitrate  of 
silver  solution  between  silver  electrodes,  such  as  that  referred  to  at 
the  beginning  of  this  section  as  having  an  electromotive  force  of 
0-055  volt.  Taking  the  value  y  =  64  (for  NO^)  and  u  =  57  (for  Ag) 
given  in  the  table  in  (158),  the  calculation  becomes,  for  15°  C, 


^    8-29x288x107      2x64      o  qhq  i  O'l 

^=-    9-63x10^      "^  6-4T5-7  ^  "^''''  ''^^^  o^Ol 


=  6"04  X  10'^  ergs  per  coulomb 
6-04  x  105 


=  0-0604  volt 


joule  per  coulomb 


166.  Electro-Capillary  Phenomena. — The  polarisation  of  a 

surface  modifies  those  properties  which,  like 
the  surface-tension,  depend  upon  the  condition 
of  the  surface. 

Suppose  two  masses  of  mercury  separated 
by  acidulated  water  (Fig.  148),  one,  a,  con- 
tained in  a  funnel  with  so  fine  a  point  that 
the  mercury  is  in  equilibrium  owing  to  the 
action  of  the  meniscus,  while  the  other,  b, 
forms  a  large  surface  at  the  bottom  of  the 
vessel  c.  If  a  platinum  wire,  a,  dipping  in 
the  top  vessel,  is  connected  with  the  negative 
terminal  of  a  battery,  and  an  insulated  platinum 
wire,  (3,  dipping  with  its  bared  end  in  the  mei'- 
cury  in  the  lower  vessel,  is  connected  with  a 
point  on  a  wire  joining  the  terminals,  the  potential  of  the  mercury 
A  becomes  less  than  that  of  the  mercury  b,  and  the  difference  of 
potentials  becomes  greater  and  greater  as  the  resistance  of  the 
part  of  the  battery-circuit,  between  the  points  to  which  the  wires 
a  and  /5  are  attached,  is  increased.  As  this  takes  place,  the 
surface-tension  of  the  mercury  in  the  drawn-out  point  increases, 
and  the  mercury  recedes  farther  and  farther  from  the  point,  until 


Fig.  148. 
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the  difference  of  potentials  has  reached  a  value  of  about  09  volt: 
as  the  potential  difference  is  still  further  increased  the  mercury 
returns  toward  the  point,  and  may  pass  beyond  its  initial  position. 
If  we  mark  the  position  of  the  mercury  when  the  conducting 
wires  a/3  are  directly  connected,  and  the  two  masses  of  mercury 
are  therefore  at  the  same  potential,  the  pressure  which  must  be 
exerted  on  the  surface  of  the  mercury,  to  bring  the  meniscus  to 


Fig.  149. 


Fig.  150. 


the  mark,  might  serve  as  a  measure  of  the  surface-tension,  and  at 
the  same  time  of  the  difference  of  potential. 

Lippmann's  capillary  electrometer  (Fig.  149)  is  based  on  this 
principle.  The  mercury.  A,  is  contained  in  a  long  tube,  terminated 
by  a  finely  drawn  out  point.  By  means  of  a  caoutchouc  bag  the 
desired  pressure  can  be  exerted  at  the  top  of  the  tube.  The 
pressure  can  be  measured  by  means  of  the  manometer  n,  and  the 
position  of  the  index  can  be  read  off  by  the  microscope  m.  From 
the  pressure,  the  difference  of  potential  is  deduced  by  means  of  a 
table  constructed  once  for  all. 

This  apparatus  is  very  sensitive,  and  serves  to  measure  differ- 
ences of  potential  from  0  to  0'9  volts.  But  it  is  of  special  use  in 
what  are  called  zero  metJiods.  The  difference  of  potential  to  be 
measured  is  introduced  into  the  cii-cuit  with  the  electrometer,  and 
along  v/ith  it  a  known  difference  of  potential  which  can  be  varied  at 
will,  like  that  obtained  between  two  points  of  a  wire,  ab  (Fig.  150), 
.traversed  by  a  constant  current  (111,  117) ;  the  position  of  one 
of  these  points  is  vai'ied  until  the  mercury  comes  back  to  its 
mark ;  the  two  portions  of  mercury  are  then  at  the  same  potential, 
and  the  electromotive  force  to  be  measured  is  equal  to  the  fall  of 
potential  between  the  two  points,  a  and  b. 
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167.  Drop  Electrodes. — if  the  height  of  the  mercury  in  the 
funnel  (Fig.  148)  is  just  so  small  that  there  is  no  spontaneous  flow  by 
the  point,  this  commences  as  soon  as  the  two  wires,  ctfi,  are  con- 
nected, and  at  the  same  time  the  circuit  is  traversed  by  a  current 
proceeding  through  the  wire  from  the  mercury  b  to  the  mercury  a. 

If  a  quadi-ant  electrometer  be  connected  to  the  leads,  a  and 
^,  no  deflection  of  its  needle  takes  place,  because  although 
there  may  be  a  difference  of  potential  between  each  mercury 
electrode  and  the  solution,  yet  this  is  the  same  for  both.  If  we 
assume  that  there  is  a  drop  of  potential  in  passing  from  the  mercury 
to  the  solution,  it  follows  that  in  the  immediate  neighbourhood  of 

the  electrode  there  must  be  a  field  of  electric  force  (  f=  —  — ■  ),  and 

the  boundaries  of  this  field  must  be  charged — the  mercury  posi- 
tively and  the  neighbouring  layer  of  electrolyte  negatively.  When 
such  an  electrode  is  first  dipped  into  the  liquid,  this  state  of  things 
needs  to  be  established  before  the  full  potential  difference  is  set  up. 
Suppose  now  that  pressure  be  applied  to  the  mercury  in  the  funnel 
so  as  to  cause  it  to  escape  from  the  nozzle  in  a  fine  jet ;  in  this 
way  a  fresh  surface  of  mercury  is  constantly  being  formed,  the 
charge  which  had  accumulated  being  carried  away  by  the  falling 
drop ;  and  in  consequence  the  difference  of  potential  at  this  drop- 
ping electrode  becomes  very  much  smaller.  If  the  jet  be  so  arranged 
that  it  breaks  into  drops  just  below  the  surface  of  the  liquid,  the 
discharging  action  of  the  drops  can  be  made  practically  com- 
plete (comp.  85).  The  result  is  that  if  an  electrometer  be  now 
connected  a  deflection  will  take  place,  owing  to  the  difference 
of  potential  at  the  fixed  mercury  electrode.  The  value  of  the 
potential  difference  found  in  this  manner  between  mercury  and 
normal  potassium  chloride  solution  saturated  with  mercurous 
chloride  is  "56  volt,  and  this  is  taken  as  a  standard.  The 
potential  differences  between  other  metals  and  solutions  are 
visually  obtained  indirectly  by  constructing  a  cell  in  which  one 
electrode  and  solution  are  those  given  above,  while  the  other 
electrode  and  solution  ai-e  the  ones  under  test.  The  electro- 
motive force  of  this  cell  is  found  by  any  electrometer  method, 
and  this  is  equal  to  the  sum  of  all  the  potential  differences  in 
the  cell  since  no  current  is  flowing.  The  value  found  in  this 
way  includes,  however,  the  potential  difference  between  the  two 
solutions. 

The  following  table  gives  some  of  the  values  so  obtained  for  the 
potential  difference  between  a  metal  and  a  solution  of  its  sulphate 
containing  one  gramme-molecule  per  litre.  The  positive  sign  indicates 
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that  the  metal  is  at  a  higher  jjotential  than  the  solution ;  and  the 
negative  sign  the  reverse  ; — 

Difference  of 
]Metal.  Potential. 

Zinc -  -524 

Cadmium -  '162 

Iron -  -093 

Copper +  'SIS 

Silver +-974 

167.*  Pressure  Cells. — Another  interesting  type  of  cell  is 
that  in  which  the  electrodes  dip  into  a  single  solution,  but  are 
at  different  hydrostatic  pressures.  This  can  be  realised  in  the 
case  of  mercury  in  the  following  way.  The  mercury  electrodes 
are  contained  in  vertical  glass  tubes  with  parchment  bases,  and  are 
placed  with  their  lower  ends  in  a  solution  of  a  mercurous  salt. 
If  the  columns  of  mercury  are  of  different  vertical  lengths  the 
pressures  on  the  bases  will  be  different.  Under  these  circum- 
stances if  a  wire  connect  the  vipper  portions  of  the  two  columns 
a  current  flows.  During  the  passage  of  this  current  mercury 
dissolves  from  the  electrode  at  high  pressure  and  is  precipitated 
at  the  other ;  in  other  words,  it  flows  in  such  a  direction  as  to  tend 
to  equalise  the  two  columns.  The  current  is  thus  accompanied  by 
an  expenditure  of  gravitational  energy,  and  the  idea  readily 
suggests  itself  to  look  to  this  as  the  source  of  the  electrical 
energy.  During  the  passage  of  a  quantity  Q  of  electricity,  the 
electrical  energy  generated  by  the  cell  is  EQ,  if  E  is  the  electro- 
motive force.  The  amount  of  gravitational  energy  expended  at 
the  same  time  may  be  written  mgh,  where  m  is  the  mass  of 
mercury  transferred  from  one  column  to  the  other  during  the 
passage  of  the  quantity  Q  of  electricity,  h  the  difference  of  the 
heights  of  the  two  mercury  columns,  and  (/  the  intensity  of 
gravity.  If  gravity  is  the  source  of  the  electrical  energy  of 
the  cell,  these  two  quantities  must  be  equal,  or 

EQ  =  mgh. 

Now  771/ Q  =  -iiii^j  is  the  electro-chemical  equivalent  of  mercury,  hence 
we  get 

or,  numerically 

E=  200  X  0-0001038  x  98U  =  20-4/i, 

in  absolute  units.   Here  0-0001038  is  the  electro-chemical  equivalent 
of  hydrogen  :  seeing  that  we  have  here  to  do  with  mercurous  salts, 

u 
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the  electro-chemical  equivalent  of  mercury  is  200  times  this  quantity. 
To  get  the  result  in  volts,  we  must  divide  by  10^. 

Measurements  of  the  electromotive  force  of  such  cells  have 
been  made  by  Des  Coudres.  For  the  greatest  difference  of  level 
used  by  him,  namely,  113  cm.,  the  above  calculation  gives 

20-4  X  10-8x113  =  23  X  lO""  volts; 
experiment  gave  21  x  10"^  volts. 


MAGNETISM 

CHAPTER  XVI 

GENERAL  DESCRIPTION  OF  PHENOMENA 

168.  Natural  Magnets. — In  many  parts  of  the  world  an  ore 
of  iron  occurs,  fiagments  of  which  are  found  to  have  the  power  of 
lifting  small  masses  of  iron,  such  as  filings  or  small  nails.  This 
ore,  which  has  the  same  composition  as  smithy  scales,  Fe^  O^,  is 
first  recorded  as  having  been  found  in  the  Greek  province  Mag- 
nesia ;  pieces  of  it  which  exhibit  the  property  mentioned  were 
hence  called  magnets — in  vernacular  English,  loadstones  or  lode- 
stones.  The  characteristic  pi-operty  is  not  shown  equally  by  all 
parts  of  the  surface  :  if  a  magnet  is  covered  with  iron  filings  and 
then  lifted  out,  the  filings  adhere  to  two,  or  perhaps  more,  paits  of 
the  surface  while  other  parts  remain  quite  clear.  The  parts  where 
the  magnetic  property  seems  thvis  to  be  specially  concentrated  are 
spoken  of  as  the  poles  of  the  magnet. 

169.  Artificial  Magnets. — If  one  of  the  poles  of  a  magnet  is 
placed  on  a  strip  of  steel  and  carried  along  it  from  end  to  end  a 
few  times,  always  in  the  same  direction,  the  steel  is  found  to  have 
acquired  magnetic  propeities,  which  may  be  even  more  marked 
than  those  of  the  original  magnet,  while  the  latter  is  as  strongly 
magnetised  as  before.  The  special  properties  are  thus  communi- 
cated, but  not  transferred,  from  one  body  to  another. 

Artificial  magnets  can  be  made  of  any  required  form,  and  are 
thus   much   more    convenient  for 
experimental    purposes    and    the 
study  of  magnetic  phenomena  than 
natural  magnets  which  have  acci-  t,-^^,    in 

dental  and  often  irregular  shapes. 

Fig.   151  shows  tufts  of  ii^on   filings  adhering  to   the   ends  of  a 
steel-bar  magnet,  the  middle  parts  remaining  clear. 

170.  Directive  Property — Magnetic  Axis. — If  a  magnet 

is  supported  so  that  it  can  turn  freely  about  its  centre  of  mass,  it 

259 
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assumes  a  definite  position  of  stable  equilibrium.  When  in  this  posi- 
tion it  can  be  turned  through  any  angle  about  a  certain  line,  called 
its  magnetic  axis,  without  the  equilibrium  being  distui'bed  ;  but,  if  it 
is  turned  through  two  right  angles  about  a  line  perpendicular  to 
the  magnetic  axis,  so  that  this  is  exactly  reversed  in  direction,  it  is 
found  to  be  in  a  position  of  unstable  equilibrium.  Strictly  speak- 
ing, the  property  just  mentioned  belongs  to  a  particular  direction  in 
a  magnet  rather  than  to  a  particular  straight  line,  but  nevertheless 
the  name  magnetic  axis  is  commonly  given  to  that  line  through 
the  centre  of  mass  of  a  magnet,  or  through  its  centre  of  geometric 
symmetry,  about  which  it  can  be  turned  without  disturbing  its 
condition  of  stable  equilibrium. 

If  a  magnet  is  of  elongated  form,  as  a  narrow  straight  strip  of 
steel  or  a  steel  wire,  its  magnetic  axis  usually,  but  not  necessarily, 
coincides  at  least  approximately  with  its  length.  In  all  cases  the 
points  where  the  axis  meets  the  surface  lie  within  the  regions 
where  the  power  of  attracting  small  bits  of  iron  is  specially 
exhibited. 

The  direction  of  the  magnetic  axis  may  be  found  experiment- 
ally by  the  following  process.  Support  the  magnet  in  a  paper 
stirrup  suspended  by  a  few  fibres  of  unspun  silk,  or  by  any  other 
very  flexible  line,  and  let  it  come  to  rest.  If  the  magnet  is  de- 
cidedly longer  in  one  direction  than  at  right  angles  thereto,  it  is 
usually  convenient  to  place  it  with  its  longest  dimension  horizontal. 
When  it  has  come  to  rest,  note  the  direction  assumed,  relatively  to 
fixed  objects,  by  any  well-marked  line  in  it.  Then  turn  the  magnet 
over,  suspend  it  the  other  side  up,  and  note  the  direction  taken  by 
the  same  line  as  before.  The  magnetic  axis  now  lies  in  one  of  the 
two  vertical  planes  which  bisect  the  angles  between  the  two 
positions  of  the  chosen  line.  In  older  to  discriminate  between 
these  two  bisecting  planes,  the  direction  of  one  of  them  (selected 
at  pleasure)  must  be  observed.  The  magnet  is  then  turned  round 
through  180°  about  a  horizontal  axis  contained  in  this  plane,  and 
is  then  set  free  to  move.  If  it  remains  practically  at  rest  the  axis 
lies  in  the  selected  plane  ;  if,  however,  the  magnet  turns  through 
180°  about  a  vertical  axis  the  other  bisecting  plane  is  the  one 
sought.  Let  the  intersection  of  this  plane  with  the  surface  of  the 
magnet,  and  also  with  that  of  the  table  over  which  the  magnet  is 
suspended,  be  marked,  and  suspend  the  magnet  a  third  time  so 
that  what  was  the  vertical  dimension  in  the  two  previous  cases  is 
now  horizontal :  the  magnetic  axis  is  the  line  in  which  the  fixed 
vertical  plane  already  found  intersects  the  plane  section  of  the 
magnet  already  marked  upon  it. 


172] 


MAGNETIC  MERIDIAN 
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171.  Action  of  the   Earth— Magnetic    Meridian.  —  The 

direction  assumed  by  the  axis  of  a  freely  suspended  magnet  varies 
with  geographical  position,  but  at  the  same  place  it  remains  practi- 
cally fixed  for  considerable  periods.  In  England,  for  example,  it 
changes  by  only  about  one  degree  in  eight  or  ten  years.  The  line 
of  intersection  of  the  surface  of  the  earth  by  the  vertical  plane 
containing  the  axis  of  a  magnet  in  equilibrium,  when  freely 
suspended  at  a  distance  from  all  other  magnets  or  electiic 
currents,  is  called  the  magnetic  meridian,  and  the  vertical  plane  is 
thejVa?ie  of  the  magnetic  meridian.  Over  a  great  part  of  the  world 
the  magnetic  meridian  makes  a  comparatively  small  angle  with 
the  geographical  meridian  :  in  London  at  the  present  time  rather 
less  than  16  degrees  to  the  "W.  of  IST.  and  E.  of  S.  This  angle  is 
known  as  the  magnetic  variation  or  declination. 

The  fact  that  the  position  of  equilibrium  of  a  magnet  varies 
from   place   to   place   on   the   earth's   surface,  is  a  proof  that  the 


Fig.  152. 

directive  action  of  a  magnet,  or  its  tendency  to  assume  a  definite 
direction,  is  not  an  inherent  property  of  a  magnet  as  such,  but 
depends  on  some  mutual  action  between  it  and  the  earth. 

172.  North  and  South  Poles— Mutual  Action  of  Two 

Magnets. — If  a  mngnet  is  balanced  on  a  pivot,  or  suspended  in 
a  horizontal  plane  by  a  silk  fibre,  one  and  the  same  end  always 
turns  in  a  northerly  direction  when  it  is  left  to  itself.  This 
indicates  an  essential  difference  between  the  two  poles  or  ends 
of  the  magnetic  axis.  These  are  accordingly  distinguished  as  the 
north  pole,  or  north-pointing  pole,  and  the  sotdh  pole,  or  south- 
pointing  pole,  respectively,  and  as  the  action  of  a  magnet  depends 
in  many  cases  on  the  difference  between  its  two  poles,  it  is 
convenient  to  have  these  permanently  marked  with  the  letters 
N  and  s,  or  otherwise. 

When  the  north  pole  of  one  magnet  is  brought  near  the  north 
pole  of  another,  they  are  found  to  repel  each  other  (Fig.  152); 
similarly  when  the  south  pole  of  one  magnet  is  brought  near  the 
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soiith  pole  of  a  second  :  but  the  north  pole  of  one  attracts  the 
south  pole  of  the  other,  and  vice  versa.  Hence  we  have  this  funda- 
mental lule,  like  the  corresponding  one  for  electrified  bodies — two 
like  magnetic  j^oles  repel  one  another,  and  two  unlike  poles  attract 
one  another. 

By  the  help  of  a  magnetic  needle,  provided  near  the  middle  with 
an  agate  or  metal  cap  whereby  it  can  be  poised  on  a  vertical  point 
so  as  to  move  freely  in  a  horizontal  plane  (Fig.  152),  and  by  the 
application  of  this  rule,  it  is  easy  to  detect  whether  a  body  is  mag- 
netised, and  to  distinguish  its  poles  in  the  case  where,  from  the 
weight  or  shape  of  the  object,  the  directive  action  of  the  earth  upon 
it  could  not  readily  be  tried.  It  is  generally  best  to  present  the 
body  to  be  tested  end  on  towards  the  centre  of  the  needle  from 
the  east  or  west,  and  to  observe  whether  the  needle  moves  when 
the  body  is  turned  end  for  end. 

173.  Magnetisation  by  Influence — Magnetic  Substances. 

— When  a  piece  of  iron  is  under  the  attraction  of  a  magnet,  it  is 
itself  a  magnet  for  the  time  being.  Thus,  if  a  bar  magnet  is  laid 
on  a  table  so  that  one  pole  projects  over  the  edge,  a  nail  held 
up  by  the  projecting  pole  can  usually  hold  another  nail,  and  this 
perhaps  a  third.  If  the  bits  of  iron  used  for  such  an  experiment 
are  not  too  heavy,  a  long  string  of  bits  may  be  supported,  each 
one  becoming,  for  the  time  being,  a  magnet  and  holding  on  to  the 
next.  If  the  pole  of  a  magnet  is  dipped  in  iron  filings,  the  filings 
adhere  to  it,  not  as  a  single  layer  in  contact  with  the  surface,  but 
as  coherent  tufts,  which  lose  all  coherence  and  fall  to  pieces  as  soon 
as  they  are  removed  from  the  magnet. 

Each  bit  of  iron  concerned  in  such  an  experiment  is  said  to  be 
magnetised  hy  influence :  it  becomes  a  com- 
plete magnet  with  a  north  and  a  south 
pole.  If  the  primary  pole  used  is  a  north 
pole,  the  nearest  part  of  a  piece  of  iion 
yK  acted  on  by  it  becomes  a  south  pole,  and 

^  /  "     tlie  more  distant  part  a  north  pole.    Thus, 

J\|r  .  0  S  magnetic  influence  always  acts  in  such  a 

way  that  the  neighbouring  part  of  a  piece 
of  iron  is  attracted  by  the  influencing 
magnet. 

Of  the  innumerable  experiments  that 

'N  might  be  cited  to  prove  or  illustrate  the 

'■    '  ■  ■  magnetic  condition  of  a  bit  of  iron  when 

in  the  neighbourhood  of  a  magnet,  the  following  may  suflice.     Let  a 

soft  iron  rod,  sn  (Fig.  153),  be  suspended  at  its  middle  by  a  silk  fibre 
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so  as  to  be  balanced  horizontally.  When  at  rest  it  will  not,  unless 
it  is  already  more  or  less  magnetised,  be  disturbed  if  a  bar  magnet 
is  brought  near  from  one  side  and  fixed  in  the  same  horizontal  plane 
with  its  axis  at  right  angles  to  the  rod  and  in  line  with  its  centre. 
But  if  now  a  second  bar  magnet  is  placed  parallel  to  the  rod  and 
gradually  brought  near  it  from  below,  the  rod  becomes  magnetised 
by  influence,  and  is  deflected  just  as  a  permanent  magnetic  needle  in 
the  same  place  would  be  by  the  first  magnet ;  but  the  deflection  is 
reversed  if  the  second  magnet  is  lowered,  turned  end  for  end,  and 
again  brought  up  towards  the  rod. 

Hence  we  may  conclude  that  magnetisation  by  influence  is  a 
condition  of  the  attraction  of  iron  by  a  magnet,  and  that  the 
attraction  of  apparently  non-magnetised  iron  is  really  a  case  of 
the  mutual  action  of  unlike  magnetic  poles.  Silver,  lead,  wood, 
&c.,  which  are  not  susceptible  of  magnetic  influence,  except  to  a 
minute  degree,  are  not  sensibly  acted  on  by  a  magnet. 

Besides  ii'on  and  its  varieties  (cast-iron,  steel,  &c.),  the  metals 
cobalt  and  nickel  readily  undergo  magnetisation,  and  are  con- 
sequently attracted  by  a  magnet.  These  are  therefore  called 
maijiietic  substances. 

A  piece  of  pure  iron,  cobalt,  or  nickel  is  magnetised  only  so 
long  as  it  is  under  the  influence  of  a  magnet ;  but,  as  indeed  is 
implied  by  the  existence  of  permanent  steel  magnets,  a  piece  of 
steel  when  once  magnetised  retains  its  magnetisation  to  a  greater 
or  less  degree  even  when  entirely  removed  from  other  magnets. 

This  difference  is  often  expressed  by  saying  that  hard  steel 
possesses  a  great  amount  of  coercive  force,  whereas  soft  iron,  cobalt, 
and  nickel  possess  little  or  none.  Coercive  force  may  be  defined 
as  the  measure  of  resistance  of  a  substance  to  change  of  magnetic 
condition.  We  shall  see  later  (Chapter  XIX.)  how  this  and  other 
magnetic  properties  of  different  materials  can  be  accurately 
measured  and  made  the  subject  of  numerical  comparison. 

174.  Result  of  Breaking  a  Magnetised  Bar.— When  a 

thin  steel  rod — a  knitting  needle,  for  instance— is  magnetised, 
the  magnetic  properties  are  apparently  confined  very  nearly  to  the 
extreme  ends.  At  the  middle,  and  for  a  good  distance  on  either 
side  of  it,  no  magnetic  attraction  or  repulsion  is  exerted.  But 
if  the  rod  is  broken  in  half,  each  fragment  is  found  to  be  a  com- 
plete magnet  with  a  north  and  south  pole  :  not  only  do  the  poles 
of  the  original  magnet  retain  their  properties,  but  the  two  new 
ends,  formed  at  a  part  where  the  unbroken  bar  seemed  completely 
neutral,  exhibit  the  properties  of  magnetic  poles.  The  process 
may  be  repeated  again  and  again,   with  similar  results,  as  long 
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as  the  fragments  obtained  are  large  enough  to  admit  of  examina- 
tion (Fig.  154). 

We  infer  that,  however  far  the  subdivision  were  carried,  the 
results  would  be  the  same,  in  fact,  that  the  ultimate  molecules  of  a 
magnet  are  themselves  magnetic,  and  that  the  observed  properties 
of  the  magnet  are  resultant  effects  due  to  the  molecular  magnets 
of  which  it  is  bviilt  up. 

We  infer,  further,  that  it  is  impossible  to  get  a  detached  north 
pole  or  south  pole  not  associated  with  a  pole  of  the  opposite  kind 
in  the  same  piece  of  iron  or  steel. 

175.  Equality  of  the  Two  Poles  of  a  Magnet.— The  ten- 
dency of  a  magnet  to  assume  a  definite  position  of  equilibrivmi 
may  be  interpreted  as  a  tendency  of  the  north  pole  to  move,  under 
the  action  of  the  earth,  as  far  as  possible  in  one  direction  (towards 
"  magnetic  north "),  and  of  the  south  pole  to  move  as  far  as 
possible  in  the  opposite  direction  (towards  "  magnetic  south  "). 
Now  these    two    tendencies    exactly  balance    each   other,  so   that 


Fig.  154. 

there  is  no  force  tending  to  produce  translation  of  the  magnet 
as  a  whole. 

The  experimental  proof  of  this  fact  may  be  obtained  as  fol- 
lows : — If  a  magnet  be  made  to  float  on  water  by  means  of  a  cork, 
it  turns  so  as  to  set  itself  with  its  axis  in  the  plane  of  the  magnetic 
meridian,  but,  in  the  absence  of  other  magnets,  it  does  not  move 
bodily  in  any  particubir  direction.  Again,  if  a  magnet  is  hung 
from  a  fixed  point  by  a  flexible  thread,  when  the  magnet  is  at  rest 
the  thread  is  vertical.  Either  of  these  results  proves  the  absence 
of  any  horizontal  resultant  force  acting  on  the  magnet.  That 
there  is  no  vertical  resultant  follows  from  the  fact  that  the  weight 
of  a  piece  of  steel  is  not  altered  by  magnetisation. 

176.  Magnetic  Field. — The  term  magjieUc  field  is  conveniently 
applied  to  any  region  where  a  magnet  is  subject  to  directive  action. 
Every  point  of  a  magnetic  field  is  characterised  by  a  definite 
direction  and  intensity.  The  direction  at  a  given  point  may  be 
defined  as  that  in  which  the  axis  of  a  freely  movable  small  m.agnet, 
placed  with  its  centre  at  that  point,  will  set  itself  ;  the  intensity 
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is  proportional  to  the  moment  of  the  couple  tending  to  restore  the 
small  magnet  to  its  position  of  equilibrium  when  its  axis  is  dis- 
placed therefrom  through  a  given  angle. 

We  shall  have  later  (241-243)  to  consider  in  detail  how  these 
characteristics  can  be  ac- 
curately determined  in 
some  important  cases : 
we  give  here  a  method 
that  is  often  available 
for  obtaining  rapidly  a 
general  view  of  the 
nature  of  a  magnetic 
field.  We  have  already 
mentioned  that  a  piece 
of  iron  placed  near  a 
magnet — that  is  to  say, 
in  the  magnetic  field  due 
to  it — is  magnetised  for 
the  time  being.  If  the 
piece  of  iron  is  very  small,  say,  an  iron  filing,  and  rests  on  a 
smooth  surface,  the  friction  arising  from  its  small  weight  inter- 
feres but  little  witli  its  tendency  to  set  itself  with  its  axis  along 
the   direction   of    the   field,  and  it  thus  approaches  the  condition 

"^•f^l'?^    of  a  freely  movable  mag- 

"'  ■'"■^     net.     If  a  sheet  of  glass 

or  smooth  cardboard   is 


Fig.  155. 


\}1wM^i^ff'''^'\    I'^^if^  above  a  bar  magnet, 
W^'-y^S'^Y-f    fitid     iro'^     filings     are 


sprinkled  uniformly  over 
it,  Mie  filings  arrange 
themselves  in  regular 
curves  (Fig.  155)  each 
of  which  runs  from  one 
point  of  the  outline  of 
the  magnet  to  the  sym- 
metrically situated  point 
on  the  other  side  of  the 
centre.  If  the  glass  or 
cardboard  is  gently  tapped,  the  friction  of  the  particles  of  iron  is 
momentarily  overcome  and  their  magnetic  arrangement  is  facili- 
tated. In  this  way  the  magnetic  field  is  visibly  mapped  out. 
Figs.  156  and  157,  which,  like  Fig.  155,  are  from  photographs  of 
actual  figures  made  with  filings,  give  further  examples  of  magnetic 


Fig.  156. 
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fields:  Fig.    156  represents  the  field  given  by  two  equal  opposite 
poles;  Fig.  157  that  given  by  two  equal  similar  poles. 

The  directive  action  of  the  earth  is  found  to  be  sensibly  the 
same  both  in  direction  and  intensity  for  considerable  distances  : 
for  example,  it  does  not  vary  appreciably  within  the  dimensions  of 
an  ordinary  building ;  hence  a  map  of  the  lines  representing  any 
such  part  of  the  earth's  field  as  we  are  concerned  with  in  any 
experiment,  would  be  made  up  of  parallel  and  equidistant  straight 
lines.  It  is  in  accordance  with  this  that  a  magnet  acted  on  by 
the  earth  alone  is  not  subject  to  any  force  of  translation. 

But  in  cases  where  the  curvature  of  the  lines  of  the  field  is 
perceptible  within  a  distance  comparable  with  the  dimensions  of 

a  magnet,  a  magnet  is 
subject,  not  only  to  a 
directive  action  urging 
it  to  set  its  axis  as  a 
tangent  to  the  lines,  but 
also  CO  a  translatory 
force  acting  transversely 
fiom  the  convex  to  the 
concave  side  of  the 
lines.  This  is  illus- 
trated in  the  above  ex- 
i:»ei'iments  with  iron 
filings  by  the  effect  of 
repeated  tapping  of  the 
cardboard,  which  is  to 
make  the  curves  contract  by  moving  inwards  towards  the  concave 
side.  The  mechanical  explanation  is  the  same  as  that  of  the 
pressure  towards  the  centre  of  curvature  which  arises  from  longi- 
tudinal tension  applied  to  a  curved  thread. 

Again,  if  the  lines  of  field  converge  or  diverge,  a  mngnet  is 
subject  to  a  force  urging  it  towards  the  part  of  the  field  where  the 
lines  are  nearest  together.  This  effect  is  well  illustrated  by  the 
action  of  the  familin,r  floating  magnetic  toys. 

177.  Magnetic  and  Diamagnetic  Bodies.— In  the  pre- 
ceding paragraphs  we  have  given  an  account  of  the  more  obvious 
and  easily  observable  magnetic  phenomena.  When  careful  experi- 
ments are  made  it  is  found  that  the  class  of  magnetic  substances 
includes  not  only  magnetic  oxide  of  iron,  FegO^,  which  constitutes 
loadstone,  and  the  metals  iron,  cobalt,  and  nickel,  but  many  other 
substances,  such  especially  as  salts  and  compounds  of  these  metals 
whether   solid   or   in   solution.     Indeed,   when  a    more   and  more 


Fig.  157. 
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intense  field  and  delicate  means  of  observation  are  employed,  it  is 
found  that  there  is  probably  no  body,  whether  solid,  liquid,  or 
gaseous,  which  is  not  susceptible  in  some  degree  to  the  action  of 
magnetism,  and  does  not  acquire  by  influence  magnetic  polarity. 

But  in  this  respect  bodies  fall  into  two  . >. ^     „ 

distinct  categories  :  those  of  one  class     y^^ '  ^^>3i 

are  acted  on  in  the  magnetic  field  like    ^^  ^^ 

iron,  their  axis  of  magnetisation  is  along 

the  lines  of  field  (Fe,  Fig.  158) ;  those 

of  the  other   class  acquire  an   invei'se 

magnetisation,    that    is,    parallel,    but  ^         1?       iro  ^ 

in  the  opposite   direction  to  the  lines 

of  field  (Bi,  Fig.  158).    The  term  magnetic  is  applied  to  the  former, 

and    the   term    diamagnetic  to  the   latter    class   of   bodies.     Dia- 

magnetic  properties  are  only  shown  to  a  very  slight  extent ;  the 

most  strongly  diamagnetic  body  is  bismuth. 

Magnetism  is  thus  seen  to  be  a  general  property  of  bodies,  but 
it  is  extremely  remarkable  that  while  three  substances — iron, 
cobalt,  and  nickel — possess  it  in  a  very  high  degree,  it  may  be 
considered  as  in  comparison  non-existent  in  the  others. 


CHAPTER    XVII 

LAWS   OF  MAGNETIC  FIELD 

178.  Law  of  Force. — We  have  already  (174)  given  reason 
for  supposing  that  the  observed  action  of  a  magnet  is  a  resultant 
effect  due  to  the  combined  action  of  the  constituent  molecules,  and 
the  fact  that  this  action  is  found  to  depend,  not  only  on  the  mag- 
netic condition  of  the  material  of  the  magnet,  but  also  on  its  shape 
and  dimensions  is  in  accordance  with  this  view  of  its  constitution. 
As  with  electricity,  so  with  magnetism,  it  is  only  in  a  few  quite 
special  cases,  or  when  the  dimensions  of  the  acting  bodies  are  so 
small  in  comparison  with  the  distance  between  them  that  the 
shape  of  the  bodies  becomes  unimportant,  that  the  laws  of  the 
mechanical  forces  exerted  become  susceptible  of  simple  mathema- 
tical statement. 

One  of  the  simplest  cases  is  that  presented  by  long  thin 
magnets,  such  as  may  be  made  of  steel  wire,  where  the  effective 
poles  are  confined  to  a  vei^y  small  space  at  each  end.  From  ex- 
periments with  such  magnets,  letting  one  pole  of  one  act  on  one 
pole  of  the  other,  the  second  pole  of  each  being  so  far  away  as 
not  to  come  into  account,  Coulomli  deduced  the  law  that  the  force 
between  two  magnetic  poles  varies  inversely  as  the  square  of  the 
distance. 

With  magnets  in  general  no  precise  points  can  be  specified 
which  have  the  properties  of  poles  in  the  sense  of  centres  of  force  : 
but  it  is  common  to  conceive  of  real  magnets  as  being  built  up 
of  longitudinal  elements,  each  with  equal  opposite  poles  at  its 
two  ends,  and  to  regard  the  centime  of  mass  of  the  elementary  poles 
of  each  kind  as  being  the  pole  of  corresponding  kind  of  the  whole 
magnet.  The  straight  line  passing  through  these  ideal  poles 
is  then  defined  as  the  "magnetic  axis"  of  the  magnet.  The 
"  strength,"  in,  of  each  pole  is  supposed  to  be  the  sum  of  the 
strengths  of  the  elementary  poles  of  the  same  kind,  and  the  pro- 
duct of  the  strength  of  either  pole  into  the  distance  between  them 
is  defined  as  the  "  magnetic  moment  "  :   M=ml. 

But  as  neither  of  the  factors  m  nor  I  can  in  general  be  measured 
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exjieiimentally,  even  approximately,  whereas  the  moment  M  of  a 
magnet  is  accessible  to  precise  experimental  measurement,  and  as 
all  the  measurable  effects  of  magnets  can  be  stated  in  terms  of 
their  magnetic  moments,  it  seems  more  rational  to  base  the  quanti- 
tative discussion  of  magnetic  phenomena  on  magnetic  moments 
and  not  on  magnetic  poles. 

179.  Directive  Couple. — We  have  already  pointed  out  that 
the  action  between  the  earth  and  a  magnet  is  such  as  to  virge  the 
masnet  to  set  with  its  axis  in  a  definite  direction,  but  that  there  is 
no  force  urging  the  magnet  to  move  bodily  ;  the  action  is  thus  repre- 
sented by  what  in  mechanics  is  called  "  a  couple."  The  moment 
of  this  couple  can  be  measured  by  suspending  the  magnet,  with  its 
axis  horizontal,  over  a  graduated  circle — a  non-magnetic  pointer,  if 
needful,  being  attached  to  the  magnet — by  means  of  an  elastic  thread 
of  glass  or  quartz,  or  a  hard-drawn  silver  or  copper  wire,  attached  to 
a  torsion-head.  Starting  with  the  magnet  in  the  meridian  and  the 
thread  without  twist,  let  the  upper  end  be  turned  through  an  angle 
a  :  the  magnet  will  follow  in  the  same  direction  through  some 
angle,  /3,  and  the  thread  will  be  subject  to  a  twist,  a  -  [3.  The 
elasticity  of  the  thread  tends  to  make  the  lower  end  turn  through 
the  same  angle  as  the  upper  end  and  thus  exerts  on  the  magnet 
a  couple  of  moment  T  (a  -  (3)  tending  to  increase  the  deflec- 
tion from  the  meridian  (T  being  a  constant  for  a  given  sus- 
pending thread  and  representing  the  couple  required  to  keep  it 
twisted  through  viiiit  angle).  This  couple  due  to  the  thread 
balances  the  magnetic  couple  tending  to  restore  the  magnet  to 
the  magnetic  meridian.  On  observing  the  value  of  the  deflection 
(3  which  coiresponds  to  various  values  of  the  couple  T  (a  -  (3),  it  is 
found  (so  long  as  /3  does  not  exceed  a  right  angle)  that  the  quotient 
T  {a  -  f3)/sin  (3  is  sensibly  constant.  Tlie  numerical  value  of  the 
quotient  is  found  to  depend  upon  the  magnet  used  ;  it  also,  as 
well  as  the  position  of  equilibrium  when  the  thread  is  without 
twist,  depends  upon  the  place  on  the  earth's  siu-face  where  the 
experiment  is  made.  We  conclude,  therefore,  that  it  may  be  ex- 
pressed as  the  product  of  two  factors :  one  depending  upon  tlie 
magnet,  which  we  shall  call  its  magnetic  moment  and  denote  by 
the  letter  M,  the  other  depending  upon  the  earth,  for  which  we 
shall  use  the  symbol  H.  Hence  with  appropriate  units  the  condi 
tion  of  equilibrium  may  be  expressed  by  the  equation 

T  (« -/3)  =  lf^  sin /3. 

The  factor  //  in  this  expression  may  be  defined  as  the  hori- 
zontal intenaUij  of  tlie  eartlis  magnetic  JielJ.     In  tliis  connection  it 
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should  be  noted  that  in  most  parts  of  the  world  the  direction  of 
equilibrium  of  a  completely  free  magnet  is  when  the  axis  is 
inclined  to  the  horizon.  In  the  United  Kingdom  this  direction 
is  more  nearly  vertical  than  horizontal,  being  in  London  at  the 
present  time  inclined  at  about  67°  to  the  horizon.  A  couple  tend- 
ing to  make  a  magnet  set  in  this  direction  may  be  resolved  into  a 
component  acting  in  a  vertical  plane,  and  a  component  acting  in  a 
horissontal  plane.  In  the  case  of  a  magnet  which  can  turn  about 
a  vertical  axis  only,  the  vertical  component  is  counteracted  by  the 
suppoi't  of  the  magnet  and  by  gravity,  and  the  horizontal  com- 
ponent (or  more  generally  the  component  parallel  to  the  plane  of 
motion)  is  alone  effective. 

The  expression  MH  sin  j3,  foiming  the  right-hand  side  of  the 
last  equation,  denotes  a  couple  depending  on  magnetic  conditions 
Avhich  tends  to  bring  the  magnet  back  to  its  natural  direction  of 
stable  equilibrium  :  we  may  therefore  speak  of  it  as  the  directive 
coivple. 

The  above  expression  shows  that  when  the  axis  of  the  magnet 
is  in  the  plane  of  the  magnetic  meridian  (/?  =  0),  the  moment  of 
the  directive  couple  vanishes,  and  that  it  attains  the  maximum 
value  MH  when  the  angle  ^  is  a  right  angle.  The  magnet,  in 
fact,  behaves  as  though  equal  parallel  forces,  one  acting  towards 
magnetic  north  and  the  other  towards  magnetic  south,  were 
applied  at  fixed  points  within  it.  If  the  line  joining  the  points 
of  application  of  such  a  pair  of  forces  coincided  with  the  direction 
of  the  field,  tlie  magnet  would  be  in  equilibrium,  which  would  be 
stable  if  the  point  of  application  of  the  northerly  foi-ce  were  at  the 
north. 

We  shall  have  later  to  consider  what  is  to  be  understood  by  a 
field  of  unit  intensity,  and  how  the  intensity  of  a  given  field  can 
be  ascertained. 

180.  Comparison  of  Magnetic  Moments.— If  two  magnets 

of  moments  M^  and  J/g  are  suspended  in  succession  by  the  same 
elastic  thread,  and  aj^  and  a.,  are  the  respective  angles  through 
which  the  upper  end  must  be  turned  to  deflect  them  through  the 
same  angle  /3,  the  above  equation  gives  for  the  ratio  of  the 
moments 

i/j  ~  a^  -  ^' 

181.  Combination  of  Magnets. — It  is  found  by  experiment 
that  the  external  action  of  a  magnet  upon  distant  magnets  depends 
upon  its  moment  and  the  direction  of  its  axis,  chai-acters  which  can 
be  conveniently  expressed  geometrically  by  a  straight  line  drawn  in 
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the  direction  of  the  axis  (usually  reckoned  positive  in  the  direction 
from  the  south  end  to  the  north),  and  of  length  proportional  to  the 
moment.      Experiment  also  shows  that,  if  two  magnets  are  fastened 
togethei',  the  effect  of  the  combination  at  any  point  whose  distance 
is  great  in  comparison  with  the  dimensions  of  the  magnets  or  their 
distance  apart,  is  the  same  as  that  of  a  magnet  whose  representa- 
tive line,  drawn  according  to  the  rule  -^^ 
just  stated,  is  derived  from  the  repre-                               ^^"^V^ 
sentative   lines    of    the    two    separate                    M^^^'^   / 
magnets  by  the  ordinary  rule  for  the               ^-^        y 
composition  of  vectors.     Thus  if  OA  and      ^.^^^  m        /q 
AQ  (Fig.  159)  represent  respectively  the  q                '"^'a 

moments  il/,  and  il/,,  of   two  magnets 

.        .  .  Fig   159 

and    the    directions    of    their    axes,    6 

being  the  angle  between  them,  ocj  will  represent  the  moment  J/ 
and  direction  of  the  axis  of  the  single  equivalent  magnet.  Or, 
expressing  the  same  thing  in  symbols, 

ili2  =  M^-  +  .17.2  +  2  il/j  J/^  cos  e. 
If  the  combination  is  freely  suspended  with  the  axes  of  the  con- 
stituent magnets  horizontal,  it  will  set  itself  with  the  line  OQ  in 
the  magnetic  meridian.  For  the  angles  a^  and  a„  between  the 
direction  of  this  resultant  axis  and  those  of  the  two  components, 
the  geometry  of  the  figure  gives 
K,  sin  e 


M 


sm  a.,: 


JSL  +  Mc,  cos  Q  M^  +  IT  cos  0 

cos  a.  = — i ^ cos  ao  =  — i- i _. 

1  M  -  M 

Conversely,  the  action  of  a  given  magnet  at  a  distant  point  can 

be   replaced  by   the  combined  action  of  two  component   magnets 

whose  axes  make  a  given  angle  with  each 

-t^li_____^   other. 

jN/^  An  important  case  of  the  combination 

of  two  magnets  is  when  the  moments  of 
Pig.  160.  ° 

the  separate  magnets  are  sensibly  ecpial, 

and  their  axes  nearly  in  opposite  directions.     The  moment  of  the 

combination  is  then  very  small,  and  the  axis  nearly  at  right  angles 

to  that  of  each  component  (Fig,  160).      Such  a  system  is  said  to  be 

asiatir. 

182.  Comparison  of  Magnetic  Fields. — Just  as  the  moments 

of  two  magnets  can  be  compai'ed  (180)  by  noting  the  torsion  of  a 
given  elastic  thread  required  to  deflect  them  equally  from  the 
position  of  equilibrium  in  the  same  magnetic  field,  so  the  torsion 


272  LAWS   OF   MAGNETIC   FIELD  [182- 

requiied  to  deflect  a  given  magnet  equally  in  fields  of  different 
intensity  gives  a  comparison  of  the  fields.  Thus,  let  H^  and  //.,  be 
the  intensities  of  the  two  fields  to  be  compared,  resolved  if  needful 
in  the  plane  of  motion  of  the  magnet,  and  a^  and  a.-,  the  angles 
through  which  the  upper  end  of  the  torsion  thread  must  be  turned 
to  deflect  the  same  magnet  through  the  same  angle  /?  when  sus- 
pended in  the  respective  fields,  we  get  for  the  ratio  of  the  in- 
tensities of  these 

It  should  be  noted  that  in  this  experiment,  if  the  fields  to  be  com- 
pared are  inclined  to  the  plane  of  motion  of  the  magnet,  the 
effective  component  in  each  case  is  the  component  acting  parallel 
to  the  plane  of  motion,  and  that  it  is  these  components  that  are 
compared. 

Another  method  whereby  the  same  comparison  can  be  made 
depends  on  the  fact  that,  when  a  magnet  is  displaced  from  its 
position  of  eqidlibrium,  the  moment  of  the  restoring  couple  acting 
upon  it  is  proportional  to  the  sine  of  the  angle  of  displacement — 
that  is,  for  small  displacements,  proportional  to  the  angle  itself. 
The  result  of  this  is  that,  when  a  magnet  suspended  by  a  silk  fibre 
without  perceptible  torsion-elasticity  is  slightly  displaced  from  its 
position  of  rest,  and  then  left  to  itself,  it  performs  isochronous 
vibrations  about  its  position  of  rest,  the  period  of  which,  with  the 
same  units  as  in  (179),  is 

V  ii/// 

where  /  is  the  moment  of  inertia  of  the  magnet  and  of  anything 
that  moves  with  it. 

Hence  if  t^  and  t.^  are  the  periods  of  vibration  of  the  same 
magnet  in  fields  whose  intensities  are  //j  and  II.,  respectively,  we 
have 

Magnetic  fields  can  be  superposed  and  compounded,  or  resolved, 
like  other  "vector"  quantities — that  is,  quantities  characterised  by 
magnitude  and  direction.  Thus  the  field  at  a  given  point  due  to 
an  artificial  magnet  may  be  compounded  with  that  of  the  earth, 
or  the  fields  due  to  two  or  more  magnets  may  be  compounded 
together.  The  direction  of  the  resultant  field  can  be  ascertained 
experimentally  by  observing  the  direction  assumed  by  the  axis 
of  a  small  magnet  freely  suspended  at  the  point  in  question. 
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For  instance,  let  H  represent  the  intensity  of  the  earth's  field 
at  a  given  point,  and  //  the  intensity  at  the  same  point  of  the 
field  due  to  a  fixed  magnet  :  then  if  d  is  the  angle  which  the  axis 
of  a  small  magnet  at  this  point  makes  with  the  direction  of 
equilibrium  due  to  the  earth  alone,  and  similaidy  B'  the  angle 
which  it  makes  with  the  direction  due  to  the  fixed  magnet  alone, 
the  small  magnet  is  subject  to  the  two  directive  couples 

MH  sin  6     and     MIT  sin  6'  respectively, 

and  if  it  is  freely  movable  it  will  set  itself  so  that  these  are 
equal  or 

Zfsin  6  =  H'  sin  6'. 

If  the  fixed  magnet  is  placed  with  its  axis  at  right  angles  to  the 
magnetic  meridian,  and  so  that  the  line  of  its  axis  produced  passes 
through  the  point  where  the  small  magnet  is  suspended,  we  have 

6  +  6'  =z-    or  sin  6'  =  cos  6,  and  consequently 

^  =  tan  e. 
H 

In  this  experiment  0  is  the  angle  through  which  the  suspended 
magnet  is  deflected  from  its  natural  position,  and  can  be  readily 
observed  by  means  of  a  graduated  circle,  or  by  the  method  of 
reflection  (84). 

A  suspended  magnet  employed,  as  in  the  above  case,  to  indicate 
the  direction  of  the  resultant  magnetic  field  at  a  given  point  may 
be  conveniently  referred  to  as  a  magnetic  needle.  We  shall  fre- 
quently use  this  term.  The  axis  of  a  magnetic  needle  will  in 
general  be  supposed  to  be  confined  to  motion  in  a  horizontal 
plane. 

183.  Further  Comparison  of  Magnetic  Moments.— The 

principle  of  the  experiment  referred  to  in  the  last  paragraph 
affords  an  additional  method  of  comparing  the  moments  of  two 
magnets.  Let  the  magnets  to  be  compared  be  employed  in 
succession  as  the  fixed  magnet  in  such  an  experiment,  and  let  6^ 
and  0.,  be  the  deflections  they  respectively  produce.  Then,  if  H\ 
and  H\^  are  the  corresponding  fields,  we  have 

H\  =  H  tan  d^,       and      H'.^  =  H  tan  6,-,. 

Now  it  is  found  further,  by  experiments  to  be  described  shortly 
(186),  that  the  fields  produced  by  two  magnets  at  points  at  the 
same  distance  measured  along  the  axis  from  their  centres  are 
proportional  to  their  magnetic  moments  as  compared  by  the  method 
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uf  torsion  already  referred  to  (180).  Hence  if  the  two  magnets 
are  placed  successively  with  their  centres  at  the  same  point,  we 
get  for  the  ratio  of  their  moments 

Mj  _  tan  6^ 
M^       tan  ^2 

184.  Field  due  to  a  Small  Magnet. — The  law  of  variation 

of  the  magnetic  field  of  a  magnet  with  distance  and  direction  was 
first  systematically  investigated  by  Gauss,  who  showed  expei'iment- 
ally  that  at  distances  which  are  great  as  compared  with  the 
dimensions  of  the  magnet,  the  intensity  of  the  field  is  approximately 
proportional  to  the  inverse  cube  of  the  distance,  and  that  the 
approximation  becomes  closer  the  greater  the  distance,  or,  what 
comes  to  the  same  thing,  the  smaller  the  magnet  emploj'ed.  The 
intensity  also  varies  with  direction  as  referred  to  the  axis  of  the 
magnet,  in  a  manner  to  be  discussed  presently.  For  the  present 
we  shall  consider  two  cases,  namely  (1),  that  of  points  in  the  line 
of  the  axis  produced  ;  (2),  that  of  points  in  the  plane  bisecting  the 
axis  at  light  angles. 

185.  Direction. — If  a  magnet  is  placed  with  its  axis  along  the 
magnetic  meiidian,  the  position  of  equilibrium  of  a  magnetic 
needle,  whose  point  of  suspension  is  in  the  line  of  the  axis,  is  not 
altered  by  the  presence  of  the  magnet,  but  the  couple  requiied  to 
displace  it  through  a  given  angle  is  itirreased  if  the  magnet  is  in 
its  natural  position  (north  end  towards  magnetic  north),  but  is 
decreased  if  the  magnet  is  in  the  revei'sed  position  (north  end 
towards  magnetic  south).  In  the  latter  case,  the  position  of 
equilibrium  of  the  needle  may  be  reversed  if  the  magnet  is  too 
near.  This  proves  that  the  direction  of  the  field  of  a  magnet  at 
any  point  on  its  axis  produced  is  along  the  axis,  and  acts  in  the 
sense  of  a  line  drawn  from  the  south  pole  to  the  north  pole  of  the 
magnet. 

If  a  magnet  is  placed  as  before,  and  a  magnetic  needle  is 
suspended  so  that  the  line  joining  its  centre  with  that  of  the 
magnet  is  at  right  angles  to  the  meridian,  the  position  of  equilibrium 
of  the  needle  is  again  unaltered,  but  the  couple  required  to  displace 
it  is  decreased  when  the  magnet  is  in  the  natural  position  and 
iiicreased  when  it  is  in  the  reversed  position.  Hence  at  any  point 
in  the  plane  which  bisects  the  axis  of  a  magnet  at  right  angles  the 
field  due  to  the  magnet  is  parallel  to  the  axis,  and  acts  in  the 
sense  of  a  line  drawn  from  the  north  pole  to  the  south  pole  of  the 
magnet. 

186.  Intensity. — By  placing  a  magnet  at  right  angles  to  the 
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magnetic  meridian  at  various  distances  from  a  magnetic  needle, 
and  so  that  the  line  of  its  axis  passed  thi'ough  the  centre  of  the 
needle,  Gauss  found  that  the  tangent  of  the  deflection  of  the 
needle  from  its  position  of  equilibrium  could  be  represented  by  the 
formula 

tan  (^  =  -  +  -  +  -   +    .... 

where  r  is  the  distance  between  the  centre  of  the  magnet  and  that 
of  the  needle  and  A,  B,  C  .  .  .  .  are  constants.  In  proportion  as  r 
becomes  greater,  or  the  dimensions  of  magnet  and  needle  become 
smallei',  the  several  terms  of  this  seiies  become  unimportant  as 
compared  with  the  first.  Hence,  in  the  case  of  great  distances 
or  very  small  magnets,  the  expression  may  be  reduced  to  the  first 
term. 

We  have  already  seen  (182)  that,  in  such  a  case  as  that  here 
referred  to,  the  tangent  of  the  angle  of  deflection  of  the  magnetic 
needle  gives  the  ratio  of  the  field  at  the  point  of  suspeftsion  due  to 
the  magnet  to  that  due  to  the  earth.  Hence,  putting  h  for  the 
former  and  H  for  the  latter,  and  supposing  the  magnet  small, 
we  have 

h  =  Htand  ==  H^^. 

When  a  magnet  with  its  axis  at  right  angles  to  the  magnetic 
meridian  is  place<l  so  that  the  line  joining  its  centre  with  that  of  a 
magnetic  needle  coincides  with  the  meridian,  the  needle  is  deflected 
in  the  opposite  direction  to  that  in  the  case  last  considered,  but 
otherwise  the  result  follows  the  same  general  laws.  Distinguishing 
by  accents  the  symbols  that  apply  to  this  case,  we  may  therefore 
write 

4'        E' 
tan  ^'  =  ^1  +  ^-  +    .... 

or,  with  the  same  limitations  as  before, 

h'  =  Htixn  &  =  7/^'. 

These  results  may  be  stated  otherwise  by  saying  that  the 
products  r^  tan^  and  r^  tan^'  approach  to  constant  values,  here 
represented  by  A  and  A'  respectively,  as  the  distance  r  is  taken 
greatei-  and  greater,  or  as  tlie  dimensions  of  the  magnets  are 
diminished.  There  is  a  practical  difiiculty  about  determining  these 
values  by  making  the  distance  r  very  great,  namely,  that  tlie 
deflection  then  becomes  too  small  for  accurate  observation.     The 
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difficulty  can  be  avoided  by  making  obsei/vatioiis  at  two  or  more 
distances,  and  eliminating  the  constants  B,  C,  &c.,  the  distances 
then  require  to  be  only  moderately  great. 

Thus,  if  8^  is  the  deflection  when  the  magnet  is  at  a  distance  r^ 
and  6*.,  the  deflection  with  distance  rg,  we  have  the  two  equations 
n       A      B        1  4.       /Q        A      B 

^1         'l  '2         ^2 

whence,  by  eliminating  B,  we  get 

'"l^  —  T^^ 

With  one  and  the  same  magnet,  experiment  gives  the  relation 

A  =  2A',  whence  h  =  2h'  ; 
while,  for  different  magnets,  A  and  A'  are   proportional    to   the 
moments  of   the  magnets  as  measured  by  the  method  of  torsion 
(180)  or  otherwise. 

Putting  M  for  the  moment  of  the  magnet  employed  and  k 
for  a  constant  depending  on  the  vmits  of  metisurement,  we  may 
accordingly  sum  up  the  whole  discussion  by  writing 

h  =  -  2h'  =  /.•  -. 

or  in  words  :  the  intensity  of  tlie  field  due  to  a  magnet  is,  at  a  sufficient 
distajice  from  the  centre,  tivice  as  great  at  a  point  on  the  axis  as  at  an 
equal  distance  in  tJie  ^jlane  bisecting  the  axis  at  right  angles,  and  is 
further  ■proportional  to  the  magnetic  moment  of  the  magnet  and 
inversely  proportional  to  the  cube  of  the  distance. 

187.  Unit  Magnetic  Moment  and  Unit  Magnetic  Field. 

— Any  measurements  referred  to  in  preceding  sections  of  this 
chapter  involve  comparisons  only  of  magnetic  moments  and 
magnetic  fields,  and  whatever  quantitative  statements  have  been 
made  would  be  equally  valid  whatever  system  of  units  were 
adopted  for  these  magnitudes.  We  have  now  to  consider  how 
absolute  units  founded  on  the  C.G.S.  system  can  be  defined. 

It  has  been  stated  already  (179)  that  the  moment  of  the  couple 
required  to  displace  a  magnet  from  its  natural  position  of  equi- 
librium depends  jointly  upon  two  factors :  one,  which  we  have 
called  the  magnetic  moment  of  the  magnet,  characteristic  of  the 
magnet ;  and  the  other,  which  we  have  called  the  intensity  of  the 
earth's  magnetic  field,  depending  on  the  place  of  experiment  and 
the  magnetic  properties  of  the  earth. 

Denoting  these  factors  by  M  and  H  respectively,  we  may  say 
that  the  couple  i-equired  to  hold  a  magnet  of  moment  M  with  its 
axis  at  right  angles  to  the  direction  of  a  magnetic  field  of  intensity 
//  is  proportional  to  the  jjroduct  MH,  and  if  we  adopt  appropiiate 
units  for  the  two  factors,  we  may  say  that  the  couple  is  numerically 
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equal  to  this  product.     Taking  this  as  one  of  the  conditions  which 

the  unit  magnetic  moment  and  unit  of  field-intensity  must  satisfy, 

we  get  the  following  definition  : — 

Unit  magnetic  moment  is  the  moment  of  a  magnet  such  that  a 
couple  of  moment  unity  is  required  to  hold  it  with  its  axis  at 
right  angles  to  the  direction  of  a  'magnetic  field  of  unit 
strength  ; 

and  the  converse  definition  : — 

A  magnetic  field  of  unit  intensity  is  such  that  a  couple  of  unit 
moment  is  required  to  hold  a  magnet  of  unit  magnetic  moment 
with  its  axis  at  right  angles  to  the  direction  of  the  field. 

It  will  be  noted  that  these  two  definitions  ai'e  reciprocally 
dependent  on  each  other,  and  that  therefore  some  further  criterion 
is  required  to  enable  us  to  define  either  of  the  two  quantities  in 
question  without  reference  to  the  other.  This  is  supplied  by 
the  experimental  law  of  the  mutual  action  of  two  small  magnets 
which  was  discussed  in  the  last  section.     If  in  the  expression 

h  =  k  - 
r^ 

there  given  h  and  M  are  expressed  in  arbitrary  measure,  such  a 

value   must  be  given   to   the   factor   Ic  as  will   satisfy  the 

equation.     Reciprocally,  if  an  arbitrary  value  is   assigned 

to  k,  the  units  to  which  h  and  M  are  referred  must  be  such 

as  to  satisfy  the  equation.     The  units  we  shall  adopt  are 

those  determined   by  giving   to   the   factor  k  the  value  2. 

With  this  condition  the  relations  already  pointed  out  enable 

us  to  adopt  the  following  independent  definition  : — 

Jf  two  small  magnets  of  eawil  moment  are  placed  iciih  their 

axes  in  the  same  straight   line   and   their  centimes  one       I 

centimetre  cqxirt,  each  has  unit  magnetic  moment  if  a 

couple  of  moment  tiro  dyne- centimetres   is  required  to 

hold  the  axis  of  either  of  them  cd  right  angles  to  the 

common  ijiitial  direction  (Fig.  161);  Fig,  161. 

or  the  equivalent  definition  : — ■ 

If  two  small   magnets  of  equal  moment  are  placed  until 

their    centres    one    centimetre    apart    and    their   axes 

jMrallel  and  at  right  angles  to  the  line  joining  their 

centres,  each  of  them  has  unit  magnetic  moment  if  a 

couple  of  moment  one  dyne-centimelre  is   required  to 

hold,  the  axis  of  either  of  them  at  right  angles  to  the 

common  initial  direction  (Fig.  162).  Fig.  162. 
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With  regard  to  either  form  of  this  definition  it  is  to  be  obsei-ved 
that  neither  magnet  is  supposed  to  be  acted  on  by  any  other 
magnetic  field  than  that  of  the  other  magnet,  and  that,  the  unit  of 
distance  being  one  centimetre,  the  dimensions  of  the  magnets  must 
be  supposed  small  in  comparison  with  this  length.  The  definition 
as  it  stands  is  therefore  directly  applicable  only  to  magnets  of 
elementary  dimensions,  such  as  the  magnetic  molecules  of  which 
actual  magnets  may  be  regarded  as  being  built  up.  In  this  respect 
the  definition  is  comjmrable  to  that  of  the  electrostatic  unit  (15) 
which  presupposes  electrified  bodies  whose  dimensions  are  negli- 
gible in  comparison  with  one  centimetre. 

From  the  definition  of  unit  magnetic  moment  that  of  unit 
magnetic,  field  follows  at  once  and  need  not  be  further  discussed. 

Adopting  these  units  the  couple  on  a  magnet  in  a  uniform  field 
H  equals  MH  sin  6,  as  written  in  (179).  It  may  also  be  pointed 
out  that  the  units  above  defined  are  identical  with  those  which  are 
arrived  at  by  applying  to  the  action  of  magnetic  poles  the  law  of 
the  inverse  square  of  distance,  as  in  the  case  of  quantities  of 
electricity,  and  defining  the  unit  magnetic  pole  as  that  which 
exerts  in  air  a  force  of  one  dyne  on  an  equal  pole  at  a  distance  of 
one  centimetre. 

188.  Field  at  any  Point  due  to  a  Small  Magnet. — To 

determine  the  strength  of  the  magnetic  field  at  any  point  P  due  to 

a  small  magnet  with  its  centre  at 
o    and    its    axis    in    a    direction 
making  an  angle  a  with   op,   we 
may  replace  the  actual  magnet  of 
moment,    say    M,    by    two     com- 
ponent magnets,   one  of   moment 
M^  —  M  cos  a  with  its  axis  along 
OP,    and    the    other    of    moment 
M^  =  M  sin  a  with  its  axis  at  right 
angles  to  op:  then  the  field  at  p 
will  l)e  the  field  compounded  of  h^  the  field  due  to  the  first  com- 
ponent   magnet    and  \  dvie  to  the    second.      By  (187)  we    have, 
putting  r  for  the  distance  op — 

,       ^M,     ^M con  a      ,.1  J 

/<j  =  2— ^  =  2 —  acting  along  op,  and 

,       J/o     il/sina      ,.  .     •  1  4.         1      J. 

h^  =  — ?  = acting  at  right  angles  to  op. 

The  resultant  field  is  then 

M      r-. ^ ^^         M 


sjh-^  +  ^^2  ~  ^:z  \l^  ^^^'  "  +  ^i'^"'  "  =  .3  V^  ^'^^^  «  +  1. 
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Seeing  that  the  components  li^  and  //.,  act  respectively  along  op  and 
at  light  angles  to  it,  the  angle  4>  which  the  resultant  makes  with 
OP  is  given  by 

tan  <i  =  — 2  =  _  tan  a. 
^     \     2 

Putting  6  for  the  angle  between  h  and  the  axis,  the  only  direction 
directly  given,  the  figure  gives  at  once 

whence 

.       /]  _   tan  a  +  tan  <^         3  tan  a        3  sin  a  cos  a 
1  —  tan  a  tan  </>     2  —  tan^  a      3  cos-  a  -  1 
Also 

_  1  3  cos^  a  -  1 

cos  0  =  —  =  =  — =-  • 

^l  +  tan2  6'      73cos2a  +  l' 

.     ^  „  „      3  sin  a  cos  a 

sm  U  =  cos  6  .  tan  d  = 


J3  cos-  a  +  1 

These  values  of  cos  6  and  sin  9  give  us  at  once  the  components 
of  Iff  parallel  and  perpendicular  to  the  axis  of  the  magnet.  Calling 
these  h^  and  hy  respectively,  we  have 

h^  =  h  cos  9=  —  (3  cos2  a  -  1 ), 

hy  =  h  sin  9=    „  .  3  sin  a  .  cos  a. 

For  the  special  cases  where  a  =  0°  and  a  =  90°,  which  are  those 
referi'ed  to  in  (186)  and  are  known  as  Gauss's  Jirst  and  second 
principal  positions  respectively,  the  component  hy  vanishes.  These 
cases    will    be    referred    to    again    in    connection    with    magnetic 

measurements  (243).     The  component  h^  vanishes  when  cos  a  =  — p, 
or  a  =  54°  45'  nearly. 


CHAPTER  XVIII 

MAGNETIC   POTENTIAL 

189.  Magnetic  Potential. — It  will  facilitate  the  application 
of  the  results,  obtained  in  the  last  chapter  for  the  intensity  and 
direction  of  the  field  due  to  a  very  small  magnet,  to  determine  the 
effect  of  actual  magnets,  if  we  note  that  the  expressions  obtained 
can  all  be  derived  from  a  single  quantity  by  finding  its  rate  of 
decrease  in  the  direction  of  the  required  component.  The  quantity 
in  question  may  be  written 

M  cos  a 

and  in  order  to  derive  fi'om  it  the  value  of  any  reqnu'ed  component 
of  the  field  all  that  is  necessary  is  to  find  its  differential  coeflicient 
with  respect  to  the  direction  of  the  component,  and  to  invert  the 
sign.  This  is  the  process  whereby  the  component  in  any  direction 
of  an  electric  field  can  be  deduced  from  the  electric  potential. 
We  shall  therefore,  by  analogy,  call  the  above  quantity  the 
magnetic  potential  due  to  a  small  magnet  with  moment  M  at 
a  point  distant  r  centimetres  from  the  magnet  in  a  direction 
making  an  angle  a  with  the  magnetic  axis.  Using  for  shortness 
the  symbol  V  for  magnetic  potential,  and  denoting  as  before  the 
several  components  that  have  been  found,  we  leave  it  to  the  reader 
to  verify  the  following  results  : 


dV       M 

dV    M    . 

^         rda      r^ 

dV     M  ..       ,         ^, 

dV       M    . 

h^= --,—  =  3^  sm  a  cos  a, 

y          dy         r^ 

If  there  are,  in  the  neighbourhood  of  a  point  where  the  magnetic 
field  is  to  be  determined,  two  or  more  small  magnets,  the  com- 
ponent intensity  in  any  direction  is  the  algebraic  sum  of  the  com- 
ponents in  that  direction  due  to  the  magnets  taken  severally. 
Hence  the  general  expression  for  the  potential  at  a  point  may  be 
^^'itten  ^ilf  cos  a 

280 
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or,  in  the  case  of  a  continuous  distribution  of  magnetised  matter, 
such  as  we  suppose  to  constitute  an  actual  magnet, 

dM  cos  a 


i' 


where  clM  is  the  magnetic  moment  of  an  element  of  volume  of  the 

matter,  and  the  integration  is  to  extend  throughout  the  mass. 

190.  Intensity   of  Magnetisation. —  The  ratio  A  of   the 

magnetic  moment  of  a  magnet  to  its  volume  is  defined  as  the  mean 
intensity  of  magnetisation  of  the  magnet — 

V 

In  general,  if  equal  similar  and  similarly  oriented  parts  are  taken 
at  different  positions  in  a  magnet  this  ratio  varies  from  one  to 
another.  The  intensity  of  magnetisation  at  a  given  point  may 
be  taken  as  the  limiting  value  of  this  ratio  when  a  smaller  and 
smaller  volume  is  taken  so  as  always  to  include  the  point  in 
question :  that  is,  the  intensity  of  magnetisation  at  a  point  is 
given  by  ._^ 

dv ' 

For  the  whole  magnet  the  moment  is  the  sum  of  the  moments  of 
its  smallest  parts  resolved  parallel  to  the  resultant  axis  of  the 
magne  ,  oi  ^^^  r^  ^^^  ^  ^^^^^  ^  r^^  ^^^  ^  ^^ 

where  the  integration  extends  throughout  the  volume,  a  is  the 
cross-sectional  area  of  the  element,  ds  its  length,  and  0  is  the  angle 
which  the  direction  of  magnetisation  of  the  element  makes  with 
the  resultant  axis. 

191.  Value  of  Magnetic  Potential  in  Special  Cases.— We 

now  proceed  to  determine  the  potentiiil  in  a  few  typical  cases. 

(i.)  Lon<iitudinally  Magnetised  Thin  Rod. — Let  a  be  the  aren.  of 
cross-section    of    a    longitudinally  ^^^  p 

magnetised  rod  or  wire  (that  is,  a 
lod  or  wire  magnetised  so  that 
the  magnetic  axis  of  any  short 
piece  is  in  the  direction  of  its 
length),  the  volume  of  an  element 

of  length  ds  is  ads,  and  its  moment 

A    1     -c  i^  11  4-1  ^i<^-  l^'*- 

Aads,  ir,  as  we  shall  assume,  the 

magnetisation  is  uniform  for  the  whole  cross-section.    The  resulting 

potential  at  a  point  p  (Fig.  164)  at  distance  r  from  the  element 
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coDsidered,  and  in  a  direction  making  an  angle  a  with  the  axis, 

is  therefore 

-.T^     Aads  cos  a 
ciV= ^ . 

But  dscosa  =  dr,  consequently  the  potential  due  to  the  whole  rod  is 

the  integration  being  taken  from  one  end  to  the  other.     Now 

,    dr           ^  /Aa\     d  (Aa) 
Aa  -Ti-  =  -d       -  I  H ^ — ' : 


r- 


consequently,  using  suffixes  „  and  ^  to  refer  to  the  two  ends  of  the 
rod,  we  have 

i        ''^       »•<,  r^       i        r 

The  product  of  intensity  of  magnetisation  into  cross-section,  which, 
when  it  is  uniform,  gives  the  magnetic  moment  per  unit  of  length 
of  the  rod,  is  conveniently  called  the  magnetic  strevgtli  and  re- 
presented by  a  single  symbol.  Using  the  symbol  S  for  this 
quantity  we  may  write 

r„      r- 


'"i     Jo     r 


If  the  magnetic  strength  is  uniform,  the  third  term  of  this 
expression,  under  the  sign  of  integration,  vanishes,  and  S^  =  S^. 
Therefore,  omitting  suffixes,  we  have  then 

and  it  is  important  to  note  that  in  this  case  the  potential  depends 
only  on  the  magnetic  strength  and  on  the  positions  of  the  two 
ends  of  the  rod  ;  the  intermediate  parts  contribute  nothing  to  the 
potential.  It  will  be  recognised  that  this  expression  is  identical 
with  that  for  the  electrical  potential  at  a  point  due  to  equal 
opposite  electric  quantities  at  distances  r„  and  r^  respectively 
from  the  point.  We  might,  therefore,  by  analogy  interpret  S  as 
representing  a  "  quantity  of  magnetism  "  distributed  over  the  ends 

of  the  rod  with  surface-density  ^  =  -,  the  magnetism  being  positive 

at  one  end  and  negative  at  the  other. 

l^'or  the  intensity  of  the  magnetic  field  in  tlie  case  we  are 
considering  we  have  to  differentiate  T'  with  respect  to  r„  and  i\ 
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separately,  to  reverse  signs,  and  compound  by  the  parallelogram 
law  the  resulting  values  —  and  —  — .     The  result   is  again   the 

same  as  though  there  were  equal  opposite  electric  charges  of 
numerical  value  *S  in  the  positions  of  the  two  ends  of  the  rod. 
The  ends  then  appear  as  centres  of  magnetic  force,  and  this  is  the 
sense  often  attached  to  the  term  "  magnetic  pole,"  though,  as  we 
have  said,  it  is  only  in  quite  special  cases  that  the  magnetic  action 
of  a  magnet  can  be  treated  as  being  concentrated  at  definite  points. 
The  case  we  are  considering  is  one  in  which  the  idea  of  poles  in 
the  sense  mentioned  is  admissible  :  adopting  it  we  see  that  S  and 
—  S,  which  we  have  already  interpreted  as  quantities  of  magnetism, 
may  also  be  called  the  strengths  of  the  respective  j^mles.  This  agrees 
with  the  definition  of  magnetic  moment  often  given  as  the  product 
of  the  strength  of  one  pole  into  the  distance  between  the  poles. 

If  the  two  ends  of  a  uniformly  magnetised  rod  coincide,  that 
is,  if  the  rod  forms  a  closed  ring,  we  have  /•„  =  r^,  and  the  potential 
due  to  it  is  everywhere  zero.  It  follows  that  the  field  is  also  zero, 
that  is  to  say,  the  ring  is  without  any  action  on  external  magnets 
as  long  as  it  is  complete. 

In  general  the  intensity  of  magnetisation  of  a  cylindrical  or 
prismatic  magnet,  though  it  may  be  sensibly  uniform  over  some 
considerable  poition  of  the  length,  decreases  from  the  middle 
towards  each  end  ;  or  as  we  pass  from  end  to  end  in  the  same 
direction  S,  increases  at  first,  then  remains  nearly  constant,  and 
finally  decreases.  In  this  case  the  term  representing  the  integral 
of  dSjr  in  the  general  expression  for  the  potential  due  to  a  rod 
cannot  be  neglected,  but  consists  of  a  positive  part  and  a  negative 
part  corresponding  respectively  to  the  increase  and  decrease  of 
magnetic  strength.  The  corresponding  portions  of  the  rod  act 
as  though  they  were  covered  with  positive  or  negative  (north  or 
south)  magnetism  to  a  surface-density  proportional  to  the  rate  of 
variation  of  S.  Whether  one  end  or  the  other  behaves  as  the 
positive  end  depends  on  the  direction  of  magnetisation  which  can 
be  expressed  by  giving  the  appropriate  sign  to  S. 

(ii.)  Transversely  Magnetised  Plate,  or  Magnetic  Shell. — We  will 
consider  the  plate  as  made  up  by  the  juxtaposition  side  l)y  side  of 
a  great  numl^er  of  elementary  prisms  of  length  e  equal  to  the  thick- 
ness of  the  plate  and  of  cross-section  da,  where  da  is  an  element 
of  the  area  of  the  surface  of  the  plate  turned  towards  the  point  p 
where  the  potential  is  required.  We  suppose  the  elementary 
prisms  to  be  magnetised  longitudinally,  so  that  their  north  ends 
are  in  one  face  of  the  plate  and  their  south  ends  in  the  other. 
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Putting  A  for  the  intensity  of  magnetisation,  the  moment  of  a  prism 
is  represented  by  Aeda,  and  the  potential  due  to  it  by  Ae , 

r  being  the  distance  to  the  point  p,  and  a  the  angle  between  r  and 
the  magnetic  axis  of  the  elementary  prism  under  consideration, 
that  is,  the  angle  between  r  and  the  normal  to  the  shell.  If  we 
call  Ae  the  magnetic  strength  of  the  shell  (it  represents,  if  uniform, 
the  magnetic  moment  per  unit  of  area),  and  denote  it  by  the  single 

symbol  ^,  and  put  cIm  for — ,  which  represents  the  solid  angle 

subtended  at  p  by  the  elementai-y  area  da,  we  get  for  the  potential 
due  to  the  element  in  question 

dV=<i>dw. 
Supposing  the  magnetic  strength  constant,  the  total  potential  due 
to  the  shell  is  pr  _  [ipj^,)  ==  ^^j 

where  w  is  the  solid  angle  subtended  by  the  periphery  of  the  whole 

shell.  We  may  reckon 
the  potential  positive  if 
only  the  north  polar  face 
is  visible  from  the  point ; 
negative  if  only  the  south 
polar  face  is  visible. 

In  the  case  of  a  shell 
with  circular    contour,  it 

is  easy  to  calculate  the  potential  and  field  for  points  which  lie  on 

the  axis. 

Let  'P  be  the  strength  of  the  shell,  a  its  radius,  x  the  axial 

distance  of  a  point  p  from  its  centre  o,  0  the  plane  angle  which  the 

radius  of  the  circle  subtends  at  p ;  the  solid  angle  which  the  shell 

subtends  at  p  is  27r  (1  -  cos  d),  and  the  potential  at  p  is  therefore 
V=  27r  (1  -  cos  6)  *. 

Considerations  of  symmetry  show  that  the  field  at  p  is  directed 

along  the  axis ;  its  value  is  therefore 

-^^2.<l>'li^°i^=-2.<I>sin^^ 
dx  dx  dx 


Fig.  1G5. 


=  -27r* 


r^  =  2.4>^H^ 
dx  r 


=  Itt^  " 


If  the  shell  is  curved  so  that,  supposing  it  transparent,  one  part 
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would  be  visible  through  another,  opposite  faces  will  be  turned 
towards  the  point  by  these  parts,  and  they  must  therefore,  in 
calculating  the  solid  angle,  be  treated  as  cancelling  each  other. 

It  follows  that  the  potential  at  an  external  point  due  to  a  closed 
shell  is  zero.  At  an  internal  point  the  potential  due  to  such  a 
shell  is  ±  47r$,  the  sign  depending  on  whether  the  positive  or 
negative  face  is  inwards. 

There  is  no  field  either  inside  or  outside  the  shell,  since  the 
potential  has  a  constant  value  in  each  case.  If  the  north  polar 
face  is  outside,  the  potential  inside  is  —  47r$  and  outside  it  is  zero  : 
the  space-rate  of  change  of  the  potential  in  the  substance  of  the 

shell  is or  ^irA,   the   direction  of    decrease   being    from  the 

e 

outer  to  the  inner  surface.     We  have  no  right,  however,  to  assert 

that  this  is  a  measure  of  the  magnetic  field  in  the  substance  of  the 

shell,   for   our   definition   of   magnetic   field   was   in   terms   of   the 

turning-moment  on  a  magnet  placed  m  air.     It  will  be  shown  later 

(198)  that  it  represents  only  a  part  of   the  total  field  within  the 

magnet.      Lord  Kelvin  has  called  it  the  magnetic  force  according 

to  the  polar  definition  :  we  shall  call  it  simply  the  p(jlar  field  of  the 

magnet. 

(iii.)    Uniformly  Magnetised    Circular    Cylinder. — The    field    at 


p_a_ 

Fig.  1G(;. 

any  point,  p,  on  the  axis  of  a  circular  cylinder  may  be  found 
as  follows : — The  action  of  the  cylinder  at  Q  (distant  dx  from  p) 
is  the  same  as  it  would  be  at  p  if  the  cylinder  were  moved  aivay 
through  a  distance  dx  (Fig.  166).  This  movement  is  equivalent  to 
removing  a  shell  of  thickness  dx  from  the  near  end  and  adding  an 
equal  shell  to  the  more  distant  end.  Therefore  the  potential  at  q 
must  be  less  than  that  at  P  by  the  amount  Adx  [w^  -  w.,)  where  oj^ 
and  0^2  are  the  solid  angles  subtended  at  P  by  the  near  and  distant 
ends  respectively.  The  magnetic  field  is  the  rate  of  decrease  of 
potential  and  is  consequently  A{o)-^  —  w„)  =  Alir  (cos  6^  —  cos  6^. 

The  same  result  is  obtained  by  considering  the  cylinder  as  a 
bundle  of  straight  filaments  with  their  ends  on  the  ends  of  the 
cylinder.      If  da  is  the  area  of  cross-section  of  any  one  of  these,  its 

potential  at  p  is  Adai—  —  —  Where  r.^  and  r.,  are  the  distances  of 


I 
_ i_ 
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its  ends  from  p.      The  field  of  this  element,  obtained  in  the  way 

described  in  191  (i-),  is  — ^    in  the  direction  of  r^   together  with 

Ada/r.^"  in  the  negative  direction  of  r.^.     The  components  of  these 
in  the  direction  of  the  axis  are 


Ada  cos  y,         ,         Ada  cos  -y„ 
^ — —    and    — ^ — ~ 


where  y^  and  y^  are  the  angles  between  the  axis  and  r^  and  ?-^, 
respectively.  The  factor  of  A  in  each  of  these  expressions  is  the 
solid  angle  subtended  at  p  by  the  corresponding  end  of  the  filament ; 
consequently  we  find  the  effect  of  all  the  filaments  by  replacing  each 
of  these  elementary  angles  by  the  total  solid  angles  which  the  ends 
of  the  cylinder  subtend.  Thus  the  axial  component  of  the  field  is 
A{io^  —  w.,)  and  since  the  normal  components  cancel  each  other  in 
pairs  the  result  is  in  agreement  with  that  previously  obtained. 

If  p  be  close  to  the  end  of  the  cylinder  0^  =  7r/2,  or  cos  9^  =0, 
and  the  field  is  2TrA  cos  6^  ;  which,  when  the  other  end  is  at  an 
infinite  distance,  becomes  27rA. 

If  two  such  long  equally  magnetised  cylinders  be  placed 
coaxally  and  nearly  in  contact  with  one  another,  the  field  in  the 
gap  between  them  is  either  iirA  or  zero,  according  as  they  are 
magnetised  in  the  same  or  in  opposite  directions.  If  they  are  not 
infinitely  long,  then  an  allowance  must  be  made  for  the  solid 
angles  subtended  by  the  distant  ends. 

The  effect  of  these  ends  might  also  be  got  rid  of  by  bringing 
them  into  coincidence,  as  might  be  done  by  bending  the  cylinders 

round  without  displacing  the  two  ends 
which  face  each  other  across  the  gap. 
We  thus  see  that  the  field  in  tlie 
air-gap  formed  by  cutting  out  a  thin 
slice  from  a  uniformly  magnetised 
anchor  ring,  as  shown  in  Fig.  167, 
must  likewise  have  the  value  iirA. 

This  result  is  also  arrived  at  by 
observing  that  a  complete  anchor- I'ing 
has  zero  potential  and  field  every- 
where, since  it  consists  of  closed  fila- 
ments ;  cutting  a  thin  gap  across  it 
is  equivalent  to  removing  a  magnetic  shell ;  consequently  the 
potential  due  to  the  remainder  is  the  same  as  that  due  to  the 
shell,  but  with  sign  reversed.  If  the  thickness  of  the  gap  is  e, 
the  average  field  in  the  gap  is  iir^/e  where  ^/e  =  A. 


Fig.  167. 
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(iv.)  Assemblage  of  a  large  number  of  Small  Magnets  ivitJi  Axes 
indiscriminately   directed.  —  If    dAI  is    the    moment    of    a    single 

magnetic  particle,  the  potential  due  to  it  is  - — _^  '    •     The  angle  a 

may  have  any  possible  value,  and  cos  a  will  therefore  be  on  the 
average  as  often  positive  as  negative,  and 
consequently  will  cancel  in  the  sum.  This 
case  corresponds  with  the  supposed  consti- 
tution of  an  unmagnetised  mass  of  iron  or 
steel.  The  potential  due  to  it  is  everywheie 
zero. 

(v.)  Tlmi  Sjjlierical  Shell  uniformly  mag- 
netised as  to  Intensity  and  Direction. — (a)  At  an 
internal  point.— \tet  v  (Fig.  168)  be  the  point 
where  the  potential  is  to  be  found  :  tlirough 
p  draw  any  straight  line  meeting  the  shell  at 
Q  and  q',  and  consider  the  potential  due  to  the 
corresponding  elements  of  volume  dv  and  dv 
subtending  the  same  small  solid  angle  at  p.  Suppose  the  direction 
of  magnetisation  represented  by  the  arrow-headed  lines  thi'ough 
Q  and  q'.  These  lines  being  parallel,  the  angles  a  and  a'  which 
they  make  with  qq'  are  supplementary,  and  cos  a=  —cos  a'.     Then 

the  potential  due  to  the  element  dv  at  Q  is  Adv and  that  due 

PQ- 

But,  since  they  subtend 


Fig.  168. 


to  the  element  do    at  q'  is  —  Adv 
the    same    solid    ani^le    at    P 


PQ 


dv  and  dv  are  to  each  other  as 
pq'-^  :  pq"^.  Consequently  the 
contributions  of  these  two 
elements  to  the  total  poten- 
tial at  p  are  equal  and  oppo- 
site, and  as  the  whole  shell 
can  be  exhaustively  divided 
up  into  similar  pairs  of 
mutually  compensating  ele- 
ments, the  total  potential  at 
any  internal  point  is  zero. 
As  the  potential  is  uniform 
throughout  the  interior,  there 
is  no  magnetic  field, 
(b)  At  an  external  j/oint. — Let  o  (Fig.  169)  be  the  centre  of 
the  spherical  shell,  II  its  radius,  and  dR  its  thickness.  Let  the 
external   point   be  p,   and  on   op  take   Q   such  that  op  .  OQ  =  li-. 
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Through  Q  draw  a  straight  line  meeting  the  shell  in  k  and  l,  and 

let  the  uniform  direction  of  magnetisation  be  parallel  to  MN.      For 

shortness  we  will  adopt   the   following  notation  :    po  =p^   qo  =p' ; 

PK  =  r,   QK  =  r  ;    pl  =  s,   ql  =  s.     Further,   we   will   call   the   angle 

between  r  and  mn,  a,  that  between  s  and  mn,  /^,  the  angle  pon, 

y,  and  the  angle  opk  and  the  equal  angle  opl,  6.     The  two  angles 

at  p  are  respectively  equal  to  the  angles  at  the  base  of  the  isosceles 

ti-iangle  kol,  and  therefore  equal  to  each  other.    (Compare  Fig.  17.) 

Consider  the  potential  at  p  due  to  an  element  of  the  shell  at  k 

subtending  at  Q  the  small  solid  angle  Jw :   the  volume  of  this  is 

r'2  dio  dR         1  ^1  ...  .  ,  .      ,        p 

and  the  resulting  potential  at  p  is  therefore 


cos  6 


dV=A'^-^dRdw. 

T-   COS  6 


The  geometry  of  the  figure  gives  r'-jr-  =  R'jp-,  consequently 

dV=A  ?L^.S^dRdu>. 
j)^  cos  tf 

Similarly  the  potential  at  p  due  to  the  corresponding  element  of 

the  shell  at  l  is  equal  to 

.  s'2  COS  /3  , „   ,        .  R^  COS  f3  j„  J 

A  — dR  do)  =  A  —  —   dR  dio. 

s'^  COS  d  p-  COS  6 

But  the  angle  a  =  y  +  6,    and    the   angle  f3  =  y-6;    therefore   the 

potential    at    P    due    to    these    two    elements   of    the    shell    taken 

together  is 
'^  2  A  R^dR  , 

cos  y  d(o. 

p- 

Seeing  that  this  expression  gives  the  effect  of  a  pair  of  elements 
on  opposite  sides  of  q,  we  shall  get  the  potential  due  to  the  whole 
shell  by  integrating  dw  on  one  side  of  a  plane  through  q  per- 
pendicular to  OP.     This  gives 

F=47r.-1  i^2r7i?— -I. 

p- 

But  iwR-dR  is  the  volume  of  the  shell,  and  the  product  of  this 
into  A,  the  intensity  of  magnetisation,  gives  the  magnetic  moment, 
ili,  of  the  shell.     Therefore  the  potential  may  be  written 

F=il/^ 

p- 

which  is  the  expression  for  the  potential  at  p  due  to  a  magnet 
at  o  of  infinitesimal  size  but  finite  moment,  M,  the  axis  of  which 
makes  an  angle,  y,  with  op. 
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Since  a  uniformly  magnetised  sphere  may  be  regarded  as  being 
built  up  of  concentric  spherical  shells,  to  each  of  which  the  above 
expression  would  apply,  we  see  that  if  we  take  M  as  standing  for 

the  magnetic  moment   of    the   sphere   (J/=  J. .  -  tt  i?^),   the    same 

formula  will  represent  the  potential  due  to  the  sphere. 

For  a  point  on  the  surface  of  a  uniformly  magnetised  sphere 
the  potential  becomes 

A  .  -TT  R  COS  y, 

since  in  this  case  p  —  R.     The  potential  varies  from  A  .  -  it  R,  or 

o 

-=-,  at  the  positive  end  of  the  axis  to  —  A  .     tt  72  or  -  —  ,  at  the 
R^  ^  3  R?' 

negative  end  of  the  axis,  and  is  zero  in  the  equatorial  plane. 

At  a  point  within  the  mass  of  a  uniformly  magnetised  sphere, 

the  potential  due  to  the  part  at  a  greater  distance  from  the  centre 

than  the  point  is  nothing,  and  the  whole  value  is  that  due  to  the 

sphere  whose  radius  is  equal  to  the  distance  of  the  point  from  the 

4 
centre.      The  potential,   say  -  tz  r  A  cos  y,  is  thus  directly  as  the 

distance  of  the  point  from  the  centre. 

Tlie  Magnetic  Field  due  to  a  Uniform  Sj^lierical  Magnet. — (a.)  At 
an  internal  point. — Take  the  centre  as  origin  of  rectangular  co- 
ordinates, and  take  the  direction  of  magnetisation  as  axis  of  x. 
Then  r  cos  y  —  x,  and  we  may  wi^ite  for  the  potential  at  the  point 

V=^TrxA. 
3 

The   equipotential   surfaces  are   therefore  a   series  of   equidistant 

planes  perpendicidar  to  the  magnetic  axis  ;  the  polar  field  within 

the  sphere  is  therefore  uniform,  and  directed  parallel  to  the  axis 

of  magnetisation  in  the  negative  sense.     This  is  also  expressed  by 

the  formuljB 

dV        4      ,  dV     „  dV     . 

---=--7r.4,      ___=0,       ___  =  0. 
ax  6  dy  dz 

(b.)  At  an  external  j^oint. — Externally  the  magnet  acts  like  an 

infinitesimal  magnet  of  moment  ^tt  R^  A  at  the  centre.     The  field 

o 

due  to  it  is  therefore  given  by  the  formuhe   already  deduced  in 

(188).     The  same  results  may  also  be  deduced  by  differentiating 

the  expression  for  the  potential. 

T 
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Fig.  170. 


(vi.)  EUipsoid  of  Revolution. — It  is  only  in  rare  cases  that 
uniformity  of  internal  field,  as  in  the  above  example,  is  a  conse- 
(|uence  of  uniformity  of  magnetisation. 

It  can  be  shown  to  be  so  also  in  the  case  of  an  ellipsoid  of 

revolution  magnetised  uni- 
formly in  the  dii'cction  of  its 
axis  of  revolution  (Fig.  170). 
Calculation  shows  that  the 
polar  field  at  intei'nal  points 
due  to  the  magnetisation  may 
be  expressed  by  F=  -PA, 
P  being  a  coefficient  which 
depends  only  upon  the  ratio  of  the  axes,  and  which  is  smaller  as 
the  ellipsoid  is  more  elongated.  When  the  axis  of  revolution  a  is 
much  greater  than  the  equatorial  diameter  h  the  value  of  P  is 

given  approximately  by  P^^tt  —^  O^g-^ —  1). 

For  a=^\00h  and  a  =  500^v  (where  a  and  h  are  the  lengths  of  the 
axes)  calculation  gives  respectively  P^  0-0054  and  O'OOOS, 

192.  Line-Integral  of  Polar  Field.— Since  the  value  of  the 

polar  field  at  a  point  is  obtainable  from  the  space-rate  of  decrease 
of  the  potential,  it  follows  that  conversely  we  may  calculate  the 
change  in  potential  between  any  two  points  if  we  know  the  values 
and  directions  of  the  polar  field  everywhere  along  any  path  con- 
necting them. 

Or  symbolically,  since       „  _      dV 

dx 
-\dV=\H,dx=\H cos  6 dx 

where  H  is  the  polar  field,  6  the  angle  its  direction  makes  with 
the  path,  and  H^  its  component  in  the  direction  of  the  element  of 
the  path  dx.  Such  an  integral  is  known  as  a  line-integral  ;  it  may 
assist  the  reader  if  we  point  out  that  if  H  were  a  mechanical  force, 
the  value  of  the  integral  would  represent  the  work  done  by  it 
while  the  body  upon  which  it  acted  moved  between  the  same  two 
points. 

Since  if  we  return  to  the  stai'ting-point  the  change  in  the 
potential  is  zero,  it  follows  that  the  line-integral  of  polar  field 
taken  along  any  closed  path  is  zei'o  to  whatevei'  distribution  of 
magnetised  bodies  it  may  be  due.  We  shall  see  later  (265)  that  it 
is  possible  to  produce  a  magnetic  field  for  which  the  line-integral 
taken  rouml  a  closed  path  is  not  zero. 

193.  Gauss's  Theorem— Lines  of  Field. — The  value  of  the 

potential  of  a  very  small  magnet,  viz.,  ^^^ — ./ —  (189),  is  the  same 
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as  if  we  supposed  the  magnet  to  consist  of  two  equal  and  opposite 
magnetic  charges,  obeying  Coulomb's  Law  of  Force,  and  of  such  a 
magnitude  that  the  magnetic  moment  equals  the  strength  of  the 
positive  charge  into  the  distance  between  the  two.  Since  this  is 
so,  it  follows  that  all  the  theorems  which  were  established  in 
Chapter  V.  in  respect  to  electric  force  will  be  true  also  for  polar 
field.  Thus,  if  a  closed  surface  be  drawn  embracing  the  magnet, 
the  total  outward  normal  component  of  field  will  be  zero,  since  the 
algebraic  sum  of  the  charges  inside  is  zero.  This  will  still  be  so 
however  many  magnets  may  be  inside  the  closed  surface ;  and  also 

C 


if  the  magnets  lie  entirely  outside  the  surface.  If,  however,  the 
surface  be  drawn  so  as  to  enclose  an  unequal  number  of  positive 
and  negative  charges — for  example,  if  in  the  case  of  the  uniformly 
magnetised  filaiuent  (191,  i.)  it  surrounds  only  one  of  its  ends — then 
the  total  outward  normal  field  is  47r  multiplied  into  the  algebraic 
sum  of  the  charges  enclosed.  It  also  follows  from  the  considera- 
tions in  (22)  that  the  field  may  be  represented  everywhere  by 
means  of  lines,  the  interpretation  of  which  exactly  corresponds  to 
that  of  lines  of  electric  force.  We  shall  call  them  lines  of  polar 
field. 

For  a  thin  uniformly  magnetised  filament  (191,  i-)  the  linos  are 
as  shown  in  Fig.  171. 
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They  are  considered  as  proceeding  in  the  positive  direction  of 
the  field  {i.e.  from  the  north  to  the  south  end).  The  potential  at  a 
point  distant  ?\,  from  the  north  end  and  r^  from  the  south  is  given 
by  the  formula  ^y       r, 

The  equipotential  surfaces  are  obtained  by  giving  successively 
to  V  the  values  1,  2,  3,  .  .  .  These  surfaces  are  closed  ovoids 
surrounding  each  "pole";  they  become  more  and  more  nearly 
spherical  as  we  get  nearer  the  poles.  All  those  which  correspond 
to  positive  potentials  surround  the  north  end;  those  which  corre- 
spond to  negative  values  surround  the  south  end.  They  are 
separated  by  a  plane  of  symmetry  CD  at  potential  zero.  The  lines 
produced  by  the  intersection  of  these  surfaces  by  a  plane  contain- 
ing the  axis  are  everywhere  perpendicular  to  the  lines  of  the  field 
traced  in  this  plane. 

An  equation  characterising  the  lines  of  field  due  to  any 
number  of  poles  of  given  strength  situated  in  a  straight  line  can 
be  found  as  follows  :  let  m^,  m^,  ...  be 
the  strengths  of  poles  situated  respec- 
tively at  the  points  Qj^,  Q.^  .  .  .  ;  and  let 
P  (Fig.  171a)  be  a  point  in  the  field  ; 
then  the  forces  exerted  on  a  unit  of 
magnetism  at  p  by  the  sevei-al  poles  act 
along    Q^p,    QgP   .  .   .  and    if    we    denote 

these  distances  by  r^,  r.^  .   .  .  the  respective  forces  are  — ttj    —-^ 

1  2 

.  .  .  Suppose  p'  to  be  a  point  very  near  p  on  the  line  of  the  resultant 
force  through  p,  and  let  the  angles  which  i\,  r.^  .  .  .  make  with 
Q^Q.„  the  line  of  the  poles  be  aj,  a^,  .  .  .  :  then  the  projection  of 
pp'  on  a  line  at  right  angles  to  i\  is  r-^da^  and  therefore 

__i.r6?aj  =  — ^cU, 
r  r-t       1 

is  the  moment  about  p'  of  the  force  through  p  due  to  the  pole  ?»p 

Similarly  -^^^Ha.,  is  the  moment  about  the  same  point  of  the  force 
r„ 

through  p  due  to  the  pole  m.^,  and  so  on  for  any  other  poles.     Hence 

Ihda,^  +^da,+    ...    =0. 

But  )\  sin  a^  =  r^  sin  a,,  =    .   .   .   ;  therefore,  multiplying  the  several 
terms  of  the  last  expression  by  these  equal  quantities,  we  have 
^  As  the  figure  is  drawn  da.^  would  be  of  opposite  sign  to  c^aj  and  da.,. 
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m^  sin  a^da^  +  ii^  sin  a^Ja^  +    •    •   •    =0, 

whence,  by  integration, 

m.-^  cos  a^  +  wi,,  cos  a,,  +    ...    =  constant. 

As  a  special  case,  suppose  that  there  are  only  two  poles  and  that 
they  are  equal  and  opposite  :  we  then  get 

cos  a^  —  cos  a,)  =  constant  =  N 

as  the  equation  characterising  the  lines  of  field  due  to  a  uniformly 
magnetised  linear  magnet.  From  this  equation,  it  is  not  difficult 
to  deduce  a  practical  method  for  drawing  the  lines  of  field  for  the 
case  supposed,  which  is  that  of  Fig.  171.  This  figure  is  to  be 
interpreted  as  a  section,  by  the  plane  of  the  paper,  of  a  figure 
of  revolution  about  the  axis  ab  or  SN.  To  determine  the  value  of 
the  constant  N  for  a  given  line  of  field,  we  may  consider  the 
point  where  this  line  cuts  the  plane  CD  which  bisects  SN  at 
I'ight  angles.     For  any  such  point,  cos  aj  =  -  cos  a.,,  and  therefore 

iV^  =  cos  fx,  -  cos  a.,  =  2  cos  a,  =  —  ,  if  21  is  the  distance  of  the 

poles  SN  and  y  is  the  perpendicular  distance  from  SN  to  the  point 

where  the  line  in  question  cuts  the  plane  CD. 

For  two  unequal  poles  of  opposite  sign,  the  general  expression 

becomes  ,7- 

m^  cos  a^  -  m^  cos  a^  =  JS. 

Fig.  26  (37)  gives  the  lines  of  field  and  equipotential  lines  for 
the  case  where  m^  =  20  and  vi.2  =  -  5. 

194.  Influence  of  the  Medium. — We  must  now  inquire  into 
the  effect  that  will  be  produced  by  changing  the  medium  surround- 
ing a  magnet  from  being  air,  or  other  non-magnetic  substance,  as 
has  tacitly  been  assumed  in  the  preceding  sections,  to  a  magnetis- 
able  medium  which  will  itself  become  magnetised  by  influence. 
The  result  may  be  most  easily  obtained  by  considering  an 
anchor-ring  magnet  with  a  thin  gap  in  it  (Fig.  167).  If  the 
magnetisation  of  the  ring  is  A■^  we  have  seen  that  the  field  in  the 
gap  is  47r^^  where  the  magnet  is  surrounded  by  air.  Replace  the 
air  by  any  medium,  such  as  a  solution  of  ferric  chloride  ;  this  will 
become  magnetised  by  the  influence  of  the  ring-magnet  :  let  the 
intensity  of  magnetisation  of  the  portion  in  the  gap  become  A^^ 
The  introduction  of  the  liquid  into  the  gap  is  equivalent  to  adding 
a  magnetic  shell   of   this  degree  of  magnetisation,   and  the  polar 
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field  in  this  shell  due  to  its  magnetisation  is  — iTr^.,.  We  must 
add  this  to  the  field  due  to  the  ring-magnet  in  order  to  obtain  the 
total  polar  field,  the  value  of  which  therefore  becomes  iir  (A^  -  A 2). 
The  polar  field  in  the  gap  is  therefore  diminished  by  inserting  any 
substance  which  becomes  magnetised  in  the  same  direction  as  the 
ring-magnet.  We  shall  find  the  relation  between  A-^  and  A^  in  the 
next  chapter. 

195.  Energy    of   a    Magnet    in   a    Uniform    Magnetic 

Field. — As  we  have  seen  (179),  a  magnet  of  moment  31  in  a  field 
of  intensity  H  is  subject  to  a  couple  tending  to  make  the  dii'ection 
of  its  axis  coincide  with  that  of  the  field ;  also,  that  the  moment 
of  the  couple  is 

iMH  sin  6, 

if  6  is  the  angle  between  the  two  directions.  If  the  magnet  be 
turned  so  as  to  increase  the  angle  0  by  the  small  amount  (W,  work 
must  be  done  against  this  couple  equal  to 

MH  sinOcW  =  -  MH  d{co&6). 

Consequently  if  the  magnet  be  turned  from  a  position  in  which  9 
has  the  value  6^  to  one  in  which  it  has  the  value  6^,  work  is  done 

and  the  magnet  gains  an  equal  amount  of  potential  energy.  For 
example,  if  the  initial  position  be  that  of  stable  equilibrium 
(0^  =  (i\  and  the  final  position  be  the  reverse  position,  correspond- 
ing to  a  rotation  of  the  magnet  through  two  right  angles  (6^  =  180°), 
the  energy  of  the  magnet  is  increased  by  2MH. 

196.  Case  of  a  Non-Uniform  Field. — The  behaviour  of  a 

magnet  in  a  imiform  magnetic  field  suggests  that  the  action  may 
be  expressed  by  saying  that  the  product  MHcosO  tends  to 
become  as  great  as  possible,  and  that  the  rate  of  increase  of  this 
quantity  measures  the  rate  of  loss  of  potential  enei'gy  by  the 
magnet.  When  the  field  is  uniform  a  change  of  value  in  this 
product  can  result  only  from  a  variation  of  the  angle  0,  the  value 
of  the  cosine  being  greatest  when  0  —  0.  In  a  non-uniform  field, 
however,  that  is,  in  a  field  where  H  has  different  values  at  different 
points,  the  product  may  also  vai-y  with  motion  of  the  magnet  from 
one  part  of  the  field  to  another.  In  such  a  case  it  is  found  that  a 
magnet  is  not  only  subject,  as  in  a  uniform  field,  to  a  couple  tend- 
ing to  set  the  axis  along  the  direction  of  the  field,  but  that  in 
general  it  is  acted  on  also  by  a  force  of  translation  urging  it  in  the 
direction  of  increasing  intensity  of  field. 
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For  example,  if  two  bar  magnets  are  placed  near  each  other 
and  are  each  free  to  move,  they  will  place  themselves  in  contact 
side  by  side  with  opposite  ends  in  the  same  direction ;  two  plane 
magnetic  shells  will  place  themselves  with  the  south  face  of  one  in 
contact  with  the  north  face  of  the  other.  In  both  these  cases  the 
position  of  equilibrium  is  that  in  which  the  relative  potential 
energy  of  the  magnets  is  zero,  and  the  expression  MH  cos  6  lias  a 
maximum  value  for  each. 

To  estimate  the  magnitude  of  the  force  acting  in  such  cases  we 
have  to  find  the  rate  of  decrease  of  energy  corresponding  to  the 
motion  of  translation.  For  this  purpose  it  is  natural  to  assume 
that  the  change  of  energy  due  to  motion  in  a  non-uniform  field  is 
measuied  by  the  inverse  change  in  the  value  of  the  quantity 
MH  cos  9,  as  we  have  seen  that  it  is  in  the  case  of  motion  in  a  uni- 
form field.  From  this  point  of  view  we  may  say  that  the  translatory 
force  acting  on  a  magnet  in  any  direction,  x,  is  given  by  the  rate  of 
loss  of  energy — or  by  the  rate  of  increase  of  the  product  MH  cos  6 
— corresponding  to  motion  in  that  direction.  That  is,  we  may 
write  for  the  force 

/=  M  cos  6  '— . 
ax 

In    general    the    action    of    a    magnetic    field  on  a   magnet    is 

represented  by  a  couple,  MH  -—— —  =  -  MH  sin  0,  and  a  force  : 

the  couple  being  pi'oportional  to  the  intensity  of  the  field,  while 
the  force  is  proportional  to  the  space-i'ate  of  variation  of  the  field, 
and  accordingly  vanishes  when  the  field  is  uniform. 

We  have  seen  (188)  that  the  field  at  a  distant  point  due  to  a 
small  magnet  of  moment  M  is  71//?'^  multiplied  by  a  numerical 
factor  depending  on  the  direction  of  r.  It  follows  that  the  couple 
exerted  by  one  small  magnet  upon  another  is  proportional  to  the 
inverse  ruhe  of  the  distance  between  them,  but  that  the  foi'ce 
tending   to   cause   mutual   displacement  in   any   direction    is   pro- 

dr~^  dr 

portional  to  -     —  =  -  3;'~"* — ,  that  is,  to  the  inverse   fourth  power 
dx  dx 

of  the  distance.     The  force  thus  decreases  very  rapidly,  and  may 

become  insensible  at  a  distance  where  the  couple  is  still  appreciable. 

The  force  urging  a  bit  of  iron,  or  other   magnetic    material, 

towards  the  pole  of  a  magnet  presented  to  it,  is  an  example  of  the 

tendency  of  a  magnet  to  move,  in  a  magnetic  field,  in  the  direction 

of    increasing    intensity    of    field,  for  the    bit    of    iron  becomes  a 
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magnet  for  the  time  being.  In  such  a  case,  the  force  urging  the 
iron  towards  the  magnet  increases  with  diminution  of  distance 
even  more  rapidly  than  the  field,  for  the  magnetisation  of  the  iron 
increases  with  the  strength  of  the  field  and  therefore  both  factors 
of  MH  become  greater  simultaneously. 

"We  shall  see  later  (220),  that  diamagnetic  bodies  tend  to  move 
from  the  stronger  to  the  weaker  parts  of  the  field,  and  are  theiefore 
aj)parently  repelled  by  a  magnetic  pole. 


CHAPTER   XIX 
MAGNETIC   INDUCTION 
197.  Field  inside  a  Magnet— Magnetic  Induction.— We 

have  defined  the  polar  field  of  a  magnet — both  within  and  around 
it — to  be  the  field  calculated  from  the  magnetic  potential.  We 
have  no  right  to  assert  that  this  process  will  give  the  actual  field 
in  the  magnet — as  we  have  already  pointed  out.  We  shall  now 
examine  the  matter  further.  A  magnet,  according  to  modern  con- 
ceptions, consists  in  an  assemblage  of  molecules  each  of  which  is 
itself  a  magnet ;  and  the  resultant  magnetic  effect  of  the  whole  is 
due  to  the  more  or  less  complete  alignment  of  these  elements  (174). 
We  shall  consider  the  space  round  each  of  these  molecules  to  be 
non-magnetic,  that  is  to  say,  to  difi:'er  in  no  essential  respect  from 
the  medium  (air)  outside  the  magnet.  The  magnetic  field  in  these 
interspaces  could  therefore  be  calculated  without  ambiguity  in 
terms  of  our  definition  of  the  magnetic  field  hi  air,  provided  we 
knew  the  magnetic  moment,  shape,  and  position  of  each  of  the 
molecular  magnets,  or  provided  we  could  find  experimentally  the 
turning-moment  on  a  minute  standard  magnet  placed  at  the  point 
in  question.  Although  this  is  impossible  experimentally,  there, 
is  no  theoretic  difiiculty  involved  in  the  conception.  Now  our 
knowledge  of  the  field  round  actual  magnets  makes  clear  that  this 
internal  field  must  vary  very  lapidly  from  point  to  point.  Con- 
sidering its  value  at  any  point  as  the  resultant  effect  of  all  the 
molecules,  we  may  separate  this  value  into  two  parts  :  there  is 
the  part  contributed  by  the  molecules  in  the  immediate  neigh- 
bourhood of  the  point,  and  the  part  contributed  by  the  more  distant 
molecules.  The  rapid  fluctuations  from  point  to  point  of  the  field 
are  due  to  the  former ;  the  effect  of  the  latter,  on  account  of  their 
greater  distances,  being  much  more  uniform.  This  more  uniform 
portion  is  what  we  have  called  the  ^Mjlar  field  at  the  point.  That 
this  is  so  may  be  ascertained  by  the  following  considerations  applied 
to  a  uniformly  magnetised  bar.  We  regarded  the  potential  at  a 
point  inside  the  magnet  as  being  the  sum  of  the  potentials  due  to 
the  uniformly  magnetised  filaments  of  which  the  bar  may  be  built 
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up,  the  potentials  due  to  these  depending  only  upon  theix'  ends. 
Now,  if  we  leave  out  of  consideration  the  particulai'  filament  which 
passes  through  the  point,  or,  what  comes  to  the  same  thing,  if  we 
suppose  it  replaced  by  air,  the  value  of  the  field  in  the  air-gap 
so  formed  may  be  found  by  differentiating  the  potential  arising 
from  the  remaining  filaments.  But  if  the  filament  so  left  out  of 
account  has  a  cross-section  comparable  with  only  a  small  multiple 
of  the  dimensions  of  a  molecule,  its  omission  will  not  make  any 
sensible  difi^erence  in  the  calculated  value  of  the  field  ;  at  the  same 
time,  it  is  clear  that  its  omission  is  equivalent  to  leaving  out  of 
consideration  the  very  molecules  which  must  be  most  effective  in 
producing  the  actual  field  in  their  neighbourhood.  Thus  what  we 
have  defined  as  the  polar  field  at  a  point  in  the  magnet  cannot  in 
every  case  be  the.  actual  field  there.     Moreover,  while  our  experi- 


mental methods  remain  as  coarse  as  they  are,  the  actual  value  is 
altogether  beyond  our  I'each. 

198.  Magnetic  Induction. — But,  as  we  shall  now  proceed  to 
show,  its  average  value  over  any  cross-section,  large  compared  with 
the  magnitude  of  a  molecule  though  small  compared  with  the 
magnet  itself,  can  be  found  both  experimentally  and  theoretically. 
We  shall  call  this  avei'age  value  the  magnetic  influciion. 

It  has  been  shown  (193)  that  the  number  of  lines  of  polar  field 
which  leave  any  closed  surface  is  47r  x  magnetic  charge  enclosed. 
If  we  take,  for  example,  a  bundle  of  magnetised  filaments  ending 
in  a  plane  surface  of  area  a  (Fig.  172),  which  may  be  inclined  to  the 
direction  of  magnetisation,  the  total  magnetic  charge  which  may  be 
supposed  on  the  boimdary  is  Aa  cos  d,  where  0  is  the  angle  be- 
tween A  and  the  normal  to  the  boundary  ;  and  the  total  outward 
normal  component  of  field  through  any  surface  S  which  includes 
only  this  charge  is  consequently  4:irAa  cos  0.  If,  in  particu- 
lar, this  sui'faee  be  drawn  so   as  just  to  enclose  the  ends  of  the 
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filaments  (see  dotted  lines,  Fig.  172),  in  which  case  it  will  consist 
of  two  plane  surfaces  connected  by  a  rim  of  infinitesimal  width, 
the  total  outward  normal  component  may  be  considered  as  sensibly 
that  through  the  two  plane  faces,  and  is  consequently 
{H^  cos  6^  -  H^  cos  d^a, 

where  H^  cos  ^g  ^^^  -^i  ^^^  ^i  ^^'^  ^^®  normal  components  of  field 

(measured    from    left   to    right)    inside    and    outside    respectively. 

Since  this  expression  must  equal  iwAa  cos  6,  we  may  state  that 

the  normal  component  of  polar  field  at  the  boundary  of  iron  and 

air  is  greater  outside  than  inside  by  an  amount  equal  to  i-n-  x   the 

normal  component  of  intensity  of  magnetisation  in  the  iron. 

If  now  we  find  the  line-integral  of  the  polar  field  round  the 

rectangle  abed,  we  obtain  H^  sin  0^  x  wl  -  H^  sin  6^  x  he  =  0  (192) 

and  since  ad  =  be  rr     •     n        tt     •     n 

H^  sna  U^  =  //.,  sm  d^ 

— that  is  to  say,  the  component  of  the  polar  field  which  is  parallel 
to  the  boundary  has  the  same  value  on  both  sides  of  it. 

These  results  are  obtained  on  the  supposition  that  the  magnet 
is  a  continuous  magnetic  substance  and  that  the  field  within  it  is 
to  be  calculated  from  the  same  potential  as  for  points  outside. 

If  now  we  consider  a  magnet  to  be  built  up  of  molecular  magnets 
with  non-magnetic  interspaces,  the  value  of  A  can  only  be  an 
average  value  over  a  space  small  compared  with  the  magnet  but 
large  compared  with  its  constituent  molecules.  In  order  to  apply 
Gauss's  theorem  to  such  an  assemblage  without  ambiguity,  it  is 
necessary  to  specify  more  completely  how  the  closed  surface  is 
drawn.  If  it  is  described  so  as  to  include  only  the  north  ends  of 
the  elementary  magnets  which  lie  near  the  surface,  in  which  case 
it  must  cut  through  these  molecules,  we  obtain  a  result  in  exact 
agreement  with  that  deduced  above,  that  is  to  say,  this  mode  of 
reckoning  gives  us  the  j^olar  field  of  the  magnet.  If,  however, 
the  surface  be  described  so  as  to  include  an  equal  number  of  north 
and  south  ends  of  the  elementary  magnets — that  is  to  say,  so  as  to 
pass  entirely  through  non-magnetic  material — the  total  outward 
normal  component  of  field  through  it  must  equal  zero  (193).  If 
the  surface  have  the  same  shape  as  in  Fig.  172,  it  will  be  seen 
that  the  average  normal  component  of  field  inside  is,  in  this  case, 
equal  to  that  just  outside  ;  i.e.  it  is  greater  than  when  only  the 
north  poles  were  inside  the  surface  by  the  amount  ^ttA  cos  6. 
Now  the  essential  difference  between  the  two  cases  is  that  in 
the  former  the  surface  un<ler  consideration  passes  partly  through 
air  and  parti}'  through  magnetic  molecules,  while  in  the  latter  it 
passes  wholly  through  non-magnetic  material.     It  is  only  in  the 
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latter  case  that  we  can  assert  definitely  that  we  are  dealing  with 
the  actual  field  in  the  interspaces  (or  at  least  its  average  value) ; 
for,  in  the  former  case,  the  same  uncertainty  exists  with  regard 
to  the  significance  of  the  polar  field  inside  tlie  molecules  ad  by  fJie 
Gauss  surface  as  with  regard  to  the  polar  field  of  the  entire  magnet. 
We  have  seen,  however,  that  the  resvilt  in  the  former  case  was  in 
agreement  with  that  previously  obtained  for  the  polar  field  of  the 
entire  magnet ;  thus  the  average  field  {i.e.  the  magnetic  induction) 
in  any  direction  making  an  angle  0  with  the  magnetisation  is 
greater  than  the  polar  field  in  the  same  direction  by  the  amount 
AttA  cos  0.  In  non-magnetic  material — where  A  is  zero — there 
is  no  necessity  to  distinguish  between  the  two  quantities ;  hence 
the  normal  componeid  of  magnetic  induction  has  the  same  value  on  the 
two  sides  of  a  surface  of  separation  between  the  magnet  and  air. 

This  theorem  leaves  undetermined  the  direction  and  magnitude 
of  the  resultant  magnetic  induction.  This  may  be  determined  as 
follows  : — We  must  regard  the  quantity  AttA  cos  6  as  the  com- 
ponent in  the  given  direction  of  that  portion  of  the  total  field 
which  is  due  to  the  molecular  magnets  in  the  neighbourhood  of 
the  point  in  question  (that  is  to  say,  those  whose  influence  was 
left  out  of  consideration  in  determining  the  polar  field  at  the  point). 
Hence  the  quantity  AlttA  represents  the  total  field  (supposed 
parallel  to  the  magnetisation)  which  arises  therefrom.  The  value 
of  the  magnetic  induction  in  the  interior  of  a  magnet  is  therefore  the 
resultant  of  this  field,  AiirA  (arising  from  the  magnetisation  in  the 
neighbourhood),  and  the  polar  field  ;  to  which  must  be  added  the  field 
due  to  other  magnets,  if  there  are  any  such.    Thus  we  may  write 

B  =  H+  F+  iirA 
where  B  =  induction,  F  =  the  polar  field,  H  the  field  due  to  other 
sources,  and  the  terms  on  the  right  are  to  be  added  by  the  par- 
allelogram law.  When  H,  F,  and  A  are  parallel  to  one  another, 
B  will  also  coincide  in  direction  with  them ;  in  general,  however, 
this  parallelism  does  not  exist. 

In  a  later  section  (300)  we  shall  describe  phenomena  which 
depend  upon  the  rate  of  change  of  the  number  of  lines  of  total 
field  threading  through  an  area.  When  this  area  encloses  a 
magnet,  it  is  clear  that  it  is  the  induction  and  not  the  polar 
field  which  is  the  quantity  concerned  ;  for  the  polar  field  only 
corresponds  to  a  portion  of  these  lines. 

The  continuity  of  the  normal  component  of  induction  at  an  inter- 
face between  iron  and  air  enables  the  induction  to  be  represented 
there  by  contiiuious  lines  (50).  If  the  air  be  replaced  by  a  mag- 
netisable   medium   the   continuity    still    exists.       For   the  medium 
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itself  becomes  a  magnet  to  which  the  same  theorem  wouhl  apply 
if  it  were  surrounded  by  air.  But  the  induction  everywhere  is 
the  sum  of  the  inductions  due  to  these  two  magnets  respectively, 
and  the  theorem,  if  true  for  each,  is  true  for  their  sum.  Thus,  in 
the  case  of  every  distribution  of  magnetised  and  non-magnetisable 
media,  the  induction  may  everywhere  he  represented  hy  re-entrant 
lines. 

199.  Refraction  of  Lines  of  Induction. — Though  the  lines  are 

continuous  across  an  intei^face,  their  direction,  in  general,  is  dif- 
ferent on  the  two  sides.  For  the  tangential  component  of  the  polar 
field  is  the  same  on  the  two  sides  (198).  To  obtain  the  tangential 
component  of  magnetic  induction  we  must  add  on  each  side 
iirA  sin^,  when  A  is  the  intensity  there.  Since  A  &i\\0  is,  in  general, 
different  on  the  two  sides  {e.g.  if  the  medium  be  air  its  value  is 
necessarily  zero  in  air,  while  it  may  have  a  finite  value  in  the 
magnet),  the  tangential  components  of  induction  differ  from  one 
another.  The  normal  components  being  alike,  the  resultants  must 
in  general  differ  in  magnitude  and  direction.  In  the  important 
case  in  which  the  external  medium  is  non-magnetisable  [e.g.  air) — 
in  which  case  the  field  and  induction  outside  coincide — we  may 
write,  using  suflixes  1  and  2  for  inside  and  outside  respectively  : — 

B^  cos  6^  =  B.2  cos  6^  =  7^2'  cos  9.^ 
F{  sin  </)^  =  F^  sin  ^^  =  F.^  sin  6^ 
J5j  cos  6^  =  F-^  cos  <ji^  -f  Air  A  cos  \p 
B^  sin  0^  =  F-^  sin  ^^  +  i-irA  sin  ;/-, 

where  F'  =  resultant  of  //  and  F,  and  6,  cf),  and  ip  are  the  angles 
which  B,  F',  and  A  respectively  make  with  the  normal  to  the 
interface. 

We  shall  call  the  total  number  of  lines  of  induction  passing 
through  any  area  the  total  magnetic  induction,  or  the  magnetic  flux 
through  the  area.  By  analogy  with  the  corresponding  theorems 
in  electrostatics  (50)  all  space  may  be  divided  into  tubes  whose  boun- 
daries are  everywhere  parallel  to  the  lines  of  induction  ;  a  tube 
through  which  the  flux  equals  unity,  we  shall  call  a  unit  tube.  All 
the  theorems  which  apply  to  tubes  of  electric  induction  in  regions 
free  from  electric  charges,  apply  equally  to  tubes  of  magnetic  induc- 
tion. Where  there  are  electric  charges  the  tubes  of  electric  induc- 
tion cease  to  be  continiious,  whereas  we  have  seen  that  lines  of 
magnetic  induction  (and  consequently  the  tubes  they  trace  out)  are 
continuous  everywhere.  There  is  therefore  no  magnetic  property 
corresponding  to  that  which  we  desci'ibe  when  we  say  that  a  body 
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is  electrically  charged.  The  reader  must  therefore  be  warned 
against  hastily  concluding  that,  in  the  few  cases  in  which  we  have 
spoken  of  a  magnetic  charge  from  which  the  values  of  the  field 
can  be  calculated  by  an  application  of  Coulomb's  law  of  force, 
there  is  a  complete  analogy  of  propei-ties  between  it  and  an  electric 
charge.  The  properties  of  the  magnetic  induction  and  field  within 
and  in  the  neighbourhood  of  a  magnet  correspond,  in  fact,  to  those 
of  the  electric  induction  and  electric  force  of  a  rod  of  shellac,  say, 
of  the  same  shape  as  the  magnet,  immersed  in  an  electric  field  ; 
with  the  exception  that,  in  the  electric  case,  induction  and  force 
are  proportional  to  one  another,  while  in  the  magnetic  case,  this 
proportionality  between  the  corresponding  quantities,  as  we  shall 
see,  does  not  generally  exist. 

200.  Special  Cases. — The  above  theorems  may  be  illustrated 
by  considering  the  case  of  a  permanently 
magnetised  sphere  as  in  (191).  The  lines 
of  induction  and  polar  field  are  shown  in 
Fig.  173.  The  polar  field  inside,  as  we 
4 
,'  have   seen,  is  equal  to  —  ■x'^A.     The  mag- 

o 

.  netic  induction  is  therefore  (assuming  no 

magnets     near,     whence     H—  0)  —  ttA  + 

8 
^ttA  =^7rA.      Thus    the  magnetic  induc- 
3  "" 

tion  in  the  magnet  is  twice  as  strong  and 
is   oppositely  directed   to  the  polar  field. 
Outside,    the    polar    field    and     induction 
liG.  173.  coincide.      At   the   interface    the   lines    of 

induction  are  continuous,  while  those  of  the  field  are  not  so. 
The  figure  is  so  drawn  that  where  the  induction  is  uniform  it 
is  represented  by  equally  distant  parallel  straight  lines.  These 
lines  must  be  regarded  as  representing  the  boundaries  in  the 
plane  of  the  paper  of  square-sectioned  unit  tubes.  Since  the 
cross-sectional  area  is  proportional  to  the  square  of  the  distance 
between  two  lines,  a  field  of  |  the  strength  is  represented  by 
lines  ^2  times  as  far  apart.  In  the  outer  region  where  the 
lines  are  curved,  the  lines  forming  the  boundary  of  a  tube  diverge 
at  different  angles  in  different  planes ;  in  consequence,  the  section 
of  the  tube  is  no  longer  square,  and  no  simple  statement  can  be 
made  by  aid  of  which  the  value  of  the  induction  in  this  region  can 
be  inferred  from  the  closeness  of  the  lines.  At  every  point,  how- 
ever, the  direction  of  the  induction  is  correctly  indicated. 
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In  Fig.  174  is  shown  the  case  of  a  nearly  closed  ring-magnet, 
supposed  to  be  uniformly  magnetised  along  its  length  (191). 
Although  the  magnetisation  is  everywhere  parallel  to  the  length 
of  the  magnet,  the  induction  is  not  so ;  for  the  induction  is  ob- 
tained by  compounding  the  polar  field  with  4:TrA.  The  conse- 
quence is  that  the  lines  of  induction  diverge  as  they  approach 
the  "poles,"  and  some  of  them  leave  the  iron.  In  fact,  since 
induction  and  polar  field  coincide  in  the  surrounding  air,  it  follows 
that  a  line  of  induction  must  leave  the  iron  wherever  a  polar 
line  crosses  over  the  surface. 

In  a  real  magnet  of  the  foi'm  shown  in  Fig 
of  magnetisation  falls  off  as  the 
neighbourhood  of  the  terminal 
faces  is  approached.  This  de- 
crease causes  a  further  divergence 
of  the  lines  of  induction. 

201.  Susceptibility.  Per- 
meability.— We  have  seen  that 
iron  and  other  magnetic  bodies 
become  magnetised  when  placed 
in  a  magnetic  field  ;  it  is  further 
found  experimentally  that  the 
intensity  of  magnetisation  pro- 
duced depends  upon  the  strength 
of  the  field  and  in  general  in- 
creases with  it.  The  ratio  of  the 
intensity  of  magnetisation  to  the 
field  producing  it  is  called  the 
magnetic,  susceptihiUty  of  the  sub- 
stance ;  we  shall  denote  it  by  k. 
and  F'  the  field, 

A  =--  kF. 
The    equation    for    the    magnetic  induction  may  now  be  written 
i)  =  /'"  +  ^ivA  =  (1  -H  47rK)  F .     The  factor  (1  +  \ttk)^  which  expresses 
the  relation    between    the    induction    and  the   field,  is  called  the 
magnetic  pei-inedliility  of  the  substance.      Denoting  it  by  /x  we  write 

D  =  ilF. 
The  value  of  k  is  positive  for  magnetic,  and  negative  for  diamag- 
netic,  substances  ;  but  for  all,  except  iron,  cobalt  and  nickel,  its 
numerical  value  is  small.  Accordingly,  /u,  is  greater  th;in  unity  for 
magnetic  substances,  and  less  than  unity,  but  still  positive,  for 
dia magnetic;  substances. 

For   diamagnetic   substances,   and   for    very   slightly  magnetic 
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Thus  if  A  is  the  maijnetisation. 
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substances,  k  and  /x  may  be  considered  as  constant  numerical 
coefficients,  but  for  iron  and  similar  substances  they  are  very 
complicated  functions.  For  a  given  substance  under  otherwise 
uniform  conditions  they  vary  with  the  magnetising  field. 

202.  Influence  of  the  Form  of  a  Body. — It  must  be  under- 
stood that  F'  is  the  magnetic  field  at  a  point  of  the  substance  after 
the  magnetisation  is  produced ;  that  is  to  say,  in  order  to  obtain  its 
value  we  must  compound  the  influencing  field  with  the  field  (if 
any)  calculated  from  the  potential  arising  from  the  magnetisation. 
In  the  case  of  a  closed  anchor-ring  placed  in  a  concentric  circular 
field,  so  as  to  become  uniformly  magnetised,  no  such  potential 
exists,  and  F'  is  then  the  influencing  field  alone.  If  a  straight  rod 
be  placed  with  its  length  pai-allel  to  a  uniform  magnetic  field,  the 
field  due  to  the  magnetisation  produced  is  not  uniform,  and  there- 
fore neither  is  the  induction. 

It  is  only  in  rare  cases  that  the  polar  field  of  the  resulting 
magnet  is  itself  uniform.  We  know  that  it  is  so  in  the  case  of 
a  sphere  or  of  an  ellipsoid  of  revolution  with  its  axis  parallel  to 
the  field.  To  calculate  the  magnetising  field  F'  we  must  subtract 
the  reaction  of  the  ellipsoidal  magnet  from  the  influencing  field  H. 
Representing,  as  in  (191,  vi.),  this  reaction  by  PA,  we  have 

F'^H-PA, 

and  since  A  =  kF' 

A 
it  follows  that  k  —  ~~ — — - . 

H  -PA 

The  magnetising  field  expressed  as  a  fraction  of  the  influencing 
field  is  given  by  ^'  j 

^ff^iT^ 

— that  is  to  say,  it  is  smaller  as  P  is  larger.  For  a  sphere  P=|7r 
and  for  a  value  of  k  equal  to  100,  the  magnetising  field  would  not 
be  jiy  that  of  the  influencing  field.  In  order  that  F'  may  have  a 
considerable  ratio  to  H  it  is  necessary  to  have  recourse  to  very 
elongated  ellipsoids  of  revolution.  In  an  ellipsoid  of  revolution 
for  which  a  =  5006  (2a  being  the  axis  of  revolution  and  26  the 
equatorial  axis),  the  magnetising  field,  with  k=100,  would  be 
0-971  of  that  of  the  field.     (Comp.  191,  vi.) 

Most  frequently  very  long  cylinders  are  used,  with  a  length 
400  or  500  times  the  diameter,  and  these  are  placed  in  a  uniform 
field  and  parallel  to  it.  In  these  conditions  the  action  of  the  ends 
may  be  considered  negligible. 

203.  Observations    on    Permeability. — A   magnetic  body 
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placed  in  a  uniform  field,  by  the  very  fact  of  its  magnetisation, 
produces  a  perturbation  of  the  lines  of  field  ;  near  the  body  these 
cease  to  be  parallel  and  equidistant ;  at  the  same  time  lines  of 
magnetisation  (198)  to  the  number  of  iirA  per  unit  area  traverse 
the  body,  the  magnetisation  of  which  we  assume  to  be  uniform. 
The  lines  of  induction,  as  we  have  seen,  are  a  continuation  of  those 


Fig.  175. 

of  the  field,  but  are  packed  more  closely  together,  or  are  further 
apart  than  in  the  undisturbed  field,  according  as  the  body  is  magnetic 
or  diamagnetic.  Figs.  175  and  176  represent  two  spheres  placed 
in  a  uniform  field,  and  such  that  for  the  former  /u,  =  2"8,  and  for  the 
latter /A  =  0 '48.  "We  may  regard  the  state  of  the  body  submitted 
to  influence  as  resulting  from  a  modification  of  the  medium  which 
constitutes  it,  analogous  to  that  which  existed  in  the  medium,  air 


Fig.  176. 

or  vacuum,  whose  place  it  has  taken,  with  this  difference,  that  the 
flux  of  induction  foi"  unit  surface  instead  of  being  I{  has  become 
equal  to  /xF'. 

A  comparison  with  currents  will  render  the  idea  more  precise. 
Suppose  a  sphere  of  metal  introduced  into  a  mass  of  mercury 
traversed  by  a  uniform  current :  the  lines  of  flow,  which  were 
originally  parallel,  would  tend  to  pass  in  greater  number  through 

u 
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the  sphere  it*  it  were  a  better  conductor  than  mercury,  and,  on  the 
contrary,  in  smaller  number  if  it  were  a  worse  conductor.  Figs. 
175  and  176  give  a  representation  of  the  lines  of  flow  in  the  two 
cases.  The  words  conductivity  for  lines  of  flow,  and  2^e>'^neahility 
for  lines  of  magnetic  induction,  thus  correspond  to  analogous  ideas. 
204.  Magnetic  Screens. — If  a  hollow  block  of  iron  be  placed 
iu  a  magnetic  field,  the  perturbation  of  the  lines  by  the  iron  is 
such  as  to  make  the  field  within  the  cavity  less  intense  than  the 
undisturbed  field.  In  the  case  of  a  hollow  cylinder  placed  with  its 
axis  transverse  to  a  uniform  field  the  lines  of  induction  are 
as  shown  in  Fig.  177,  in  which  the  lines  are  the  boundaries  of 
tubes  of  rectangular  cross-section,  whose  depth  (perpendicular  to  the 


Fici.  177. 

plane  of  the  paper)  is  supposed  constant.  The  recipi'ocal  of  their 
distance  apart  at  any  place  is  therefore  a  measure  of  the  intensity 
of  induction  there.  The  figure  represents  the  case  where  the  per- 
meability is  100.  It  will  be  seen  that  the  two  dotted  lines  of  in- 
duction which  lie  close  to  the  axis  of  symmetry  diverge  rapidly  on 
approaching  the  inner  surface,  and  are  widely  separate  inside  the 
cavity  ;  the  field  inside  (which  is  uniform)  is  in  fact  only  -06  of 
that  outside.  The  iron  acts  as  a  kind  of  screen  protecting  the 
inside  of  the  cavity  from  the  influence  of  the  external  field. 

It  should  be  noted  that  many  of  the  lines  pass  round  through 
the  iron.  Although  they  are  more  crowded  there  than  they  are  in 
the  influencing  field  which  gives  rise  to  them,  they  are  not  so 
numerous  as  the  high  value  of  the  permeability  might  lead  one  to 
expect.     The  result  is,  of  course,  due  to  the  large  negative  polar 
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field  which  diminishes  the  effectiveness  of  the  influencing  one. 
This  crowding  together  of  the  lines  in  the  iron  has  practical 
applications  which  are  referred  to  in  the  sequel  (422). 

205.  Influence   of  the   Medium.  —  We  can   now  further 

examine  the  influence  that  a  change  in  the  medium  round  a  per- 
manent magnet  will  have.  Refer  to  (194),  where  we  foimd  that  in 
a  narrow  air  gap  in  a  ring-magnet  the  polar  field  is  changed  by  the 
introduction  of  a  magnetisable  medium  from  AirA^  to  Air  (A^  —  A.,), 
where  Acy  is  the  magnetisation  in  the  material  occupying  the 
gap.  The  magnetic  induction  in  the  gap  is  this  field  added  to 
iirA^ ;  that  is,  it  is  AirA^ ;  thus  the  magnetic  induction  is  not 
changed  by  the  alteration  in  medium.  The  ratio  of  the  induction 
to  the  polar  field  is  the  permeability  /x^  of  the  medium  introduced  : 
therefore 

AttA^  =  jaM  (^1  -  ^2)' 
or  ^^2^2  =  ^1  (ih  -  !)■ 

The    ratio    of    the    new    to    the    original    value    of    the    field    is 

(^l^  -  A^)/A-^,  and  this  by  the  first  equation  is  equal  to  l/ji.,. 

The  couple  exerted  by  one  magnet  on  another  depends  upon 

the  magnitude  of  the  field  and  not  upon  the  induction.      It  may 

therefore  be  written  equal  to  MH  sin  6  whether  the  medium  is  air 

or  not ;  but  it  must  be  remembered  that,  to  produce  a  field  of 

given   strength  II,  requires  a   stronger  magnet  in  a  medium  of 

higher  permeability  ;  for  example,  the  field  on  the  axis  of  a  small 

2J/ 
magnet  in  a  medium  of  permeability  a  is  7i  =  — ^  .     That  the  couple 

depends  on  the  field  may  be  seen  by  supposing  the  air-gap  in  the 
ring-magnet  to  be  filled  up  with  steel  identical  in  properties  to  the 
ring-magnet  and  test-magnet  themselves ;  it  is  evident  that  no 
action  can  then  occur.  In  such  a  case  it  is  the  field  that  vanishes, 
while  the  induction  retains  its  old  value  iirA^. 

206.  Curves  of  Magnetisation. — Suppose  now  that  an  in- 
finitely long  cylinder  is  placed  pai-allel  to  the  lines  of  induction 
in  a  uniform  field,  and  that  then,  while  gradually  increasing  the 
strength  of  the  field,  we  measure  the  intensity  of  magnetisation 
fur  every  value  of  F,  which,  in  this  case,  is  the  same  as  //.  The 
results  may  be  represented  by  a  curve,  the  values  of  F'  forming 
the  abscissae,  and  those  of  A  the  ordinates.  And  since  B  =  F'  + 
iirA,  or  =iirA  nearly  for  highly  magnetic  bodies,  the  same  curve 
will  represent  the  induction,  provided  we  change  the  scale  of  the 
ordinates,  and  take  the  unit  of  length  as  indicating  47r  times  as 
great  a  value. 
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In  the  case  of  ii'on  or  its  varieties,  or  cobalt,  or  nickel,  the 
curve  has  always  the  same  general  appearance.     Three  parts  may 

be  distinguished:  the 
first  (Fig.  178),  cor- 
responding to  very 
small  magnetising 
fields,  in  which  the 
intensity  increases 
very  slowly,  but  at 
first  proportionally 
to  the  field;  a  second, 
where  the  curve 
rises  very  rapidly, 
and  has  a  point  of 
inflection  to  which 
the  maximum  value  of  k  corresponds ;  lastly,  a  third  part  corre- 
sponding to  high  values  of  the  magnetising  field,  and  where  the 
magnetisation  increases  very  slowly  and  evidently  tends  to  a 
maximum. 

207.  Remanent  Magnetism. — Suppose  now  that  after  having 
raised  the  magnetising  field  to  the  value  F'  =  of,  we  make  it 
gradually  decrease,  the  magnetisation  does  not  by  any  means  again 
pass  through  the  same  values.  The  course  of  the  jjhenomenon  is 
represented  by  the  curve  B.  When  the  magnetising  field  has  become 
nothing,  the  bar  has  still  an  intensity  of  magnetisation  represented 
by  OR.  This  is  called  the  remanent  or  residual  magnetism.  Its 
value  is  generally  a  large  fraction  of  the  total  magnetism,  and  it  is 
more  oi  less  stable  according  to  the  nature  of  the  body. 

208.  Coercive  Force. — If  after  having  reduced  the  magnetis- 
ing field  to  zero,  it  is  again  increased,  but  in  the  opposite  direction, 
the  magnetisation  is  quickly  reduced  to 
zero.  The  inverse  field  oc  which  just  de- 
stroys the  residual  magnetism  may  be 
taken  as  a  measure  of  the  coercive  force,  j( 
and  it  is  in  this  sense  that  we  shall  use 
this  term  in  what  follows. 

209.  Cycles    of    Magnetisation. — 

Imagine  that  after  having  exposed  the  bar 

to    fields   increasing    from    zero   to  F',  the 

field   is  decreased    from    F'   to    zero,   then 

again  raised  to  F',  and  so  on  successively. 

The   results  will   be    such  as  are  represented   by  Fig.    179.      The 

substance  after  having  passed  through  the  changes  represented  by 


Fig.  179. 
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the  curve  o  to  a  in  the  first  period,  then  from  a  to  a'  along  ama' 

in  the  second,  will  return  from  a'  to  a  by  a'na  in  the  third.     As 

the  magnetising    field    continues  to  pass 

through  the  same  cycle,  the  point  which 

represents  the  state  of  the  body  at  each 

instant  will  continue  to  describe  the  same 

loop  ama'n. 

If  instead  of  varying  the  magnetising 
field  from  zero  to  F'  and  conversely,  it 
is  made  to  oscillate  between  two  equal 
values  of  opposite  sign  +  F'  and  —  F',  the 
curve  representing  the  magnetisation  is 
like  Fig.  180.  The  curve  oa  corresponds 
to  the  initial  magnetisation  when  the 
magnetising  field  increases  for  the  first 
time  from  0  to  i^' ;  the  portion  aca'  to 
values  of  the  force  decreasing  from  +  i^'  to  -  F' ;  finally  the 
portion  a'ba  to  values  increasing  from  -  F'  to  +  F'.  The  same 
cycle  is  gone  through  every  time  the  same  changes  of  magnetising 
field  are  repeated. 

210.  Retardation  of  Magnetisation  —  Hysteresis.— Thus, 

to  the  same  value  of  the  magnetising  field,  intensities  of  magnetisa- 
tion correspond  which  depend  not  only  on  the  existing  conditions, 
but  also  on  the  previous  ones.  In  particular,  when  the  successive 
conditions  form  a  cycle  like  that  in  Fig.  180,  it  may  be  noted  that, 
for  the  same  value  of  the  magnetising  field,  the  intensity  is  greater 
in  the  descending  than  in  the  ascending  period.  This  may  be 
expressed  by  saying  that  there  is  a  retardation  or  lag  of  magnetisa- 
tion in  respect  of  the  magnetising  field.  Professor  Ewing,  to 
whom  most  of  these  observations  are  due,  has  given  the  name 
hysteresis  to  this  tendency  of  bodies  to  persist  in  a  previous  condition. 
This  lag  may  be  regarded  as  an  effect  of  coercive  force.  The 
two  curves  which  form  the  cycle  of  Fig.  180  diverge  more  from 
each  other  as  the  coercive  force,  represented  by  oc,  is  greater. 
The  lag  is  diminished  if  the  body  is  subjected  to  vibrations 
while  it  is  under  the  influence  of  the  magnetising  field.  The 
general  effect  of  the  vibrations  is  to  make  the  curve  of  increasing 
magnetisation  rise  more  rapidly,  and  to  make  the  curve  of  de- 
creasing magnetisation  fall  more  rapidly.  One  consequence  of 
the  effects  of  lag  is  that  the  coefficients  k  and  /x,  defined  by  the 
equations  of  (201),  have  no  pi'ecise  meaning,  except  for  a  })0(ly 
submitted  to  a  definite  magnetising  field  applied  in  a  definite 
manner. 
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211.  Neutral  State. — If  starting  from  any  point,  m,  of  the 
cycle,  corresponding  to  the  field  1<" ,  we  decrease  the  field  to  zero, 
and  then  increase  it  from  zero  to  F',  the  curve  will  form  a  loop 
like  aa'  in  Fig.  179.  By  suitably  choosing  the  point  m,  on  the 
positive  part  of  the  ascending  branch,  or  on  the  negative  part  of 
the  descending  branch,  we  may  obtain  zero  magnetisation  when 
the  magnetising  field  becomes  zero.  Although  there  is  no  magneti- 
sation, the  condition  of  the  bar  is  not  identical  with  that  which  it 
had  before  being  magnetised  at  all ;  it  acquires  more  easily  a 
magnetisation  of  the  opposite  sign  to  that  which  it  has  lost  than 
a  magnetisation  of  the  same  sign. 

If  the  bar  is  to  be  restored  to  a  symmetrical  state,  which  is 
really  neutral,  it  must  be  submitted  to  the  action  of  fields  alter- 
nately in  opposite  directions,  gradually  decreasing  to  zero ;  in 
other  words,  it  must  be  made  to  pass  through  a  series  of  cycles 
like  that  of  Fig.  180,  and  corresponding  to  values  of  F  gradually 
diminishing  to  zero. 

For  bodies  with  a  very  small  coercive  force,  the  same  result  is 
obtained  by  repeated  blows.  The  neutral  state  to  which  we  attain 
by  these  methods  is  a  constant  one,  ^it  it  is  not  necessarily  that 
which  the  bar  had  before  any  magnetisation.  A  red  heat  also 
restores  the  bar  to  the  neutral  state. 

212.  Work  of  Magnetisation. — Let  F'  be  the  magnetising 
field,  and  A  the  intensity  of  magnetisation :  if  the  latter  be 
increased  by  dA,  the  work  for  each  unit  of  volume  is  that  which 
must  be  expended  in  order  to  bring  unit  volume,  with  magneti- 
sation clA,  from  a  place  where  the  field 
is  zero  to  the  point  in  question.  But 
this  work  is  equal  to  tlie  product  of  the 
moment,  JA,  by  the  normal  component  of 
the  field  (196),  which  is  here  the  field  F' 
itself  ;  it  is  thus  eqvial  to  F'dA.  On  the 
other  hand,  the  product  F'dA  is  the  area 
of  the  infinitely  small  trapezium  mmjp 
(Fig.  181);  it  follows,  therefore,  that  the 
work  expended  in  causing  each  unit  of 
volume  to  pass  from  the  condition   M   to 

jp       2g]^  the     condition    N    is    represented    by    the 

curvilinear  ai'ea  mnqp. 

If  the  curve   of  demagnetisation  coincided  with  the  curve  of 

"magnetisation,  the  work  corresponding  to  a  cycle  would  be  nothing, 

and   we   should  therefore  conclude  that  the   work   expended  was 

iiltogether  represented  by  the  increase  of  the  energy  of  the  magnet. 
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As  the  two  curves  do  not  coincide,  owing  to  hysteresis,  it  is  easy 
to  see  that  the  area  which  they  enclose  represents  that  portion  of 
the  work  of  magnetisation  which  has  been  expended  in  each 
unit  volume  against  forces  analogous  to  friction  and  can  only  be 
tx'ansformed  into  heat. 

If  the  magnetising  field  and  the  intensity  of  magnetisation 
are  expressed  in  C.G.S.  units,  and  the  figure  is  drawn  to  such 
a  scale  that  1  cm.  measured  horizontally  represents  unit  of 
field-intensity,  and  1  cm.  measured  vertically  represents  unit- 
intensity  of  magnetisation,  the  area  measured  in  square  centi- 
metres will  give  the  work  transformed  into  heat  expressed  in  ergs 
per  cubic  centimetre,  and  dividing  by  i'lH  x  10",  we  shall  have  the 
quantity  of  heat  in  gramme-degrees.  If  the  density  of  iron  be 
taken  as  7"8,  and  its  specific  heat  as  O'll,  the  thermal  capacity  of 
one  cubic  centimetre  is  0"858.  The  rise  of  temperature  for  eacli 
erg  per  cubic  centimetre  will  therefore  be 

FTTTET, rrr. — T7rr=  2'8  X  10~^  degrees  Centigrade. 

0-858  X  4-18  X 10^  *  '^ 

In  the  case  of  Fig.  180  the  area  of  the  cycle,  as  readily  seen, 
is  sensibly  equal  to  four  times  the  product  of  the  maximum 
magnetisation  by  the  coercive  foi^ce. 

Although  it  is  thus  possible  to  find  the  energy  converted  into 
heat  in  each  cycle,  nothing  is  known  as  to  the  amount  so  converted 
in  any  separate  part  of  a  cycle.  The  area  of  the  trapezium  mjujp 
represents  the  sum  of  the  energies  stored  and  dissipated,  and  there 
is  no  means  known  of  separating  them.  If  the  heat  produced  in 
any  part  of  the  cycle  could  be  measured  thermometrically  this 
additional  knowledge  could  be  obtained  ;  its  amount,  however,  is 
too  small  for  this  to  be  done. 

213.  Numerical  Values— Soft  Iron.— Fig.   182  gives  the 

curves  of  magnetisation  for  soft  iron,  steel,  cast-iron,  cobalt,  and 
nickel.  They  all  show  very  definitely  the  three  features  mentioned 
above  (206),  but  with  diffei'ences  in  the  general  aspect,  and 
particularly  in  the  intensity. 

For  soft  iron  the  curve  rises  with  extreme  rapidity  ;  the  point 
of  inflection  which  corresponds  to  the  maximum  of  k  occurs  for 
a  value  of  the  magnetising  field  equal  to  about  5  units.  For 
ordinary  iron  k  is  then  equal  to  about  150,  but  it  may  go  iq) 
to  250  for  very  soft  iron.  For  the  sample  represented,  it  is 
about  180. 

It  will  be  seen  that  saturation  is  nearly  reached  for  F'=15. 
This   corresponds    to    a   value   of  A   of   over    1200.      It   has   been 
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possible  to  i-each   1700  by  the  use  of  a  very  strong  magnetising 
field. 

These  curves  show  well  the  existence  of  a  maximum,  although 
they  only  refer  to  values  of  the  field  comprised  between  zero  and 
150  O.G.S.  Experiment  shows,  moreover,  that  the  intensity  of 
magnetisation  undergoes  no  appreciable  variation  when  the  field 
is  altered  from  2000  or  3000  units  to  the  highest  values  which 
have  been  attained,  about  20,000.  The  induction  presents  no 
maximum,  for  it  consists  of  two  parts,  one  AttA,  which  soon  be- 
comes constant,  and  the  other,  F',  which  increases  without  limit. 


.1400 

z 
o 
1-1300 

sor 

iRot: 

j , 

•—'~ 

Lil200 

,^ 

-^ 

' 

z 
a 

5    1100 

y^ 

' 

o 

^lOOO 

/ 

-^ 

z  90O 

A 

f^ 

-   800 

r« 

.;^ 

P^ 

700 

/ 

•^ 

. 

600 

^ 

/ 

S^ 

P? 

n 

'          ' 



500 

^ 

:? 

r 

c 

OB£ii 

/ 

^ 

/. 

/ 



NICK 

EL 

400 

300 

1 

/ 

.^' 

^ 

c^ 

200 

/ 

/f^ 

Y/ 

/ 

100 

V 

/ 

o 

/ 

10        20      30      40      50       60       70       80       90      100     110       120      130      140     150 

MAGNETISING    FIELD. 


Fig.  182. 


The  residual  magnetism  may  reach  90  per  cent,  of  the  total 
magnetism,  but  it  is  extremely  unstable.  If  the  reaction  of  the 
ends  has  a  sensible  value,  or  if  the  bar  is  submitted  to  vibration, 
the  magnetism  disappears  to  within  a  few  hundredths.  Thus 
practically  we  may  say  that  the  magnetism  of  soft  iron  is  pvu-ely 
temporary. 

The  coercive  force  does  not  exceed  2'5,  and  the  work  corre- 
sponding to  a  complete  cycle  of  magnetisation  is  about  15,000 
ergs  per  cubic  centimetre.     For  very  weak  fields  (from  -00004  to 
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•04  C.G.S.  units)  Lord  Rayleigh  found  that  there  was  no  hysteresis, 
and  that  the  permeability  through  this  range  was  about  8L 

214.  Cast-iron  and  Steel. — The  intensity  of  magnetisation 
of  cast-U'on  is  less  than  that  of  soft  iron,  and  it  less  rapidly  attains 
a  maximum.  For  soft  cast-iron  the  maximum  is  about  900,  or 
about  1250  as  an  extreme  value.  The  coercive  force  is  about  12, 
and  the  work  of  the  complete  cycle  of  magnetisation  varies  from 
40,000  to  60,000  ergs. 

The  curve  for  steel  rises  more  gradually,  and  the  numerical 
values  vary  greatly  with  the  composition  of  the  steel  and  its  state 
as  to  hardening  or  annealing ;  but  the  maximum  intensity  which 
it  can  attain  is  not  much  lower  than  that  for  soft  iron. 

The  coercive  force  is  much  greater.  It  increases  with  the 
proportion  of  carbon,  but  it  is  increased  more  particularly  by  the 
presence  of  certain  metals.  Chromium-steel  or  steel  containing 
1  per  cent,  of  chromium  has  a  coercive  force  of  40 ;  steel  con- 
taining 3  per  cent,  of  tungsten  a  coercive  force  of  51.  The  work  in 
ergs  per  cvibic  centimetre  for  a  complete  cycle  is  40,000  to  60,000 
for  mild  steel,  95,000  for  piano-wire  which  has  been  annealed,  and 
116,000  for  the  same  wire  which  has  not  been  annealed.  In  like 
manner  it  is  65,000  for  chromium-steel  which  has  been  annealed, 
and  167,000  for  the  same  steel  unannealed.  A  steel  containing 
tungsten  gave  216,000. 

The  presence  of  manganese  takes  from  iron  its  magnetic  pro- 
perties ;  the  alloy  with  1 2  per  cent,  of  manganese  known  as 
manganese-steel  is  not  magnetic. 

215.  Cobalt — Nickel.— The  curve  for  cobalt  differs  little  from 
that  for  cast-iron.  The  maximum  intensity  of  magnetisation  is 
from  1000  to  1300;  the  coercive  force  12,  and  the  woi-k  corre- 
sponding to  a  complete  cycle  40,000  to  50,000. 

The  maximum  magnetisation  for  nickel  is  about  500  ;  the  effect 
of  straining  or  annealing  is  much  more  marked  with  nickel  than 
with  iron.  The  work  per  cubic  centimetre  for  a  complete  cycle  of 
magnetisation,  which  is  25,000  for  strained  nickel,  is  only  11,000 
for  the  same  metal  annealed. 

216.  Influence  of  Temperature— Critical  Temperature. — 

Temperature  has  a  considerable  influence  on  magnetisation.  The 
cardinal  fact  is  that  there  is  a  temperature  for  the  three  magnetic 
metals  beyond  which  they  completely  lose  their  exceptional  pro- 
perties, and  become  non-magnetic  like  ordinary  bodies.  This 
temperature  is  785"  for  soft  iron,  340°  for  nickel.  It  has  not  been 
determined  exactly  for  cobalt,  but  is  higher  than  for  iron.  The 
property  disappears  suddenly,  and,  so  to  speak,  without  any  transi- 
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tion.     Thus  at  770°  soft  iron  is  at  least  10,000  times  more  magnetic 
than  at  785°. 

At  lower  temperatures  the  permeability  of  iron  undergoes  very 
different  variations,  according  to  the  value  of  the  magnetising 
field.  For  very  small  fields,  0'3  for  instance,  it  increases  slowly 
with  the  temperature,  then  more  rapidly,  and  a  little  below  the 
critical  temperature  it  attains  a  considerable  maximum,  disappear- 
ing suddenly  a  little  above.  For  moderate  and  for  .strong 
fields,  it  is  virtually  con.stant  up  to  500°,  and  then  decreases 
gradually. 

The  critical  temperature,  which  is  785°  for  soft  iron,  is  only 
735°  for  steel.  It  is  lower  as  the  proportion  of  carbon  increases. 
The  phenomenon  is  due  to  a  profound  change  of  state  which  at  the 
same  time  modifies  other  physical  properties.  Thus  the  electrical 
resistance,  which  varies  up  to  that  point  in  an  abnormal  manner 
with  an  increasing  coeflicient,  after  passing  the  critical  tempera- 
ture, has  a  constant  coefficient  which  differs  little  from  that  of 
non-magnetic  metals. 

This  change  of  state  is  also  characterised  by  an  absorption  or  a 
disengagement  of  heat,  according  as  the  temperature  is  rising  or 
falling.  When  a  piece  of  iron  wire  which  has  been  heated  to  a 
very  high  temperature  is  allowed  to  cool,  several  points  are  observed 
at  which  there  is  an  abnormal  disengagement  of  heat  corresponding 
to  some  change  of  state.  Two  such  points  are  specially  marked  : 
one  between  800°  and  700°  corresponds  to  the  critical  point  of 
magnetisation  and  to  a  change  of  state  of  the  iron ;  the  other  is 
at  GGO°,  and  has  no  relation  to  magnetism,  but  appears  to  be  due 
to  a  modification  of  the  carbon  contained  in  the  iron.  At  this 
latter  point  the  quantity  of  heat  disengaged  is  sometimes  so  great 
that  a  portion  of  iron  wire  which  has  sunk  to  a  dull  red  heat  again 
becomes  incandescent. 

A  curious  illustration  of  these  changes  of  state  is  afforded  by 
the  alloys  of  nickel  and  iron.  The  alloy  of  25  per  cent,  of  nickel 
when  raised  to  a  temperature  of  580°  is  no  longer  magnetic  at 
lower  temperatures  ;  but  when  cooled  to  20°  below  zero,  it  becomes 
magnetic,  and  remains  so  for  all  temperatures  below  580°  ;  so  that 
at  mean  temperatures  the  same  metal  may  exist  in  two  different 
conditions,  one  magnetic,  and  the  other  not  so,  both  conditions 
being  equally  stable. 

217.  Other  Bodies  Magnetic  or  Diamagnetic— Certain 

alloys  of  copper,  aluminium,  and  manganese  have  considerable 
magnetic  permeability.  One  in  which  the  proportions  are  copper 
61-5    aluminium  15,  and    manganese  23-5  has  a  permeability  as 
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high  as  27.  These  alloys  are  known  as  Heusler's  alloys.  They 
exhibit  a  considerable  amount  of  hysteresis. 

So  far  as  can  be  observed,  for  bodies  which  are  but  slightly 
magnetic,  or  which  are  diamagnetic,  the  values  of  the  coefficients 
of  magnetisation  are  constant,  and  the  intensity  of  magnetisation 
is  always  proportional  to  the  magnetising  field.  Moreover,  no 
phenomena  of  hysteresis  have  been  detected. 

When  the  susceptibility  is  very  small  it  becomes  correspond- 
ingly important  to  define  accurately  the  substance  which  is  taken 
as  a  standard.  Hitherto  we  have  taken  it  indifferently  as  being 
either  air  or  vacuum.  Owing  to  the  variability  of  air  it  is  pre- 
ferable to  take  the  susceptibility  of  vacuum  {i.e.  space  devoid  of 
ordinary  matter)  as  zero,  and  to  reduce  to  this  standard  all  obser- 
vations made  on  any  material  immersed  in  air.  This  reduction 
is  effected  with  sufficient  accuracy  by  adding  the  susceptibility  of 
air  to  the  observed  susceptibility  of  the  substance  under  examina- 
tion. The  value  of  the  susceptibility  for  air  at  18°  C.  and  one 
atmosphere  pressure  is  about  "027  x  10"". 

For  diamagnetic  bodies,  the  value  of  k  is  always  vei-y  small. 
The  highest  known  value  is  that  for  bismuth,  for  which 

"=  "4007000=  "^■^''^^"'• 

The  value  for  water  is  -  0'75  x  lO"*'. 

218.  Extension  of  the  Theory  to  include  Hysteresis.— In 

developing  the  theoiy  we  supposed  the  magnetic  induction  to  vary 
with  the  magnetising  field  in  such  a  way  that,  to  each  value  of  field, 
there  corresponds  a  definite  value  of  induction.  The  phenomena 
which  have  just  been  described  show  that  the  single-valued  corre- 
spondence exists  only  under  exceptional  circumstances  :  in  most 
cases  more  than  one  value  of  induction  corresponds  to  one  value 
of  field.  In  particular,  the  existence  of  permanent  magnets  shows 
that  a  finite  induction  can  exist  where  there  is  no  influencing 
field,  and  in  consequence  the  polar  field  inside  the  magnet  —  which 
is  that  due  to  the  magnetisation — is  either  oppositely  directed  to 
the  induction  or,  in  the  case  of  closed  magnets,  is  zero.  The 
phenomena  are  therefore  more  complicated  than  the  simple  theory 
would  imply. 

This  theory  would  be  made  more  complete  by  considering  the 
observed  induction  to  consist  of  two  components,  one  of  which  is 
a  definite  function  of  the  field  and  is  parallel  to  it,  while  the  other 
cannot  be  expressed  in  terms  of  the  field  without  ambiguity.  Thus 
we  may  write 

B  =  B,  +  ixF' 
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where  F  is  the  magnetising  field  and  the  two  terms  on  the  right 
are  to  be  added  by  the  parallelogram  law.  When  F'  is  zero, 
B  =  B„  and  this  represents  the  remanent  induction.  For  other 
values  of  F'  the  values  of  B^  would  require  to  be  known,  and  these 
depend  upon  the  previous  history  of  the  iron.  There  is,  however, 
no  experimental  method  of  determining  them,  and  in  practice  B  is 
always  plotted  against  F'. 

It  must  be  borne  in  mind  that  when  any  hysteresis  exists  B 
and  F'  are  not  necessarily  parallel.  This  can  be  well  seen  if  we 
consider  the  case  of  a  permanent  magnet  lying  in  a  field — that  of 
the  earth,  for  example  ;  if  we  turn  the  magnet  round  we  may  place 
it  with  its  direction  of  magnetisation  making  any  angle  we  please 
with  the  direction  of  the  field. 

As  another  example,  we  will  take  the  case  of  a  spherical  shell 
magnetised  v;niformly  as  to  both  direction  and  intensity  (191,  v.). 
The  lines  of  induction  in  the  air  complete  their  circuit  by  bending 
round  through  the  substance  of  the  iron  itself.  That  this  must  be 
so  may  be  concluded  from  the  fact  that  the  field  in  the  cavity, 
and,  therefore,  the  induction  there,  is  zero.  The  cyclic  character 
of  the  lines  of  induction  can  only  be  preserved  by  a  return  of  the 
lines  through  the  substance  of  the  iron.  Since  the  induction  in 
the  iron  is  the  resultant  of  the  polar  field  and  of  a  field  ^irA  due 
to  the  magnetisation  and  the  latter  is  parallel  to  the  axis  while 
the  induction  is  not,  it  follows  that  the  induction  and  field  are  not, 
in  general,  parallel  to  one  another. 

219.  Molecular  Theory  of  Magnetisation.— We  have  in 

several  places  made  use  of  the  view,  suggested  by  the  experiment 
in  (174),  that  a  magnet,  or  indeed  an  unmagnetised  piece  of  iron, 
consists  of  molecules  each  of  which  is  a  complete  magnet.  In  the 
neutral  state  these  small  magnets  have  no  external  action,  either 
because  they  form  closed  chains,  or  because  they  are  arranged  in- 
discriminately in  all  dk-ections  (191,  iv.).  The  process  of  mag- 
netisation has  the  effect  of  arranging  the  molecular  magnets  in 
some  predominating  direction,  and  the  maximum  is  reached  when 
their  axes  are  all  parallel,  and  their  similar  poles  in  the  same 
direction. 

It  remains  to  establish  the  theory  of  the  very  complicated  phe- 
nomena of  magnetism  on  this  basis.  Professor  E  wing's  experi- 
ments throw  much  light  on  this  subject.  He  arranges  a  great 
number  of  very  small  magnetic  needles  movable  on  pivots,  at 
small  regular  distances  apart.  Experiment  shows  that  these 
small  magnets  may  assume  a  great  number  of  different  stable  con- 
figurations that  do  not  exert  external  force.     These  configurations 
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represent  so  many  neutral  states  vvliich  are  not  identical  with 
each  other. 

If  one  part  of  the  system  is  disturbed  it  falls  into  a  different 
configuration  ;  each  single  magnet  takes  up  a  position  of  stable 
equilibrium  after  oscillations  of  greater  or  less  amplitude.  These 
oscillations  repi'esent  the  loss  of  energy  which  the  system  experi- 
ences in  passing  from  the  first  configuration  to  the  second.  The 
change  in  general  is  not  reversible. 

Now,  suppose  the  system  exposed  to  the  action  of  a  uniform 
field  gradually  increasing  from  zero,  the  magnets  are  at  first  but 
slightly  deflected,  and  if  the  directive  force  is  removed,  they  revert 
to  their  first  positions,  and  there  is  no  permanent  effect.  As  the 
field  continues  to  increase,  a  point  is  reached  at  which  the  equili- 
brium is  suddenly  broken,  and  the  system  falls  into  a  new  con- 
figuration in  which  all  the  elements  have  approximately  the  same 
direction  as  the  field.  From  this  point  the  effect  of  an  increase  in 
the  strength  of  the  field  is  only  to  make  the  arrangement  more 
complete. 

These  three  phases  correspond  to  the  three  parts  of  the  curve 
of  magnetisation  (206). 

If  now  the  strength  of  the  field  is  decreased,  the  system  does 
not  pass  through  the  same  states ;  it  tends  towards  whatever  con- 
dition of  stable  equilibrium  is  nearest  to  the  existing  configuration. 
Thus  without  any  hypothesis  of  a  coercive  force  analogous  to 
friction,  we  may  explain  the  effects  of  hysteresis  and  of  lesidual 
magnetism. 

Experiment  shows  that  if  the  system  is  homogeneous,  that  is  to 
say,  if  the  small  magnets  are  uniformly  distributed,  the  transition 
to  quasi-parallelism  is  made  suddenly.  This  is  what  happens  in 
the  case  of  soft  iron.  If  the  system  is  not  homogeneovis,  and  the 
magnets  are  unevenly  grouped,  they  do  not  equally  and  simul- 
taneously obey  the  external  action  ;  the  magnetisation  curve  rises 
more  gradually,  and  does  not  so  soon  attain  a  maximum  ;  on  the 
other  hand,  the  residual  magnetism  is  more  stable.  This  is  the 
case  of  steel. 

It  is  in  accordance  with  this  view,  and  the  fact  affords  addi- 
tional confirmation  of  its  truth,  that  a  piece  of  ii'on  spun  round 
in  a  very  strong  field  is  found  experimentally  to  exhibit  little 
hysteresis ;  the  molecular  magnets  turn  round  so  as  always  to  lie 
pax-allel  to  the  field  and  no  unstable  positions  occur. 


CHAPTER   XX 

EQUILIBRIUM   AND    MOTION    OF   MAGNETIC 
BODIES 

220.  Movements  of  very  Small  Bodies  in  a  Field.— If  the 

field  is  not  uniform,  the  same  conclusions  that  apply  to  a  sphere 
so  small  that  the  field  may  be  considered  uniform  throughout  the 
space  which  it  occupies,  apply  also,  at  any  rate  very  approximately, 
to  a  body  of  any  shape  provided  it  is  very  small ;  the  disturbance 
it  causes  in  the  field  is  then  so  small  that  it  may  be  neglected ; 
the  magnetisation  may  consequently  be  regarded  as  uniform,  and 
as  due  solely  to  the  action  of  the  field. 

Let  us  consider  an  isotropic  sphere  of  very  small  volume,  to ;  let 
H  be  the  intensity  of  the  field,  and  k  the  magnetic  susceptibility ; 
the  sphere  may  be  compared  to  an  infinitely  small  magnet,  with  its 
axis  parallel  to  the  field,  and  of  moment  M=ukH.  In  the  case  of 
an  invariable  magnet  the  energy  would  be  equal  and  of  oj^iwsite 
sign  to  the  product  of  M  into  the  component  of  H  parallel  to  the 
axis.  As  the  axis  is  here  parallel  to  the  field  TF=  —  ukH'^.  This 
would  be  the  work  requii-ed  to  bring  this  very  small  magnet  from 
a  place  where  the  field  is  zero  to  the  position  which  it  occupies ; 
but  in  an  actual  case  the  moment  is  not  invariable,  and  neglect- 
ing any  effects  of  hysteresis,  it  may  be  assumed  to  be,  at  each 
point,  proportional  to  the  intensity  of  the  field  at  that  point.  The 
average  moment  is  thus  the  mean  between  0  and  the  value  corre- 
sponding to  the  final  position  ;  consequently,  the  work  done,  and 
therefore  the  energy  required,  is  only  half  that  which  an  invariable 
magnet  would  have  required,  and  we  have 

The  body  left  to  itself  will  remain  in  equilibrium  in  a  uniform 
field,  but  in  a  variable  field  it  will  tend  to  expend  the  energy 
which  it  possesses,  and,  like  a  falling  body,  to  move  along  tlie 
line  of  most  rapid  loss  of  energy.  If  k  is  positive,  the  energy 
diminishes  when  H  increases ;  it  will  move  then  not  in  general 
along  a  line  of   field,  but   in  the  direction  along  which  the  field 

318 
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varies  most  rapidly,  and  will  ultimately  come  in  contact  with  the 
magnet ;  it  will  be  attracted  by  the  magnet  (196).  If  k  is  negative, 
as  in  the  case  of  a  diamagnetic  body,  it  will  move  iu  the  opposite 
direction,  or  in  that  in  which  the  field  diminishes  most  rapidly,  and 
will  seem  to  be  re2)eUed  by  the  magnet.  This  is  the  true  inter- 
pretation of  the  action  exerted  by  magnets,  or  by  electrified  bodies, 
on  bodies  originally  in  the  neutral  condition  and  submitted  to  their 
influence.  This  special  tendency  of  polarised  elements  to  move,  not 
in  the  direction  of  the  lines  of  field,  but  towards  a  position  of  maxi- 
mum or  minimum  intensity,  accounts  for  some  peculiarities  which 
are  met  with  in  the  way  in  which  ii-on  filings  arrange  themselves 
under  the  influence  of  a  magnet.  The  particles  of  iron  outline  the 
bar  very  shai'ply,  and,  except  near  the  centre,  they  do  not  remain 
above  the  magnet  itself  (Fig.  155).  The  reason  is  that  the  strength 
of  the  field  varies  very  rapidly  near  the  magnet,  and  is  a  maximum 
at  the  edges  of  the  bar.  Hence,  too,  when  the  glass  plate  is  gently 
tapped,  the  lines  formed  by  the  filings  are  displaced,  they  shrink 
together  and  move  towards  the  magnet.  Each  granule  of  the 
filings  moves  parallel  to  itself,  and  transversely  to  the  lines  of 
field,  towards  regions  of  greater  intensity. 

The  direct  consideration  of  the  forces  acting  on  the  "  poles  "  of 
the  particle  leads,  moreover,  to  the  same  result.  Take  a  particle 
whose  direction  coincides  with  the  line  of  field  :  the  two  forces 
applied  at  the  ends  are  equal  and  contrary,  but  not  directly 
opposite.  They  form  with  each  other  an  obtuse  angle  equal  to 
that  between  the  tangents  to  the  line  of  field  at  the  two  ends 
of  the  particle,  and  their  resultant  is  normal  to  the  line.  This 
resultant  is  directed  towards  the  concave  side  of  the  line  of  field 
if  the  body  is  magnetic,  and  towards  the  convex  side  if  it  is  dia- 
magnetic :  it  is  evident  that  the  first  direction  is  that  in  which 
the  force  increases ;  the  second  that  in  which  it  decreases. 

221.  Equilibrium  of  a   Magnetic   Body  in  a  Uniform 

Field. — An  isotropic  sphere  placed  in  a  uniform  field  is  in  neutral 
equilibrium  in  all  positions.  This  is  not  the  case  with  a  sphere  cut 
out  of  a  crystallised  body.  The  coefficient  of  magnetisation,  like 
other  physical  constants,  has  different  values  in  different  direc- 
tions, and  the  body  has  three  principal  coefficients,  k,  k',  k",  in 
three  directions  at  right  angles  to  each  other.  The  sphere  has, 
in  this  case,  three  positions  of  equilibrium,  those  in  which  one  of 
the  axes  is  parallel  to  the  field.  Of  these  three  positions,  one  is 
stable ;  if  the  body  is  magnetic,  the  equilibrium  is  stable  when  the 
axis  parallel  to  the  field  is  the  axis  of  maximum  magnetisation ; 
and  if  the  bodv  is  diamajirnetic,  when  the  axis  of  minimum  magne- 
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tisation  is  parallel  to  the  field.  1£  the  sphere  is  movable  about 
one  axis,  the  couple  which  keeps  it  in  a  position  of  equilibrium  is 
proportional  to  the  difference  of  the  coefficients  relating  to  the 
other  two  axes. 

222.  Equilibrium  of  an  Elongated  Body. — Let  us  now  con- 
sider a  body  of  an  elongated  shape,  a  cylindrical  needle,  for  example, 

suspended  freely  in  a  uniform  field.  If 
each  element  of  volume  behaved  as  if  it 
were  alone,  it  would  acquire  a  magneti- 
sation parallel  to  the  field,  and  the  needle 
would  be  in  neutral  equilibrium  in  any 
position  (Fig.  183).  Experiment  shows 
that  this  is  the  case  for  all  feebly  magnetic 
bodies,  but  that  if  the  body  is  strongly 
magnetic  the  needle  takes  a  direction 
parallel  to  the  field. 

It  behaves  then  like  a  needle  having 
crystalline  structure,  the  axis  of  figure  corresponding  with  the 
axis  of  greatest  magnetisation,  and  the  reason  is  the  same.  The 
action  which  the  several  elements  exert  on  each  other  in  conse- 
quence of  induced  magnetism  is  greater  when  the  needle  is 
transverse  to  the  field  than  when  it  is  parallel,  and  the  apparent 
coefficient  is  consequently  smaller  in  the  first  case  than  in  the 
second.  The  needle  has  thus  a  position  of  stable  equilibrium, 
and  the  couple  which  maintains  it  thei'e  is  proportional  to  the 
difference  of  the  two  apparent  coefficients  (221). 

223.  Suppose  now  the  needle  is  in  a  non-uniform  field.  If  it  is 
isotropic,  and  feebly  magnetic  or 
diamagnetic,  it  ^vill  merely  obey 
the  tendency  of  each  element  to 
move  towards  a  maximum  or 
minimum  field  as  the  case  may 
be.  For  instance,  in  a  field 
symmetrical  in  reference  to  a 
centre  like  that  between  the 
opposite  and  equal  poles  a  and 
h  of  an  electro-magnet  (Fig.  184), 
a  magnetic  needle,  ef,  will  set 
along  the  lines  of  field,  or  axially, 
in  the  direction  ah ;  while  a 
diamagnetic  needle  will  set  across  the  lines  of  field,  or  iransversehj, 
in  the  direction  cd ;  hence  the  term  diamagnetic  given  to  bodies 
which  possess  this  property. 


Ic 
Fig.  184. 
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If  the  body  is  crystallised  or  strongly  magnetic,  it  has  to  follow 
a  twofold  tendency,  that  which  ui'ges  each  element  towards  the 
points  of  maximum  field,  and  that  which  tends  to  place  the  axis  of 
greatest  magnetisation  parallel  to  the  lines  of  the  field.  In  tiie 
symmetrical  field  in  question  these  two  actions  concur,  and  the 
position  of  equilibrium  coincides  with  the  axis  of  magnetisation  ; 
but  in  more  complex  fields  they  may  give  rise  to  effects  which  are 
apparently  very  strange. 

The  resulting  phenomena  are  often  referred  to  as  rnagrieto' 
crysfallic  phmiuminm. 

224.  Motions  of  Liquids  and  of  Gases  in  a  Non-Uniform 

Field. — The  same  effects  are  produced  upon  liquids  and  upon 
gases.  Figs.  185  and  186  represent  the  effects  produced  by  putting 
a  drop  of  liquid  in  a  watch-glass  between  two  powerful  equal  and 
opposite  poles.      In   the  first  case,  the  liquid   is  magnetic ;   it  is 


Fig.  185. 


Fig.  186. 


heaped  up  towards  the  points  where  the  field  is  a  maximum ;  in  the 
second  it  is  diamagnetic,  and  moves  towards  points  where  the  field 
is  a  minimum.  A  drop  of  liquid  in  a  glass  tube  which  is  placed 
transversely  between  the  two  poles  moves  towards  the  centre  if  it 
is  magnetic,  and  away  from  it  if  it  is  diamagnetic.  In  like  manner 
the  flame  of  a  candle,  which  is  diamagnetic, 
is  repelled  in  the  transverse  plane  (Fig. 
187). 

Among  gases,  oxygen  is  strongly  mag- 
netic ;  nitrous  oxide,  carbonic  acid,  ethy- 
lene, and  cyanogen  are  diamagnetic ; 
nitrogen  and  hydi-ogen  seem  to  be  neutral. 

In  order  to  demonstrate  this  pheno- 
menon, a  glass  globe  is  suspended  to  the 
beam  of  a  delicate  balance  over  the  pole  of 
a  powerful  magnet.  After  the  globe  has 
been  exhausted,  it  is  filled  with  the  gas  to 
be  tested,  and  is  then  counterpoised.  In 
the  case  of  oxygen,  there  is  a  very  percep- 
tible attraction,  which  is  four  or  five  times  as  sti'ong  as  that  exerted 
on  air  at  the  same  pressure  and  temperature. 

225.  Relative  Magnetisation. — A  body  of  small  dimensions 

and  of  permeability  /x,  placed  in  a  liquid  oi'  gas  of  permeability  /x', 

X 


Fig.  187. 
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behaves  like  a  body  whose  permeability  is  ju,,  =  "  ,  or,  what  comes 

to  nearly  the  same  thing  if  the  susceptibilities  are  small,  it  acts  as 
though  tlie  susceptibility  were  k^  =  k  —  k'. 

This  result  leads  to  consequences  analogous  to  those  which  are 
deduced  from  the  principle  of  Archimedes  for  floating  bodies. 
Three  cases  may  present  themselves  :  First,  k  >  k',  the  body  behaves 
like  a  magnetic  body  ;  second,  k  =  k\  the  body  appears  neutral ; 
and  third,  k<k',  the  body  behaves  like  a  diamagnetic  body.  It  is 
possible  that  diamagnetism  might  be  explained  by  a  cause  of 
this  kind. 


CHAPTER   XXI 

PERMANENT   MAGNETS 

226.  Permanent  Magnets. — Permanent  magnets  are  usually 
made  in  tlie  form  of  straight  prismatic  bars,  but  they  are  also 
sometimes  bent  in  the  form  of  a  horse-shoe.  It  is  important  that 
the  metal  of  which  they  are  made  should  have  considerable 
coercive  force.  Highly  tempered  steel,  especially  such  as  contains 
tungsten,  is  found  to  answer  best. 

It  is  impossible  to  obtain  uniform  magnetisation  in  a  prismatic 
or  cylindrical  bar.  The  effective  magnetising  field  is  less  near  the 
ends  of  the  bar  than  it  is  at  the  middle ;  consequently  the  in- 
tensity of  magnetisation  diminishes  towards  each  end. 

The  action  of  such  a  magnet  at  external  points  cannot  be 
represented  by  means  of  "  poles  "  located  on  its  ends,  as  we  showed 
to  be  possible  in  the  case  of  a  magnet  that  is  magnetised  longi- 
tudinally ai^d  uniformly.  If  the  idea  of  magnetic  charges  be 
introduced  at  all,  it  is  necessary,  when  the  intensity  changes  from 
point  to  point,  to  introduce  a  distribution  of  such  charges  in  the 
body  of  the  magnet,  as  well  as  upon  the  end  surfaces.  Thus,  in 
(191,  i.),  in  the  case  of  a  non-uniformly  magnetised  filament,  the 
potential  is  given  by        ^^^_^-^    ^.jj 


r, 


Jo    r 


where  S=Aa;  that  is  to  say,  each  element  of  the  filament  would 
require  a  magnetic  chai'ge  equal  to  the  change  in  the  value  of  Aa 
from  enil  to  end  of  it,  in  order  that  the  potential  might  bo  calcu- 
lated as  for  electric  charges.  In  the  more  general  case  where  the 
directions  of  magnetisation  are  not  parallel  to  each  other  through- 
out any  cross-section,  a  more  complicated  expression  is  necessary 
in  order  to  give  the  requisite  charge.  In  brief,  if  the  transition 
from  a  finite  magnetisation  A  to  zero  magnetisation  take  place 
abruptly,  the  eqviivalent  magnetic  charge  is  merely  superficial ; 
if  the  transition  take  place  gradually  through  a  measurable  dis- 
tance, a  gradual  distribution  is  required.  The  result  of  this  in  its 
application   to  an  actual  bar   magnet,  is   that  the  poles  or  mass- 
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centres  of  the  north  and  south  magnetic  charges  respectively  are 
within  the  bar  at  some  distance  from  the  ends. 

The  non-uniformity  is  increased  if  the  bars  are  thick,  since  the 
metal  is  not  homogeneous  throughout ;  the  hardening  more  par- 
ticularly affects  the  superficial  parts,  and  the  magnetism  seems  to 
reside  to  a  greater  or  less  depth  in  this  layer.  If  a  bar  is  magnet- 
ised alternately  in  different  directions,  magnetic  layers  are  formed 
which  seem  to  superpose  themselves.  This  fact  can  be  shown  by 
removing  the  surface  layer  either  mechanically  as  by  grinding,  or 
chemically  by  dissolving  the  surface  away  with  weak  acid. 

227.  Distribution  of  Magnetism. — We  have  already  spoken 
of  the  impossibility  of  ascertaining  the  internal  constitution  of  a 
magnet  from  its  external  effects.  The  investigation  of  these 
effects,  speaking  generally,  does  not  even  determine  the  distribu- 
tion of  the  surface  layer  by  which  the  internal  magnetism  might 
be  supposed  to  be  replaced.  This  layer,  in  fact,  is  not  in  equili- 
brium according  to  the  law  of  inverse  squares,  and  consequently 
Coulomb's  theorem  cannot  be  applied  ;  therefore,  even  if  we  knew 
the  value  of  the  normal  component  at  each  point,  we  could  not 
deduce  from  it  that  of  the  density.  Thus  most  discussions  as  to 
the  distribution  of  magnetism  in  magnets  are  of  little  value. 

Coulomb  caused  a  very  small  magnetic  needle  to  oscillate  in 
front  of  various  parts  of  the  bar  to  be  examined  (Fig.  188).     The 
needle,  7is,  was  suspended  by  a  cocoon  fibre,  and  in 
order  to  make  the  oscillations  slower  it  was  fixed  at 
right  angles  to  a  bit  of  stout  copper  wire.     The  needle 
was  first  made  to  oscillate  under  the  action   of   the 
"  ^  . J  earth  alone,  and  then  under  the  action  of  the  earth 
c       and  of  the  bar  placed  at  a  fixed  distance  in  the  plane 
of  the  meridian  of  the  needle. 

Having  regai"d  to  the  smallness  of  the  needle,  we 
S  ^  may  treat  it  as  though  it  were  suspended  in  a  uniform 

•  ^^^-  field  and  apply  to  it  the  formula  for  the  pendulum. 
If  F  is  the  magnetic  field  due  to  the  earth,  and  /'  that  due  to  the 
bar,  and  if  n  and  N  respectively  are  the  numbers  of  oscillations 
which  the  needle  makes  in  the  same  time,  when  it  oscillates  under 
the  action  of  the  earth  alone,  and  under  that  of  the  earth  and  magnet 
together,  we  have 

71^  ~     F 
and  therefore 
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If  N'  is  the  number  ofsoscillations  in  the  same  time  when  the 
needle  is  opposite  another  point  of  the  bar,  we  have 

N'^  -  n^  _/ 

The  ratio  *^  thus  found  may  be  regarded  as  being  that  of  the 

normal  components  of  the  magnetic  field  at  the  two  corresponding 
points  of  the  bar.  In  order  to  make  the  number  obtained  for  the 
end  of  the  bar  comparable  with  the  others,  Coulomb  dou1)led  it,  a 
correction  which  is  certainly  somewhat  arbitrary. 

In  another  series  of  observations  Coulomb  used  the  method  of 
torsion.  A  long  magnet,  a  knitting-needle,  for  instance,  was  sus- 
pended horizontally  by  a  metal  wire,  so  that  the  wire  was  without 
torsion  when  the  needle  was  in  the  magnetic  meridian  ;  he  then 
measured  the  torsion  which  had  to  be  applied  to  keep  the  end  of 
the  needle  at  a  small  fixed  distance  opposite  various  points  of  a 
long  magnetised  bar  placed  vertically  in  the  meridian  of  the 
needle.  This  torsion  would  give  an  appi'oximate  measure  of  the 
normal  component,  if  it  could  be  assumed  that  the  magnetism  of 
the  needle  remains  the  same  and  does  not  vary  when  it  is  placed 
opposite  different  parts  of  the  bar. 

A  third  method  consists  in  measuring  the  force  needed  to  pull 
off  a  small  sphere,  or  a  small  cylinder  of  soft  iron  placed  in  contact 
with  different  parts  of  the  bar.  To  be  able  to  assume,  as  is 
ordinarily  done,  that  the  effect  measured  is  proportional  to  the 
square  of  the  normal  component,  we  must  suppose  that  the 
magnetic  susceptibility  of  the  test-sphere  is  independent  of  its 
magnetic  intensity,  and  that  the  presence  of  this  sphere  does  not 
alter  the  magnetic  state  of  the 
bar  at  the  part  which  is  being 
investigated. 

We  shall  afterwards  (312)  learn 
a  method  which  gives  much  more 
correctly  the  value  of  the  normal 
component  at  each  point  of  the  bar. 

228.  If  at  each  point  of  the 
bar  we  draw  ordinates  proportional 
to  the  numbers  found,  we  obtain  a 
curve    which    may    be    called    the  -p       ,^^ 

curve   of   the   normal    components 

(Fig.  189) ;  but  which  does  not,  as  Coulomb  tliought,  represent  the 
surface  densities.  In  particular,  the  points  of  the  bar  a  and  (i 
which  correspond  to  the  centres  of  figure  of  the  areas  under  these 
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FiG.  190. 


Fic;.  191. 


curves,  care  not  the  true  poles  of  the  magnet.  A  very  simple 
example  will  show  this  :  for  a  uniformly  magnetised  cylinder  the 
method  would  still  give  a  curve  analogous  to  Fig.  189,  which  would 
fix  the  positions  of  the  poles  at  a  and  /?,  whereas  the  surface  layer 

^  is  restricted  to  the  tei'minal 
faces,  and  the  true  poles  are 
therefore  on  the  extreme  ends. 

The  curve  resulting  fi-om 
experiment  is  approximately  a 
triangle.  In  long  magnets,  that 
is  to  say,  those  in  which  the 
length  is  more  than  50  times  the  diameter,  the  base,  bn,  of  the 
representative  triangle  is  about  25  times  the  diameter  of  the  bar 
(Fig.  190).  The  centres  of  figure  are  at  a  fixed  distance  from  the 
ends  equal  to  7  or  8  times  the  diameter.  For  bars  which  differ 
only  as  to  length,  the  effec- 
tive length  maybe  expressed 
by  l  —  x,  where  I  is  the 
length  of  the  bar  and  x  a 
constant. 

For  magnets  whose 
length  is  less  than  abovit 
50  times  the  diameter,  the  distribution  is  i-epresented  appi'oxi- 
mately  by  the  sloping  line  a'b'  (Fig.  191),  Avhich  cuts  the  bar  in 
the  middle.  The  points  a  and  (i  are  then  at  a  distance  from  the 
ends  equal  to  one-sixth  the  length. 

229.  Magnetic  Moment  of  a  Bar.— The  moment,  MH  (179), 

R'  j^    of  the  couple  exerted  on  a  bar  by  a  field  of 

uniform  intensity,  H,  that  of   the   earth,    for 
example,  is  directly  accessible  to  expeiiment. 

One  method  is  to  suspend  the  magnet 
horizontally  by  j^lacing  it  in  a  stirrup  attached 
to  a  fine  metal  wire,  which  is  without  twist 
when  the  axis  of  the  magnet  is  parallel  to 
the  field  :  this  is  the  case  if  the  dii'ection  does 
not  change  on  replacing  the  magnet  by  a 
copper  bar  of  the  same  weight.  The  angle 
thi'ough  which  the  wire  must  be  twisted  to 
bring  the  magnet  into  a  position  at  right 
angles  to  the  field  measures  the  coviple,  MH. 

If  9  is  the  angle  of  twist,  and  C  the  coefficient  of  torsion  of  the 

wire,  we  have 

MH=  CO. 


A'  A 

Fig.  192. 
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Instead  of  a  metal  wirb^^  a  bifilar  suspension  may  be  used 
(Fig.  192)  ;  in  this  case,  if  6  is  the  angle  of  torsion  necessary  to 
keep  the  bar  in  the  transverse  position,  we  have 

MH=  C  sin  0, 

C  being  a  coefficient  depending  on  the  svispension  ;  if  aa'  =  2a, 
bb'  =  lb,  AB  =  /,  and  if  P  is  the  weight  of  the  suspended  system,  we 
easily  find  as  an  approximate  formula 

C  =  P—. 

230.  We  may  also  deduce  the  couple,  MH,  from  the  duration, 

T,  of  the  small  oscillations  of  a  bar  suspended  horizontally  by  a  silk 

fibre  without  toisioii.     As  the  moment  of  the  directive  couple  is 

at  each  instant  proportional  to  the  sine  of  the  angle  of  divergence 

from  the  position  of  equilibrium  (179),   ■I'lid   therefore,   for  small 

angles,  to  the  angle  itself,  the  magnet  makes  isochronous  vibi-atious 

of  which  the  period  is  /    r 

T=lTr     / 

V  MH' 

where  /  is  the  moment  of  inertia  of  the  oscillating  body  in  respecf 
of  the  axis  of  motion,  we  get  thus 

In  pi-actice,  in  order  to  obtain  an  accurate  measurement  of  T,  the 
period  of  one  complete  vibration,  the  time  occupied  by  a  con- 
siderable number  is  observed,  and  this  is  divided  by  the  number. 
The  result  gives  the  product  MH,  but  to  get  the  magnetic  moment 
M  we  require  to  know  the  value  of  //.•  how  this  can  be  found  will 
be  explained  in  the  next  chapter  (243).  Without  this  knowledge, 
however,  the  method  of  vibration  affords  an  accurate  way  of 
comparing  the  moments  M  and  M'  of  two  magnets.  If  /  and  7' 
are  their  respective  moments  of  inertia  and  T  and  T'  their  periods 
of  vibration  when  suspended  successively  in  the  same  position,  so 
that  //  is  the  same  for  both,  we  get  for  the  ratio  of  the  magnetic 
moments  it      rp/oj 

231.  Intensity  of  the  Magnetisation  of   Steel. — If   we 

divide  the  moment  of  a  bar  l)y  its  volume,  we  have  the  mean  in- 
tensity of  magnetisation  (190).  In  ordinary  bars  this  varies  from 
200  to  400  C.G.S.  units  ;  with  very  long  thin  bars  it  may  attain 
<^00,  that  is  to  say,  almost  half  the  maximum  intensity  of  soft  iron. 
Taking  7*8  as  the  density  of  steel,  the  specific  moment  or  the 
moment  per  gramme  of  steel  is  from  25  to  50  for  ordinary 
magnets,  and  it  may  reach  a  maximum  of  100  C.G.S.  units. 
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These  numbers  ave,  however,  only  averages  ;  for  the  intensity, 
as  has  ah-eady  been  pointed  out,  is  far  from  being  uniform  through- 
out the  mass  of  the  bar. 

232.  Influence  of  Hardening  and  of  Annealing.— Harden- 
ing and  annealing  have  considerable  influence  on  the  coercive  force, 
which  is  greater  the  higher  the  temperature  to  which  the  steel  has 
been  raised,  and  the  more  suddenly  it  has  been  cooled.  Very 
hard  steel  is  magnetised  with  difficulty,  but  retains  almost  all  the 
magnetism  developed.  Annealing  lessens  the  effects  of  hardening. 
The  steel  for  bar  magnets  is  commonly  tempered  blue,  that  is,  at 
the  temperature  at  which  steel  acquires  a  blue  tint  in  consequence 
of  the  oxidation  of  the  surface. 

Hardening  and  annealing  have  also  a  very  marked  influence  on 
the  electric  resistance,  and  on  the  thermo-electric  power  of  steel. 
The  specific  resistance  at  0°  O.  varies  from  15,000  C.G.S.  for  soft 
steel  to  47,000  C.G.S.  for  glass-hard  steel.  The  resistance  thus 
furnishes  a  scale  by  which  the  condition  of  the  steel  may  be 
defined.  It  can  be  ascertained  in  this  way  that  the  effects  of 
annealing  occur  at  relatively  low  temperatures,  such  as  100°  0. 
When  a  bar  is  kept  at  a  given  temperature,  the  effect  of  annealing 
increases  with  time,  but  tends  towards  a  limit. 

233.  Influence  of  Temperature.— The  moment  of  a  magnet 

diminishes  in  general  as  the  temperature  rises.  Part  of  the 
diminution  is  permanent,  and  the  magnet  does  not  regain  its 
original  moment  when  it  returns  to  the  original  temperature. 
Experiment  shows,  however,  that  if  a  magnet  is  repeatedly  heated 
to  a  given  temperature  for  a  sufficient  length  of  time,  and  is  each 
time  remagnetised  to  saturation,  its  permanent  magnetisation  is 
iiltimately  unaffected  by  the  action  of  any  temperature  below  that 
to  which  it  has  been  raised. 

Steel  magnets  intended  for  instruments  of  observation,  by  being 
treated  as  above  for  a  total  time  of  thirty  or  forty  hours,  at  the 
temperature  of  100°,  assume  a  condition  in  which  the  moment  at 
a  given  temperature  may  be  considered  fixed.  Within  the  limits  of 
atmospheric  variations,  the  effects  produced  are  then  proportional 
to  changes  of  temperature.  If  il/^  and  M  are  the  moments  of  one 
and  the  same  bar  at  the  temperatures  0°  and  f,  we  may  put 

M=M,{\-at), 

a  being  a  coefficient  the  value  of  which  varies  with  different  kinds 
of  steel,  but  which  is  always  less  than  0-001. 

234.  Methods   of  Magnetisation.— In  order  to  obtain  a 

somewhat    powerful    magnetisation    in    steel,    it    is    not    sufficient 
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merely  to  place  it  in  a  magnetic  field  ;  the  particles  must  be 
shaken,  as  it  were,  so  as  to  overcome  the  coercive  force.  Instead 
of  causing  a  uniform  field  to  act  upon  it,  it  is  better  to  act  in 
succession  on  the  various  parts.  At  the  present  day  electric 
currents  are  almost  exclusively  used  for  magnetising  large  pieces 
of  steel.  Among  the  older  methods  the  one  in  most  frequent  use 
is  that  of  double  touch  (Fig.  193).  The  opposite  poles  ns  of  two 
strong  bar  magnets  are 
applied  in  the  middle 
of  the  bar  to  be  mag- 
netised, ns ;  the  magnets 
are  held  at  an  angle  of 
about  30°,  and  are  moved 
simultaneously  to  the 
opposite  ends  of  the  bar. 
The  operation  is  repeated  several  times  on  each  face.  A  north 
pole,  n,  is  produced  at  the  end  last  touched  by  the  south  pole,  s, 
and  a  south  pole,  s,  at  the  end  left  by  the  north  pole  N.  The 
action  is  increased  by  allowing  the  ends  of  the  bar  to'be  magnetised 
to  rest  on  the  poles  of  two  fixed  magnets,  these  poles  being  of  the 
same  kind  as  the  poles  of  the  movable  magnets  acting  on  the  same 
parts  of  the  bar. 

Instead  of  drawing  the  two  magnets  apart,  they  may  be  sepa- 
rated to  a  small  fixed  distance,  regulated  by  a  bit  of  wood  put 
between  them,  and  then  moved  together  from  the  middle  towards 
one  end,  then  to  the  other,  and  so  on  backwards  and  foi'wards 
repeatedly,  leaving,  off  in  the  middle  after  giving  each  lialf  the 
same  niunber  of  passes. 

235.  Magnetic  Batteries. — The  magnetisation  of  steel  being 
chiefly  confined  to  the  surface  layers,  in  order  to  get  large  magnets 
strongly  magnetised  it  is  usual  to  construct  them  of  thin  jilates, 

which     are      magnetised 

separately,  and  then  put 

together.     The    poles   of 

the  same  kind  all  on  the 

same     side    are    usually 

placed  in  slits  in  pieces  of  soft  iron,  which  become  magnetised   by 

influence,  and  give  at  the  terminal  faces  poles  of  the  same  kind 

as  those  which  they  connect  (Fig.  194). 

The  magnetic  moment  of  a  battery  is  far  from  being  the  sum  of 
the  moments  of  the  plates  of  whicli  it  is  made  up,  and  if  it  is  taken 
to  pieces  niter  some  time,  eacli  of  the  magiu^ts  will  be  found  to  bo 
weaker,  but  more  especially  the  central  ones. 


Fig.  Hi4. 


50 


PERMANENT   MAGNETS 


[235- 

This  is  obviously  due  to  the  action  of  the  plates  on  each  other, 
which  tends  to  develop  in  each  plate  a  magnetisation  opposite  to 
that  of  its  neighbours. 

236.  Preservation  of  Magnets  —  Keepers.  —  In  order  to 

preserve  magnets,  great  cai'e  must  be  taken  not  to  let  them  be 
jarred,  and  not  to  expose  them  to  their  own  demagnetising  action 
when  not  in  use.  It  is  known  that  this  action  is  nothing  in  a 
ring-shaped  magnet,  in  which  all  the  magnetic  filaments  are  closed 

upon  themselves,  and 
are  therefore  without 
action  both  internally 
and  externally  (191,  i.). 
In  practice  it  is  at- 
tempted to  realise  this 
condition  as  nearly  as  may  be.  Prismatic  bars,  as  equal  as 
.possible,  are  placed  two  together  parallel  to  each  other  in  boxes, 
with  opposite  poles  near  each  other,  and  joined  by  pieces  of  soft 
iron,  which,  so  to  speak,  complete  the  magnetic  circuit  (Fig.  195). 
Such  pieces  of  soft  iron  are  called  Keejjers. 

In  horse-shoe  magnets  the  two  poles  are  joined  by  a  single 
piece  of  soft  iron,  which  forms  a  keeper  (Fig.  196).  The  shapes  of 
the  keeper,  and  of  the  soft  iron  pole-pieces  which  terminate  the 
battery,  should  be  such  as  to  make  the  mag- 
netic intensity  as  nearly  uniform  as  possible 
all  round  the  circuit. 

Fig.  196  represents  a  horse-shoe  magnet 
formed  by  Jamin's  method  of  flexible  plates 
of  steel  magnetised  separately,  then  fitted 
into  pole-pieces,  A  and  b,  of  soft  iron.  A 
piece  of  soft  iron,  c,  completes  the  circuit, 
and  acts  as  a  keeper. 

It  is  often  said  that  a  magnet  should 
support  a  permanent  weight  in  order  to  re- 
tain its  magnetism.  By  gradually  increasing 
this  load  a  magnet  may  ultimately  be  made 
to  support  a  weight  far  greater  than  it  would 
do  at  first.  When  contact  is  broken,  owing 
to  the  weight  being  too  great,  the  carrying 
power  falls  most  frequently  below  its  original 
value. 

237.  Lifting"  Power. — The  lifting  power  of  a  magnet  can 
easily  be  calculated  when  the  magnetisation  is  uniform,  If  we 
suppose  that  the  two  opposed  surfaces  have  densities  ±  o-  equal 


Fig.  VMk 
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to  A  in  absolute  value,  the  attraction  for  each  unit  of  surface 
is  2irA^  (45).  For  the  total  surface  of  contact  S,  the  force  in 
dynes  is  27r^l-AS',  and  if  P  is  the  number  of  grammes  whose  weight 
would  just  pull  off  the  keeper,  we  have — 

gP=27rA'~8=~. 

OTT 

If  we  take  A  =  800  for  steel,  we  get  as  the  greatest  value  for 
P,  4  kilogrammes  per  square  centimetre  ;  this  is,  in  fact,  what  is 
given  by  the  best  magnets.  With  soft  iron  raised  to  saturation, 
10  or  11  kilogrammes  per  square  centimetre  is  easily  obtained. 

238.  Magnetisation  by  the  Action  of  the  Earth.— It  is 

very  rarely  that  we  find  a  piece  of  steel  or  iron,  unless  perhaps 
it  is  perfectly  pure  soft  iron,  which  does  not  present  magnetic 
polarity.  Magnetisation  is  produced  in  it  if  it  is  struck  or  under- 
goes any  other  mechanical  disturbance  while  under  the  influence 
of  the  earth.  A  bar  of  soft  iron  which  is  placed  parallel  to  the 
earth's  field  acquires  a  temporary  magnetisation,  which  is  reversed 
when  the  magnet  is  tin-ned  end  for  end.  But  if  the  bar  is  struck 
with  a  hammei',  the  magnetisation  is  raised  to  a  maximum,  and 
the  iron  at  the  same  time  acquires  perceptible  coercive  force. 

A  fresh  blow  on  the  bar,  when  placed  transversely  to  the 
magnetic  field,  takes  from  it  its  magnetisation.  A  length  of  soft 
iron  wire  twisted  while  being  held  in  the  direction  of  the  dipping- 
needle,  also  acquires  permanent  magnetisation. 

The  value  of  k  (201)  is  about  40  for  the  intensity  0*47,  which 
is  that  of  the  earth's  field  at  London.  A  long,  thin,  soft  iron 
wire,  for  example,  1  millimetre  in  diameter  and  50  centimetres 
long,  acquires  a  magnetic  intensity  of  about  0*47  x  40  =  18-8  ; 
and,  as  its  volume  is  nearly  0*4  cubic  centimetre,  its  moment 
is  18-8  X  •4  =  7-5. 


CHAPTER  XXII 

TERRESTRIAL    MAGNETISM 

239.  Terrestrial  Field. — The  magnetic  field  due  to  the  earth, 
though  practically  uniform  throughout  any  moderate  space  that 
is  not  affected  by  the  presence  of  jnagnetic  bodies,  varies  greatly 
both  in  intensity  and  direction  from  one  place  to  another  on  the 
earth's  surface ;  and  even  in  one  and  the  same  place  it  changes  in 
course  of  time. 

We  know  that  its  action  on  a  magnet  is  that  of  a  couple  (171). 
In  order  that  a  magnet  may  indicate  the  direction  of  the  field  at 
a  given  point,  it  must  be  acted  upon  by  the  earth's  field  indepen- 
dently of  any  other ;  the  direction  which  the  magnetic  axis  then 
takes  is  that  of  the  field  due  to  the  earth. 

In  this  part  of  the  world  this  direction  is  roughly  nortli  and 
south,  but  it  makes  a  large  angle  with  the  horizon,  the  north  pole 
pointing  downwards. 

We  may  define  this  direction  by  means  of  two  angles,  the 
declination,  and  the  inclinatioii  or  dljK 

The  magnetic  tneridlan  is  the  vertical  plane  which  contains  the 
direction  of  the  earth's  field. 

The  declination  (or  variation)  is  the  angle  which  the  magnetic 
meridian  makes  with  the  astronomical  meridian. 

The  inclination  or  dip  is  the  angle  which  the  direction  of  the 
earth's  field  makes  with  its  projection  on  the  horizontal  plane. 

The  declination,  D,  the  inclination,  I,  and  the  intensity,  T,  of 
the  field  are  three  elements  which  characterise  the  earth's  mag- 
netism at  a  given  time  and  place. 

240.  It  is  not  practicable  to  constmct  an  instrument  in  which 
a  magnet  is  suspended  freely  at  its  centre  of  gravity.  In  pi'actice, 
two  instruments  are  employed,  one  in  which  the  magnet  is  movable 
only  about  a  vertical  axis :  this  is  called  a  declination  compass ; 
the  other,  in  which  the  needle  moves  only  about  a  horizontal  axis 
passing  through  its  centre  of  gravity  :  this  is  the  inclination  com- 
pass or  dip  needle. 

832 


241] 


MAGNETIC   ELEMENTS 


Suppose  the  magnet  in  any  position  (Fig.  197),  and  let  a  be  the 
angle  which  the  vertical  jjlane,  UA,  containing  the  axis  makes  with 
the  magnetic  meridian,  OM  ;  the  field,  T,  may  be  resolved  into  two 
components  independent  of  the  angle  a ;  the  one,  vertical, 


the  other,  horizontal, 


Z=rsin/; 
H=T con  I; 


this  latter  may  be  again  resolved   into  two  others,  also  horizontal, 
namely,                                                                               ^  ^ 

X  =11  con  a,  and  Y=H>iina,  /fi?^r :: — ^ 

respectively  parallel    and    perpendicular    to 
the  plane  of  the  magnet.      We  have  thus — 

JC  =  Z'cos  /cos  a, 

Y=T  cos  I  sill  a, 

Z=  Tsin  /. 

If  the  magnet  is  free  to  turn  in  the  plane 
OA,  it  will  be  in  equilibrium  when  its  axis  is 
along  OT,  making  with  oa  an  angle  act,  whose 
tangent  is  Z/JC  =tciii  1/  cos  a. 

241.  Declination  Compass.— If  the  needle  is  movable  only 
about  a  vertical  axis,  it  is  affected  only  by  the  hoi'izontal  com- 
ponent ;  its  position  of  equilibrium  is  that  in  which  its  axis  is  in 
the  magnetic  meridian.  When  it  is  deflected  through  an  angle 
a,  the  couple  which  acts  on  the  needle  and  tends  to  bring  it  to 
its  position  of  equilibrium  is  3IH  sin  a  •  M  being  the  magnetic 
moment  of  tlie  needle.  This  couple  is  proportional  to  the  sine  of 
the  deflection  ;  consequently,  the  law  of  the  motion  of  the  needle 
_  when    disturbed    and    left   to 

— ====i:illll_fl|llliiil[liniinii^^   itself  is  that  of  the  i)endulum 

S  D  N   (229). 


Fig.  19; 


=^===-  111    order    to    realise    the 

fundamental  condition  of  the 
apparatus,  it  is  not  needful 
for  the  vertical  axis  of  rotation 
of  the  magnet  to  be  rigid. 
~  The  magnet  maybe  suspended, 

when  properly  balanced,  by  a 
cocoon  thread,  or  it  may  be  supported  by  an  agate  cap,  D,  on  a 
pivot  (Fig.  198). 

If  the  needle  is  suspended  at  its  centre  of  gravity,  and  we  load 


mil  I    "rnmriiiiiii 

Ficj.  I'js. 
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the  south  end,  s,  by  a  mass,  m,  placed  at  a  distance,  d,  from  the 
point  of  suspension,  such  that 

mgd  =  MZ  =  MT  s^inl, 

the  needle  will  rest  horizontally  in  any  azimuth,  since  the  vertical 
component  is  independent  of  a. 

The  measurement  of  declination  consists  in  determining  the 
astronomical  meridian,  and  measuring  the  angle  which  the  mag- 
netic axis  of  the  Beedle  makes  with  this  plane.  In  reality  the 
angle  observed  is  that  between  the  meridian  and  the  axis  of  figure 
of    the   needle,  and   this   does   not   necessarily   coincide  with  the 

magnetic  axis.  The  cor- 
rection for  this  is  readily 
made  by  inverting  the  face 
of  the  needle  (Fig.  199); 
^i  the  magnetic  axis,  ah,  takes 
the  sixme  direction  in  each 
case,  and  the  axis  of  figure 
assumes  symmetrical  posi- 
tions, AB,  a'b',  with  respect 
to  this  direction,  fi.rst  on 
one  side  and  then  on  the 
other.  The  mean  of  the 
two  angles  observed,  aon, 
a'on,  gives  the  required 
angle,  mon. 

Conversely,   if   the  de- 
clination   is    known,   it  is 
easy  to  find  the  astronomi- 
cal  meridian.     When   the 
needle  is  at  rest,  the  ver- 
tical plane,  which  makes  an  angle  equal  to  the  declination,  east  or 
*west  of  the  north  pole,  according  as  the  declination  is  west  or  east, 
is  the  astronomical  meridian. 

Fig.  200  represents  the  Kew  pattern  insti'ument  movinted  as  a 
declination  compass.  The  magnet,  suspended  by  a  cocoon  fibre,  is 
viewed  through  a  telescope,  t.  The  magnet  is  hollow,  and  a  scale 
photographed  on  a  glass  disc  inserted  at  the  end  of  it  furthest  from 
the  telescope  is  in  the  focus  of  a  lens  inserted  in  the  other  end. 
The  case  carrying  the  telescope  and  suspension  tube  is  tui'ned 
rovmd  until  the  image  of  the  middle  division  of  the  glass  scale  is 
on  the  cross-wires  of  the  telescope  :  the  optic  axis  of  the  telescope 
then  coincides  in  direction  with  the  ijeometric  axis  of  the  magnet. 
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The  magnet  is  then  inverted  as  in  the  simple  compass,  the  telescope 
is  readjusted  and  the  mean  of  its  two  directions — read  on  the  gradu- 
ated circle  C — is  taken  as  the  magnetic  meridian.  In  order  to  obtain 
the  geographical  meridian  a  mirror  m  is  employed  which  is  capable 
of  being  turned  about  either  a  horizontal  or  a  vertical  axis,  and 
which  must  be  adjusted  so  that  the  horizontal  axis  is  at  right 
angles  to  the  vertical  plane  containing  the  optic  axis  of  the  tele- 
scope. This  is  effected  by  first  illuminating  the  cross  wires  and 
then  turning  the  mirror  round  until  their  reflected  image  coincides 
with  themselves.  A  known  celestial  object  {e.g.  the  sun)  is  now 
brought  into  the  field  of  view  by  turning  the  miri'or  about  its 
horizontal  axis  and  at  the  same  time  turning  the  case  along  with 
the  telescope,  and  the  exact  in- 
stant of  the  transit  of  the  object 
across  the  wires  is  observed. 
The  position  of  the  telescope  is 
now  read  on  the  graduated  circle. 
The  position  of  the  object  at  the 
time  of  ti'ansit,  as  derived  from  • 
the  NatUical  Almanack.,  gives  the 
angle  between  the  last  position 
of  the  telescope  and  the  geo- 
graphic meridian.  Tlie  declina- 
tion is  obtained  by  adding  this 
angle  algebraically  to  the  angle 
through  which  the  telescope  has 
been  turned  from  the  magnetic 
meridian — the  signs  of  these 
angles  being  taken  alike  when 
the  positions  of  the  object  and 
the  magnetic  meridian  lie  on  the  same  side  of  the  geographical 
meridian. 

242.  Dip  Circle. — For  the  determination  of  magnetic  dip,  a 
needle  that  can  turn  about  a  horizontal  axis,  therefore  movintr  in  a 
vertical  plane,  is  used  :  a  needle  thus  arranged  moves  only  under 
the  action  of  the  component  of  the  earth's  field  which  lies  in  the 
plane  of  its  motion. 

Let  a  be  the  angle  which  this  plane  makes  with  the  magnetic 
meridian  :  the  effective  components  are  Z  and  H  cos  a,  which  have 
a  resultant  7'  i-^. — ^fo —  o 

This  makes  with  the  horizontal  an  angle  ^  given  by  the  equation 

H  cos  a 


F]G.  200. 


cot  i  ■■ 


Z 


=  cot  /  COS  a. 
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If  a  =  -  we  £fet  cot  i  =  0, 

2        * 


This  direction   i  is  that  which  the   needle   will   take  ;  it  may  be 
called  the  apparent  dip  in  the  azimuth  a.      For  a  =  0  we  have  ^  =  I, 

and  the  apparent  dip  is  thus  the  true  dip 
that  is,  the  needle  is  vertical. 

For  angles  a  and  a  +    ,,  which   differ   from    each   other   by  -, 

&  "2  2 

the  apparent  dip  takes  values  /  and  i'  respec- 
tively, which  satisfy  the  equations 

cot  i  •=  cot  /  cos  a 
cot  i'  =  ±  cot  /  sin  a  ; 
squaring  both  sides  and  adding,  we  get 

cot"i  +  cot'-V  =  cot'-/, 
a  formula  which  is  frequently  used  in  determin- 
ing the  dip. 

These  equations  show  that  in  a  complete 
rotation  about  a  vertical  axis,  op  (Fig.  201), 
the  axis  of  the  needle  will  trace  on  the  hoii- 

zontal  plane  a  circumference  whose  diameter  is  equal  to  op  cot  /. 
Fig.  202  represents  a  dip)  circle.     The  needle  is  a  strip  of  steel 

in  the  shape  of  an  elongated  acute-angled  lozenge,  traversed  in  the 

centre  by  a  cylindrical  steel  axis, 

which  rests  on  agate  edges,  care- 
fully adjusted  to  be  in  the  same 

horizontal  })lane.     The  reading  is 

made    by    an    arm,    M,    which     is 

moved  along  the  limb  of  the  circle, 

and    at    each    observation    is    set 

exactly    parallel    to    the     needle. 

With   this  object  the  arm  is  fur- 
nished   with    two     small     concave 

mirrors  with  their  centres  of  curva- 
ture  in  the  plane  of   the    needle. 

The  mirrors  thus  give  in  this  same 

plane  real  and  inverted  images  of  g:|^ 

the  points  of  the  needle,  and  the  '^g 

arm  is  moved  until  these  reversed 

images   are    brought    into    contact 

with  the  points  themselves. 

In  making  an  observation,  the  vertical  circle  is  brought  into 

the  magnetic  meridian,  and  the  angle  /  is  directly  measured  ;  in 

order  to  determine  the  plane  of  the  meridian,  the  azimuth  is  found 


Fig.  202. 
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for  which  the  needle  is  vertical,  and  the  circle  is  then  turned 
through  90°.  . 

The  two  angles  /  and  i' ,  which  correspond  to  two  positions  of 
the  circle  at  right  angles  to  each  other,  are  also  often  determined. 
As  we  have  seen  above,  the  sum  of  the  squares  of  the  cotangents 
of  these  two  angles  gives  the  square  of  the  cotangent  of  the  dip. 

Several  errors  must  be  eliminated.  That  due  to  possible  eccen- 
tricity of  the  axis  of  rotation  is  eliminated  by  reading  the  two 
ends  of  the  needle ;  error  of  the  zero  of  graduation  of  the  circle, 
by  turning  it  through  180°  ;  that  due  to  obliquity  of  the  magnetic 
axis,  by  revei-sing  the  face  of  the  needle.  There  may  also  be  an 
error  arising  from  the  fact  that  the  centre  of  gravity  is  not  exactly 
in  the  axis  of  rotation.  This  is  eliminated  by  re-magnetising  the 
needle  so  that  the  poles  are  reversed,  and  repeating  the  whole 
series  of  observations.  The  measure  of  the  dip  in  a  given  azimuth 
is  thus  the  mean  of  sixteen  readings, 

243.   Measurement   of  Intensity  —  Gauss's   Method   of 

Deflection. — The  horizontal  component  H  is  measured,  and 
the  total  force   T  is  deduced  from  it  by  the  formula — 

rr  H 

1  = -. 

COS  1 

I  being  the  dip. 

The  method  consists  in  detei'mining  for  the  same  bar  the  pro- 
duct MH=A  and  the  quotient  -^^  =  B  ;  whence — - 


M=  Jab  and  H=  U  -j^- 


Determination  of  MIL — The  product  MH  is  obtained  either  by 
the  method  of  torsion  oi'  by  that  of  oscillation.  In  the  latter  case 
we  have—  42/.' 

t^ 

K  being  the  moment  of  inertia  of  the  magnet  (and  of  whatever  is 
attached  to  it)  relatively  to  the  axis  of  rotation,  and  t  the  period  of 
a  vibration  of  infinitely  small  amplitude  ;  this  is  deduced  from  the 
observed  pci'iod,  t^,  by  a  well-known  formula — 

16 
1:  being  the  semi-arc  oscillation  in  circular  measure. 

Measurement  of — . — The  bar   is   made  to  act  on  a  very  small 
•   //  -^ 

magnetic  needle,  the  deflections  of  which  are  observed  by  reflexion 

Y 
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(84).      The  bar  is  placed  in  one  of  Gauss's  principal  positions  (186), 
with  its  axis  perpendicular  to  the  magnetic  meridian  (Fig.  203). 

In  the  first  position  the  line 


\. 


U) 


Fig.  203. 


joining  the  centres  of  the 
magnet  and  needle  is  per- 
pendicular to  the  meridian  ; 
in  the  second  position,  the 
line  joining  the  centres  is  in 
the  mei'idian. 

If  the  bar  were  infinitely 
small  in  compai-isou  with  the 
V      s  distance      da  =  B,     the     field 
(2)        at  o  woidd  be  (187)— 


F^  =  2—  ,  in  the  first  position  ; 

Fo—  ^   ,  ill  the  second  position. 

If  the  needle  itself  is  very  small,  the  field  may  be  considei'ed 

unifoi'ia  throughout  the  space  which  it  occupies,  and  the  moment 

of  the  couple  which  tends  to  increase  its  deflection  is,  for  the  first 

■  •  ,  M 

position,  j\I  F^  cos  a  =  2il/'  —  cos  a,  where  a  is  the  deflection  of  the 

needle.     The  condition  of  equilibrium  is — - 

MM'  ,        . 

2    ng   cos  a  =  M  H  sm  a, 

whence  M     1 

'fr~7^  li^  tan  a. 
11      1 

If   the   magnets   cannot   be    treated    as   though  they  were  in- 
finitely small,  a  rather  more  complicated  formula  is  required — 

^_,       M  ,^       a       h  , 

^  =  2^3(l+,l.  +  ,,r.+  ...) 

where  a,  h,  .  .  .  are  constants  for  the  particular  2)air  of  magnets. 
This  leads  to  the  formula 

1   „o  ,  M  .^       a       h  . 

-  i?3  tan  a=^(l +-  +  -+...). 

The  fact  that  the  angle  a  is  scarcely  altered  by  transferring  the 
magnet  to  an  equal  distance  on  the  other  side  of  the  needle,  proves 
that  the  series  on  the  right  of  this  expression  can  contain  only  even- 
numbered  powers  of  R.  Odd-numbered  powers  might  be  intro- 
duced by  irregularities  of  magnetisation,  but  unless  these  are  great 
their  effect  is  got  rid  of  by  taking  the  mean  of  observations  with 
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the  magnet  at  equal  distances  east  and  west  of  the  needle,  and  in 
each  case  with  first  one  pole  and  then  the  other  turned  towards 
the  needle.  If  R  is  even  a  moderate  multiple  of  the  length  of  the 
magnet,  the  above  series  converges  rapidly,  so  that  it  is  usually 
sufficient  to  include  the  term  in  R~'^,  writing 


i*='-#<'-|=> 


where  t  is  the  arithmetic  mean  of  the  four  observed  values  of  tan  a. 
If  similar  observations  be  taken  at  a  second  distance,  we  obtain 
in  like  manner 


JiB'3^'  =  ^^(l+4A 
2  H^       R'V 


Eliminating  a  from  these,  we  finally  get  the  value — 

M  _irh-r:h' 
H~2   r^-r:^  ' 

It  is  best  to  take  the  two  distances  nearly  in  the  ratio  of  3  to  4, 
In  measurements  with  the  Kew  pattern  magnetometer  (Fig. 
204)  the  line  joining  the  centres  of  magnet  and  needle,  along 
which  the  axis  of  the  magnet  is  set,  is  at  right  angles  to  the  axis 
of  the  deflected  needle,  instead  of  being  at  right  angles  to  the 
meridian,  and  the  sine  of  the  angle  of  deflection  is  used  instead  of 
the  tangent. 

The  case  carrying  the  torsion-head  and  telescope  t  can  be 
turned  round  a  vertical  axis.  The  position  is  adjusted  so  that  a 
mirror  attached  to  the  suspended  needle  reflects  an  image  of  the 
zero  of  a  small  scale  so  as  to  be  on  the  vertical  wire  in  the  eye- 
piece of  the  telescope,  and  the  angular  position  of  the  instrument 
Ls  read  on  a  fixed  graduated  circle.  The  deflecting  magnet  M  is 
then  placed  in  a  carrier  on  the  long  bar  B,  which  is  initially  east 
and  west ;  the  case  is  turned  round  until  the  image  of  the  zero  of 
the  scale  s  is  again  on  the  vertical  wire,  thus  showing  that  the 
telescope,  and  with  it  the  whole  instrument,  is  in  the  same  position 
with  respect  to  the  suspended  needle  as  at  first,  and  the  new  angular 
position  is  read.  It  follows  that  the  axis  of  the  deflecting  magnet 
is  at  right  angles  to  the  suspended  needle,  and  the  couple  due  to 
the  earth  is  HM'  sin  6  (where  6  is  the  angle  through  wliich  both 
the  telescope  and  magnet  have  turned),  and  that  due  to  the 
deflecting  magnet  is  FM'.     Since  these  balance  one  another 

Measurements  are  made  as  in  the  previous  method  with  the 
magnet  turned  end  for  end,  and  successively  on  both  sides  of  the 
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suspended  needle,  and  in  each  case  at  two  distances  therefrom. 
Combining  these  so  as  to  eliminate  the  unknown  constant,  we 
obtain  finally 

Ml  R^^  sin  e^  -  ig.,5  sin  6^ 

One    advantage    of    this    method — due    to    Lamont — over    the 
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former  one  is  that  the  suspending  fibre  remains  untwisted,  and 
consequently  no  correction  for  torsion  is  required. 

244.  Magnetic  Charts. — The  terrestrial  magnetic  elements 
vary  from  one  point  of  the  globe  to  another. 

The  simplest  plan  of  showing  the  results  is  to  record  the 
observed  members  on  a  geographical  map,  and  to  draw  curves  so  as 
to  connect  all  those  places  where  the  declination,  the  dip,  and  the 
intensity  respectively  have  the  same  value.  In  this  way  we  get 
isogo7iir,  isoclinal,  and  isodynamic  lines. 

When  traced  on  a  globe,  isogonic  lines  resemble  roughly  meri- 
dional lines,  and  isoclinal  lines  roughly  resemble  parallels,  both 
referred  to  the  same  axis,  which  is  slightly  inclined  to  the  geo- 
graphical axis,  and  cuts  the  surface  at  two  points  called  the  ma<j- 
netic  j>oles.     At  these  points  the  dip  is  90°,  that  is,  the  dipping 
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needle  stands  vertical.  The  term  magnetic  equator  is  given  to  the 
isoclinal  line  where  the  dip  is  zero. 

An  interesting  isogenic  is  that  of  no  declination,  or,  in  other 
words,  that  in  which  the  magnetic  and  geographical  meridians 
coincide.  It  cuts  the  old  world  from  the  North  Cape  to  the 
Persian  Gulf,  and  passes  through  Western  Australia.  In  the  other 
hemisphere  another  such  line  crosses  the  eastern  part  of  Brazil, 
Florida,  South  Carolina,  and  Lake  Superior,  The  surface  of  the 
globe  is  thus  divided  into  two  parts :  in  one,  which  may  be  called 
the  Atlantic  region,  the  declination  is  westerly ;  in  the  other, 
the  Pacific  region,  it  is  easterly. 

The  isogonic.  lines  traverse  the  British  Islands  approximately 
from  S.S.W.  to  N.IST.E,  The  declination  for  the  year  1891  was 
least  in  the  extreme  soutli-east,  being  about  16°  at  the  South  Fore- 
land, and  greatest  on  the  north-west  coast  of  Ireland,  where  it  was 
about  23°.  It  had  very  nearly  the  same  value,  about  19°,  at 
Penzance,  Lancaster,  and  Berwick-on-Tweed. 

The  genei'al  direction  of  the  isoclmal  lines  for  the  same  year 
was  from  about  18°  S.  of  W.  to  18°  K  of  E.  The  extreme  values 
were  rather  less  than  67°  on  a  line  through  Eastbourne  and  Dunge- 
ness,  and  nearly  73°  in  the  Shetlands. 

The  lines  of  equal  horizontal  field  ran  from  about  16°  S.  of  W. 
to  16°  N".  of  E.  The  extreme  values  were  about  0"186  at  Beachy 
Head  and  0"148  in  the  Shetlands. 

For  London  (Kew  Observatory,  lat.  51°  28'  6"  IST.,  long. 
Oh,  Im.  15" Is.  W.),  the  estimated  mean  values  of  the  magnetic 
elements  for  various  years  are  given  in  the  following  table  : — ■ 


Year. 

Westerly 
Declination. 

Dip. 

Horizontal 
Field. 

Vertical 
Field. 

Total  Field. 

1866 

20°  50'-7 

68°    6'-l 

0-1769 

0-4401 

0-4743 

1871 

20*10'-5 

67°  56'-6 

1781 

-4395 

•4743 

1876 

19°  26'-l 

67°46'-7 

1791 

•4385 

-4737 

1881 

18°  44'-6 

67°41'-2 

1799 

■4385 

•4739 

1886 

18°ll'-5 

67°  37'-2 

1808 

-4391 

•4748 

1891 

17°41'-9 

67°  32'-5 

1819 

-4396 

•4762 

1896 

17°  10--8 

67°  22'-3 

1831 

■4392 

•4759 

1901 

16°  48'-9 

67°    9'-5 

1845 

-4380 

-4753 

1906 

16°  28'-5 

67°    2'-2 

1852 

•4371 

-4747 

1908 

16°  16'-9 

67°    0'-9 

•18515 

-4365 

-4741 

245.  Law  of  the  Distribution  of  Terrestrial  Magnetism. 

— As  a  first  approximation,  and  considering  only  the  broad 
features,  the  distribution  of  magnetic  force  on  the  globe  admits 
of  a  very  simple  statement,  it  being  the  same  as  would  i-esult  from 
a  very  short  magnet,  ns,  situated  at  the  centre  of  the  earth,  and 
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with  its  axis,  pp',  inclined  at  an  angle  of  about  11 1°  from  the  axis 
of  rotation,  and  with  its  north  pole  in  the  southern  hemisphere 
(Fig.  205). 

The  investigation  of  the  properties  of  an  infinitely  small  magnet 
,  (188)  enables  us  to  trace  out  directly 

^     \     /       /  the   consequences    of    this  hypothesis, 

which,  as  we  may  infer  from  (191,  v.), 
is  equivalent  to  supposing  the  earth 
to  be  a  sphere  uniformly  magnetised 
parallel  to  the  axis  pp'. 

The  field  is  symmetrical  in  respect 
of  the  axis  pp'  of  the  magnet ;  that  is, 
'  the  magnitude  and  direction  of  the 
field  are  the  same  at  all  points  of  any 
circle  perpendicular  to  pp'  ;  the  circle 
which  passes  through  the  centre  is  the 
magnetic  equator  ee'  ;  the  others  are 
magnetic  parallels.  At  all  points  of 
the  magnetic  equator  the  field  is  hori- 
zontal and  the  dip  zero  ;  the  inclination,  for  a  parallel  of  latitude 
X  reckoned  from  the  magnetic  equator,  is  given  by  the  formula — 

tan  7=2  tan  A 

and  the  field  by  the  formula — 

r2=T,2(l  +  3sin2A), 

T^  being  the  field  at  the  equator.  The  field  is  doubled  on  passing 
from  the  equator  to  the  points  p  and  p',  where  the  axis  of  the 
magnet  cuts  the  surface  of  the  earth. 
At  these  points,  which  are  sometimes 
called  the  terrestrial  magnetic  2^oles, 
the  field  is  vertical. 

Any  great  circle  passing  through 
the  axis  pp'  is  a  magnetic  meridian. 
The  declination  at  a  point  M  (Fig. 
206)  is  the  angle  which  the  great 
circle,  through  this  point  and  the 
axis,  makes  with  the  geographical 
meridian.  It  varies  from  point  to 
point  along  the  same  meridian,  ex- 
cept for  the  great  circle  which  passes  through  the  two  axes  pp'  and 
NS.  This  is  both  the  geographical  and  the  magnetic  meridian,  and 
at  every  point  of  it  the  declination  is  zero,  and  the  needle  points 
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exactly  noi'th  and  south.  This  circle  forms  the  periphery  of  Fig. 
206.  On  one  side  of  this  plane  the  north  pole  deflects  towards 
tlie  west,  and  the  declination  is  westerly  ;  on  the  other  side  it  is 
deflected  to  the  east,  and  the  declination  is  easterly. 

Tiie  magnetic  moment  M  of  the  globe  is  given  by  the  formvda : 

M=  T,  m. 

Taking  J'g  =  0'33  and  i?  =  6'37  x  10*'  centimetres,  we  have 
JI/=8-5xl025  c.G.S. 

Supposing  the  earth  to  be  a  uniformly  magnetised  sphere,  its 
intensity  of  magnetisation  must  be 

A  =  j-^^  =  ^^3  =  -  n  =  0-079. 

That  is  to  say,  about  yJ^o-  the  intensity  of  magnetisation  of  a 
magnet  of  average  strength  (231). 

246.  Gauss's  Theory. — The  preceding  theory  only  gives  a 
rough  approximation.  Gauss  has  treated  the  problem  more 
generally,  supposing  the  magnetisation  which  produces  the  ter- 
resti'ial  field  to  be  distributed  in  any  manner. 

"Whatever  be  the  distribution  it  gives  at  each  point  a  deter- 
minate potential.  Let  us  suppose  equipotential  surfaces  drawn  in 
the  field  corresponding  to  equidistant  values  of  the  potential. 
These  surfaces  cut  the  surface  of  the  earth  along  lines  which  wo 
may  call  magnetic  jyaralleJs.  These  lines  have  the  property  of  being 
everywhere  perpendicular  to  the  magnetic  meridians  ;  for,  being 
drawn  on  the  surface  of  the  earth,  which  is  supposed  spherical, 
they  are  perpendicular  to  the  vertical,  and  since  they  lie  in  the 
equipotential  surfaces,  they  are  perpendicular  to  the  direction  of 
the  field.  These  lines  are  equipotejitial  lines  in  reference  to  the 
horizontal  component ;  at  each  point  this  component  is  normal  to 
the  line,  and  its  mean  value  varies  inversely  as  the  distance 
between  two  adjacent  lines. 

The  magnetic  equator  corresponds  to  the  surface  V=  0,  which, 
unless  the  distribution  is  far  from  being  symmetrical,  will  i)ass 
near  the  centre  :  the  equator  separates  those  points  of  the  surface 
for  which  the  potential  is  positive  from  those  for  which  it  is  nega- 
tive ;  the  dip  along  this  circle  is  not  necessarily^  zero,  nor  the  field 
constant.  Thus  the  magnetic  pai'allels  are  not  necessarily  either 
lines  of  constant  dip  nor  lines  of  constant  field. 

The  points  of  the  surface  where  the  field  is  vertical,  and  which 
are  usually  called  the  poles,  are  those  in  which  the  surface  of  the 
globe  is  a  tangent  to  the  equipotential  surface  which  meets  it ; 
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these  are  the  points  of  the  surface  for  which  the  absokite  value 
of  the  potential  is  a  maximum.  Thus,  in  order  to  know  the  dis- 
ti'ibution  of  magnetism,  it  is  sufficient  to  draw  the  equipotential 
lines  for  the  sui-face  of  the  globe.  Gauss  showed  that  in  the  most 
general  case,  and  within  the  degree  of  accuracy  of  the  observations, 
these  lines  may  be  algebraically  expressed  by  formulse  containing 
twenty-foui'  coefficients  ;  so  that  when  these  coefficients  have  been 
calculated  once  for  all,  by  means  of  an  equal  number  of  observa- 
tions corrected  for  local  disturbances,  it  is  only  needful  to  intro- 
duce the  geographical  co-ordinates  of  any  given  point  into  the 
formulfe  to  obtain  the  value  of  the  magnetic  elements  at  this  j^oiiit. 
The  calculations  of  Gauss  made  for  the  year  1838  fix  the  follow- 
ing positions  for  those  of  the  two  so-called  poles : — 

North  pole,  73°  35'  lat.,  97°  59'  long,  west  from  Greenwich. 
Bouth  pole,  72°  35'  lat.,  150°  10'  long,  east  from  Greenwich. 

According  to  the  observations  made  by  the  Discovery  expedi- 
tion the  position  of  the  south  magnetic  pole  in  1903  was  72°  51' 
lat.  and  156°  25'  long.  east.  The  results  obtained  by  the  Soutliern 
Cross  indicate  a  position  only  30  or  40  miles  away. 

247.  Variations  of  Terrestrial  Magnetism. — The  elements 

of  the  earth's  magnetism  are  not  constant  at  any  given  place,  but 
undergo  variations  in  the  course  of  time.  Among  these  variations 
some  appear  to  be  irregular,  while  others,  on  the  contrary,  have  a 
well-defined  perioflic  character. 

Secular  Variations. — Since  the  date  of  the  earliest  exact  obser- 
vations, slow  changes  have  been  found  to  be  going  on.      For  many 
^,j^  years  these  proceeded  approximately  as 

though  they  were  due  to  a  uniform  rota- 
tion of  the  magnetic  axis  about  the  ter- 
restrial axis  taking  place  in  the  dii-ection 
of  the  hands  of  a  watch  for  an  observer 
placed  at  the  north  pole,  the  angle  be- 
tween the  axes  being  about  15°  and 
the  period  of  a  comjdeto  rotation  being 
about  900  years  (Fig.  207).  Thus  at 
Paris,  which  is  represented  in  the  figui-e 
by  p,  the  declination,  which  was  easterly 
when  first  recorded,  was  zero  in  1666  ; 

since  this  time  it  has  been  westerly,  and 
Ftt    ''07 

■  went  on  increasing  until  1824,  when  it 

amounted  to  24°  ;   at  present  it  is  decreasing,  and  on  the  above 

supposition  will  become  nothing  again  about  the  year  2114,  when 
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the  maguebic  pole  will  be  on  the  other  side  of  the  north  pole  in 
respect  to  us.  As  to  the  dip,  it  has  diminished  steadily  from  1666, 
and,  on  the  same  hypothesis,  will  continue  to  do  so  until  about 
2114.  The  observations  of  the  last  few  years,  however,  make  it 
doubtful  whether  this  is  a  true  statement  of  the  law  of  change. 

The  values  of  the  declination  near  London  at  different  times  are 
shown  in  Fig.  208,  while  in  Fig.  209  are  shown  the  lines,  of  equal 
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declination  and  equal  dip  for  England  and  Wales  at  two  epochs, 
viz.  1837  and  1891. 

The   mean    annual   rates   of    change  of    the    elements   through 
periods  each  of  twenty  years  are  as  follows  (244)  : — 


Period. 

Declination. 

Dip. 

Horizontal 
Field. 

Vertical 
Field. 

Total  Field. 

1866-1886 
1871-1891 
1876-1896 
1881-1901 
1886-1906 

-7'-7 
—  7'-7 
-7'-0 
-6'-0 
-5-2 

-l'-4 
-l'-2 
-l'-2 
-l'-6 
-l'-75 

+  -00019 
+  -00019 
+  -00020 
+  -00023 
+  -00022 

-  -00005 
+  -00001 
+  -00003 

-  -00002 

-  -00010 

+  -00003 
+  -00009 
+ -00011 
+  -00007 
-  -00001 

Daily  Variations. — Other  variations  have  a  short  period,  and 
appear  to  be  connected  with  the  apparent  motion  of  the  sun,  the 
moon,  &c.,  and  follow  laws  which  are  not  yet  known. 

These  variations  affect  particularly  the  declination. 

Observations  of  the  sun  have  shown  that  regular  alternations 
of  maxima  and  minima  of  sun-spots  recur  in  a  period  of  eleven 
years,  and  it  is  found  that  the  range  of  the  regular  diurnal  varia- 
tions of  declination  is  from  40  to  50  per  cent,  greater  in  a  year  of 
maximum   frequency   of    sun-spots    than    in   a   year    of    minimum 
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frequency.     For  example,  the  mean  daily  variation  observed  at 
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Fig.  209. 
Kew  in  1893  was  10'-74,  while  in  1900  it  was  6'-83.     The  relation 


247]  REGISTERING   MAGNETOMETERS  347 

between  the  two  phenomena  is  so  regular  as  to  leave  no  dovibt  that 
it  rests  on  some  causal  connection.  Taking  a  complete  11 -year 
period,  the  mean  of  the  hourly  observations  at  Kew,  leaving  out 
only  the  highly  disturbed  days,  gives  the  range  of  the  regular 
diurnal  variations  of  declination  for  the  different  months  of  the 
year  as  follows  : — 

Jan.     Feb.  March.     April.      May.     June.      July.      Aug.    Sept.    Oct.    Nov.     Dec. 
4'-9     6'-l     9'1      10'-95     10'-7     10'-9     10'-6     ll'-Q     9'-5     7'-7     5'-4     4'-5 

The  hours  at  which  the  greatest  and  least  deflections  are 
reached  vary  from  place  to  place  and  at  the  same  place  in  the 
course  of  the  year.  At  Kew,  from  November  to  February,  the 
principal  daily  minimum  occurs  between  10  and  12  p.m.,  but,  taking 
the  mean  of  the  whole  year,  this  is  inconspicuous  in  comparison 
with  that  which  occurs  about  8  a.m. 

At  Kew  the  declination  is  greatest  at  about  1  or  2  p.m.  The 
maximum  and  minimum  of  declination  show  the  greatest  difference 
at  the  equinoxes,  thus  for  the  eleven  years  1890  to  1900  the  mean 
absolute  daily  range  at  Kew  for  all  days  was  15'"93  in  March, 
13''65  in  June,  14''57  in  September,  and  9'"80  in  December. 

Irregular  Variations. — Irregular  variations,  often,  when  they  are 
considerable,  called  magnetic  storms,  are  simultaneously  produced 
over  a  great  part  of  the  surface  of  the  earth.  They  have  often  been 
.supposed  to  be  connected  with  the  aurora  borealis,  but  it  is  not  clear 
that  there  is  a  causal  relation  between  the  two  phenomena. 

Both  daily  and  ii'regular  variations  ai'e  observed  by  special 
apparatus,  known  as  registering  magnetometers ;  the  small  move- 
ments of  suspended  magnets,  magnified  by  the  method  of  reflexion, 
are  registered  continuously  by  photography.  The  variations  com- 
monly observed  are  those  of  declination  and  of  the  horizontal  and 
vertical  components.  The  first  is  observed  by  means  of  a  small 
bar  suspended  horizontally  in  the  meridian  by  cocoon  threads ;  the 
second  is  measured  by  means  of  a  horizontal  magnet  suspended 
at  right  angles  to  the  meridian  by  a  twisted  metal  wire,  or  (piartz 
fibre,  or  by  a  bifilar  suspension ;  the  third,  by  a  magnet  that  is 
movable  like  the  beam  of  a  balance  about  a  knife-edge,  and  l)eing 
exactly  counterpoised  for  a  given  value  of  the  vertical  component, 
dips  more  or  less  as  this  value  changes. 
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CHAPTER  XXIII 
ELECTRO-MAGNETISM 

248.  Electro-Magnetism. — In  studying  the  effects  of  electric 
currents,  we  have  hitherto  been  concerned  only  with  inteo-nal 
actions,  that  is  to  say,  effects  produced  by  the  current  in  the 
conductors  traversed  by  it.  It  now  remains  to  investigate  the 
actions  produced  outside  the  conductor,  which,  for  this  reason, 
are  called  the  external  actions.  The  part  of  Science  which  relates 
to  these  phenomena  is  called  electro-magnetism  ;  it  originated  in  an 
experiment  made  by  Oersted  in  July  1820,  and  it  owes  its  principal 
developments  to  the  researches  of  Ampere  and  of  Faraday. 

249.  Oersted's    Experiment— Ampere's    Rule. — When    a 

conductor  through  which  a  current  is  passing  is  brought  near  and 
parallel    to    a    magnetic    needle,  the    latter   is    deflected  from  its 

ordinary  position  (Fig.  210)  ;  this    

is   the    fact    which    Oersted    ob-  Y  X 

served.  According  to  the  rela- 
tive positions  of  the  needle  and 
the  circuit,  the  direction  of  the 
deflection  is  different.  It  may, 
however,  be  determined  in  each  ^iq,   210 

case  by  what  is  known  as  Am- 
pere's Rule.  Suppose  an  observer  swimming  in  the  direction  of  the 
current,  so  that  it  enters  by  his  feet  and  emerges  by  his  head  :  if 
the  obsei-ver  has  his  face  turned  towards  the  needle,  the  north  pole 
is  always  deflected  to  his  left.  We  shall  speak  of  this  as  the  left  of 
the  current. 

250.  Ampere's    Astatic    Needle.— If  it  were  not  for  the 

action  of  the  earth,  the  needle  would  always  set  at  right  angles 
to  the  current.  In  order  to  show  this.  Ampere  used  a  needle 
arranged  like  a  dip-needle  (242),  so  that  it  moved  only  about  a 
fixed  axis  passing  through  the  centre  of  gravity,  and  he  placed  this 
axis  parallel  to  the  direction  of  the  earth's  field  (Fig.  211).     As 
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Fig.  211. 


the  couple  due  to  the  earth  acts  in  a  phxne  containing  the  axis,  it 
has  no  effect  on  the  position  of  the  needle.  The  needle  then 
always  sets  at  right  angles  to  the  current,  whatever  be  the  strength 
of  the  latter.  Hence  it  follows  that  the  action 
of  the  current  is  exerted  in  a  direction  at  right 
angles  to  the  conducting  wire,  and  that,  at  least 
in  part,  it  is  of  the  nature  of  a  couple. 

251.  Galvanometer. — If  we  stretch  the  wire 
above  a  horizontal  needle  (Fig.  210)  when  it  is  at 
rest  in  the  magnetic  meridian,  the  needle  is  under 
the  action  of  two  systems  of  forces  acting  in 
planes  at  right  angles  to  each  other,  and  the 
needle  takes  up  an  intermediate  position. 

Experiment  shows  that,  other  things  being 
equal,  the  extent  of  the  deflection  is  independent 
of  the  degree  of  magnetisation  of  the  needle, 
which  proves  that  the  two  actions  are  in  a  con- 
stant ratio,  and  therefore  that  the  couple  due  to  the  current,  like 
that  due  to  the  earth,  in  proportional  to  tlie  ■magnetic  moment  of  the 
needle  upon  which  it  acts. 

The  deflection  increases,  moreover,  with  the  strength  of  the 
cuirent  as  measured  by  its  chemical  action,  and  may,  therefore, 
serve  as  a  measvire  of  it.  This  is  the  principle  of  the  electro- 
magnetic measurement  of 
the  current,  and  of  the  appa- 
ratus which  Ampere  called  a 
galvanometer  (see  Chapter 
XXIX.). 

The  action  of  the  cur- 
rent can  be  increased  by 
coiling  the  conductor  on  a  frame ;  the  needle  is  put  at  the  centre 
of  tlie  frame  (Fig.  212),  and  the  plane  of  the  frame  is  placed  in 
the  magnetic  meridian.  It  is  easily  seen  from  Ampere's  rule  that 
all  parts  of  the  current  tend  to  deflect  the  needle  in  the  same  direc- 
tion. When  the  conductor  is  coiled  many  times  round,  the 
arrangement  is  known  as  Schiveujr/er's  MultijMer. 

252.  Magnetic  Field  due  to  a  Current. — The  essential  fact 

which  results  from  the  experiments  of  Oersted  and  of  Ampere  is 
that  an  electric  current  creates  a  magnetic  fierld,  and  acts  on 
magnets  or  on  otlier  currents  in  the  same  sort  of  way  as  magnets 
themselves.  Ampere  showed  that  the  field  of  a  current  is  a  ti-ue 
magnetic  field,  that  is  to  say,  a  field  of  the  same  kind  as  that  wliicli 
is  created  by  magnets.     The  identity  is  not  merely  an  identity  of 
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form,  like  that  whit-h  we  ^have  found  between  the  electrical  field 
and  the  magnetic  field  (191),  but  a  real  and  absolute  identity. 

The  field  of  a  current  has  all  the  characteristic  properties  of  a 
magnetic  field ;  it  exerts  a  directive  couple  on  a  magnet,  which  at 
each  point  is  proportional  to  the  magnetic  moment  of  the  magnet 
placed  at  this  point.  The  form  of  the  magnetic  field  may  be 
rendered  evident  in  the  ordinary  way  with  iron  filings,  and  is  the 
same  for  all  values  of  the  current. 

253.  Field  of  an  Infinitely  Long  Rectilinear  Current.— 

Let  us  consider  the  cas-e  of  a  rectilinear  portion  of  a  cii'cuit  so  long 
that  it  may  be  treated  as  an  infinite  right  line.      If  this  passes  at 

right  angles  through  a  sheet  of 
cardboard  on  which  iron  filings 
are  sifted,  it  is  seen  that  the 
lines  of  field  are  concentric  cir- 
cumferences with  their  centre  in 
the  axis  of  the  wire  (Fig.  21.3). 
Ampere's    rule    shows    that 
they  go  from  the  right  to  the 
left  of  an   observer  jilaced  in 
the    current.       As    might    be 
anticipated     from     reasons    of 
by    experiment,    that    the    intensity    of 
at    all    points    of    the    same    circumfer- 
the    equipotential    surfaces    are    planes 


Fig.  21;;. 
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symmetry,    it    is    found 

the    field    is    the    same 

ence.       It    follows    that 

passing  through  the  axis  of  the  current,  and  making  equal  angles 

with    each    other.      It    can   thence    be     ^ 

directly  concluded  that  the  field  varies 

inversely  as  the  distance  (53). 

254.  Biot  and  Savart's  Experi 

ment. — The  law  just  mentioned  was 
established  experimentally  by  Biot  and 
Savart.  The  experiment  consists  in 
causing  a  very  small  needle  to  oscillate 
first  under  the  influence  of  the  eartli 
alone,  and  then»vinder  the  simultaneous 
influence  of  the  earth  and  of  a  very  long 
straight  current.  The  current  being 
vertical,  the  needle  is  suspended  hori- 
zontally in  the  plane  which  passes 
through  the  current  at  light  angles  to 
the  magnetic  meridian  (Fig.  214).  If 
the  needle  is  very  small  in  comparison  with  its  disfcxnce  from  the 
current,  it  may  be  regarded  as  being   acted  upon  by  a  uniform 
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field,  wliicli,  with  the  direction  of  the  cuiTent  shown  by  the  aii'ows, 
adds  itself  to  that  of  the  earth.  The  needle  retains  its  position  of 
equilibrium  in  the  magnetic  meridian ;  if  it  is  displaced  therefrom, 
it  vibrates  according  to  the  pendulum  law. 

If  (r  is  a  constant  which  depends  on  the  moment  of  inertia  and 
on  the  magnetic  moment  of  the  needle,  ^the  field  due  to  the  earth, 
h  and  W  the  fields  due  to  the  current  at  the  distances  a  and  a',  and 
if  «,  N,  and  N'  are  the  numbers  of  oscillations  made  respectively 
in  the  same  time  under  the  action  of  the  fields  //,  //  +  h,  and 
II +h',  we  have,  from  the  formula  for  harmonic  vibrations — 

n'^    =GH 
iV^  ==G(H+h) 
N'-^=G{II+h'). 
As  experiment  gives 

N^  —n"_h  _a 
N"^-n-~h'~a' 
it  follows  that  the  field  of  an  infinitely  long  current  varies  inversely 
as  the  distance ;  it  is,  moreover,  proportional  to  the  strength  of  the 
current ;  we  may  therefore  write 

a 
1c  being    a    coefficient   which    depends    on    the    unit    in   terms    of 
which  the  strength  of  the  current  is  expressed. 

The  wriii,  which  will  be  afterwards  desciibed  as  the  electro- 
viagnetic  unit,  is  that  for  which  k  =  1.  The  unit  in  cpiestion  is 
equal  to  10  amperes.  An  infinitely  long  current  of  10  amperes 
would,  therefore,  act  on  a  magnet  of  unit  magnetic  moment  at  a  dis- 
tance of  a  centimetre  with  a  couple  of  moment  two  dyne-centimetres. 

If  C  is  the  strength  of  the  current  expressed  in  terms  of  the 
electro-magnetic  unit,  the  law  of  Biot  and  Savart  is  expressed  by 

a 
It  is  to  be  observed  that  ah  is  the  moment  of  the  magnetic 
field  about  the  line  of  the  current  as  axis.     This  moment  is  constant 
for  the  same  strength  of  current  whatever  be  the  distance. 

255.  Equivalence  of  Current   and  Magnetic  Shell.— It 

may  b,e  stated  as  the  result  of  experiment  that  a  current  flowing 
in  a  wire  is  equivalent  to  a  uniform  magnetic  shell  (191,  ii.)  of 
which  the  wire  is  the  outer  boundary.  This  may  be  expressed 
otherwise  by  saying  that  the  magnetic  field  due  to  a  current  is  (with 
a  certain  restriction  to  be  referred  to  liter,  265)  derivable^  from 
a  potential,  and  that  the  value  of  this  potential  is  proportional  to 


■  1 


-^ 


352  ELECTRO-MAGNETISM  [255- 

the  solid  angle  which  the  current  subtends  at  the  point  under 
consideration.  The  value  of  this  field  may  be  determined  experi- 
mentally in  the  same  way  as  that  due  to  a  magnet.  Thus,  if  we 
have  a  current  flowing  in  a  wire  carried  round  a  circle,  the  circle 
may  be  placed  so  that  its  plane  is  in  the  magnetic  meridian  and 
its  centre  movable  east  or  west  of  a  compass  needle.  It  is  then 
found  that  the  field  F  at  any  point  on  the  axis  is  directed  along 
the  axis  itself  (as  indeed  might  be  expected  from  considerations  of 
symmetry),  and  further,  that  it  is  independent  of  the  magnetic 
moment  of  the  needle,  is  proportional  to  the  ratio  a^/r^  (if  a  is 
the  radius  and  r  the  distance  from  a  point  on  the  circumference 
to  the  point  considered)  and  is  also  proportionill  to  the  amount 

of  copper  set  free  in  a  given 
'^  time  in  a  voltameter  placed  in 
the  current  circuit.  Any  number 
of  circuits  carrying  curi-ents 
produce  magnetic  effects  inde- 
^        ^,f-  pendent  of  each  other.      If  the 

single  turn  of  wire  be  replaced 
by  a  coil  of  71  turns  all  at  sensibly  the  same  distance  from  the 
needle,  through  each  of  which  the  same  current  passes,  the  couple 
on  the  magnet  is  sensibly  n  times  as  great ;  that  is,  a  current  of 
strength  C  carried  71  times  round  a  circle  produces  the  same  mag- 
netic effect  as  a  current  of  strength  TiC  carried  once  round.  The 
product  7iG  is  sometimes  called  the  effective  cmrejit  round  the  coil  : 
in  the  sequel,  when  we  speak  of  the  current  round  any  area,  the 
effective  current  as  thus  defined  is  to  be  understood,  unless  the  con- 
text implies  otherwise.  All  these  results  may  be  expressed  in  the 
single  statement — 

o 

Couple  on  magnet  due  to  current  =  /*;— — CJ/'  cos  6 

where  Ic  is  a  constant  depending  on  the  unit  of  measurement  for 
the  current,  C  is  the  current  measured  by  its  electrolytic  effect,  M' 
is  the  magnetic  moment  of  the  needle,  and  6  is  the  deflection. 

It  was  shown  in  (191,  ii-)  that  the  field  at  a  point  on  the  axis 

of   a   uniform  circular   magnetic  shell    of    strength    (f)   is  27r<^  -  = 

2~^  =  2—,  the  symbols  a  and  r  having  the  same  meanings  as  before, 

and  therefore  7ra^  =  A,  being  the  area  of  the  shell,  and  <jiA  its 
magnetic  moment.  The  field  due  to  the  cui'rent  and  that  due  to 
the  shell  are  accordingly  equal,  if,  with  the  unit  employed  above, 

^■7iAG=M. 
27r 
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256.  Influence  of  a  Change  in  Surrounding  Medium.— 

When  the  medium  surrounding  the  current  is  magnetisable,  it 
becomes  magnetised  under  the  action  of  the  current  fiekl.  If  the 
magnetised  medium  fills  all  the  surrounding  space,  its  magnetisa- 
tion can  be  represented  by  closed  lines  parallel  to  those  of  the 
current  field.  Since  these  lines  are  closed,  they  have  no  polar 
field  ;  consequently  we  should  expect  the  field  due  to  the  current 
to  be  the  same  whatever  the  medium  may  he. 

This  is  not  the  case,  as  we  have  seen,  when  the  medium 
surrounding  a  magnet  is  changed  (194,  205)  ;  the  abrupt  termina- 
tion of  the  magnetisation  of  the  medium  at  the  surface  of  the 
magnet  produces  a  modification  in  the  value  of  the  field. 

A  modification  of  the  same  kind  is  produced  in  the  case  of 
a  current  if  the  magnetisable  medium  only  partially  fills  the 
surrounding  space.  For  example,  let  it  consist  of  a  plane  iron 
shell  contained  within  the  contour  of  the  current.  The  magnetisa- 
tion of  this  shell  under  the  influence  of  the  field  changes  the  value 
of  the  field  at  external  points ;  that  is  to  say,  the  field  outside 
it  will  not  be  the  same  whether  the  iron  shell  is  present  or  not. 
Or  again,  the  iron  may  fill  all  space  except  that  of  a  similar  plane 
shell  of  air.  In  this  case,  the  field  in  the  iron  depends  upon  the 
permeability  of  the  iron  in  the  same  way  and  for  the  same  reason 
(205)  as  if  the  current  and  air  shell  were  replaced  by  a  permanent 
magnetic  shell. 

It  follows  that  the  magnetic  shell  which  is  equivalent  to  a 
particular  current  when  the  medium  is  air  is  not  equivalent  to  it 
when  the  air  is  icholly  replaced  by  a  magnetisable  medium.  The 
strength  of  the  equivalent  shell  is  in  all  cases  equal  to  /xC  where  /x 
is  the  permeability  of  the  surrounding  medium.  That  this  is  so 
follows  from  the  fact  that  the  field  of  a  shell  of  given  strength  varies 
inversely  as  //,  •  its  strength  must  therefore  be  taken  directly  as  /x 
in  order  that  the  field  may  remain  unchanged. 

The  magnetic  induction  in  any  region  is  obtained  from  the 
field  by  multiplying  it  by  the  permeability.  Hence  surrounding  a 
current  by  iron  instead  of  air  increases  the  magnetic  induction  at 
all  points. 

257.  Electromagnetic    Unit    of   Current.— By    properly 

choosing  the  unit  of  current  the  coeflicient  IcjItt  in  the  last  equation 
may  be  made  equal  to  unity.  The  unit  thus  arrived  at  is  called 
the  absolute  electromagnetic  unit.  If  a  wire  be  bent  into  a  circular 
arc,  each  element  of  length,  if  traversed  by  a  current,  must  be  sup- 
posed to  exert  the  same  force  at  the  centre  of  the  circle.  Hence 
the  definition  of  the  electromagnetic  unit  of  current  may  be  stated 
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in  the  following  form  :  a  current  is  of  unit  strength  if  unit  length 
of  it  carried  along  the  circumference  of  a  circle  of  unit  radius  pro- 
duces unit  magnetic  field  at  the  centre  ;  oi",  what  comes  to  the  same 
thing,  if  when  carried  once  round  a  circle  of  unit  radius  it  produces 
a  magnetic  field  at  the  centre  numerically  equal  to  27r.  A  current 
of  one-tenth  of  this  strength  is  the  unit  commonly  employed  in 
practical  applications  and  is  called  an  amjjere.  In  the  following 
pages  either  the  electromagnetic  unit  or  the  ampere  will  always  be 
used  for  expressing  the  strength  of  current. 

258.  Action  of  a  Current  on  a  Current.— Since  in  the  cases 

mentioned  above  a  current  acts  as  the  equivalent  of  a  magnet,  it 
might  be  expected  that  two  currents  would  behave  to  one  another 
as  two  magnets  do,  and  experiment  shows  this  to  be  the  case.  This 
I'esult  completes  the  proof  that  a  current  is  a  magnet  in  every 
essential  particular ;  that  is  to  say,  that  there  is  not  only  a 
similarity  in  behaviour  under  certain  circumstances  between  the 
two,  but  that  each  may  be  replaced  by  the  other  as  far  as  magnetic 
effects  are  concerned. 

259.  Weber's  Experiments. — The  results  of  very  careful 
experiments  made  to  test  the  law  of  the  action  of  two  currents  on 
each  other  were  published  by  Wilhelm  Weber  in  1846.  He  proved 
that  two  coils  of  wire,  through  each  of  which  the  same  current  is 
flowing,  exert  upon  each  other  a  tvirning  moment  proportional  to 
the  square  of  the  strength  of  the  current  and  depending  otherwise 
on  the  dimensions  of  the  coils  and  their  relative  positions.     More 

generally,  if  C  is  the  strength  of  current  through  one 
coil  and  G'  that  through  other,  the  turning  moments  are 
proportional  to  the  product  CG .  Weber  further  found 
that,  if  two  coils  wei-e  set  with  their  axes  in  the  ^ame 
horizontal  plane,  one  of  them  fixed  with  its  axis  at 
right  angles  to  the  magnetic  meridian,  and  the  other 
suspended  so  as  to  be  able  to  turn  about  a  vertical 
diameter,  and  with  its  axis  in  the  magnetic  meridian 
when  it  is  in  equilibrium  with  no  curient  through  it 
(Fig.  215a),  the  turning  moment  exerted -by  the  fixed 
coil  on  the  suspended  one  varies  with  distance  accord- 
ing to  the  same  law  as  applies  in  the  case  of  two 
^  magnets   (186,  243),  and   alters   in  the   same  way  as 

with  two  magnets  when  the  line  joining  the  centres 
■     of   the   coils  is  changed   from    being  in  the  magnetic 
meridian  to  being  at  right  angles  thereto.     Confirmation  was  thus 
given  of  the  conclusion  arrived  at  theoretically  by  Ampere  and  sup- 
ported by  him  by  less  satisfactory  experiments,  that  the  magnetic 
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field  due  to  a  closed  current  is  the  same  as  that  of  a  magnetic  shell 
whose  outline  coincides  ivith  that  of  the  current  and  whose  magnetic 
strength  is  numerically  equal  to  the  strength  of  the  current.  It  fol- 
lows that,  in  calculating  the  magnetic  action  at  any  point  due  to  a 
closed  circuit,  we  may,  whenever  the  calculation  is  facilitated  thereby, 
suppose  the  circuit  to  be  replaced  by  the  equivalent  magnetic  shell 
and  apjily  to  it  the  conclusions  arrived  at  in  Chapter  XVIII. 

260.  Extension  to  Large  Circuits.— Even  if  it  be  considered 
that  Weber's  results  do  not  amount  to  a  complete  proof  of  the 
above  conclusion,  its  truth  follows  from  the  fact  that,  while  it  is 
being  constantly  assumed  in  electromagnetic  measurements  and 
calculations,  no  error  in  the  results  has  ever  been  traced  to  this 
assumption.  Again,  if  it  be  admitted  as  experimentally  proved  for 
small  circuits,  it  can  be  shown  to  be  true  in  all  cases. 

Consider  a  surface  of  any  shape  bounded  by  a  contour  s  (Fig. 
216)  :  let  us  suppose  this  surface  cut  by  two  systems  of  intersect- 
ing pai'allel  lines,  which  divide  it  into 
small  elements,  and  suppose  the  boun- 
daries of  all  these  elements  traversed  by 
currents  of  the  same  strength  C,  all  flow- 
ing round  in  the  same  direction.  Each  line 
which  separates  two  adjacent  elements  is 
traversed  by  two  equal  currents  in  oppo- 
site directions,  which  neutralise  each  Fig.  216. 
other.  Consequently  only  those  portions  of  the  current  which 
correspond  to  the  elements  of  the  contour  come  into  account,  and 
the  force  due  to  these  is  evidently  the  same  as  that  of  a  single 
continuous  current  of  the  same  strength  flowing  round  the  con- 
tour s.  On  the  other  hand,  each  of  the  elementary  currents  may  be 
replaced  by  the  equivalent  magnetic  shell,  and  all  such  shells,  taken 
together,  foi-m  a  shell  having  the  same  contour  as  the  closed  circuit 
considered,  and  a  strength  equal  to  the  strength  of  the  current. 

261.  Laplace's  Rule. — Experiments  with  steady  currents  can 
be  made  only  with  complete  circuits  ;  yet  many  attempts  have  been 
made  to  calculate  the  resultant  effect  as  the  sum  of  effects  due  to 
each  elementary  length  of  the  circuit.  Laplace  showed  that  it 
was  suflicient  to  assume  that  the  field  at  any  point  due  to  an 
element  of  ciu'rent  is  given  by  the  formula 

,_     Cds  sina 

dF= s 

r- 

ds  being  the  length  of  the  element,  r  the  distance  of  the  point 
from  the  middle  of  the  element,  and  a  the  angle  which  the  element 
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makes  with  the  straight  line  r ;  and  that  the  direction  of  the  field 
is  perpendicular  to  the  plane  rds.  This  rule  in  every  case  gives, 
when  the  summation  is  effected,  the  same  result  as  that  which  is 
obtained  by  replacing  the  current  by  its  equivalent  shell,  and  it 
affords  a  very  convenient  mathematical  artifice  for  finding  the 
field  due  to  the  current.  Since,  however,  it  is  impossible  to  pro- 
duce a  steady  current  through  a  detached  piece  of  a  conductor  no 
physical  validity  should  be  attributed  to  it.  Nevertheless,  owing 
to  the  utility  of  the  formula,  it  is  instructive  to  see  how  its  formal 
truth  may  be  most  directly  arrived  at.  Taking  the  case  of  the 
field  at  the  centre  of  a  circular  current  the  proportionality  of  effect 
to  the  number  of  turns  is  evidence  that  each  similarly  situated 
element  acts  equally,  and  that,  therefore,  other  things  being  equal, 
the  field  is  proportional  to  the  length  of  the  acting  current.  Again, 
taking  coils  of  various  radii,  each  is  found  to  produce  the  same 
effect  when  the  number  of  turns  is  directly  as  the  radius,  that  is 
to  say,  the  field  due  to  each  turn  {csetens  jm^'i^^^^)  is  inversely 
as  the  radius ;  and  since  the  length  of  each  turn  is  proportional 
to  the  radius,  the  field  due  to  an  element  mvist  be  inversely  as  the 
radius  squared.  Further,  it  is  shoAvn  experimentally  that  a  simple 
circle  and  a  zigzag,  sinuous,  or  spiral  wire  bent  into  circles  of  the 
same  average  radius  are  equivalent  to  one  anothei\  It  follows 
that  the  effective  component  of  the  element  of  current  is  that 
which  is  perpendicular  to  the  line  joining  the  element  with  the 
point  at  which  the  field  is  determined.  Thus  the  whole  rule  is 
proved. 
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Fig.  217. 


261.*  Field  due  to  a  Long-  Straight  Current.— As  an 

application  of  this  rule  we  will  calculate  the  field  due  to  a  straight 
current  extending  equally  in  both  directions.  In  this  case  the 
elementary  fields  at  p  (Fig.  217)  are  perpendicular  to  the  plane  of 
the  paper ;  the  resultant  field  is  therefore  their  arithmetic  sum, 
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and  may  be  written,  if  B  is  the  value  of  a  at  the  most  distant  point 

of  the  cvu'vent, 

p^  p    ds  sin  ag 

Representing  the  shortest  distance  pa  by  a,  we  have 


ds 


—  rda     a 


r       ds  da 

or  -^  =  -  — , 


whence 


F= 


,       20 
sin  ada  =  —  cos 


20 


which,  when  the  wire  is  very  loni?,  becomes  — ,  which  agrees  with 

a 

the  result  found  experimentally  by  Biot  and  Savart  (254). 
We  may  note  some  consequences  of  this  result : — ■ 
i.   Suppose  a  long  straight  current  through  the  point  o  at  right 

angles  to  the  plane  of  the  figure  (Fig.  217a),  and  flowing  outwards  ; 

20 
the  magnetic  field  at  p  is  —  perpendicular  to  op  in  the  direction  of 
a 

the  arrow.     The  component 

along  h  making  an  angle  (f> 

with  OP  is  20  sin  (fi/a.     If  a 

unit  magnetic  pole  be  moved 

from  p  through  the  very  short  ^ 

length  dh  along  Ji,  the  work 

done  upon  it  by  the  current 

is  20db  sin  <^/a.      Draw  a  line  fi'om  o  to  the  further  extremity  of 

dh,    and    let  dft    be    the    angle    which    it    makes    with    op  :     then 


db 


_  ad  ft  _ 
sin  (/> ' 


hence  the  work  is 


20  sin  (jb  _  adft  ^^OdB 
a  sin  ^ 


If  the  pole  is  moved  along  any  path  so  that  the  radius  vector  from 
the  nearest  point  of  the  current  turns  through  a  finite  angle  ft, 
the  work  done  is  20ft,  which  becomes  AttO  for  any  closed  curve 
encircling  the  current. 

ii.  If  the  conductor  of  a  current  is  a  long,  thin-walled  tube,  of 
uniform  thickness  and  material,  so  that  the  current  is  uniformly 
distributed  within  it,  there  is  no  magnetic  field  inside  the  boie  of 
the  tube  due  to  the  current  in  the  walls.  To  prove  this,  consider 
any  point  inside  the  tube,  and  take  two  planes  through  this  point 
parallel  to  the  axis  and  intersecting  each  other  at  a  small  angle. 
These  planes  will  intercept  two  longitudinal  strips  of  the  tube,  one 
on  each  side  of  the  selected  point,  which  will  carry  portions  of  the 
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whole  current  proportional  to  their  respective  distances  from  the 
point ;  and  since  equal  currents  in  these  strips  would  produce 
at  the  point  oppositely  directed  fields  of  strengths  inversely 
proportional  to  their  distances,  the  resultant  field  due  to  both 
together  will  be  nothing ;  and,  as  the  Avhole  tube  can  be  similarly 
subdivided  into  pairs  of  mutually  compensating  elementary  strips,  the 
total  magnetic  effect  of  the  current  is  zero  at  any  internal  point. 

iii.  It  follows  from  ii.  that  on  the  axis  of  a  straight  cylindrical 
rod  or  wire,  cari-ying  a  ciu-rent  vmiformly  distributed  through  the 
cross-section,  the  magnetic  field  due  to  the  current  is  nothing,  but 
that  at  any  internal  point  not  on  the  axis  there  is  a  field  propor- 
tional to  the  distance  from  the  axis.  For  the  portions  of  the  wire 
lying  farther  from  the  axis  than  the  selected  point  may  be  regarded 
as  forming  a  hollow  tube  which,  as  we  have  seen,  has  no  internal 
field.  The  effective  part  of  the  current  is  that  conveyed  by  the 
internal  cylindrical  portion  of  the  wire  whose  radius,  say  a,  is  the 
distance  of  the  selected  point  from  the  axis.  If  the  total  current 
is  C  and  the  radius  of  the  wire  is  r,  the  strength  of  the  effective 

a? 
portion  of  the  current  is   C  -^,  and  the  field  due  to  this  at  the 

distance  a  from  the  axis  is 


2C 


a  t" 


262.  Field  due  to  a  Circular  Current  at  a  Point  on  the 

Axis. — As  another  application  of  Laplace's  formula  we  will  cal- 
culate the  field  due  to  a  circular  cuirent  at  a  point  P  on  the  axis 
A  (Fig.  218).     Let  a  be  the  radius,  and  r 

the  distance  of  a  point  of  the  circum- 
ference from  the  point  p.  The  angle  a 
between  the  direction  of  the  curi-ent  and 

the  line  r  is  ^  ;  the  formula  thei'efore 
reduces  for  a  unit  current  to 


Fio.  218. 


dF--^ 


(Is 


The  field  due  to  an  element  may  be  resolved  into  two  others, 
one  parallel  and  the  other  perpendicular  to  the  axis.  The  com- 
ponents perpendicular  to  the  axis  neutralise  each  other  in  pairs,  and 
the  resultant  is  equal  to  the  sum  of  the  components  along  the  axis. 

The  component  along  the  axis  is  obtained  by  multiplying  dF 
by  the  cosine  of  the  angle  pad,  or  by  ajr,  which  gives  ads/r^.  The 
resultant  is  then  equal  to  the  product  of  the  constant  factor  a/r^ 
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by  the  sum  of  the  elements  ds,  that  is  to  say,  by  the  civcumfei'ence 
27ra.     We  have  thus 


F=^ 


A  being  the  area  of  the  circle.  The  same  result  is  readily  got 
by  comparing  a  circular  current  with  a  circular  magnetic  shell 
of  the  same  radius.  The  potential  of  a  shell  of  strength  <J>, 
at  a  point  where  it  subtends  the  solid  angle  w,  in  ^m  (191,  ii-) ; 
and,  that  the  current  may  be  equivalent  to  the  shell,  we  must 
have  nC  =  ^  (255),  w  being  the  number  of  times  the  current 
goes  round.  At  a  point  on  the  axis  of  a  circle  where  its 
radius  subtends  the  plane  angle  $,  the  circle  subtends  the  solid 
angle   27r(l  -  cos6') ;    hence   the   potential    at   this    point    becomes 

dV         on-   a'^^^ 
dx  dx 


F-  2TrnC{l  -  cosO),  and   the  field  is  F= 


2TvnG  -^  since  sin^  =  -  and  —  rd9/dx  =  -.    At   the  centre  we  have 

r  =  a  and  therefore  F=27r?iO/a.  Thus  at  the  centre  of  a  circle  of 
10  centim.  radius  the  field  due  to  a  unit  current  carried  once  round 
is  0'628  absolute  units. 

263.  Field  of  a  Circular  Current. — Except  for  difficulties  of 

the  calculation,  we  might  use  Laplace's  formula  to  calculate  in  like 

D 


manner  the  strength  of  the  field  at  each  point.     Fig.  219  represents 
the  field  of  a  circular  current;  the  plane  of  the  circle  is  supposed 
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horizontal  and  perpendicular  to  the  plane  of  the  figure  which  it 
intersects  at  the  two  small  circles  on  the  line  ab.  The  dotted 
lines    represent   the    directions   of    the    field   in   a   plane    passing 
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through  the  axis  CD  of  the  current.  These  lines  ti-averse  the  circle 
from  the  right  to  the  left  for  an  observer  who  looks  towards  the 
middle  of  the  cii^cle  and  is  imagined  in  the  conductor  so  that  the 
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current  flows  from  foot  to  head.  We  shall  take  this  as  the 
positive  direction  of  the  axis  of  the  current,  and  we  shall  call  that 
face  of  the  current  which  is  on  the  left  of  the  observer  the  positive, 
and  that  which  is  on  the  right  the  negative ;  hence  the  axis 
traverses  the  circuit  from  the  negative  to  the  positive  face.  If 
the  circuit  were  replaced  by  the  equivalent  magnetic  shell,  the 
north  magnetic  face  of  the  shell  would  correspond  with  what  we 
have  called  the  positive  face  of  the  current.  The  full  lines  which 
cut  the  dotted  lines  at  right  angles  are  the  intersections  of  the 
equipotential  suifaces  by  the  plane  of  the  figure. 

264.  Field   due   to   Two   Circular   Currents.— Fig.   220 

represents  the  lines  of  field  and  the  equipotential  surfaces  for 
the  case  of  two  equal  and  parallel  circular  currents  with  their 
planes  at  a  distance  equal  to  the  radius.  Throughout  a  consider- 
able region  the  lines  of  field  are  very  nearly  parallel  to  the  common 
axis  of  the  two  currents,  and  the  equipotential  surfaces  are  equi- 
distant.    The  field  may  therefore  be  considered  to  be  uniform  (357). 

265.  Restriction  to  Theorem  of  Equivalence  of  Current 

and  Shell. — In  an  important  particular  the  field  of  a  current  is 
different  from  that  of  a  magnetic  shell.  We  saw  (191,  ii.)  that  in 
passing  from  any  point  close  to  a  magnetic  shell  to  an  adjacent  one  on 
the  oi^posite  side  of  the  shell  the  potential  changes  through  the  value 
47r(^,  but  that  in  passing  back  to  the  starting  point  through  the 
substance  of  the  shell  the  original  value  of  the  potential  is  recovered 
if  the  magnetic  field  in  the  substance  of  the  shell  be  suitably 
defined.  In  the  case  of  a  current,  however,  though  the  former 
part  of  the  statement  still  applies,  there  is  no  counterpart  to  the 
magnet  in  the  plane  of  the  current  by  aid  of  which  the  original 
value  is  restored.  Thus,  if  a  closed  path  be  traversed  so  as  to 
thread  through  the  circuit — in  which  case  the  solid  angle  svibtended 
changes  through  iir — the  potential  changes  through  the  amount 
47r6';  if  the  path  surrounds  the  circuit  n  times,  the  potential  in- 
creases by  4:TrnC ;  if  the  closed  path  lies  altogether  outside  the 
contour  of  the  current  the  potential  resumes  its  original  value. 
We  may  therefore  write,  in  general, 

F=((o  +  47r?i)(7 

the  positive  sign  corresponding  to  the  case  in  which  the  path  has 
threaded  the  circuit  from  the  positive  to  the  negative  face. 

As  the  potential  is  the  same,  within  a  constant,  for  a  closed 
circuit,  as  for  a  magnetic  shell,  the  field  at  any  point  is  the  same 
for  both  (except  in  the  substance  of  the  shell)  as  it  depends  only 
upon  the  space-rate  of  decrease  of  potential  at  the  point.     On  the 
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other  hand,  the  line-integral  of  magnetic  field  (192)  is  only  zero  for 
a  closed  path  if  no  current  be  embraced  by  the  path  ;  if  the  path 
is  linked  with  a  current  the  line-integral  is  equal  to  AttC  where 
C  is  the  total  current  with  which  it  is  linked. 

266.  Applications  to  Calculation  of  Magnetic  Field.— in 

certain  cases  where  assistance  is  obtained  from  considerations  of 
symmetry  and  otherwise,  the  above  theorem  enables  us  to  deduce 
the  value  of  the  field.  Take  the  case  shown  in  Fig.  221  in  which  a 
coil  is  wound  in  a  close  spiral  on  the  surface  of  an  anchor  ring.  If 
we  regard  this  system  as  sensibly  consisting  of  a  series  of  circular 

currents  whose  centres  are  all  'on  the 
same  circular  axis  (which  is  equivalent 
to  neglecting  the  component  of  current 
parallel  to  the  circular  axis  of  the  ring), 
the  lines  of  field  consist  in  circles  having 
their  centres  on  the  straight  axis.  Line- 
integrating  round  any  such  cii'cle,  the 
result  must  vanish  unless  the  circle  lies 
inside  the  ring  itself,  and  since  the  field 
must  have  the  same  value  at  each  point 
of  any  one  circle  the  zero  result  can 
■pj^j   921  ^^^h'  ^6  possible  if  the  value  of  the  ex- 

ternal field  is  zero.  The  field  inside  the 
ring  can  be  obtained  by  evaluating  the  integral.  Let  the  })oint 
considered  be  at  distance  a  from  the  straight  axis.     Then 

H .  'Ittcc  =  477  X  current  enclosed 

=  imiO 

where  w  is  the  total  number  of  windings  on  the  ring.     Thus  the 

/     2nC\ 
field  ff  [  =  "^ —  )  varies  inversely  as  the  distance  from  the  straight 

axis.  If  the  radivis  of  the  convolutions  is  small  in  comparison  with 
the  radius  of  the  circular  axis  of  the  ring,  the  internal  field  is 
nearly  uniform  and  the  same  as  if  a  had  its  mean  value. 

266.*  Cylindrical  Coils. — In  many  pieces  of  electrical  ap- 
paratus, cylindiical  coils  of  wire  of  one  or  more  layers  are  employed, 
and  it  is  of  interest  to  examine  the  magnetic  properties  of  such  a  coil 
when  a  current  is  sent  tlii'ough  the  wire.  We  shall  investigate  the 
strength  of  the  field  at  points  on  the  axis,  assuming  that  the  radius  of 
the  wire  is  small  in  comparison  with  that  of  "the  cylinder  and  that  the 
convolutions  are  close  together.  Each  convolution  of  the  spiral  may 
be  replaced  by  its  projections  on  the  axis,  and  on  a  plane  perpendicular 
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to  the  axis.  For  each  turn  of  the  spiral,  the  projection  parallel  to  the 
axis  is  a  straight  line  equal  to  the  pitch  of  the  spiral,  and  the  pro- 
jection perpendicular  to  the  axis  is  a  circle  of  the  same  radius  as 
the  cylinder.  If  the  section  of  the  cylinder  is  small,  the  combined 
effect  of  the  projections  parallel  to  the  axis  is  neutralised  by  carrying 
the  wire  back  along  the  axis.  The  compensation  is  still  more 
perfect  if  the  cylinder  is  wound  with  an  even  number  of  layers, 
in  which  the  inclination  of  the.  turns  is  alternately  in  opposite 
directions. 

Consider  first  a  coil  of  a  single  layer  with  n  turns  of  wire  per 
unit  length :  we  have  to  determine  the  field  at  a  point  P  on  the 
axis.      Let  a  be  the  radius   of  the   coil,  at 

r  the  distance  from  p  to  any  part  of  the 
coil,  and  6  the  angle  between  r  and  the 
axis.  A  very  short  length  of  the  coil 
dx,  taken  parallel  to  the  axis,  will  contain 

ndx  turns  of  wire,  and  the  current  Cndx  in  this  length  of  the  coil 
may  be  treated  as  being  all  at  the  same  distance  from  the 
point  r.  Hence  the  field  at  p  due  to  the  element  of  the 
coil  is  (262) 

dF=27r7iG%dx. 

By  reference  to  the  figure  (Fig.  221a)  it  will  be  seen  that 
dx        r  -,  r\l6 


P  A 


,  =  -,  or  dx=  — 


-  rdO     a'  a 

Hence  we  may  write 

dF=  ~2TrnC'^-dd=^  -  2TTnC  ^inOdO  =  2TrnCd  (cos^). 
r 

Hence  for  the  field  at  p  due  to  the  whole  length  of  the  coil  we 

have 

F=  27rnC  (cos  6,,  -  cos  6,,), 

where  0^,  stands  for  the  value  of   6  corresponding  to  the  far  end 
B  of  the  coil,  and  Oj^  for  its  value  at  the  near  end. 

If  the  point  p  moves  up  towards  the  coil,  the  negative  term, 
cos  6^^,  in  the  above  gets  less  and  less  and  vanishes  when  p  comes 
to  A,  at  the  same  time  cos  dp,  also  diminishes,  but  less  rapidly.  If  I 
is  the  length  of  the  coil,  the  field  at  either  end  is 

7. 

F=2TrnC 


which  becomes  27rnC  if  a-  may  be  neglected  in  comparison  with  P. 
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If  p  moves  still  further  along  the  axis  so  as  to  come  to  the  centre 
of  the  coil,  the  two  angles  6  become  supplementary  to  each  other 
and  the  field  may  be  written 


F=iTrnC  cofi  6  =  iTrnC 


2'' 


Ja^  +  il'' 


which  becomes  47rw(7  if  we  may  neglect  d^  in  comparison  with  \P. 
The  last  expression  gives  approximately  the  strength  of  the  field 
inside  a  coil,  whose  length  is  great  as  compared  with  its  diameter, 
at  any  point  except  near  the  ends. 

The  direction  of  the  field  is  always  through  the  coil  from  the 
negative  to  the  positive  end  (263),  or  inwards  at  the  end  where  the 
conventional  direction  of  the  current  round  the  coil  is  that  of  the 
hands  of  a  watch  with  its  face  outwards,  and  out  at  the  other  end. 


Fig.  221b. 


Coil  of  Several  Layers. — Let  the  figure  (Fig.  221b)  represent  a 
section,  by  a  plane  through  the  axis,  of  a  coil  formed  by  many 
layers  of  wire  uniformly  wound  one  upon  another.  We  will 
determine  the  field  at  the  point  o  distant  x  from  the  near  end 
of  the  coil,  the  length  of  the  coil  being  I.  Let  P  and  q  be  points  on 
the  axis  where  it  is  cut  by  planes  through  the  two  ends  of  the  coil ; 
take  a  for  the  radius,  pa.,  or  qb.„  of  the  outermost  layer,  and  h  for 
the  radius,  pAj^  or  QBj^,  of  the  innermost  layer.  Call  the  distances 
of  Aj  and  A,  from  o,  r^  and  r^  respectively,  and  the  distances  of 
B^  and  B.,  from  the  same  point  ,'?j  and  s^.  N"ow  consider  the  field 
at  o  due  to  a  cylindrical  element  of  the  coil  of  radius  y  and 
thickness  dy.  If  there  are  m  layers  of  wire  per  unit  thickness  of 
the  coil  measured  at  right  angles  to  the  axis,  the  number  of  layers 
in  the  element  in  question  is  mdy  and  the  resulting  field  at  o  is 
(see  above) 

dF-=2TrnC'.ni'Jy{coii  0.,-cos  0^) 

where  n  as  before  is  the  number  of  turns  of  wire  per  unit  length 
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of  the  coil,  6^  is  the  angle  with  the  axis  made  by  a  line  drawn 
from  o  to  a  point  at  the  near  end  of  the  elementary  cylinder 
considered,  and  9.^  the  corresponding  angle  made  by  a  line  drawn 
to  the  far  end  :  these  lines  themselves  we  will  call  r  and  s 
respectively.     Then 


cos  6^  =  x/r   and    cos  d.^  =  (x  +  l)/s, 


whence 


dF=  27rnmC 


(-')?-:!']. 


But  r2  ==  .c-  +  if-  and  s-  =  {x  +  Vf  +  y-,  and  therefore,  since  x  and  I  are 
constant,  rdr=ijdy  and  S(ls  =  ydij,  whence 

dy     dr     d(y  +  r)  dy     ds  _  d{y  +  .s-) 


r       y        y  +  r 
Hence  we  may  write 

dF=2TrnmC\  {.c  +  l^ 


y  +  s 


y  +  s 


d{ji  +  r)~] 

c , > 

y  +  r  A 


and,  to  get  the  field  due  to  the  whole  coil,  we  have  to  integrate 
this  expression  between  the  limits  y  =  h  and  y=^a,  which  gives 


F=  ^TrnmC 


'/     ,  7\  1      a  +  Sy        ,      a  +  /■., 


If  o  is  at  the  middle  point  of  the  axis,  x=  -  U,  and  r^  =  Sj  and 
}•  =  §2  and  the  field  attains  its  greatest  value 

i^_.=  27rmnZC.log  ^-±^2. 

If  the  coil  is  very  long  in  comparison  with  its  radius,  r^  and  r2 
both  become  nearly  equal  to  ^^ ;  the  last  factor  may  then  be 
written 

2a 

.  a-h 


1  + 


log 


1  + 


^,  =  log(l.2^ 


I 


I 


the  two  last  equations  being  approximate  and  becoming  more  nearly 
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Using  the 


accurate  as  /  is  greater  in  comparison   with  a  and  b. 
last  value,  the  field  at  the  middle  of  a  long  coil  becomes 

A7rmn(a  -  h)lG -  =  ^Tnim{a  -  h)G, 


where  mnl{a  -  h)  is  the  whole  number  of  turns  of  wire  in  the  coil 
and  therefore  mn{a  -  h)  is  the  number  per  unit  of  length  ;  the 
expression  thus  takes  the  same  general  form  as'  in  the  case  of  a 
coil  with  only  a  single  layer  of  wire,  and,  at  all  points  within  the 
coil  and  not  near  either  end,  the  field  has  sensibly  the  same  value. 

266.  **  Experimental  Illustration. — A  cylindrical  coil  has 

all  the  pi'operties  of  a  magnetised  bar. 

This  may  be  shown  by  means  of  the  arrangement  represented 
in  Fig.  222.  When  the  electromagnetic  cylinder  is  suspended  hori- 
zontally, as  in  the  figure,  and  a  current  is  passed  through  it,  it  sets  in 

the  direction  of  the  magnetic 
y  meridian,  and  when  the  north 
pole  faces  us,  the  apparent 
^  direction  of  the  current  is 
opposite  to  that  of  the  hands 
of  a  watch. 

All  the  experiments  on 
attraction  of  opposite  poles 
and  on  repulsion  of  like  poles 


Fig.  222. 


may  be  repeated  by  acting  on  it  either   with  a  magnet  or  with 
another  electromagnetic  cylinder. 

Nevertheless,  an  electromagnetic  cylinder  must  not  be  con- 
foimded  with  a  hollow  magnet :  in  the  latter  all  the  lines  of  field, 
both  inside  and  outside,  start  from  the  positive  or  north  end,  and 
terminate  at  the  negative  or  south  end.  In  the  electromagnetic 
cylinder  the  lines  of  field  form  closed  curves,  those  in  the  interior 
being  a  continuation  of  the  external  lines  of  field.  The  magnetic 
induction  is,  however,  the  same  as  for  a  solid  magnet  of  the  same 
form ;  for  at  outside  points  it  is  equal  to  the  field,  which  is  the 
same  for  both,  while  at  inside  points  it  is  the  continuation  of  the 
external  induction. 


CHAPTER   XXIV 

ENERGY   OF  A    CURRENT 
267.  Energy  of  a  Current  in  a  Field. — A  wire  carrying 

a  current  cannot  in  general  be  displaced  in  a  magnetic  field 
without  the  performance  of  positive  or  negative  work.  We  regard 
the  system,  therefore,  as  having  a  store  of  energy  the  variation  of 
which  represents  the  work  done.  The  change  of  energy  can  be 
calculated  by  replacing  the  current  by  its  equivalent  shell,  to 
which  the  theorems  of  (195,  196)  at  once  apply.  Thus,  writing 
[xCA  instead  of  3f,  we  obtain,  for  a  very  small  movement, 

Increase  of  energy 

=  -dW=  -H3Id{cos  0)=  -HiiCA  d{cos  9), 
=  -  CBA  (?(cos  6) 

where  B  is  the  magnetic  induction,  and  A  the  effective  ai'ea  of  the 
circuit. 

The  quantity  BA  cos  6  is  the  flux  of  induction  N  througli  the 
area  of  the  shell.      Consequently 

Increase  of  energy  =  -  CdN. 

If  the  value  of  the  flux  of  induction  entering  the  negative  face 
changes  w  ant/  ivay  from  the  value  N^  to  N^,  the  corresponding 
increase  of  energy  is   -  C  {N^  —  N-^. 

If  we  suppose  the  whole  region  to  be  mapped  out  by  unit  tubes 
of  induction,  the  total  flux  through  any  area  can  change  only  1)y 
a  passage  of  tulles  across  the  contour  of  the  area.  The  above 
theorem  may  therefore  be  otherwise  expressed  as  follows :  The 
increase  in  energij'  of  a  rurrent  and  a  field  is  equal  to  the  w'odud 
of  the  current  into  the  number  of  unit  tubes  of  induction  which  pass 
outwards  across  its  contotir. 

If  the  flux  of  induction  is  that  due  to  a  second  current  of 
intensity  G',  its  value  is  proportional  to  C,  and  otherwise  depends 
only  upon  the  geometry  of  the  system  ;  we  may  wi-ite  its  value 
MC  ; — 21  is  called  the  coefficient  of  inutual  induction,  or  the  mutual 
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indudanee  of   the  two  circuits.       Let  il/<,  and   M^  be  the  values 
which  coixespoud  to  A^g  ^'^^  ^^  respectively  ;  then 

and  consequently 

-dW=  -CC  {M^-M^). 

In  order  to  find  the  couple  which  either  of  the  circuits  ex- 
periences in  any  position,  we  must  calculate  the  rate  of  change 
with  angle  of  the  total  flux  N,  as  a  small  rotation  takes  place  ;  this 

rate  multiplied  by  the  current,  or  +    — — -  is  the  couple  required. 

du 

Again,  to  find  the  translational  force  it  experiences,  we  must 

calculate  the  value  of  + where  dx  is  a  small  linear  displace- 

dx 

ment ;  the  result  is  the  force  in  the  direction  of  x.  It  follows  that 
when  the  flux  A''  is  a  maximum  the  circuit  ex- 
periences neither  force  nor  couple,  and  that  in 
all  other  positions  it  tends  to  move  so  as  to  in- 
crease the  value  of  the  product  GN. 

Let  us  consider,  for  instance,  a  cu-cuit  moving 
about  a  vertical  axis  in  the  earth's  field  (Fig. 
223) ;  the  position  of  equilibrium  will  be  that  in 
which  the  plane  of  the  circuit  is  perpendicular 
to  the  magnetic  meridian,  the  cuiTent,  as  seen 
,  from  the  south  side,  circulating  in  the  same 
direction  as  the  hands  of  a  watch.  If  A 
is  the  area  of  the  circuit,  and  H  the  horizon- 
tal component  of  the  earth's  field,  the  flux 
through  the  area  in  the  position  of  stable  equi- 
librium is  AH,  since  /x  is  unity  for  air.  If  the 
circuit  is  turned  through  a  right  angle,  the  flux  is  nothing ;  if  it  is 
turned  through  180°,  the  flux  is -AH.  When  the  current  is  left 
to  itself  and  it  turns  from  the  latter  position  to  the  former,  the 
total  variation  of  the  flux  is  equal  to  2AH,  and  the  work  done  by 
electromagnetic  force  for  a  current  of  constant  strength  G  is 

IF  =2  6'^^. 

In  like  manner  if  the  frame  is  movable  about  a  horizontal 
axis,  passing  through  the  centre  of  gravity  (Fig.  224),  and  at 
right  angles  to  the  meridian,  its  plane  sets  at  right  angles  to 
the  dip-needle. 

Lastly,  a  circuit  is  evidently  astatic  if  it  consists  of  two  equal 
areas  of  opposite  signs,  since  there  is  no  variation  of  the  flux 
whatever  the  displacement. 
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The  application  of  the  same  principles  shows  that,  under  the 
action  of  its  own  flux,  a  circuit  will  tend  to  present  the  greatest 
possible  surface ;  if  the  contour  is  flexible,  it  will  take  the  form 


Fig.  224. 

of  a  circle,  as  this  comprises  the  greatest  area  within  a  given 
perimeter. 

This  is  the  true  explanation  of  a  well-known  experiment  of 
Ampere,  which  he  regarded  as  proving  that  two  consecutive 
elements  of  the  same  current  repel  one  another. 

Two  quantities  of  mercury  (Fig.  225),  separated  by  an  insu- 


FiG.  225. 

lating  partition,  are  connected  by  an  iron  wire,  bent  so  as  to 
form  two  parallel  horizontal  branches,  np  and  rg^  connected  by 
a  cross-piece,  p><l-  When  connection  is  made  with  a  battery  by 
the  cups  E  and  F,  the  wire  glides  on  the  surface  of  the  mercury 
away  from  the  points  by  which  the  cvirrent  enters,  thus  increasing 
the  area  of  the  circuit. 

268.  Force  between  Parallel  Currents. — Let  a  and  b  be 

two  infinitely  long  parallel  currents,  of  strengths  6'and  6",  placed 

2  a 
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at  a  distance  a  (Fig.  226)  in  a  medium  of  permeability  /x.  At  the 
point  c,  tlie  magnetic  field  due  to  the  current  A  is  perpendicular 
to  the  plane  of  the  two  wires,  and  is  equal  to 

a 
T         The  number  of  lines  of  induction  cut  by  unit 
length  of  B  while  it  moves  through  a  distance  dx 
parallel  to  itself  is 

[mH  .  dx  =  ^^^—-  dx. 
a 

Hence  the  force  upon  unit  length  of  B  is  equal  to 

B  2ijlCG\ 

Fig.  226.  * 

It  acts  in  the  plane  of  the  two  currents,  perpendicular  to  their 
direction,  and  tends  to  bring  them  together  if  they  are  in  the  same 
direction,  and  to  separate  them  if  they  are  in  opposite  directions. 
It  varies  in  magnitude  inversely  as  the  distance  apart. 

269.  Force    between    Coaxal    Coils. — The   force  on   unit 

length  of  each  of  two  equal  coaxal  circular  currents,  whose  dis- 
tance apart  is  very  small  compared  with  their  radii,  is  approxi- 
mately given  by  the  same  formula.  Hence  the  total  force  that 
each  experiences  due  to  the  other  is 

t^i— :^ —  X  its  circumference, 


that  is 


47rr^(76" 


Again,  if  one  of  the  coils  is  very  small  compared  with  the  other  the 

field    of   the    large    one   is    sensibly   uniform    over    the    area    of 

2Trr~C 
the  smaller,  and  equal  to  -^  (262),  r  being  the  radius  of  the 

(r2  +  .i-2)^ 

larger  and  x  their  axial  distance  apart.     The  force  upon  the  small 

coil  is  therefore  equal  to  the  rate  of  variation  of  this  quantity  with 

X, — namely 

d  f    27rr"G    \  Qirr'Cx 

dx^ 


(r^+x^y 


-multiplied  by  irr'-fiC, 


that  is 


(r^  +  x^)' 
eirhV^xixCC' 


(r2  +  ic2)=i 

where  r  is  the  radius  of  the  smaller.     If  the  currents  are  of  the 
same  sifirn  this  indicates  a  negative  force  in  the  direction  in  which 
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X  increases  ;  i.e.  it  is  an  attraction.  If  each  coil  consists  of  several 
practically  coincident  turns  of  wire — say  n  and  11  respectively — 
the  above  expression  must  be  multiplied  by  the  product  rm  ;  for 
the  induction  through  the  small  coil  is  pi'oportional  to  n,  and  the 
current  in  each  turn  of  wire  thereby  experiences  a  force  equal  to 
11  times  that  which  we  have  calculated. 

270.  Electromagnetic    Rotations. — It    follows    from    the 

fundamental  principles  of  mechanics,  that  a  continuous  rotatory 
motion  in  the  same  direction  cannot  arise  among  a  system  of  rigid 
bodies  which  are  acted  on  solely  by  the  forces  they  exert  upon  each 
other,  if  these  forces  are  functions  only  of  the  relative  distances  of 
the  bodies  between  which  they  act,  that  is  to  say,  if  the  forces 
have  always  the  same  values  when  the  bodies  are  at  the  same 
distances.  For,  regarding  one  portion  of  such  a  system  as  being 
at  rest,  suppose  another  portion  to  move  relatively  to  it  fiom  a 
given  position  along  any  path,  and  come  back  to  the  same  position 
again.  Then  any  change  of  the  distance  between  two  points  of 
the  system  that  takes  place  during  one  part  of  the  motion  must  be 
undone  during  the  remainder ;  for,  when  the  moving  part  of  the 
system  has  returned  to  its  first  position,  the  relative  distance 
between  any  given  pair  of  points  must  be  the  same  as  at  first. 
Hence,  if  positive  work  is  done  during  part  of  the  motion  by  the 
forces  acting  between  any  two  points,  equal  negative  work  must 
be  done  during  the  rest  of  the  motion,  and  this  will  apply  to  every 
pair  of  points  that  can  be  taken  in  the  system.  From  this  we  see 
that  the  total  work  done  by  the  internal  forces,  during  a  complete 
revolution  of  any  part  of  the  system  about  an  axis,  must  be  zero. 
Consequently,  even  if  rotation  were  started  by  energy  supplied 
from  without,  it  would  die  out  more  or  less  rapidly,  since  in  every 
real  case  of  motion  energy  is  gradually  dissipated  by  friction,  and, 
under  the  conditions  supposed,  no  energy  is  generated  within  the 
system  to  replace  that  which  is  thus  lost. 

This  would  be  the  case  of  a  system  of  magnets  or  of  closed 
circuits  of  invariable  form,  which  are  equivalent  to  magnetic 
shells ;  but  it  is  not  the  case  if  the  circuits  can  be  deformed, 
as  when  they  comprise  liquid  conductors  or  sliding  contacts. 
Faraday  was  the  first  to  show  that,  in  this  case,  a  continuous 
rotatory  motion  can  be  produced.  In  order  that  these  motions 
may  be  kept  up,  the  forces  must  tend  to  increase  the  velocity  at 
every  revolution ;  in  this  case,  the  velocity  is  accelerated  until  the 
work  done  against  friction  in  a  given  time  is  equal  to  that  done 
by  the  forces  tending  to  inci'ease  the  velocity,  and  it  is  then 
constant.     The  energy  spent  in  keeping  up  the  motion,  like  that 


a 


Fig.  227. 
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spent  in  doing  any  other  work  by  a  current,  is  derived  from  the 
chemical  energy  of  the  battery. 

271.  Rotation  of  a  Current  by  a  Magnet.— A  conductor 

carrying  a  current  is  movable  about  an  axis  which  coincides  with 
the  axis  of  the  magnet.     If  the  ends  of  the  conductor 
t  are  on  opposite  sides  of  the  same  pole,  as  A  and  c  (Fig. 

;     /■*  227),  the  conductor  turns  with  a  continuous  motion  to- 

wards the  left  of  an  observer  going  head-first  with  the 
current,  and  looking  in  the  direction  of  the  lines  of 
induction  of  the  magnet. 

When  the  ends  are  in  this  position,  each  line  of 
induction  is  only  cut  once  by  the  conductor  during  one 
revolution.  It  would  always  be  cut  twice,  once  posi- 
tively and  once  negatively,  if  both  ends  of  the  con- 
ductor were  on  the  same  side  of  one  of  the  poles 
outside  the  magnet,  or  one  outside  one  pole  and  the 
other  outside  the  other,  or  if  both  were  between  the 
poles :  the  total  flux  cut  would  then  be  nothing,  and 
there  would  be  no  motion. 
The  flux  cut  by  the  arc  is  a  maximum  if  the  end  c  is  at  the 
middle  of  the  magnet ;  for  a  complete  revolution  it  is  then  the 
total  flux  from  one  of  the  poles.  If  A  be  the  intensity  of  magnetisa- 
tion and  a  the  cross  sectional  area  of  the  magnet  at  its  mid  point, 
the  lines  of  induction  threading  it  there  are  equal  to 
{4:irA  +  F)a  where  F  is  the  polar  field  of  the  magnet  at  the 
same  point.  The  lines  all  leave  the  magnet  near  its  north 
end  and  return  through  the  air  to  its  south  end.  The 
conductor  therefore  cuts  all  of  them  once  in  a  complete  re- 
volution, and  the  electromagnetic  work  corresponding  to 
one  revolution  is  {iirA  +  F)aC.  The  moment  of  the  coiaple 
about    the    axis    of    rotation    is    constant    and    equal    to 

{JTrA  +  l^ja^  ;  or  neglecting  F,  as  we  may  do  for  long  mag- 

27r 
nets,  it  is  equal  to  2AaC ;  it  is  thus  independent  of  the 
size  and  shape  of  the  conductor  AC.  Since  ^a  is  the 
strength  (S)  of  the  magnet  (191,  i.)  we  may  write  this  2SC. 
This  experiment  may  be  very  simply  made  by  means 
of  the  apparatus  represented  in  Fig.  228  ;  it  consists  of 
a  glass  tvibe  closed  by  two  corks ;  through  the  lower  one 
passes  the  end  of  a  magnet  about  which  mercvn-y  is  poured 
so  that  it  is  just  below  the  level  of  the  pole ;  a  copper  wire  is 
put  through  the  upper  coik  and  a  platinum  wire  hangs  from  it 
with  its  lower  end  touching  the  mercury.     As  soon  as  a  current 


Fig.  228. 
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Fig.  230. 


is  passed,  the  platinum  wire  rotates  continuously  round  the  pole 
of  the  magnet,  and  the  direction  of  the  rotation  changes  with  the 
dii'ection  of  the  current. 

272.  Rotation  of  a  Magnet  by  a  Current. — A  cylindrical 

magnet  is  loaded  by  a  platinum  cylinder  so  that  it  floats  upright 
in  mercury,  one  of  its  poles  projecting.  The  experiment  may  be 
made  in  two  ways.  In  Fig.  229  the  current  enters  near  the  edge, 
follows  the  surface  of  the  mercury,  and  emerges  by  a  rod  fixed  in 
the  centre ;  the  magnet  moves  round  this  rod 
as  soon  as  a  current  passes.  In  Fig.  230  the 
part  of  the  magnet  which  projects  above 
the  mercury  conveys  the  current, 
the  fixed  rod  dipping  into  a  drop 
of  mercury  contained  in  a  small 
hollow  in  the  top  of  the  magnet. 
The  magnet  rotates  about  its  own 
axis.  In  both  cases  the  project- 
ing pole  follows  the  lines  of  field 
of  the  current,  and  for  a  complete 
tiu-n  the  work  of  the  electro- 
magnetic forces  is  equal  to  ^irtiC. 
With  a  north  pole,  and  with  the  direction  of  the  current  as  shown 
by  the  arrows,  the  rotation  is  opposite  to  that  of  the  hands  of  a 
watch.  This  and  the  previous  experiment  are,  of  course,  examples 
of  the  equality  of  action  and  reaction. 

It  is  by  virtue  of  the  fluidity  of  the  mercury  that  the  magnet  is 
able  to  rotate ;  only  one  of  the  poles  traverses  the  closed  circuit. 
If  both  the  circuit  and  the  magnet  were  rigid,  the  whole  magnet 
would  have  to  pass  through  the  circuit,  and  as  the  amounts  of 
work  done  on  the  two  poles  respectively  during  a  complete  revolu- 
tion would  be  equal  and  opposite,  the  movement  could  not  be 
maintained.  With  a  flexible  magnet,  the  two  poles  of  which  could 
move  independently,  the  positive  pole  would  be  seen  to  coil  itself 
in  one  direction  about  the  current,  and  the  negative  pole  in  the 
opposite  direction,  the  motion  being  such  as  to  render  the  linos 
threading  the  circuit  a  maximum. 

273.  Rotation  of  a  Current  by  a  Current.— This  experi- 
ment is  made  by  means  of  the  apparatus  represented  in  Fig.  231. 
The  ends  g  and  h  of  the  movable  branches  Jh  and  eg  dip  in  a  solu- 
tion of  copper  sulphate  in  connection  with  the  negative  pole  of  a 
battery.  The  vessel,  v,  is  surrounded  by  a  coil  of  copper  wire 
through  which  the  current  passes.  The  experiment  is  quite  analo- 
gous to  that  of  Faraday  (271).      The  current,  entering  at  x,  passes 
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by  a  wire  under  the  base  of  the  apparatus,  ascends  by  the  column 
r,  and  descends  in  the  two  branches  /A  and  eg.  If  the  currents 
flow  as  shown  by  the  arrows  in  the  figure,  the  part /A  will  be  urged 
forward  by  the  mutual  forces  between  it  and  the  fixed  horizontal 
current,  and  similarly  eg  will  be  urged  backwards,  so  that  the  whole 
frame  will  rotate  in  the  opposite  direction  to  the  hands  of  a  watch 
with  its  face  upwards.  It  may  be  said  generally  that  a  descend- 
ing vertical  current  is  urged  np- stream  by  a  horizontal  current,  and 
an  ascending  vertical  current  is  urged  doivn-stream. 

274.  Rotation  of  Liquids  and  Gases.  —  When  a  current 

traverses  a  liquid,  the  liquid  filaments,  which  are  the  seat  of  the 
current,  behave  like  movable  currents  under  the  action  of  electro- 
magnetic forces. 

Davy's  Experiment. — The  experiment  may  be  made  in  several 

e 
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ways :  the  following  is  due  to  Davy.  Two  platinum  wires  in- 
sulated, except  at  the  ends,  pass  through  the  bottom  of  a  vessel 
full  of  mercury,  and  end  just  below  the  surface.  When  a  current 
is  passed,  the  mercury  rises  above  each  wire  as  though  each  wire 
were  a  source  of  liquid.  If  a  north  pole  is  placed  just  above  one 
of  the  little  heaps  thus  formed,  the  mercury  is  seen  to  rotate  very 
rapidly  in  the  direction  of  the  hands  of  a  watch  in  the  case  of  the 
negative  pole,  where  the  current  is  towards  the  centre,  and  in  the 
opposite  direction  when  the  magnet  is  over  the  positive  pole,  where 
the  current  flows  from  the  centre. 

Jamin^s  Exjjerirnent. — The  two  electrodes  of  a  voltameter  are 
placed  in  the  same  vertical  line,  coincident  with  the  line  joining 
the  poles  of  a  horse-shoe  magnet  placed  horizontally.  The  two 
electrodes  being  between  the  magnetic  poles,  if  they  were  joined 
by  a  rigid  conductor  rotation  would  be  impossible  (271).     But  as 


275] 


BARLOW'S   WHEEL 


375 


each  element  of  the  conducting  liquid  is  independently  acted  on, 
the  liquid  divides  into  two  superposed  layers  rotating  in  opposite 
directions.    The  gas  bubbles  in  the  liquid  make  the  rotation  visible. 

De  la  Rive's  Experiment. — A  rapid  succession  of  electric  dis- 
charges (from  a  Holtz  machine 
or  an  induction  coil)  is  caused 
to  take  place  between  two 
ring-shaped  electrodes,  f  and  A, 
enclosed  in  an  exhausted  vessel, 
V  (Fig.  232),  and  an  iron  rod 
pi'ojects  upwards  through  the 
electrodes,  being  enclosed  by 
the  glass  tube  G,  which  is  sealed 
air-tight  into  the  bottom  of  the 
vessel  V.  The  iron  rod  can  be 
magnetised  by  means  of  the 
coil  E.  If  the  upper  electrode 
p  is  positive,  and  the  upper 
end  of  the  rod  is  a  north  pole, 
the  luminous  discharge  b  will 
be  seen,  by  an  observer  look- 
ing down  vipon  the  apparatus, 
to  rotate  round  the  magnet  in 
the  direction  of  the  hands  of  a 
watch  with  its  face  upwards. 

Action  oil  the  Electric  Arc. — Analogous  effects  are  produced  on 
the  electric  arc  formed  between  two  carbon  poles  :  if  the  pole  of  a 
magnet  is  brought  near,  the  arc  seems  as  if  blown  aside  perpen- 
dicularly to  the  line  which  joins  the  pole  to  the  arc. 

275.  Barlow's   Wheel — Faraday's    Disc. — Barlow's    Wheel 

(Fig.  233)  consists  of 

\' 

'  r 


a  toothed  metal  wheel 
movable  about  a  hori- 
zontal axis,  so  ar- 
ranged that  at  the 
bottom  one  or  more 
teeth  dip  in  a  trough 
of  mercury,  fd,  on 
opposite  sides  of 
which  are  the  two 
branches,  ab,  of  a 
horse  -  shoe  magnet. 
If  the  axis  on  the  one  hand,  and  the  mercury  on  the  other,  are 
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connected  with  the  terminals  of  a  battery,  the  wheel  begins  to 
rotate.  If  the  current  goes  from  the  centre  to  the  mercury,  and 
the  north  pole  is  nearest  the  observer,  the  lower  part  of  the  wheel 
moves  towards  the  right. 

Suppose  the  apparatus  placed  in  a  uniform  field  in  air,  and  let  H 
be  the  component  of  the  field  parallel  to  the  axis.  Let  a  be  the  radius 
of  the  wheel,  and  6  the  angle  of  two  consecutive  teeth,  and  suppose 
the  surface  of  the  mercury  is  arranged  so  that  one  tooth  touches 
the  liquid  the  moment  the  preceding  tooth  quits  it.  The  current 
goes  from  the  axis  to  the  tooth  in  contact  with  the  mercury  ;  the 
flux  which  it  cuts,  while  one  tooth  comes  into 
the  position  of  the  next  one,  is  ^a^OH;  and  the 
corresponding  electromagnetic  work  is  \ardHG. 
For  a  complete  turn  the  work  is  ^lira^HC  or 
AHC,  A  being  the  total  surface  of  the  wheel. 

Faraday's  Disc. — This  apparatus  (Fig.  234) 
works  like  Barlow's  wheel ;  the  current  enters 
and  leaves  by  two  springs,  one  of  which  presses 
against  the  axis,  and  the  other  against  the  peri- 
phery of  the  wheel ;  the  work  for  each  turn  is 
equal  to  ACH,  and  is  independent  of  the  velocity. 

276.  Rotation  of  a  Current  by  the  Action  of  the  Earth.— 

This  experiment  may  be  made  with  the  apparatus  represented  in 
Fig.  231,  except  that  no  current  is  passed  through  the  coil.  With 
the  arrangement  as  shown  in  the  figure,  the  circuit  rotates,  under 
the  action  of  the  earth,  in  the  opposite  direction  to  the  hands  of  a 
watch.  Resolve  the  earth's  field  into  a  vertical  component  Z, 
parallel  to  the  axis  of  rotation,  and  a  horizontal  one  iJ,  perpen- 
dicular to  this  axis.  The  apparatus  is  astatic  (that  is,  it  is  subject 
to  no  force  or  couple)  so  far  as  the  component  H  is  concerned,  but 
the  horizontal  part  of  the  current  is  acted  on  by  the  vertical 
magnetic  field  Z,  in  the  same  way  as  the  current  in  Barlow's 
wheel  or  Faraday's  disc  is  acted  on  by  the  component  of  magnetic 
field  parallel  to  the  axis.  If  2a  is  the  distance  between  the 
vertical  branches  where  they  dip  into  the  liquid,  the  work  done 
during  one  complete  revolution  of  the  apparatus  is  7ra-ZC',  where 
G  is  the  strength  of  the  current  in  both  branches  taken  together. 
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277.  Arago's  Experiment. — As  the  field  of  a  current  is  of 
the  same  nature  as  that  of  a  magnet,  it  should  produce  the  same 
magnetising  effects.  The  fact  of  the  magnetisation  of  iron  by  a 
current  was  discovered  by  Arago  in  1820.  He  observed  that  a 
copper  wire  traversed  by  a  current  and  dipped  in  iron  filings 
attracts  them,  and  is  uniformly  covered  with  them.  Each  par- 
ticle of  iron  becomes  a  magnet,  and  sets  at  right  angles  to  the 
wire  along  the  line  of  field,  the  north  pole  being  to  the  left  of  the 
current.  The  action  exerted  on  the  magnet  so  formed  has  a 
resultant  directed  towards  the  axis  of  the  wire  (196). 

In  like  manner  a  bar  is  magnetised  when  it  is  set  crosswise 


Fig.  235. 
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with  the  current.  The  action  is  increased,  as  in  the  multiplier,  by 
coiling  the  wire  round  and  round  in  a  plane  perpendicular  to  the 
axis  of  the  bar.  The  direction  of  the  magnetisation  is  that  of  the 
lines  of  field  in  the  interior  of  the  coil.  It  is  to  be  observed  that 
this  direction  is  independent  of  the  direction  of  the  winding,  and 
only  depends  on  the  direction  in  which  the  current  circulates 
about  the  axis.  These  two  directions  are  related  to  each  other  in 
the  same  way  as  the  lengthways  movement  of  a  right-hand  screw 
is  related  to  its  motion  of  rotation.  Several  formulae  have  been 
used  to  connect  the  position  of  the  poles  with  the  direction  of  the 
current.  The  simplest  is  that  of  Ampere  :  the  north  ^^oZe  is  to  the 
Ifift  of  the  current.  It  is  also  often  said  that  the  north  pole  is  at 
that  end  of  the  helix  where  the  apparent  direction  of  the  current 
is  opposite  to  that  of  the  hands  of  a  watch. 
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If  the  direction  of  the  winding  is  abruptly  changed  by  bending 
the  wire  back  on  itself,  the  direction  of  the  rotation  is  changed, 
and  therefore  that  of  the  magnetisation.  The  experiment  is  easily 
made  by  coiling  a  copper  wire  on  a  glass  tube,  and  placing  a 
knitting-needle  inside  the  tube  (Figs.  235  and  236).  On  passing 
a  current  through  the  wire,  the  needle  is  found  to  be  strongly 
magnetised,  and  there  are  as  many  reversals  of  polarity,  or  conse- 
quent poles,  as  there  are  reversals  of  the  current.  These  poles  are 
alternately  of  opposite  signs.  Those  of  the  ends  are  of  the  same 
kind,  or  of  opposite  kinds,  according  as  the  number  of  reversals  is 
odd  or  even. 

278.  Electro-Magnets. — The  magnetisation  of  soft  iron  by 
the  current  is  of  extreme  importance  in  the  applications  of  elec- 
tricity,    Not  only  can  the  magnets  thus  obtained  be  made  much 


Fig.  237. 


Fig.  238. 


more  powerfvil  than  steel  magnets,  -but  the  property  they  possess, 
more  especially  if  the  iron  is  quite  soft  and  the  bars  short,  of  being 
essentially  temporary,  of  only  existing  during  the  passage  of  the 
current,  of  being  created  and  destroyed,  so  to  speak,  with  it, 
renders  them  suitable  for  a  host  of  applications. 

The  temporary  magnets  thus  obtained  by  the  action  of  the 
current  on  soft  iron  are  called  electro-magnets.  The  conducting 
wire,  insulated  by  silk  or  cotton,  is  wound  in  one  or  more  layers 
round  the  core  of  soft  iron. 

The  soft  iron  core  may  be  straight,  as  in  Fig.  237,  or  in  the 
shape  of  a  horse-shoe,  as  in  Fig.  238.  In  the  latter  case  the 
windings  are  not  generally  continued  round  the  bend.  In  order 
that  the  poles  at  the  two  ends  may  be  of  opposite  kinds,  the-^-ss-ire 
should  go  round  each  branch  in  the  same  direction  as  it  would  have 
done  if  the  core  had  been  bent  after  the  winding  had  been  finished. 
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The  windings  ought  to  appear  in  opposite  directions  on  the  two 
legs  to  an  observer  who  is  looking  at  the  two  ends,  the  current 
going  like  the  hands  of  a  watch  round  the  south  pole,  and  in  the 
opposite  direction  round  the  north  pole  (Fig.  239). 

Owing  mainly  to  the  dijQficulty  of  bending  massive  iron  bars 
without  imparting  to  them  a  coercive  force,  large  horse-shoe 
magnets  are  usually  formed  with  parallel  coils,  the  cores  of  which 
are  connected  by  a  cross-piece  or  yoke,  T,  of  soft  iron  (Fig.  240). 

279.  General    Observations    on    Electro-Magnets. — The 

direction  of  the  field  at  a  given  point  in  the  magnetic  field  of  a 
'coil,  and  its  relative  intensity  as  compared  with  that  at  any  other 
given  point  in  the  field,  are  independent  of  the  strength  of  the 
current,  and  depend  only  on  the  geometry  of  the  coil — that  is, 
upon  its  size  and  shape,  and  on  the  number  of  turns  of  wire ;  but 
the  absolute  intensity  of  the  field  is  proportional  to  the  strength  of 
the  current.     If,  however,  a  piece  of  soft  iron  is  placed  inside  the 
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coil,  its  magnetisation  varies  with  the  strength  of  the  current  in  a 
very  complicated  way,  which  it  is  not  possible  to  include  under  any 
general  law.  In  the  following  remarks,  therefore,  we  shall  con- 
fine ourselves  to  a  few  general  considerations  and  the  discussion  of 
some  special  cases. 

We  may  suppose  the  cross-section  of  the  channel  divided  into 
any  number  of  equal  parts,  and  the  whole  mass  of  metal  split  into 
the  same  number  of  rings ;  whatever  this  number  may  be,  the 
magnetic  field  is  always  the  same,  and  so  also  is  the  production  of 
heat.  But  this  system  of  rings  traversed  by  equal  and  parallel 
currents  is  equivalent  to  a  coil  of  the  same  number  of  turns,  which 
would  give  in  the  section  of  the  channel  the  same  mean  density 
of  current.  From  this  the  remarkable  consequence  folloAvs,  that 
whatever  be  the  size  of  the  wire  coiled  on  the  bobbin,  for  the  same 
volume  of  wire,  and  therefore  the  same  weight  of  copper,  the 
magnetising  field  is  the  same,  as  well  as  the  production  of  heat, 
provided  the  mean  density  of  the  current  remains  constant. 

Let  (7  be  the  diameter  of  the  bare  wire,  D  =  d  (\  +  ^)  that  of  the 
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covered  wire,  I  the  length  of  wire,  p  its  specific  resistance  in  ohms, 
and  a  the  density  of  the  current  in  amperes  per  square  centimetre  : 


we  have 


i2  =  — ^.      and  C=\'rvd?'a. 


and  therefore  for  the  energy  spent  per  second  in  generating  heat 
W^RC^  =  \wtmpa^. 
As  the  space  filled  by  the  wire  is 

the  heat  produced  per  unit  of  this  space  is 

W         pa? 


V     (1  +  8)2* 

Taking  ^=1600x10'^  and  8  =  0*035,  a  number  found  experi- 
mentally for  the  thickness  of  the  double  layer  of  cotton  which 
serves  as  insulator,  we  get  ?<;=  1*5  x  10"^a-. 

It  is  to  be  observed  that  the  production  of  heat  in  the  coil  is 
the  same  with  or  without  the  soft  iron  coie.  Although  energy  is 
expended  in  producing  magnetisation,  there  is  no  expenditure  of 
energy  in  maintaining  it,  any  more  than  there  is  in  keeping  a 
spring  in  a  fixed  position  after  it  has  once  been  compressed.  As 
all  the  useful  expenditure  reduces  to  the  heating  of  the  wire  of 
the  coil,  the  conditions  of  maximum  work  are  satisfied  when  the 
resistance  of  the  wire  of  the  electro-magnet  is  equal  to  that  of  the 
rest  of  the  cii'cuit  (135). 

280.  Case  of  a  Long  Coil. — The  simplest  case  is  that  of  a  long 
cylindrical  coil,  uniformly  wound,  surrounding  a  thin  cylindrical 
bar  parallel  to  the  axis  (Fig.  241),     The  field   inside  the  coil  is 

uniform,  and  its  value  for 
a  current  of  strength  C, 
and  a  number  of  turns  n^ 
for  unit  length  is  (266) — 

The  magnetisation  of  the  cylinder,  if  it  is  so  long  that  the  action  of 
its  polar  field  may  be  neglected,  is  also  uniform,  and  the  intensity 
of  magnetisation  is 

A  =kF=4:-!T71^kC. 

The  value  of  the  induction  (197)  i^ 

B  =  p.F=  47rn^(l  +  4.TrK)C, 


Fig.  241. 
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and  the  flux  ov  number  of  lines  of  induction  for  the  entire  section 
S  of  the  bar  is 

N=BS. 

For  a  given  current,  the  magnetising  field  thus  depends  only 
on  the  number  n^  of  turns  per  unit  length,  and  not  at  all  on  their 
shape  or  size.  In  order  to  economise  wire  and  reduce  the  expendi- 
ture of  energy  in  generating  heat,  it  is  desirable  to  wind  the  wire 
directly  on  the  core.  The  effect  of  unit  length  of  the  wire  is  then 
made  as  great  as  possible. 

281.  Ring'  Magnet. — If  the  core  has  the  shape  of  a  fore  or 
anchor  ring  covered  with  equidistant  windings  in  planes  passing 
through  the  axis  (Fig.  221),  the  system  may  be  regarded  as  formed 
of  concentric  closed  solenoids  having  no  external  action.  The 
elementary  solenoids  are  not,  however,  all  of  equal  strength,  seeing 
that  those  near  the  outside  of  the  ring  are  longer  than  those  near 
the  inside  circumference,  although  the 
current  passes  round  all  of  them  the 
same  number  of  times. 

But  if  the  section  S  is  small  com- 
pared with  the  radius  of  the  ring,  it 
may  be  assumed,  without  appreciable 
error,  that  the  strength  of  each  of  the 
filaments  is  the  same  as  that  of  the 
central  filament ;  if  n-^^  is  the  number  of 
turns  of  wire  for  unit  length  of  the 
mean  circumference,  we  have  as  the 
approximate  value  of  the  flux  of  indue-  F^*^^-  212. 

tion  through  a  cross-section  of  the  ring,  the  strength  of  the  current 
being  C  (comp.  266) — 

N=^BS  =  [JiFS = ixAttti^  CS. 

Multiplying  both  sides  by  the  length  I  of  the  mean  circumfer- 
ence, and  calling  n  the  total  number  of  turns  of  wire,  we  have 

or,  again,  ^^^^^J    U    .    .     .    (1). 

The  quantity  N  may,  as  we  shall  see  (315),  be  determined  by 
experiment. 

282.  If  the  core  is  covered  for  only  a  part  of  its  length  (Fig. 
242),  some  lines  of  induction  will  escape  at  the  ends  of  the  coil, 
but  generally  in  so  small  a  nvimber  that  we  can  assume  the  flux 
constant  and  still  apply  the  formula  (1). 
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In  this  case  the  magnetisation  of  the  ring  depends  only  on  the 
product  nC  oi  the  strength  of  the  current  into  the  number  of 
turns  of  wire,  and  not  in  the  manner  in  which  these  tuins  are 
arranged.  This  product  is  called  the  number  of  ampere-turriii, 
when  the  current  is  expressed  in  amperes,  in  which  case  the 
second  member  of  equation  (1)  should  be  multiplied  by  10. 
Dividing  by  the  length  I  of  the  circumference,  we  get  the  niimber 
of  ampere-turns  per  centimetre  of  the  ring.  The  same  degree  of 
magnetisation  corresponds  to  the  same  number  of  ampere-turns 
per  centimetre  of  length,  whatever  be  the  section  and  length  of 
the  ring.  The  two  terms  of  the  product  may  be  varied  at  will  ; 
ten  turns  of  a  wire  which  conveys  one  ampere  produces  the  same 
effect  as  a  single  turn  which  conveys  ten  amperes. 

These  consequences  are  not  confined  to  the  special  case  of  an 
anchor  ring  ;  they  apply  to  any  closed  magnetic  circuit  from  which 
no  lines  of  induction  escape  at  the  sm-face,  and  which  may  there- 
fore be  considered  as  identical  with  a  tube  of  induction.  They  are 
not  applicable  to  the  case  of  a  circuit  which  is  not  closed — a 
straight  bar,  for  instance,  which  allows  lines  of  induction  to  escape 
all  over  its  surface, 

283.  Magnetic  Resistance  or  Reluctance. —  Formula  (l) 
of  281, 

/^  o 
may  be  compared  with  that  of  Ohm, 

Ohm's  law,  when  expressed  in  the  form  of  the  last  equation, 
may  be  taken  as  a  statement  that  the  difference  of  electric 
potentials,  E,  between  the  ends  of  a  conductor  is  equal  to  the 
electric  flux,  or  strength  of  current,  multiplied  by  a  factor,  p, 
depending  on  the  material  of  the  conductor  and  by  a  geometrical 
factor  l/S.  The  corresponding  magnetic  equation  states  that  the 
difference  of  magnetic  potentials  4:7rnC  is  equal  to  the  magnetic 
flux  iV,  multiplied  by  a  factor  characteristic  of  the  material,  l//x, 
and  by  the  same  geometrical  factor  as  in  the  other  case. 

This  parallelism  of  formvilse  has  led  to  the  somewhat  general 
use  of  similar  terminology  in  reference  to  the  two  classes  of 
phenomena.  The  magnetic  circuit  is  compared  with  the  electric 
circuit :  as  JE  in  the  case  of  the  latter  is  called  electro-motive 
force,  so  47rw(7  in  the  former  is  called  magneto-motive  force,  and,  by 
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analogy  with   electric  resistance,  —-_^  is  called  magnetic  resistance. 

jib 

It  may  be  remarked  in  passing,  that  the  last  analogy  implies  the 
comparison  of  /x  with  the  reciprocal  of  specific  resistance :  this 
would  be  expressed  by  calling  it  specific  magnetic  conductivity,  an 
idea  already  embodied  in  the  accepted  name  permeability. 

With  I'egard  to  these  comparisons,  it  is  to  be  observed  that 
there  is  no  known  magnetic  phenomenon  which  is  physically 
analogous  to  electric  conduction,  whether  in  the  form  of  dis- 
ruptive discharge  through  a  dielectric,  or  in  that  of  conduction 
thi'ough  metals  or  electrolytes.  Physically,  the  analogy  between 
magnetic  permeability  and  specific  inductive  capacity  is  much 
closer  than  that  between  permeability  and  metallic  conductivity, 
and  the  true  electric  analogue  of  a  magnetised  piece  of  iron  is 
rather  a  polarised  dielectric  than  a  conductor  carrying  a  current. 
Just  as  every  terminated  magnet  has  two  equal  opposite  poles, 
and  as  new  poles  of  the  same  strength  are  generated  by  dividing 
the  magnet  and  interposing  a  stratum  of  air,  so  any  portion  of  a 
polarised  dielectric,  bounded  by  conducting  surfaces,  has  equal 
opposite  charges  on  its  two  ends,  and  new  charges  of  the  same 
magnitude  make  their  appearance  whenever  the  dielectric  is 
divided  by  an  interposed  conductor.  If  we  were  acquainted  with 
liquid  or  gaseous  bodies  capable  of  assuming  a  high  magnetic 
intensity,  and  thus  comparable  with  liqviid  and  gaseous  dielectrics, 
the  above  analogy  would  be  much  more  obvious  and  striking. 

A  further  failure  in  the  analogy  between  the  electric  circuit 
and  the  magnetic  circuit  arises  from  the  fact  that  whereas  the 
electric  resistance  of  a  conductor  is  independent  of  the  strength  of 
the  current,  the  so-called  magnetic  resistance  depends  essentially 
upon  the  magnetic  induction.  It  is,  therefore,  undesirable  to  use 
the  same  word  in  reference  to  both  properties.  In  order  to  retain 
the  advantage  of  the  real  mathematical  parallelism  between  the 
laws  of  the  electric  and  magnetic  circuits,  without  implying  a 
closer  physical  analogy  than  really  exists,  the  term  relucta?ice  has 
been  employed  instead  of  resistance  in  the  magnetic  case,  and  we 
shall  adopt  it  in  what  follows. 

284.  Calculations  relating  to  the  Magnetic  Circuit. — 

The  analogies  pointed  out  above  may  be  employed  for  the  dis- 
cussion of  the  conditions  existing  in  a  magnetic  circuit,  and  they  lead 
to  results  which  are  in  close  accord  with  experiment.  In  making 
such  applications  we  have  to  treat  the  lines  of  magnetic  induction 
as  always  foiming  closed  curves,  whether  they  traverse  magnetic 
substances,  or  air,  or  other  non-magnetic  bodies.     In  circuits  of 
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complicated  shapes  there  are  difficulties  in  the  way  of  precise 
numerical  calculation  of  exactly  the  same  kind  as  those  which 
would  present  themselves  in  the  application  of  Ohm's  law  to 
similar  cases ;  and  if  a  circuit  includes  relatively  large  portions 
of  non-magnetic  material,  further  difficulties  arise  in  determining 
the  course  of  the  lines  of  induction.  Allowing  for  such  con- 
siderations, we  may  calculate  with  magneto-motive  forces  and 
reluctances  in  esactly  the  same  way  as  with  electro-motive  forces 
and  resistances. 

Kirchhoff's  rules  (118)  apply  to  the  case  of  divided  circuits. 
Thus  the  fluxes  N,  N',  N"  ...  of  the  branches  which  terminate 
at  the  same  point  satisfy  the  equation 

N+N'  +  N"  +  .  .  .  =0  .  .  .  (2). 
In  a  closed  contour  the  magneto-motive  force  is  equal  to  the 
sum  of  the  products  obtained  by  multiplying  the  flux  of  each 
branch  by  the  corresponding  reluctance.  Thus  if  n  is  the  alge- 
braic sum  of  the  turns,  C  the  strength  of  current,  while  /  /'  I" 
.  .  .  represent  the  lengths  of  the  various  segments,  /x  /x'  /x"  .  .  . 
the  permeabilities,  S  S'  S"  .  .  .  the  sections,  and  iV,  iV,  N"  .  .  . 
the  fluxes  which  traverse  them — 

17  1       /'  17" 

4:7r7ia=- i,N+^  ^N'  +  -^-,^,N"  +  .     .     .     (3). 

/A    O  [MO  [MO  ^     ' 

285.  Construction  of  Electro-Magnets. —  The  theory  of 

the  magnetic  circuit  accounts  for  all  the  facts  presented  by 
electro-magnets,  and  enables  us  to  establish  exact  rules  for  their 
construction.  It  leads  to  the  same  conclusions  as  the  considera- 
tion of  the  demagnetising  actions  of  the  ends.  It  shows  why  the 
force  exerted  by  an  electro-magnet  upon  its  armature  diminishes 
so  rapidly  when  the  distance  between  them  increases.  As  the 
permeability  of  air  is  several  hundred  times  less  than  that  of 
iron,  the  interposition  of  a  layer  of  air  is  equivalent  to  a  great 
increase  in  the  length  of  the  core  ;  the  number  of  ampere-turns 
remaining  the  same,  the  induction  is  greatly  decreased.  Hence 
the  necessity  of  having  the  surfaces  in  contact  well  worked  and 
smooth ;  even  then  a  joint  always  introduces  an  appreciable  re- 
luctance, and,  other  things  being,  equal,  an  electro-magnet  with 
a  yoke  (Fig.  240)  is  not  so  good  as  a  bent  electro-magnet  (Fig. 
238). 

In  planning  an  electro-magnet,  it  is  generally  assumed  that  a 
particular  value  of  the  induction  B  is  to  be  obtained  with  the 
wire  used.  Too  high  a  value  must  not  be  taken,  since,  beyond 
a  certain  limit,  the  increased  expenditure  is  out  of  pioportion  to 
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the  gain  of  magnetisation.  In  the  case  of  an  electro-magnet 
which  is  intended  to  support  a  weight  and  to  act  in  closed  circuit, 
the  weight  to  be  lifted  is  given.  The  polar  surface  is  then  deter- 
mined by  the  equation  (237) — 


Pg  = 


Stt' 


(^      (^      ^ 
Fig.  243. 


and  the  number  of  amj)ere-turns  per  centimetre  by  the  foi'mula 

JTrnC,,  _  B 

where  G^  is  the  current  in  amperes. 

The  value  of  B  being  given,  that  of  ^  is  also  defined  by  the 
curve  of  magnetisation  (213)  for  the  iron  in  question. 

The  length,  I,  of  the  circitit  of  soft  iron  is  arbitrary ;  it  is 
economical  to  take  it  as  small  as  possible,  and  give  the  electro- 
magnet a  compact  form  like  that  in  Fig.  243.  There  must  be 
space  enough  to  contain  the  wire 
necessary.  The  volume  of  the  wire  is 
determined  by  the  condition  of  not 
exceeding  a  certain  temperature.  The 
thickness  of  the  wire  depends  solely 
on  the  current  to  be  used. 

The  rule  to  be  followed  is  that  the 
coil  should  have  such  a  surface  that 
for  a  given  excess  of  temperature  over 
the  surrounding  medium,  the  rate  of  loss  of  heat  by  radiation  may 
be  equal  to  the  rate  of  pi-oduction  of  heat  by  the  current.  Experi- 
ment shows  that,  with  ordinary  coils,  the  radiation  per  square 
centimetre  per  degree  may  be  taken  as  about  0-001  watt.  If  we 
know  (279)  the  heat  produced  per  cubic  centimetre,  it  is  easy  to 
calculate  the  necessary  surface,  and  therefore  the  number  of  layers 
of  wire  for  any  value  of  the  density  of  the  current. 

For  a  straight  electro-magnet,  the  simplest  course  is  to  consider 
the  core  as  an  ellipsoid,  and  calculate  the  value  of  the  coeificient  P 
(202).  Since  K  is  given,  we  know  the  ratio  of  the  magnetising 
to  the  influencing  field,  and,  multiplying  this  by  0-4r7r  times  the 
number  of  ampere-turns,  and  by  /x,  we  get  the  induction. 

286.  Fig.  244  represents  a  powerful  electromagnet  designed  by 
Dubois.  The  core  is  an  anchor-ring  formed  of  a  soft  iron  cylinder 
of  5  cm.  radius  bent  so  that  its  axis  forms  a  nearly  complete  circle 
of  radius  25  cm.  The  ring  is  cut  through  at  s  in  a  plane  tangential 
to  the  innermost  circle  of  the  ring.     This  allows  one  limb  (shown 

2  B 
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to  the  right  in  the  figure)  to  be  moved  slightly  in  or  out,  by  means 
of  a  screw  turned  by  the  handle  G,  so  as  to  vary  the  space  z  between 

the  pole  faces,  while  a 


'^&zS 


large  surface  of  con- 
tact is  maintained  be- 
tween the  two  parts 
of  the  ring.  The  poles 
are  pierced  at  Lj  and 
L.„  for  experiments 
on  optical  effects ;  K^ 
and  K.,  are  accurately 
fitting  iron  cylinders 
by  which  the  borings, 
L,  can  be  plugged 
when  not  required. 
The  magnetising  coils 
are  wound  in  twelve 
sections,  each  of  20°, 
marked  1,  2,  ...  in 
the  figure.  Each  sec- 
tion of  the  coil  has 
200  turns  of  wire,  and, 
when  all  are  in  place, 
they  cover  240°  of  the 
circular  core .  A  brass 
stay,  MjDMg,  Avhose 
length  can  be  adjusted 
by  a  screw,  is  used  to  prevent  bending  of  the  ring  by  the  mutual 
attraction     of    the     poles,    which,    when    a     strong    magnetising 


Fig.  244. 


Fig.  245. 


Fig.  246. 


Fig.  247. 


current  is  used,  may  exceed  a  weight  of  1250  kilogr.  End-pieces 
of  various  shapes  (Figs,  245,  246,  247)  can  be  adapted  to  the 
poles. 

287.  Polarised  Electro-Magnets. — This  term  is  given  to 

magnets  the  cores  of  which  are  already  magnetised  by  a  permanent 
magnet  (Fig.   248).      This    arrangement  is   used   whenever  very 
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sensitive  electro-magnets  are  wanted,  which  rapidly  obey  feeble 
currents.  The  magnetisation  curve  (206)  rises  very  slowly  for 
weak  currents ;  but  if  the  soft  iron  is  so  arranged  „ 

that  it  has  a  magnetisation  nearly  corresponding 
with  the  point  of  inflection,  the  least  current  pro- 
duces a  considerable  variation  in  the  magnetisation. 

288.  Transverse    Magnetisation.  —  Suppose 

that  an  iron  or  steel  wire  is  wound   spirally  on  a 

glass  tube,  and  that  a  current  is  passed  through  a 

copper  wire  in   the  axis  of    the  tube ;  if   C  is  the 

strength  of   the   current,   a  the  external  radius  of 

the  tube,  the  magnetic  field  exerted  by  the  infinitely 

long   current   on  any  element   of   the  iron  wire  in 

26' 
the  direction  of  its  axis  is  equal  to  "^  (266).      The 

"  Fig.  248. 

iron  wire  becomes  a   solenoidal   filament,  and  has 

no  field  at  an  external  point ;  but  if  it  is  uncoiled,  its  ends  have 

poles  of  opposite  kinds. 

The  effect  is  the  same  on  an  iron  wire  traversed  by  a  current. 

The   iron    is   transversely  magnetised,   and    may   be   regarded    as 

formed  of  circular  solenoidal  filaments  perpendicular  to  the  axis. 

As  all  these  solenoids  are  closed,  there  is  no  external  field.      But 

if  the  wire  were  sawn  longitudinally  along  its  axis,  the  surfaces 

produced  would  each  present  the  properties  of   two   polar  strips 

of  opposite  sign,  the  axis  being  the  dividing  line  between  them. 

289.  Magnetisation  of  Steel. — Currents  are  ordinarily  used 
instead  of  permanent  magnets  for  magnetising  steel  bars.  A  ling 
is  formed  of  several  turns  of  stout  wire,  through  which  a  strong 
ciu'rent  is  passed.  The  ring  is  placed  round  the  middle  of  the 
bar,  and  then  when  the  circuit  is  closed,  it  is  passed  from  one  end 
of  the  bar  to  the  other  ;  after  having  been  carried  the  same  number 
of  times  over  each  half  of  the  bar,  the  ring  is  brought  to  the  middle 
again  and  the  current  is  stopped. 

AVith  horse-shoe  magnets  a  double  ring  is  used  coiled  in  the 
form  8 ;  the  limbs  of  the  horse-shoe  are  placed  one  in  each  loop, 
and  the  ring  is  moved  backwards  and  forwards  several  times  along 
the  limbs.  The  magnetisation  thus  obtained  is  both  strong  and 
regular. 

290.  Rotatory  Magnetic  Power. — Any  substance,  whether 

solid,  liquid,  or  gaseous,  when  placed  in  a  magnetic  field  acquires 
the  property  of  rotating  the  plane  of  polarisation  of  a  ray  of  light 
which  traverses  it.  The  effect  is  greatest  when  the  direction  of 
the  ray  is  the  same  as  that  of  the  lines  of  field  ;  it  vanishes  when 
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tliese  two  directions  are  at  right  angles  to  each  other.  The  action 
is  less  with  doubly  refracting  than  with  singly  refracting  substances. 
Faraday's  heavy  glass  (borosilicate  of  lead)  among  solids,  and  bisul- 
phide of  carbon  among  liqvxids,  show  this  effect  in  an  especial  degree. 
The  experiment  is  easily  made  with  a  Ruhmkorff's  electio- 
magnet  (Fig.  249) ;  the  iron  cores  are  hollow,  and  rays  of  light 
from  a  lamp,  L,  travel  along  the  axis  p'p  ;  at  p'  is  the  polariser, 
while  P  is  the  analyser.  Suppose  the  light  is  homogeneous  ;  the 
analyser  being  set  so  as  to  extinguish  the  light,  the  light  reappears 
when  the  current  is  passed,  and  in  order  to  extinguish  it  again 


Fig.  249. 

the  analyser  must  be  turned  through  an  angle  which  can  be  read 
off  from  the  limb  D,  and  is  a  measure  of  the  rotation.     By  reversing 
the  current,  an  equal  rotation  is  obtained  in  the  opposite  direction. 
For  a  given  substance  the  direction  of  the  rotation  is  inde- 
pendent of  the  direction 


in  which  the  rays  travel ; 
it  is  the  same  whether  the 
propagation  is  in  the 
direction  of  the  lines  of 
field  or  in  the  opposite 
direction.  It  follows  from  this  that  if  the  ray  turns  back  again, 
and  traverses  the  substance  a  second  time  in  the  opposite  direc- 
tion, the  rotation  is  doubled.  Thus,  by  increasing  the  length  of 
the  path  of  the  ray  by  successive  reflections  (Fig.  250),  the  i-otation 
can  be  increased  in  the  same  proportion. 


Fig.  250. 
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For  most  diamagnetic  .substances  that  have  been  examined,  and 
for  iron,  nickel,  cobalt,  and  the  salts  of  nickel,  cobalt,  manganese, 
and  copper  the  direction  of  the  rotation  is  that  of  the  current 
which  produces  the  field.  This  direction  we  sha,ll  take  as  positive. 
For  most  magnetic  substances,  however,  the  rotation  is  negative. 

291.  Verdet's  Law. — The  rotation  of  the  plane  of  ^polarisation 
hetxveen  two  points  is  proportional  to  the  difference  of  magnetic, 
potential  hettveen  these  two  points. 

If  Fand  V  are  the  magnetic  potentials  at  the  two  points  in  ques- 
tion taken  on  the  path  of  the  ray,  the  angle  Q  through  which  the  plane 
of  polarisation  is  turned  is  expressed  by  the  equation  ^  =  oj(F-  F'), 
w  being  the  rotation  which,  for  the  body  in  question,  corresponds 
with  unit  difference  of  potential.  This  quantity  has  been  called 
Verdefs  constant ;  it  defines  the  rotatory  power  of  the  body.  For 
the  different  rays  of  the  spectrum  it  varies  nearly  as  the  inverse 
square  of  the  wave  length. 

For  the  ray  D  and  the  temperature  0°,  the  value  of  the  con- 
stant is  0'-043  for  carbon  bisulphide,  and  0'-013  for  water.      It  is  less 
as  the  temperature  is  higher ;  for  carbon  bisulphide  we  have 
w,  =  co„(l  -  0-001 04z;  -  0-000014z'2). 

For  iron  magnetised  to  saturation,  Kundt  found  the  rotation 
to  be  at  the  rate  of  one  complete  revolution  for  a  thickness  of 
0-02  mm.,  an  effect  which  is  290  million  times  as  great  as  in 
bisvdphide  of  carbon. 

292.  Optical  Galvanometer.— The  rotation  of  the  plane  of 
polarisation  furnishes  a  convenient  means  of  measuring  the 
strength  of  a  current  in  absolute  value. 

Let  a  length  e  of  the  substance  be  placed  in  a  uniform  field,  for 
instance  along  the  axis  of  a  long  coil  with  n^  turns  for  unit  length. 
The  difference  of  the  potential  per  centimetre  is  F^^Trn-^C  (266), 
;ind  if  6  is  the  observed  rotation  we  have  6  =  MAirn-^Ce,  an  expres- 
sion which  only  requii-es  two  measurements,  those  of  e  and  6. 

Or,  more  simply  still,  let  the  substance  (carbon  bisulphide,  for 
instance)  be  placed  in  a 
long  tube  closed  at  both 

ends   by    glass    plates,    .n-^ 

and  round  the  middle 

let    there    be    a     coil 

formed    of    n   turns  of  ^^'  "'^^' 

any  given  shape  and  size  (Fig.  251).      If  the  tube  is  so  long  that 

the    force    due    to    the    coil    at  the    ends   may    be   neglected,    the 

difference  of  potential  between  the  ends  is  ^irnC,  and  the  rotation 

is  therefore  O^wiTrnC. 
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The  method  requires  no  measurement  of  the  coil,  nor  accu- 
i"ate  placing  of  it ;  all  that  is  needed  is  the  number  of  turns  of 
wire. 

The  above  formula  assumes  that  the  tube  is  infinitely  long  in 
both  directions.  It  is  easy  to  find  the  required  correction :  the 
coil  remaining  fixed,  the  tube  is  moved  so  that  the  end  a  comes 
into  the  place  of  the  end  B ;  the  correction  will  be  twice  the 
rotation  measured  in  this  new  position, 

293.  Hall's  Phenomenon. — Suppose  a  very  thin  metal  plate 
(Fig.  252)  provided  with  four  electrodes.  A,  B,  a,  h,  the  two  first  of 
which  can  be  connected  with  a  battery,  and  the  two  others  with  a 
galvanometer.  When  the  current  is  made  between  a  and  b,  the 
electrodes  a  and  b  can  be  moved  about,  and  points  found  by  trial 
such  that  no  current  passes  in  the  galvanometer.  These  two 
points  are  then  at  the  same  potential. 

When  this  adjustment  has  been  made,  if  the  plate  is  placed  in 
a  strong  magnetic  field  at  right  angles  to  the  lines  of  field,  the 
jr  deflection  of  the  galvanometer  shows 

I —     y  that  a  portion   of    the   current  ab 

passes  through  the  galvanometer. 
It  is  also  found  that  an  instan- 
taneous discharge,  other  things 
being   equal,   divides   in    the    same 


■p       2-9  "^^y  ^^^  i^  ^1^6  same  proportion  as 

a  continuous  current. 

If  the  current  is  from  a  to  b,  the  displacement  is  in  the  direc- 
tion of  the  electromagnetic  force  </>,  that  is,  fi'om  a  through  the 
galvanometer  to  b,  in  the  case  of  iron,  cobalt,  and  zinc  ;  and  in  the 
contrary  direction,  that  is  to  say,  from  b  through  the  galvanometer 
to  a,  with  gold,  nickel,  and  bismuth.  With  platinum  and  lead 
there  seems  to  be  no  eflfect. 

Let  C  be  the  strength  of  the  original  current,  c  the  strength  of 
the  current  in  the  galvanometer,  F  the  intensity  of  the  field  :  if 
?'(  and  Fj,  are  the  potentials  at  the  points  a  and  b,  and  li  the  re- 
sistance between  these  two  points,  we  have  from  Ohm's  law — 

Experiment  shows  that  if  e  is  the  thickness  of  the  plate,  and  G 
a  constant,  the  law  of  the  phenomenon  is  given  by  the  formula 
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constant    G   in  G.  G.  S. 

.  -  10-1 

.  -  -024 

.  -  -00071 

.  +  -0004 

.  +  -0046 

.  +  -0113 

.  +  -192 

.  +  530- 


The  following   are  the  values   of   the 
units  according  to  v.  Ettingshausen  : — 

Bismuth 
Nickel    . 
Gold       . 
<  Zinc 

Cobalt    . 
Iron 

Antimony 
Tellurium 

The  sign  +  represents  the  cases  in  which  the  current  is  in  the 
direction  of  the  electromagnetic  force. 

When  bismuth  is  heated  its  coefficient  falls  until  at  about  10 
degrees  from  its  melting  point  its  value  is  only  one-sixth  of  the 
value  at  ordinary  temperatures  ;  and  at  the  melting  point  itself  it 
falls  to  sensibly  zero.  For  the  magnetic  metals  there  is  a  sudden 
fall  in  the  value  of  the  coefficient  in  the  neighbourhood  of  their 
magnetic  critical  points. 

The  phenomenon  is  due  to  a  modification  of  the  lines  of  electric 
force  under  the  influence  of  the  magnetic  field.     In  the  absence  of 
this  field,  if  the  plate  is  homogeneous,  and  has  the  same  thickness 
throughout,  the  current  at  a  small 
distance  from  the  electrodes  a  and 
B  is  uniformly  distributed  ;  the  lines 
of  flow  are  parallel  to  ab,  and  the 
equipotential  lines  are  perpendicu- 
lar to  them  (Fig.  253). 

But  when  the  magnetic  field  is 
set   up,  a  transverse    electric  field 
is  produced, 
on  the  ori 


y^ 


r 


^ 


\ 


Fig.  253. 

The  resultant  field  is  obtained  by  sujierposing  this 
jinal  electric  field  which  drives  the  current.  All  the 
equipotential  lines  are  thus  rotated  through  a  small  angle ;  this 
angle  has  the  same  value  at  all  parts  of  the  sheet  at  wdiich  the 
current  flows  in  parallel  lines ;  hence  the  equipotential  lines  no 
longer  meet  the  edge  at  right  angles.  Since  the  current  cannot 
have  a  component  at  right  angles  to  the  edge,  its  direction  remains 
unchanged — at  least  in  the  absence  of  the  electrodes  a  and  b. 
When  these  are  present  and  are  connected  together,  the  transverse 
electromotive  force  drives  a  current  between  them,  and  this  is  the 
current  observed  by  Hall. 

Under  the  same  circumstances  the  resistance  of  bismuth  in- 
creases. This  increase  of  resistance  may  serve  to  measure  the 
intensity  of  the  magnetic  field. 
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The  proportionate  change  in  resistance  (i.e.  dRjR)  is  given  for 
various  strengths  of  fiekl  F  in  the  following  table  : — 


F 

dRjR 

F 

dRjB 

2660 
3930 
5130 
6290 

+  •052 
+  •106 
+  •171 
+  •232 

8300 

9380 

10530 

+  •338 
+  •395 
+  •460 

Under  the  same  circumstances  antimony  shows  a  small  increase, 
nickel  and  u'on  a  small  decrease  in  resistance. 

293.*  Reflection  of  Light  from  Magnets.— In  1877  Kerr 

observed  that  when  plane-polarised  light  is  reflected  from  the  pole 
of  a  magnet  it  becomes  elliptically  polarised,  the  lougest  axis  of 
the  ellipse  making  a  small  angle  with  the  initial  plane  of  polarisa- 
tion. When  the  incidence  is  normal  to  the  reflecting  surface 
the  light  can  be  extinguished  by  an  analyser  suitably  placed  so 
long  as  the  magnet  is  not  excited.  When,  however,  the  magnet  is 
excited  the  field  grows  bright ;  but  the  light  can  be  again  nearly 
extinguished  by  rotating  the  analyser.  Kerr  found  that  the  direc- 
tion in  which  the  analyser  must  be  turned  is  opposite  to  that  of  the 
current  producing  the  magnetisation.  Righi,  repeating  Kerr's 
experiments  with  more  powerful  magnets,  succeeded  in  obtaining 
a  rotation  of  about  half  a  degree.  A  piece  of  gold  leaf  placed  in 
close  contact  with  the  pole  entirely  eliminates  the  effect,  thus 
showing  that  this  must  be  due  to  a  modification  of  the  iron  and  not 
to  a  change  in  the  properties  of  the  air  in  the  immediate  neigh- 
bourhood of  the  pole.  Nickel  and  cobalt  produce  a  similar  rotation 
in  the  same  direction  as  with  iron.  I)u  Bois  found  for  the  ratio  of 
the  rotation  in  minutes  of  arc  to  the  intensity  of  magnetisation 
the  values  --0138  for  iron,  --016  for  nickel,  and  --0198  for 
cobalt :  the  negative  sign  indicating  that  the  rotation  and  magnet- 
ising current  are  opposite  one  to  the  other.  For  magnetite  the 
corresponding  ratio  is  +-012.  The  magnitude  of  the  effect  in  all 
cases  depends  upon  the  colour  of  the  light.  For  iron  and  cobalt 
Du  Bois  found  an  increased  rotation  with  increased  wave-length. 
Nickel  shows  a  minimum,  and  magnetite  a  maximum,  both  in  the 
yellow. 

When  the  incident  light  is  inclined  to  the  normal  the  effects 
are  more  complicated.  The  explanations  usually  given  of  these 
phenomena  require  that  a  transverse  electric  force  be  called  into 
play  by  the  incident  light ;  but  no  definite  indication  has  yet  been 
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given  of  the  mechanism  by  which  this  electric  force  originates.  A 
transverse  electric  force  appears  also  as  the  cause  of  the  Hall 
effect ;  but  beyond  this  fact  there  does  not  seem  to  be  any  connec- 
tion between  the  two  phenomena.  For  example,  the  Hall  effect 
is  exceedingly  large  in  the  case  of  bismuth  ;  but  this  metal  does 
not  exhibit  even  a  trace  of  the  effecta  we  have  just  described, 
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294.  Induction  Currents. — Whenever  the  flux  of  magnetic 
induction  through  a  closed  circuit  is  changed,  the  circuit  becomes 
the  seat  of  a  temporary  current  which  lasts  as  long  as  the  variation 
of  the  flux.  Such  a  current  is  called  an  induction  current  or  in- 
duced current.  Induction  currents  were  discovered  by  Faraday  in 
1831,  and  we  shall  here  describe  some  of  his  fundamental  experi- 
ments. 

295.  Induction  by  Currents. — A  closed  circuit,  ab  (Fig. 

254),  contains  a  galvanometer,  G  ;  a  second  circuit,  parallel  to  the 

first  for  a  great  part  of 
its  length,  is  connected 
with  a  battery,  and  can 
be  closed  or  broken,  or 
the  current  can  be  re- 
versed at  pleasure.  The 
former  will  be  called  the 
induced  or  secondary  cir- 
cuit, and  the  latter  the 
inducing  or  irrimary  cir- 
FiG.  254.  cuit. 

Every  time  the  battery  circuit  is  closed,  the  induced  circuit  ab 
is  traversed  by  a  momentary  curi'eut  in  a  contrary  or  inverse  direc- 
tion to  that  in  the  parallel  portion  CD  of  the  inducing  circuit. 
Every  time  the  inducing  circuit  is  broken,  the  secondary  is 
traversed  by  a  momentary  current  in  the  same  direction  as  the 
inducing  current,  that  is,  by  a  direct  current. 

Nothing  is  observable  in  the  induced  circuit  so  long  as  a  steady 
current  passes  through  the  indiicing  circuit,  and  so  long  as  it 
remains  at  the  same  distance.  But  when  the  wire  CD  is  brought 
near  ab,  or  when  the  current  in  cD  is  increased,  an  inverse  induced 
current  is  produced  in  ab  ;  while  if  the  wire  CD  is  moved  away  or 
the  strength  of  its  current  is  decreased,  a  direct  induced  current  is 
produced. 
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Fig.  255. 


In  short,  a  current  which  begins  to  flow,  or  increases  in  strength, 
or  is  brought  nearer,  produces  in  an  adjacent  circuit  an  inverse  in- 
duced current ;  a  current  which  ceases,  or  diminishes  in  strength, 
or  is  moved  away,  produces  a  direct  induced  current.  These 
currents,  which  are  produced  by 
the  influence  of  other  currents, 
were  spoken  of  by  Faraday  as 
currents  due  to  volta-electrie 
induction. 

The  effects  are  stronger  the 
nearer  are  the  two  wires,  and 
the  greater  the  length  of  the 
parallel  portions.  The  experi- 
ment is  ordinarily  made  with 
two  coils  of  insulated  wire, 
one  of  which  (Fig.  255)  can 
be  placed  inside  the  other,  like 
A  and  B. 

296.  Induction  by  Magnets.— Suppose  the  coil  b  (Fig.  255) 
to  be  connected  with  a  galvanometer :  if  a  bar  magnet  is  inserted^ 
in  it,  the  effects  are  the  same  as  though  a  second  coil,  A,  carrying  a 
current,  had  been  put  in  in  place  of  the  magnet.     In  order  to  find 

the  direction  of  the  induced  current, 
we  may  suppose  the  magnet  replaced  by 
the  equivalent  electromagnetic  cylinder 
(266).  In  like  manner  any  increase  in 
the  strength  of  the  magnet  produces  an 
inverse  current,  and  any  diminution  a 
direct  current.  This  action  Faraday 
called  inagneto-electric  induction. 

Both  effects  are  obtained  mmd- 
taneoushj  and  with  far  greater  strength 
by  placing  a  core  of  soft  iron,  D,  in  the 
inducing  coil  (Fig.  256).  When  the  cur- 
rent is  made,  the  cylinder  of  soft  iron  is 
magnetised,  and  the  two  actions,  of  the  coil  and  of  the  magnet, 
which  are  evidently  in  the  same  direction,  are  added  togethei*. 
They  are  also  added  when  the  current  is  broken. 

297.  Induction  by  the  Action  of  the  Earth. — If  a  closed 

circuit  be  displaced  or  deformed  in  the  magnetic  field  of  the  earth 
so  that  the  number  of  lines  of  induction  passing  through  it  is 
alteretl,  an  induced  current  is  produced,  the  direction  of  the  current 
depending  upon  whether  the  change  of  the  number  of  lines  of 


Fig.  256. 
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induction  through  tlie  circuit  is  positive  or  negative.  Thus  if  a  coil, 
held  with  its  axis  in  the  line  of  dip,  and  connected  by  long  wires  with 
a  galvanometer,  is  quickly  turned  through  an  angle  of  180°  about  a 
line  perpendicular  to  the  axis,  the  galvanometer  needle  is  deflected. 

298.  Self-induction  —  Extra    Current.  —  Lastly,   Faraday 

showed  that  any  variation  in  the  strength  of  a  current  produces  in 
the  circuit  itself,  in  which  the  current  passes,  an  induction  current, 
which  is  superposed  on  the  principal  current,  and  always  opposes  the 
actual  variation  of  strength,  thus  lessening  the  rate  of  rise  of  an  in- 
creasing current  and  the  rate  of  fall  of  one  that  is  decreasing,  This 
phenomenon  is  called  the  induction  of  a  current  on  itself,  or,  more 
briefly,  self-induction,  and  the  resulting  current  is  called  an  extra 
current.  The  effect  is  especially  marked  in  circuits  which  contain 
coils  or  electro-magnets.     In  this  case  the  spark,  on  breaking  the 

circuit,  is  much  stronger  and  louder 
than  the  spark  on  closing  the  circuit, 
and  if  the  body  is  interposed  in  the 
circuit,  the  extra  current  may  produce 
strong  physiological  effects.  Faraday 
used  the  following  method  for  showing 
I B  the  extra  current  produced  on  making 
and  breaking  the  circuit : — 

A  coil,  R  (Fig.  257),  is  connected 
with  a  battery,  e,  and  a  key,  K,  by 
which  the  circuit  can  be  closed  or 
opened,  and  a  galvanometer,  G,  is  con- 
nected in  multiple  arc  with  the  coil,  so 
that  the  battery-current  divides  between  it  and  the  coil.  Let  «  be 
the  position  of  equilibrium  of  the  needle  under  the  influence  of  the 
current  which  passes  through  the  galvanometer  when  the  circuit  is 
closed  at  K,  and  a  stationary  condition  is  established.  The  needle 
is  kept  at  the  angle  a  by  means  of  a  stop  (Fig.  258),  which  pre- 
vents it  from  going  back  to  zero 
when  the  circuit  is  interrupted. 
On  again  closing  the  circuit,  the 
needle  is  deflected  beyond  a,  be- 
cause the  "  extra  current "  delays 
the  growth  of  the  current  in  R, 
and  at  first  more  than  the  normal 
proportion  flows  along  agb. 

Next,  the  stop  is  placed  at  o  (Fig.  259),  so  as  to  keep  the 
needle  at  0°,  while  a  steady  current  is  again  made  to  traverse  the 
circuit ;    when   the    circuit    is    now   broken    at    K,    the    needle   is 
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Fig. 


Fig.  258. 


Fig.  259. 
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deflected  in  the  opposite  direction,  because  the  curi'ent  in  the  coil 
continues  for  an  instant  to  flow  after  the  battery-circuit  has  been 
broken.  If  the  original  directions  were  axyb  and  agb,  the  current 
continuing  along  xy,  after  K  is  open,  causes  a  current  through  the 
galvanometer  from  b  to  A  (303). 

299.    Characteristics    af   Induction   Currents.  —  All  the 

phenomena  of  induction  have  the  common  characteristic  that  they 
correspond  to  a  modiflcation  of  the  magnetic  field  enclosed  by  the 
induced  circuit,  whether  this  field  be  due  to  currents  or  to  magnets, 
or  to  a  current  in  the  circuit  itself.  It  remains  to  establish  the 
numerical  laws  of  these  currents. 

We  will  first  consider  currents  due  to  a  displacement  of  the 
circuit. 

Almost  immediately  after  the  discovery  of  induced  currents, 
Lenz  gave  a  very  simple  rule  for  their  direction,  which  is  this : 
the  direction  of  an  induced  current  is  cdways  suck  that  hij  its  electro- 
magnetic action  it  tends  to  oppose  the  displacement. 

In  investigating  the  conditions  which  determine  the  strength  of 
an  induction  current,  we  may  remark,  in  the  first  place,  that  the 
existence  of  such  a  current  implies  the  existence  of  an  induced 
electromotive  force,  on  which  the  strength  of  the  current  depends 
in  the  way  expressed  by  Ohm's  law.  All  that  is  necessary  here, 
therefore,  is  to  examine  the  conditions  determining  the  magnitude 
of  the  electromotive  force. 

Going  back  to  (134),  we  know  that,  when  work  is  done  at  the 
expense  of  the  energy  of  an  electric  current,  an  inverse  electro- 
motive force  is  generated,  the  magnitude  of  which  is  expressed  by 
the  equation 

_  ^ 

where  W  is  the  work  done  in  unit  of  time  as  the  result  of  a  current 
of  strength  0.  If  W  is  measured  in  watts,  and  C  in  amperes,  e  is 
given  by  this  equation  in  volts. 

We  have  seen  further  (267),  that  when  a  conductor  carrying 
a  current  moves  in  a  magnetic  field  so  as  to  cut  lines  of  induction, 
work  is  done  equal  to  the  product  of  the  strength  of  the  current 
into  the  number  of  lines  of  induction  cut  through ;  or,  more 
generally,  that  when  the  flux  of  magnetic  induction  through  the 
area  of  a  circuit  alters,  work  is  done  equal  to  the  product  of 
the  strength  of  the  current  into  the  increment  of  the  magnetic 
flux. 

Apply  these  considerations  to  a  case  such  as  that  represented 
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ill  Fig.  260,  where  ab  and  a'b'  are  parallel  metal  rails  connected  by 
a  cross-bar  cc',  which  can  slide  along  them  at  right  angles  to  its 
own  length,  and  p  is  a  battery  by  which  a  current  can  be  sent 
through  the  rails  and  cross-bai\  Suppose  the  plane  of  the  rails 
and  bar  to  be  perpendicular  to  the  direction  of  a  magnetic  field  of 
intensity  H ;  let  the  direction  of  the  current  be  from  A  to  c  and  c' 
to  a'  in  the  figure,  and  the  direction  of  the  magnetic  field  to  be  as 
indicated  by  the  arrow  H.  This  is  also  the  direction  of  the  mag- 
netic induction.  Then  the  electromagnetic  forces  will  tend  to 
enlarge  the  area  of  the  figure,  so  as  to  make  it  enclose  a  greater 
number  of  lines  of  induction,  and  the  sliding  bar  will  move  towards 
bb'.  Let  (fi  be  the  force  tending  to  displace  the  bar  :  while  it  moves 
through  a  small  distance  ds,  the  work  done  will  be  dW=  (fids.  But 
(267)  we  have  also  dW=CdN,  if  C  is  the  strength  of  current 
and  dN  the  increment  of  magnetic  flux 
through  the  circuit  caused  by  the  displace- 
ment. Repeating  the  reasoning  of  (134),  we 
may  write  the  following  equation,  which 
states  that  the  energy  received  by  the  circuit 
in  an  element  of  time,  df,  in  consequence 
of  the  electromotive  force  ^  of  the  battery, 
is  equal  to  the  energy  expended  in  generating 
heat  and  in  doing  work  : 

IWdt  =  C"Edt  +  CdN. 

If  the  sliding  bar  were  not  allowed  to  move, 
that  is,  if  no  woi'k  were  done,  the  strength 
of  the  current  would  be  0^,  and  the  above 
equation  would  become 

EOjU  =  0,?Rdt. 


Fig.  260. 


It  is  evident  that  0  is  not  the  same  as  (7„,  and,  as  the  resistance 
is  the  same  in  both  cases,  a  change  in  the  strength  of  the  current 
can  be  due  only  to  a  change  in  the  effective  electromotive  force 
of  the  circuit — in  other  words,  to  the  generation  of  ah  additional 
electromotive  force  e.  The  effective  electromotive  force  is  the 
algebraic  sum  of  the  electromotive  forces  of  the  cii'cuit,  and  by 
Ohm's  law  we  may  write 

E+e=CR 


But  if  we  divide  the  first  of  the  above  equations  by  C  and  by  dt, 
we  get 
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if  the  medium  surrounding  the  wire  is  of  unit  permeability  (e.;/.  air). 
If  the  medium  surrounding  the  wire  is  of  permeability  //,  the  above 
expression  must  be  multiplied  by  /x. 

It  is  to  be  noted  that  the  induced  electromotive  force  e  is  inde- 
pendent of  the  strength  of  the  current,  and  therefore  has  the  same 
value  even  if  there  is  no  other  electromotive  force,  and  therefore  no 
current  except  that  due  to  induction.  It  depends  only  on  the  rate 
of  increase  of  the  magnetic  ilux  through  the  circuit.  This,  in  the 
case  supposed,  is  equal  to  the  strength  of  the  magnetic  field  JI  multi- 
plied  by  the  distance  I   between   the  rails 

and  by  the  velocity,  v  —  -77,  with  which  the 

bar  moves. 

The  negative  sign  in  the  expression  for 
e  receives  its  interpretation  from  Lenz's 
law,  of  which,  in  fact,  it  is  the  expression. 
It  indicates  that  the  electromotive  force, 
due  to  an  increase  of  the  magnetic  flux  in  a 
given  direction,  would,  if  it  acted  alone  in  -^  k 
a  circuit,  produce  a  current  causing  a  mag- 
netic flux  in  the  opposite  direction.  Thus 
if,  in  the  case  alieady  considered,  the  bat- 
tery is  replaced  by  a  conducting  wire  li 
(Fig.  261),  motion  of  the  cross-bar  from  A 
towaids  B  will  produce  a  current  in  the  direction  of  the  arrows, 
that  is,  opposite  to  the  battei-y  cui'rent  in  the  previous  case.  The 
current  is  inveited  if  the  motion  is  from  b  towards  A.  These 
eft'ects  can  be  rendered  visible  by  including  a  galvanometer  be- 
tween A  and  a'. 

300.  General  Law  of  Induction — Electromotive  Force. — 

The  general  law  of  induction  is  only  a  generalisation  of  the 
foregoing.  Whether  the  circuit  moves  across  the  lines  of  field, 
or  whether  the  lines  of  field  move  in  reference  to  the  circuit, 
whether  or  not  the  electromagnetic  forces  do  work,  that  is  to 
say,  whether  there  is  or  is  not  a  displacement  of  their  points  of 
application,  each  element  of  the  circuit  which  in  the  time  dt  cuts  a 
number  of  lines  of  induction  dN,  is  the  seat  of  an  electromotive 
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de=  — 


dN 
dt' 


*  We  are  liere  neglecting  the  effect  due  to  change  of  self-induction  of  the 

circuit  (301).     lu  strictness,  the  value  of  — -    is  III—  +  —^ —  •  --  • 
'  dt  dt        (is       dt 
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whose  direction  is  from  foot  to  head  of  an  observer  who,  looking 
along  the  lines  of  induction,  sees  them  pass  from  right  to  left. 

All  these  electromotive  forces  add  up  algebraically,  like  those 
of  a  number  of  galvanic  cells  connected  in  the  same  circuit. 

If  the  conductor  does  not  form  a  closed  circuit,  the  two  electri- 
cities are  accumulated  at  the  opposite  ends  until  a  difference  of 
potential  is  produced  equal  to  the  algebraic  sum  of  the  elemen- 
tary electromotive  forces. 

If  the  circuit  is  closed,  the  total  electromotive  force  is  likewise 
the  algebraic  sum  of  the  electromotive  forces  corresponding  to 
the  different  elements :  and  since  the  algebraic  sum  of  the  lines 
of  induction  cut  by  all  the  elements  is  equal  to  the  varia,tion  JN  of 
the  product  of  the  flux  of  induction  enclosed  into  the  number  of 
times  the  circuit  surrounds  it,  the  electromotive  force  at  the  time  t 

is  _  _  dN 

^~  ~'dt' 

If  M  is  the  resistance  of  the  circuit,  this  electromotive  force 
produces  at  the  moment  in  question  a  current  of  strength 

p_  e  _       1  dN 

The  direction  of  the  current  is  such  that  its  axis  is  in  the 
opposite  direction  to  the  flux  if  dN  is  positive,  and  in  the  same 
direction  if  dN  is  negative. 

301.  Coefficient  of  Self-induction,  or  Self-Inductance.— 

It  has  been  shown  (252  ef  seq.)  that  the  existence  of  an  electric 
current  in  a  conductor  implies  the  existence  of  magnetic  field  in 
the  neighbouring  space.  Indeed,  in  oider  to  ascertain  the  existence, 
direction,  and  strength  of  a  current,  we  usually  examine,  not  the 
conductor  itself,  but  the  magnetic  properties  of  the  space  near  it. 
Whatever  the  ultimate  nature  of  the  phenomenon  which  we  re- 
cognise and  speak  of  as  an  electric  current  may  be,  it  is  an 
incomplete  view  of  it  to  confine  our  attention  to  the  process  going 
on  in  the  conducting  circuit ;  it  involves  also,  as  an  essential  part, 
the  existence  of  the  cori'elative  magnetic  field. 

Every  complete  circuit  forms  a  closed  curve,  and  the  corre- 
sponding lines  of  magnetic  induction,  which  also  form  closed 
cm"ves,  are  linked  through  it  (see,  for  example,  Figs.  219,  220). 
Hence,  irrespective  of  any  other  magnet  or  circuit,  there  is, 
through  the  area  of  every  circuit  carrying  a  current,  a  flux  of 
magnetic  induction  depending  on  the  current  in  the  circuit.  As 
already  mentioned  (252),  the  magnetic  field  due  to  a  current  re- 
mains similar  to  itself  whatever  the  strength  of  the  current,  and 
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so  also  does  the  induction,  but  the  magnitude  of  both  at  any 
point  of  the  field  is  proportional  to  the  cviiTent.  Hence  the  total 
flux  through  the  circuit  is  proportional  to  the  current,  and  may 
be  represented  by 

N=LC, 

where  L  is  a  factor  depending  on  the  geometrical  characters  of  the 
circuit, — its  shape,  the  area  enclosed,  and  the  number  of  times 
the  current  goes  round  it,— and  on  the  magnetic  permeability  of 
the  surrounding  medium. 

The  coefficient  L  is  called  the  coefficient  of  self-induction,  or  the 
self-inductance  of  the  circuit.  It  may  be  defined  as  the  magnetic 
flux  which,  in  consequence  of  a  current  of  unit  strength  in  the 
circuit,  is  linked  with  the  circuit.  It  is  a  quantity  of  the  same 
kind  as  the  mutual  inductance  (267)  of  two  circuits. 

302.  Calculation  of  Self-Inductance. — To  calculate  the  value 

of  this  constant  for  any  circuit  requires  a  knowledge  of  the  dis- 
tribution   of    magnetic    induction  >« 

over  the  area  of  the  circuit ;  and,     ^  — ^ 

in  general,  to  ascertain   this   re-  x 

quires  higher  mathematical  treat-         <13CCI  ~  ~  ~  "Z.  3  J 

ment  than  falls  within  the  range  ^ 

of    this    book.      In   a    few   cases, 

however,  the   calculation  is  easy,  "^      q 

and  we  will   give  three   such  as  ^ 

illustrations. 

(i.)  Tivo  tliin  parcdlel  wires  of  infinite  length  (Fig.  262).  Radii,  a, 
distance  between  axes  =  d. 

The  magnetic  induction  at  any  point  is  the  algebraic  sum  of 
the  values  due  to  the  two  wires.     Hence  at  a  distance  x  from  one 

X       d  -  X 

The  total  induction  passing  tluough  an  elementary  ai-ea  of 
length  I  and  width  dx  is  Bldx.  Hence  the  self-inductance,  L,  of  a 
length,  Z,  of  the  circuit  is 


a 


1      d  -  a     1         rt    ~| 
a  a  -  a,] 

,7     ,      d  —  a 


2  c 
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We  have  here  only  taken  account  of  the  induction  in  the  space 
between  the  wives  :  there  is  indviction  also  in  the  wires  themselves, 
and  this  must  be  taken  into  account  in  a  ligoious  solution.  If  the 
wires  are  thin  compared  with  their  distance  apart,  the  error  made 
in  leaving  it  out  is  small. 

(ii.)  A  concentric  cable.  Radius  of  inner  conductor,  a,  internal 
radius  of  outer  conductor,  b. 

The  magnetic  induction  at  all  points  at  distance  r  from  the  axis  is 

r 
Total   induction    enclosed   by    a   length,    I,    of  the    conductors 
is 

J> 


Hence  the  self-inductance  of  unit  length  is 


L  =  2u  log,: 

Referring  to  (53),  it  will  be  seen  that  the  capacity  of  unit  length 
of  such  a  cable  is 

Hence  in  this  case  capacity  x  self -inductance  =  (xK.  This  result  can 
be  shown  to  be  general.  If  both  are  expressed  in  electromagnetic 
measure,  K  has  not  the  same  value  as  Avhen  the  capacity  is  ex- 
pressed in  electrostatic  measure.  This  subject  is  treated  fully  in 
a  later  chapter  (Chapter  XXXI.). 

(iii.)  An  a?ichor  7'ing.  In  (281)  it  was  shown  that  the  total 
induction  through  such  a  ring  is  approximately  4:Tvn^iiSG ;  since 
this  passes  through  each  of  the  turns  of  wire,  and  there  are  yi^l 
turns  in  all,  I  being  the  mean  circumference,  the  self-inductance  is 

This  is  also  the  self-inductance  of  a  length,  /,  of  an  electromagnetic 
cylinder  (280),  except  for  portions  neai'  its  ends. 

303.  Electromotive  Force  due  to  Self-induction. — If  we 

connect  what  has  been  said  in  the  last  paragraph  Avith  the  result 
arrived  at  in  (299)  as  to  induced  electromotive  force,  we  see  that 
the  self-induction  of  a  circuit  must  give  rise,  in  the  case  of  any 
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variation   of    the    current,   to    an    electromotive   force   tending    to 
oppose  the  variation.     In  fact,  the  equations 


give,  when  L  is  constant, 


and  N=LC 

dt 


dt  dt ' 


dC  ■  ... 

Hence  when  —  is  positive,  that  is,  when  the  current  is  increasing, 

dt 

there  is  a  negative  electromotive  force  due  to  self-induction ;  and       ly 

dC 
when    —  is  negative,  or  the  current  is   decreasing,  the  electro- 
motive force  of  self-induction  is  positive.     Whenever  the  strength 

dC 
of  the  current  is  constant,  —  =0,  and  the  electromotive  force  of 

dt 

self-induction  is  nothing. 

These  results  contain  the  proper  interpretation  of  the  pheno- 
menon of  the  "  extra-current"  (298). 

304.  Work  Spent  in  Establishing  a  Current— Intrinsic        / 

Energy  of  a  Circuit. — If  there  were  no  such  thing  as  self-induc- 
tion, an  electromotive  force,  E,  applied  to  a  circuit  of  resistance 
li,  would  instantly  give  rise  to  a  current  of  strength  G^EjR. 
The  electromotive  force  of  self-induction,  however,  causes  the 
establishment  of  a  current  to  be  a  more  or  less  gradual  process. 
It  is  true  that  in  many  cases  it  is  so  rapid  as  to  need  delicate 
observation  to  detect  that  it  is  not  instantaneous, ,  but  in  cases 
where  the  self-inductance  has  a  high  value,  the  growth  of  the 
current  occupies  a  very  appreciable  time.  This  point  is  discussed 
more  particularly  in  (318). 

During  the  variable  period  at  the  commencement  of  a  current, 
more  energy  is  given  out  by  the  battery  than  appears  in  the 
conductor  in  the  form  of  heat  or  otherwise.  The  excess  is  conse- 
quently stored  up  in  the  field,  and  goes  to  increase  the  energy  of 
the  circuit.     Take  again  the  equation 

EGdt=Cmdt+CdN, 

already  employed  in  (299).  In  the  paragraph  referred  to,  dN  was 
an  increment  of  magnetic  flux  through  the  ciicuit  due  to  a 
deformation  of  the  circuit  in  an  independent  magnetic  field  ;  in 
the  present  case,  we  take  it  to  stand  for  an  increment  of  the 
magnetic  flux  due  to  an  increase  in  the  strength  of  the  current  in 
a  circuit  of  constant  size  and  shape.     Expressing  the  total  flux  by 


404  ELECTROMAGNETIC   INDUCTION         [304- 

means  of  the  coefficient  of  self-induction,   we  have  N  =  LG,  and 
therefore  dN=  LdC.     Hence  we  may  write 

EGdt-Cmdt  =  LCdC. 
In  this  expression,  LCcf  (7  clearly  appears  as  the  excess  of  the  energy 
given  out  by  the  battery  over  that  converted  into  heat  (comp.  322). 
If  we  put  W  for  the  total  energy  stored  up  while  the  strength  of 
the  cui-rent  changes  from  an  initial  value,  C^,  to  a  final  value,  C, 
we  have 


W=  iLGdC=  |L  ((72  -  C„2). 


If  the  initial  value  (7^,  =  0,  this  gives 

W=  ILG^ 

as  the  value  of  the  work  expended  in  establishing  the  current,  or 
that  of  the  intiinsic  energy  of  the  circuit. 

305.  Analogy  between  Magnetic  Energy  and  Electro- 

rU    static  Energy.— Using,  as  before,  N  for  the  magnetic  flux,  we 
have  the  three  equivalent  expressions — 

z  -  ^  L 

which  may  be  compared  with  the  three  forms  in  which  the  energy 
of  an  electrostatic  field  (55)  niay  be  expressed,  namely, 

Tr=  hC{V-  Vy  :=  I Q ( F-  F')  =  -1^1 

It  is  to  be  remembered  that,  in  the  latter  case,  (7  stands  for  electro- 
static capacity. 

The  analogy  between  the  energy  of  a  conducting  circuit  and 
that  of  an  electrostatic  field  goes  beyond  the  mere  parallelism  of 
the  formulae,  for  in  both  cases  the  surrounding  medium  plays  an 
important  part. 

The  seat  of  the  magnetic  energy  of  an  electric  current  is  the 
medium  surrounding  the  current,  including  that  portion  of  the 
wire  which  surrounds  the  particular  element  of  current  which  is 
under  investigation.  In  other  words,  the  seat  of  the  magnetic 
energy  is  the  whole  of  the  region  in  which  the  corresponding 
magnetic  field  exists.  In  the  case  of  electrostatic  energy  the  con- 
ducting boundaries  of  the  field  affect  the  energy  only  by  virtue  of 
their  geometric  characters,  while  the  dielectric  medium  affects  it 
by  virtue  of  its  specific  inductive  capacity.  The  difference  in  the 
electromagnetic  case  arises  from   the  distribution  of    the  current 
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throughout  the  whole  cross-section  of  the  conductor :  the  magnetic 
energy  for  a  given  current  depends  in  part  upon  the  permeability 
of  the  surrounding  dielecti'ic  and  in  part  upon  the  permeability  of 
the  conductor  itself. 

In  either  case,  the  distribution  of  energy  in  the  field  might  be 
mapped  or  represented  graphically,  if  we  suppose  drawn  the  tubes 
of  induction  and  equipotential  surfaces.  These,  by  their  mutual 
intersections,  divide  the  field  into  a  number  of  compartments  or 
cells,  each  of  which  is  the  seat  of  the  same  quantity  of  energy 
(66).  As  the  electrostatic  charge,  in  the  one  case,  or  the  strength 
of  the  current  in  the  other,  increases,  we  must  imagine  more 
energy  flowing  out  from  the  conducting  surfaces  into  the  medium, 
and  the  rrumber  of  cells  increasing.  They  become  smaller  and 
more  closely  crowded  together ;  that  is  to  say,  more  energy  is 
accumulated  in  a  given  space.  As  the  charge,  or  the  strength 
of  the  current,  diminishes,  energy  returns  from  the  medium  into 
the  conductors,  the  cells  expanding  and  decreasing  in  number  till 
all  are  gone. 

If /is  the  intensity  of  electrostatic  force  at  any  part  of  a  field, 
and  K  the  dielectric  coefficient,  the  energy  in  a  portion  of  the 
field,  whose  volume,  dv,  is  so  small  that  the  force  may  be  taken  as 
constant  throughout,  is  .„ 

U^dv. 

The  corresponding  expression  in  the  magnetic  case  is 

where  F  is  the  intensity  of  magnetic  field,  and  /x  the  magnetic 
permeability  of  the  medium  (comp.  350)- 

306.  Transfer  of  Electric  Energy. — In  the  electrorftagnetic 

case  both  these  kinds  of  energy  exist  together.  For,  besides  the 
existence  of  a  magnetic  field,  another  necessary  condition  of  the 
production  of  a  current  by  a  galvanic  battery,  or  any  equivalent 
arrangement,  is  a  difference  of  potentials  between  diffeient  parts 
of  the  circuit,  and  this  difference  of  potentials  implies  the  existence 
of  electrostatic  energy,  which  might  be  represented  by  tubes  of 
electric  induction  and  equipotential  surfaces.  If  the  current  is  of 
constant  strength,  the  potential  remains  constant  at  each  point  of 
the  circuit  and  of  the  field,  and  consequently  the  equipotential 
surfaces  are  stationary,  but  each  of  them  intersects  the  surface  of 
the  conductor  at  the  part  where  its  potential  has  the  corresponding 
value.     The  tubes  of  electric  force,  which  are  necessaiily  ortho- 


406  ELECTROMAGNETIC   INDUCTION         [306- 

gonal  to  the  equipotential  surfaces,  consequently  meet  the  surface 
of  the  conductor  obliquely ;  they  cannot,  therefore  (33)  be  in  equi- 
librium. Their  ends  run  along  the  conductor  towards  the  side  on 
which  they  meet  the  surface  at  an  acute  angle,  and  at  the  same 
time  they,  as  it  were,  sweep  the  energy  into  the  conductor,  where  it 
appears  as  heat.  The  result  would  be  the  almost  instantaneous 
disappearance  of  all  energy,  were  it  not  for  the  battery,  which 
pours  energy  into  the  field  as  fast  as  it  is  absorbed  into  the  con- 
ductor. Part  of  the  process  going  on  in  a  closed  circuit  is  thus  a 
flow  of  energy  from  the  battery  across  the  field  into  the  conducting 
wire  :  this  corresponds  to  the  generation  of  heat  at  the  rate  G^R. 

This  flow  or  transfer  of  electric  energy  across  the  field  is  ac- 
companied by  the  existence  of  magnetic  field,  and  therefore  of 
magnetic  energy  in  the  field.  The  lines  of  magnetic  field  coincide 
with  the  lines  in  which  the  surfaces  of  equal  electrostatic  potential 
and  of  electrostatic  force  intersect  each  other.  So  long  as  the  flow 
of  electric  energy  remains  constant,  the  distribution  of  magnetic 
field  and  eneigy  remains  stationai'y.  A  constant  electromagnetic 
field  thus  accompanies  and  requires  a  constant  rate  of  transfei'  and 
dissipation  of  electric  energy.  For  a  given  form  and  size  of  circuit, 
the  difference  between  what  is  called  a  good  and  a  bad  conductor 
may,  from  our  present  point  of  view,  be  stated  thus :  with  a  good 
conductor  an  electromagnetic  field  of  given  intensity  can  be 
maintained  with  a  smaller  rate  of  dissipation  of  electric  energy 
than  with  a  bad  conductor. 

The  lines  of  electric  foice  and  equipotential  lines  are  shown  in 
Fig.  263  for  the  case  of  a  circuit  consisting  of  a  broad  and  long 

strip  of  conductor  bent  twice 

4-  +  +  +  -f  -I-  >■  _ 

/"-f-..     at   right    angles,   the   distant 
l    ~~j'  ■      ends  being  supposed  connected 
J      J  ■        to   a  battery.     The  magnetic 
. lines   are   of    course    perpen- 
dicular  to  the    plane    of    the 
"V"  "  jT  .     paper.      It    should    be    noted 
^  V    ^  L  -  -   that  the  lines  of  electric  force 
-       -       become     more     crowded     in 
p^y    263  regions  more  remote  from  the 

bends.  That  this  must  be  the 
case  may  be  seen  by  considering  that  the  difference  of  potential 
between  opposite  points  of  the  strip  is  greater  for  more  remote 
points,  and  since  the  distance  between  the  strips  is  constant,  the 
average  force  must  increase  proportionally. 

Each  part  of  the  surface  of  the  conductor  is  in  general  charged. 
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For  iuHide  the  conductor  the  electric  force  is  wholly  parallel  to  the 
boundary,  while  outside  it  this  is  not  the  case.  Thus  there  is  an 
abrupt  change  in  the  value  of  the  normal  component  of  electric  induc- 
tion, and  this  corresponds  to  the  charge  upon  the  surface  (44,  50)- 
If  the  mid-point  of  the  cross-conductor  is  kept  at  potential  zero 
by  being  earth-connected,  the  charges  are  symmetrically  arranged 
positive  on  one  half  and  negative  on  the  other,  as  shown  in  the 
figure,  and  the  surface-density  increases  numerically  pari  passu 
with  the  electric  induction. 

307.  Energy  of  Two  Circuits. — If  two  circuits,  each  carrying 
a  curi'ent,  are  in  the  presence  of  each  other,  the  total  enei'gy  is  the 
sum  of  the  intrinsic  energies  of  the  two  circuits  and  of  the  energy 
due  to  their  co-existence.  If  C  and  G'  are  the  strengths  of  the 
two  currents,  L  and  L',  the  two  coefiicients  of  self-induction,  and 
M  the  coefficient  of  mutual  induction,  the  whole  energy  is 

W=  ILO^  +  3ICG'  +  hl'G'^. 

308.  Quantity  of  Electricity. — The  quantity  dQ,  of  electricity       (\^ 
put  in  motion  in  the  circuit  during  the  time,  dt,  by  an  induced 
current  is 

dQ==Cdt=-'-^. 

The  total  quantity,  (2,  corresponding  to  a  finite  variation  of  flux, 
is  the  sum  of  all  such  expressions.  If  we  consider  a  variation  in 
which  both  the  initial  and  final  values  of  the  strength  of  the 
cui'ient  are  zero,  the  variations  of  the  flux  due  to  the  current 
itself  give  a  sum  zero,  and  any  resultant  change  of  flux  is  due  to 
the  exteinal  field.     If  this  be  called  N^  —  N-^,  we  have 

R      ' 

consequently  the  total  quantity  of  electricity  put  in  motion  hy  an 
induced  current,  the  liviiting  values  of  which  are  zero,  is  equal  to  the 
quotient  of  the  total  variation  of  magnetic  flux  through  the  circiiit  hy 
the  resistance  of  the  circuit. 

It  depends  neither  on  the  time  the  vaiiation  has  occupied  nor 
on  the  manner  in  which  it  has  taken  place.  The  induced  flow,  Q, 
is  to  be  reckoned  positive  or  negative  in  accordance  with  what  has 
been  already  said  in  (300). 


CHAPTER  XXVII 

SPECIAL    CASES   OF  INDUCTION 

309.  Applications. — We  proceed  now  to  discuss  the  applica- 
tion of  the  general  principles  pointed  out  in  the  last  chapter  to 
some  important  special  cases. 

Take  first  the  case  in  which,  passing  from  a  stationa,ry  condi- 
tion where  the  flux  through  a  circuit  is  N-^  to  another  stationary 
condition  in  which  the  flux  is  N.^,  we  wish  to  determine  the 
quantity  of  electricity  put  in  motion.  The  re.sult  of  the  last 
paragraph  applies  at  once.  If  the  variation  takes  place  very 
quickly,  the  quantity,  Q,  of  electricity  traverses  the  circuit  in 
a  momentary'  current  or  a  sudden  rush,  and  may  be  easily 
measured  (372). 

A  second  equally  simple  case  is  that  in  which  the  variation 
of  flux  takes  place  uniformly.  The  circuit  is  the  seat  of  a  con- 
stant electromotive  force,  the  value  of  which  is  given  directly  by  the 

formula  arrived  at  in  (300),  namely,  e=   -^,  where  f^  is  the  rate 

dt  dt 

of  increase  of  flux. 

A  more  complicated  problem  is  that  of  determining  the  strength 
of  the  current  at  each  instant  during  the  variable  period.  This  is 
always  given  by  the  equation  UCdt^  C"Ildt+ CdN,  but  the  solu- 
tion of  problems  of  this  kind  often  involves  mathematical  difliculties 
that  we  cannot  attempt  to  deal  with.  We  must,  therefore,  in  some 
cases  only  give  the  results. 

310.  Momentary  Current  due  to  the  Displacement  of  a 
Circuit— Movable  Circuit  in.  a  Uniform  Field.— Consider  a 

closed  circuit  of  any  given  shape;  let  A  be  its  effective  area, 
which  we  will  suppose  is  plane.  If  the  circuit  is  in  a  uniform  field 
of  induction,  B,  and  its  plane,  which  at  first  is  perpendicular  to 
the  field,  is  turned  half  round,  the  total  variation  of  flux  is  -  2AB, 
and  if  R  is  the  total  resistance  of  the  circuit,  the  quantity  of  elec- 
tricity put  in  motion  is 

ri_2AB 
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Suppose  the  case  of  the  earth's  field  and  the  medium  to  be  air. 
If  the  rotation  is  about  a  vertical  axis,  the  hoinzontal  component, 
H,  alone  comes  into  play.  The  circuit,  at  first  perpendicular  to 
the  meridian,  being  turned  half  round,  we  have 

If  the  rotation  is  about  a  horizontal  axis,  the  plane  at  first  being 
horizontal,  we  need  only  consider  the  vertical  component,  Z,  and 
wo  have 

Q  =2^^ 


Combining  these  two  equations  we  get  (240) 


:-=tan/. 


Fig.  264. 


This  method  was  used  by  Weber  to  determine  the    magnetic 
dip.      The    apparatus    (Fig. 
264)  employed  for  this  pur- 
pose is   known   as    Weber's 
Inclinometer. 

311.  Measurement  of 
a    Magnetic    Field. — By 

means  of  the  same  method, 

and  using  a  very  small  coil 

movable   about  an  axis  in 

its  plane,  the  intensity  of  a 

variable  field  in  air  may  be  measured.     The  plane  of  the  coil,  at 

first  perpendicular  to  the  direction  of  the  field,  is  suddenly  turned 

through  180°,  and  the  resulting  current  is  measured  by  the  angle 

of  throw  of  the  galvanometer  (372).     Thus,  if  F  is  the  intensity  of 

the  field,  and  It  the  total  resistance 

jr,         RQ, 

A  measurement  of  the  surface  of  the  coil  may  be  dispensed 
with  by  observing  the  effect  of  suddenly  reversing  the  coil  in  a 
field  of  known  intensity,  that  of  the  earth,  for  example. 

312.  Measurement  of  the   Normal  Component  at  the 

Surface  of  a  Magnet.  -  Suppose  that  a  small  coil  is  applied  to 
tlie  surface  of  a  magnet,  as  a  proof  plane  might  be,  and  tliat  it  is 
then  turned  half  round,  that  is,  through  an  angle  of   180°.     The 
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current  will  give  twice  the  flux  which  traverses  the  coil,  and 
dividing  by  the  effective  surface,  we  should  have  the  mean  value  of 
the  normal  component  for  the  portion  of  the  surface  covered  by  the 
coil,  and  this,  as  we  have  seen,  is  equal  to  the  normal  component 
of  induction  just  inside. 

Another    method    may  be  adopted.      Suppose    that    the   bar  is 
cylindrical  (Fig.  265),  and  is  surrounded  by  a  ring  connected  with 

a  galvanometer.     If  the  ring  is  moved 
from  M   to   m',  the  deflection  of   the 


I 


M 


7\  galvanometer  measures  the  flux  cut 
— ^  during  the  displacement.     This  flux 
Tj,       cynr  divided  by  the  area  of  the  cylindrical 

surface  comprised  between  m  and  m' 
gives  the  mean  value  of  the  component  of  magnetic  field  normal  to 
the  surface  of  the  magnet. 

If  the  ring  were  pulled  off  the  bar  and  were  carried  to  an 
infinite  distance,  the  current  would  measure  the  total  flux  from  the 
part  of  the  bar  beyond  the  point  M.  If  the  ring  fits  closely  round 
the  cylinder,  this  is,  by  Gauss's  theorem  (193),  the  flux  which 
traverses  the  section  m  of  the  magnet. 

313.  Induced  Current  produced  by  a  Variation  of  the 
External   Field — Case    of   Two    Coils. — Suppose  the  circuit 

stationary  and  the  variation  of  magnetic  flux  to  be  produced  in  the 

external  field.     Let  iV  be  the  flux  linked  with  the  circuit ;  if  this 

N 
flux  is  suddenly  withdrawn,  we  have  an  induced  flow,  Q=  —',  if  the 

flux  is  restored,  there  is  an  equal  flow  in  the  opposite  direction ; 
if  the  direction  of  the  flux  is  reversed  without  changing  its  value, 
we  get  twice  the  flow, 

This  is  the  case  of  a  current  induced  in  a  closed  circuit,  a,  by 
breaking,  making,  or  reversing  the  current  in  a  neighbouring 
circuit,  B.  Let  C  be  the  strength  of  the  steady  current  in  B^  and 
M  the  value  of  the  flux  due  to  B  which  would  pass  through  a  if  b 
were  traversed  by  unit  current,  or,  in  other  words,  let  M  be  the 
mutual  inductance  of  the  two  circuits  (267),  then  N=MC,  and  the 
value  of  the  induced  flow,  corresponding  either  to  breaking  or 
making  the  inducing  circuit  b,  is 

R 
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In  both  cases  the  same  quantity  of  electricity  is  put  in  motion ; 
but  the  law  according  to  which  the  intensity  varies  is  not  the 
same.  The  time  occupied  by  the  cessation  of  the  inducing  current, 
even  when  it  is  prolonged  by  the  spark  (320),  is  usually  less  than 
that  which  corresponds  to  making.  Hence  the  electromotive  force 
of  the  direct  cuirent  is  usually  much  greater  than  that  of  the 
inverse  current,  but  its  duration  is  less. 

314.  Mutual  Inductance.— Suppose  a  long  uniformly  wound 


Fig.  26G. 

coil,  bb',  containing  re-^  turns  per  unit  length,  area  of  section  A,  to 
be  surrounded  about  the  middle  (Fig.  266)  by  another  coil,  A,  com- 
posed of  n  turns  of  wiie. 

The  flux  in  the  interior  of  the  coil  bb'  when  the  current  is  unity 
is  iirn^ixS  (280),  and  as  this  is  enclosed  n  times  by  the  coil  a,  the 
coefficient  of  mutual  induction  for  this  special  case  is 

M=  iTr7injfiA. 

315.  Determination  of  Coefficients  of  Magnetisation.— 

Suppose  that  the  coil  bb'  contains  a  long  cylinder  of  soft  iron,  NS, 

4y 


Fig.  267. 

placed  parallel  to  the  axis  (Fig.  267).     Let  A'  be  the  section  of  the 
cylinder',  and  C  the  strength  of  the  current  in  the  coil  bb'. 

The  intensity  of  the  field  inside  the  coil  is  F=iTrn^C,  and  the 
induction  in  the  interior  of  the  cylinder  D  =  jxF.     The  total  flux  N, 
which  traverses  the  n  turns  of  the  coil  a,  is 
N=nF{A-A'  +  iiA'). 

If  the  current  is  reversed,  the  induced  current  will  be  proportional 
to  twice  N,  and  from  this  /x  can  be  deduced. 


d 
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If  the  coil  bb'  is  wound  directly  on  the  iron  rod,  we  have  A  —  A', 
and  therefore 

iV=  jiBA  =  nfjiFA  =  Ami^nixA  G. 

The  result  is  the  same  whatever  be  the  form  and  size  of  the 
windings  of  the  coil  a,  provided  that  neither  the  inner  coil  nor  the 
core  produce  any  external  flux.  This  condition  is  strictly  fulfilled 
with  an  annular  coil  (266),  and  very  approximately  with  a  coil  and 
core  which  both  project  a  long  way  on  each  side  of  the  outer  coil. 
In  all  cases  this  coil,  a,  if  wound  directly  on  the  core,  will  measure 
the  flux  of  induction  Avhich  traverses  the  corresponding  section. 

316.  Constant  Electromotive  Force.— Let  us  return  to  the 

case  considered  in  (299).  If  the  sliding  bar  move  with  uniform 
velocity,  v,  and  if  I  is  the  distance  between  the  rails,  and  H  the 
component  of  the  field  perpendicular  to  the  plane  of  the  rails,  we 
have  already  seen  that  the  electromotive  force  is 

e  =  IvH, 

and,  if  R  is  the  resistance  of  the  circuit,  the  strength  of  the  induced 
current  is 

n     e      IH 
R     R 

direction  of  the  current  is  that  shown  by  the  arrows  in 
Fig.  268,  it  being  assumed  that  the  direction 
of  the  field  is  from  front  to  back,  and  that 
the  bar  moves  away  from  aa'. 

For  unit  field  and  a  velocity  of  1  centi- 
H  metre  per  second,  the  electromotive  force 
per  centimetre  in  length  of  the  bar  is  one 
C.G.S.  unit  or  10~^  volts.  A  bar  a  metre 
long,  moving  at  right  angles  to  its  own 
length  and  to  the  vertical  component  of 
the  earth's  field  with  a  unifoi'm  velocity  of 
20  metres  per  second,  would  give  an  electro- 
motive force  for  Z=  0-438  (244),  of 

100  X  0-438  X  2000  =  87600  C.G.S. 
=  8-76  X  10-*  volts. 

317.  Faraday's  Disc. — A  second  example  of  a  uniform 
electromotive  force  is  furnished  by  Faraday's  disc  (275).  Suppose 
that  the  two  brushes,  one  of  which  presses  against  the  circum- 
ference of  the  disc,  and  the  other  against  the  axis,  are  connected 
by  a  wire,  and  that  the  disc  is  made  to  rotate  uniformly  (Fig.  2G9). 


The 

B 
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Fig.  2G9. 


Let  a  be  the  radius  of  the  disc  ;  w  the  angular  velocity,  and  H 
the  magnetic  field  outside  the  disc,  parallel  to  the  axis ;  both  of 
these  being  in  the  directions  represented  by 
the  arrows.  Each  radius  of  the  disc  has  a 
mean  velocity  perpendicular  to  its  length  of 
T^-rtw,  its  length  is  a,  and  the  induction  perpen- 
dicular to  the  plane  of  the  motion  is  [xH  where 
fx  is  the  permeability  of  the  medium  surround- 
ing the  disc.  There  is  therefore  in  each  radius 
an  electromotive  force  whose  magnitude  is 
given  by  the  product  of  these  three  quantities 
(299),  or  ^a^oifxH,  and  whose  direction  is  from 
the  centre  to  the  circumference  of  the  disc.  If  the  brushes  are 
not  present  this  electromotive  force  produces  merely  a  temporary 
current  which  charges  the  circumferential  regions  positively,  the 
axial  regions  negatively,  until  the  potential  difference  thereby  set 
up  exactly  counteracts  it.  But  if  the  brushes  and  connecting  wire 
are   present  the    flow  takes  place  continuously  and  constitutes  a 

current  of  magnitude,  (7=|    ^^      where  R  is  the  resistance  of  the 

wire  and  disc. 

If  T  is  the  time  occupied  by  a  single  revolution,  and  S  is  the 
surface   of   the   disc,  we   have    oj2'=27r   and    S=Tra^: 

A 

i  the  above  expression  therefore  becomes 

SixH 


G= 


RT 


Suppose  that  the  disc  has  a  surface  of  one  square 
metre,  and  let  it  revolve  in  air  at  the  rate  of  10 
turns  per  second  about  a  horizontal  axis  in  the 
magnetic  meridian;  then  if  H=Q'2,  the  electromotive 
force  equals 

E=  10*  X  0-2  X  10  =  2  X  10^  C.G.S.  =  2  x  10-*  volt. 

If  the  circuit  had  a  resistance  of  only  10~*  ohm, 
the  strength  of  the  current  would  be  2  amperes. 

In  like  manner,  if  an  arc  of  any  foi-m  (Fig.  270) 
be  made  to  turn  uniformly  about  the  north  pole  of  a  magnet,  the 
strength  of  the  pole  being  s,  the  arc  will,  in  each  unit  of  time, 
cut  a  flux  equal  to  2sw  (271),  and  in  a  circuit  of  resistance,  R, 
will  give  a  constant  current  of  strength 


C  = 


2ow 
11' 
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Let  us  suppose  that  at  A  and  at  c  the  arc  is  in  contact  by  means 
of  two  brushes  with  the  surface  of  the  magnet,  or  with  a  conduct- 
ing surface  rigidly  connected  therewith  ;  the  same  current  will  be 
produced  going  from  c  to  a  by  the  arc,  whether  the  arc  is  moved 
about  the  magnet  in  the  direction  of  the  hands  of  a  watch,  or,  the 
arc  being  stationary,  the  magnet  is  moved  about  its  axis  in  the 
opposite  direction.  This  latter  effect  is  often  referred  to  as 
unipolar  induction. 

318.  Variable  Period— Establishment  of  a  Current. — Let 

E  be  the  total  electromotive  force  of  the  battery,  R  the  total 
resistance,  L  the  self-inductance  of  the  circuit,  and  Co  =  E/R  the 
ultimate  strength  of  the  current  when  it  has  become  uniform. 
While  the  current  is  increasing  in  strength  from  0  to  C^,  the 
strength  at  each  instant  satisfies  the  equation  (304) — 

e=ce+l'~. 

dt 
Dividing  throughout  by  R,  we  may  write  this 


R  R'  dt' 


L     <*'- 


(f-) 


R  dt       ' 

since  E  and  R  are  both  constant.      Rearranging  this  expression  we 
get 


R  .. 

=  -  -r^dt. 


E  L 

R~^ 

where    the  left-hand  side  is  the  differential  of  logg  (    '^-6').      If 

we  count  time  from  the  instant  of  closing  the  circuit,  the  strengtli 
of  the  current  =  0  when  ^=0.  Putting  C  for  the  current  after 
any  assigned  interval  of  time,  t,  and  integrating  on  the  left 
between  the  limits  0  and  C,  and  on  the  right  between  0  and  t,  we 
get 

,       fE        \     ,       E         R, 

or,  passing  from  logarithms  to  exponentials  and  rearranging  the 
expression — 
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where  e  is  the  base  of  natural  logarithms,  the  never-ending 
decimal  2-71828.  .  .  The  self-inductance  and  resistance  of  the 
circuit  are  permanent  characteristics  of  it,  and  their  quotient  LjR 
determines  the  behaviour  of  the  circuit  in  all  cases  of  varying 
currents.  It  is  commonly  called  the  tivie-constant  of  the  circuit, 
and  we  shall  denote  it  by  the  symbol  A,  as  in  the  last  formula. 

This  formula  shows  that  when  t  is  great,  that  is,  when  the 
circuit  has  been  closed  for  a  long  time,  the  strength  of  the  current 
is  equal  to  C„  =  EjR,  for  e  raised  to  a  very  high  negative  power  is 
sensibly  equal  to  nothing.  In  order  to  trace  the  growth  of  the 
current,  we  may  consider  what  fraction  of  its  ultimate  strength, 
Co,  it  has  acquired  at  the  end  of  various  intervals  from  making 
contact :  for  instance,  suppose  t  to  have  in  succession  the  values 
A.,  2/\,  3X  .  .  .  .  and  let  (7^  Cg,  Cg,  .  .  .  .  denote  the  corresponding 
strengths  of  the  current.     From  the  above  equation  we  obtain 


^i  =  l-i  =  0-6321. 
Co  e 

^=1-1=    -8647. 
a  e2 


-^=l-i=    -9502. 
Go  e-^ 

^4  =  1  _I       -9817. 


According  to  the  formula,  the  ratio  GjCo  never  becomes  =1 
exactly  in  any  finite  time,  but  in  most  cases  it  attains  so  nearly 
this  value  in  a  very  short  time,  usually  less  than  a  second,  unless 
the  circuit  includes  the  coils  of  electromagnets,  that  the  subsequent 
change  is  imperceptible. 

319.  Cessation  of  a  Current. — Suppose  that,  when  a  current 
has  attained  a  steady  strength,  the  electromotive  force  is  withdrawn 
from  the  circuit,  the  resistance,  however,  remaining  unchanged. 
The  equation  from  which  we  started  in  (318)  will  still  apply  if  we 
give  to  E  the  value  corresponding  to  the  conditions  of  the  case, 
namely,  0.     We  then  get 

C II -\- if  1^=0. 

at 

Dividing  by  C  and  L  and  reairanging  the  terms 

dC         R  J, 

-  -  = at. 

C         L 

We  again  count  time  from  the  instant  when  the  current  begins  to 
change;  consequently,  for  ^  =  0  we  have  the  current  =  Cg  =  ii'/i^. 
Integrating  from  Go  to  C,  and  from  0  to  t,  we  get 

.      G         R,         t 

''^^Gr-L'--y 
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If,  as  before,  we  put  (7^,  G^  .  .  .  for  the  strength  of  the  current 
at  intervals  of  time  equal  to  once,  twice,  ....  the  time-constant, 
A.,  after  the  electromotive  force  has  ceased  to  act,  we  get 


^=^  =0-3679. 
Co     e 

-^-     1353. 


^=1  =  0-0498. 
C„     e^ 


£4  =  i 


•0183. 


The  gradual  growth  and  cessation  of  a  current  in  a  circuit  of 
constant  self-inductance  are  represented  graphically  in  Fig.  271. 

The  case  here  supposed  might  be  furnished  by  a  circuit  in 
which  the  current  was  due  to  the  motion  of  a  Faraday's  disc  (317) 
or  other  equivalent  arrangement:  if  the  motion  of  the  disc  were 


13         1^ 


Fig.  271. 


suddenly  stopped,  the  impressed  electromotive  force  would  cease 
to  act,  but  the  resistance  would  be  unalteied,  and  the  current 
would  die  out  according  to  the  law  stated.  The  more  usual  case 
of  stopping  a  current  is  by  increasing  the  resistance  to  a  practically 
infinite  amount  while  the  electromotive  force  continues  to  act. 
The  change  of  resistance  may  occur  vei'y  quickly,  but  it  is  never 
absolutely  sudden,  and  often,  even  after  the  metallic  circuit  has 
been  interrupted,  conductivity  is  maintained  for  a  short  but  per- 
ceptible time  by  a  spark  caused  in  a  manner  that  we  shall  explain 
immediately. 

If  the  resistance  were  suddenly  increased  from  Jt  to  R^,  the 
current  would  change  fiom  the  initial  value  Cf^^EjR  to  Cj  =  EjR-^, 
its  value  at  any  instant  during  the  period  of  change  being  given 
by  the  formula 

where  \  =  LIR^  is  the  time-constant   corresponding   to  the   new 
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resistance  R^  If  the  change  of  resistance  takes  place  gradually, 
the  resulting  variation  of  the  current  is  much  more  complicated  ; 
but,  other  things  equal,  it  is  obvious  that  the  more  rapidly  the  re- 
sistance of  a  circuit  is  increased,  the  more  rapidly  the  strength  of 
the  cui'rent  will  diminish. 

The  total  quantity  flowing  in  any  interval  is  of  course  given  by 
the  integral  \Gdt  taken  between  proper  limits.     For  example,  if  the 


law  of  variation  is  that  expressed  by  the  formula  C=  — (1  —  e  ^   ), 


E 
U  = 

the  quantity  passing  in  the  interval  of  time  ^2  -  ^i  is 

The  first  term  of  the  right  of  this  expression  represents  the 
quantity  that  would  have  passed  in  the  given  time  in  the  absence 
of  self-induction, 

320.  Spark  on  Breaking  Circuit. — A  rapid  fall  of  current 

strength,  however,  has  an  effect  that  we  have  now  to  consider. 
We  have  seen  (300)  that  the  electromotive  force  of  induction  is 
always  numerically  equal  to  the  rate  of  change  of  the  magnetic 
flux  through  the  circuit ;  therefore,  in  the  case  we  are  now  con- 
sidering, the  electromotive  force  of  induction  is 

,dG 

When  the  strength  of  the  current  is  falling,  dCjdt  is  negative, 
and  therefore  the  resulting  electromotive  force  is  positive, — that 
is,  it  acts  in  the  direction  of  the  existing  current,  which  it  tends 
to  maintain. 

By  Ohm's  law,  the  strength  of  the  current  at  any  instant 
multiplied  by  the  resistance  of  the  circuit  gives  the  effective 
electromotive  force ;  consequently  we  have  e  =  CR^,  and  trans- 
forming the  expression  by  substituting  for  G  its  value  already 
found,  we  may  write 


-T^ 


R   -^t 


€  =  E(l-e     ^  )  +E-^e 
R 

If  t  is  very  small,  e  ^  will  not  differ  much  from  unity  even  when 
R-^  is  great.  Therefore,  at  the  first  instant  after  the  resist- 
ance has  been  suddenly  increased  from  the  value  R  to  72^,  the 
electromotive  force  tending  to  maintain  the  ciu'rent  is  approximately 
represented  by 

2d 
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and  may  therefore  be  many  times  as  great  as  the  primary  electro- 
motive force,  E,  of  the  circuit. 

This  shows  us  the  cause  of  the  spark  often  seen  on  breaking 
the  circuit  of  an  electromagnet.  In  such  cases  the  induced  electro- 
motive force  tending  to  maintain  the  current  is  sufficient  to  cause 
a  discharge  through  the  small  space  of  air  which  at  the  first  in- 
stant separates  the  ends  of  the  metallic  circuit,  and  the  incan- 
descent particles  of  metal  and  air  which  constitute  the  spark  act 
for  an  instant  as  a  conductor,  and  a  momentary  electric  arc  is 
established. 

321.  Quantity  of  the  Extra  Current. — The  electromotive 

force  due  to  self-induction  afifects  not  only  the  strength  of  the 
current  at  each  instant  while  it  is  rising  or  falling,  but  also,  as  a 
consequence,  the  quantity  of  electricity  that  traverses  the  circuit 
in  any  given  time.  This  quantity  is  the  algebraic  sum  of  the 
quantity  that  would  pass  in  the  time  in  question  if  self-induction 
had  no  effect,  and  of  that  which  would  pass  in  the  same  time  if 
the  electromotive  force  of  self-induction  acted  by  itself.  This  latter 
quantity  is  easily  found  by  applying  the  result  given  in  (308), 
namely,  that  the  quantity  of  electricity  traversing  a  circuit  in 
consequence  of  induction  is  equal  to  the  change  of  magnetic  flux 
linked  through  the  circuit  divided  by  the  resistance.  In  the 
case  of  self-induction,  the  change  of  magnetic  flux  due  to  a  change 
in  the  strength  of  the  current  from  Cj  to  G^  is  L{C^  -  CJ,  and  the 
quantity  of  electricity  is 

L{C,-C,) 
^-  R        • 

Suppose  the  current  to  be  rising  according  to  the  law  discussed 
in  (318),  and  that  C^  and  Cg  are  the  strengths  after  intervals  t-^  and 
t^  respectively  from  the  instant  at  which  the  electromotive  force 
began  to  act.     We  then  have 

C^  =  (7„  (1  -  e~"A )  and  G^  =G,  (1  -  e'\ 
and  for  the  difference, 

G^-G^  =  GAe~-'^-e-%. 
Consequently  the  total  quantity  of  the  extra-current  in  the  interval 
from  t^  to  ^2  ii^ 

LGJ     h         LA         LEf     «j       3 

which  is  the  same  result  as  that  found  in  (319)  for  the  flow  due  to 
self-induction. 
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As  an  important  special  case,  suppose  t-^  =  0  and  t.-,  very  great ; 
then  e  >■  =  1  and  e  *  =  0.     In  this  case,  therefore,  we  get 

(3=  --^2  =  -^^0- 

The  quantity  of  electricity  which  would  have  traversed  the 
ciicuit  in  the  same  time  in  the  absence  of  self-induction  is  Oof^- 
Consequently,  the  actual  quantity  which  passes  in  any  long  in- 
terval t  from  the  instant  at  which  the  electromotive  foi'ce  begins 
to  act  is 

The  product  XCg  gives  the  total  quantity  of  the  "  extra-current." 
In  Fig.  271  the  curve  omb  represents  the  growth  of  the  current, 
and  BND  the  way  in  which  it  dies  away  when  the  electromotive 
force  ceases.  Time  is  represented  by  the  abscissae  in  terms  of  the 
time-constant  A,  taken  as  unity.  The  point  o  denotes  the  instant 
of  applying  the  electromotive  force,  and  c  the  instant  at  which  it 
is  withdrawn.  The  ultimate  strength  which  the  current  would 
attain  is  represented  by  the  o}-dinate  da  ;  after  the  lapse  of  seven 
times  the  time-constant,  the  strength  of  the  current  differs  from 
this  by  less  than  one  part  in  a  thousand,  and  it  would  be  im- 
possible to  represent  any  further  increase  on  a  diagram  of  this 
size.  The  extra-current  on  making  contact  is  represented  by  the 
area  between  omb  and  the  horizontal  line  through  A ;  similarly, 
the  extra-current  corresponding  to  the  cessation  of  the  electro- 
motive force  is  represented  by  the  area  between  the  curve  bi^d, 
which  represents  the  dying  out  of  the  current,  and  the  axis  of 
time.  This  curve  is  the  same  as  that  for  the  increasing  current, 
but  its  position  is  reversed,  as  represented  in  the  figure.  After 
the  withdrawal  of  the  primary  electromotive  force,  the  electro- 
motive force  of  self-induction  is  the  only  one  acting  in  the  circuit, 
so  that,  in  this  case,  the  whole  quantity  that  passes  is  given  by 
the  formula 

where  t^  and  t^  are  both  counted  fiom  the  insta,nt  at  which  the 
primary  electromotive  force  ceases  to  act.  In  the  figure  the  value 
of  Q'  is  represented  by  the  area  below  the  curve  bn  which  stands 
on   the   part  of  the   base   corresponding   to   the   interval   of   time 

If  we  put  t-^  =  0,  and  make  ^g  very  great,  the  above  formula 
becomes 

a  =  ACL  or  a'  =  -  Q. 
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Hence,  when  the  resistance  of  the  circuit  remains  constant,  the 
total  quantity  of  the  extra  current  due  to  the  cessation  of  the 
primary  is  equal  and  opposite  to  that  of  the  extra-current  due  to 
the  commencement  of  the  primary,  or  the  sum  of  the  two  is  zero. 
This  is  also  true  in  a  more  genei-al  form  which  we  may  state  as 
follows :  If  a  given  electromotive  force  is  applied  to  a  circuit  of 
invariable  resistance  for  any  given  period  and  then  withdrawn,  the 
total  quantity  of  the  resulting  current  is  the  same  as  if  the  circuit 
had  no  self-induction.  In  such  a  case,  self-induction  affects  the 
rate  of  rise  or  fall  of  the  current,  but  not  the  total  quantity. 

322.  Energy  of  the  Extra-Current. — The  work  done  against 

the  electromotive    force    of    self-induction,   while   an    elementary 

quantity   of   electricity  dQ  traverses  the   circuit,  is  equal  to  the 

(10 
product  of  dQ  into  the  electromotive  force  L  —  ;  bub  dQ=  Cdt,  so 

dt 

that  the  work  done  in  the  element  of  time  dt  is 

dW=LCdC, 

and  the  work  done  while  the  strength  of  the  curient  varies  from 
nothing  to  any  given  value  G  is  the  integral  of  this  expression,  or 

as  already  shown  in  (304). 

As  was  there  pointed  out,  this  work  is  spent  by  the  battery  in 
imparting  magnetic  energy  to  the  medium  surrounding  the  con- 
ducting circuit.  Properly  speaking,  it  has  not  passed  out  from  the 
conductor  into  the  medium :  it  rather  represents  energy  which, 
though  it  has  left  the  battery,  has  not  yet  reached  the  external 
conductor.  When  the  primary  electromotive  force  ceases  to  act, 
the  energy  of  the  field  flows  in  upon  the  conductor,  causing  the 
temporary  continuation  of  the  current  which  we  recognise  as  the 
extra-current,  and  being  converted  into  heat. 

From  this  point  of  view  we  see  that  a  circuit  of  great  self- 
inductance  is  a  circuit  in  which  a  relatively  large  quantity  of 
energy  is  poured  into  the  field  from  the  battery  while  the  strength 
of  the  curi'ent  is  rising  to  a  given  value. 

323.  Self-induction  in  Parallel  Circuits. — If  two  con- 
ductors whose  self-inductances  are  L^  and  L2,  and  whose  re- 
sistances are  M^  and  M^,  are  employed  to  connect  the  same  two 
points  of  a  circuit,  we  know  (119)  that  the  total  current  ultimately 
divides  between  them  in  the  inverse  ratio  of  their  respective  re- 
sistances ;  but  this  proportion  does  not  hold  good  while  the  currents 
are  varying  in  strength.     Seeing  that  the  conductors  are  in  contact 
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at  each  end,  tlie  total  electromotive  acting  in  each  oi  them  is  the 
same  :  this  is  expressed  by  the  equation 

When  the  currents  have  become  steady,  the  second  term  on  each 
side  vanishes,  and  we  get  c^Ri  =  Cc^R^^  the  relation  stated  above. 
But  at  the  first  instant,  neither  c^  nor  c^  has  as  yet  I'eached  a 
finite  value,  and  the  equation  becomes 

that  is  to  say,  the  currents  in  the  two  branches  hegin  to  rise  at 
rates  which  are  inversely  proportional  to  the  self-inductances  and 
independent  of  the  resistances.  As  the  currents  increase,  their 
relative  strengths  are  influenced  more  and  more  by  the  resistance, 
and  less  and  less  by  the  self-inductance  of  the  two  conductors. 

In  the  case  of  a  current  which  rises  in  strength  from  any  given 
value  (which  may  be  zero)  to  some  higher  value,  and  then  falls  to 
the  same  strength  again,  like  that  resulting  from  the  discharge  of 
a  condenser,  or  from  the  closing  or  opening  of  a  neighbouring 
circuit,  the  effect  of  self-induction  during  the  increase  of  strength 
is,  in  each  branch  of  a  divided  circuit,  equal  and  opposite  to  that 
during  decrease.  Consequently  the  ultimate  quantity  of  electricity 
traversing  each  branch  in  such  a  case  is  the  same  as  if  there  were 
no  self-induction,  and  is  determined  by  the  resistances  only. 

324.  Induction  in  Conductors  which  are  not  Linear. — 

Any  variation  of  magnetic  flux  produces  induction  currents  not 
only  in  linear  conductors,  like  wires,  but  also  in  conductors  which 
are  not  linear.  Gambey,  as  long  ago  as  1824,  observed  that  the 
oscillations  of  a  bar  magnet  are  rapidly  damped  when  the  magneb 
is  placed  over  a  plate  of  copper.  This  phenomenon  was  studied  by 
Arago,  and  was  at  first  attributed  to  a  particular  form  of  magnet- 
ism developed  by  motion,  and  called  magnetism  of  rotation.  It  was 
only  properly  explained  after  Faraday's  discovery  of  induction. 

The  relative  displacement  of  a  magnet  and  of  a  metal  plate 
determines  induction  currents.  Let  us  suppose  that  lines  are 
drawn  on  a  surface  representing  at  each  point  the  direction  of  the 
current ;  these  lines  are  evidently  closed  curves,  some  of  them 
enclosing  others,  but  without  ever  intersecting.  On  the  other 
hand,  the  space  between  two  infinitely  near  lines  may  be  regarded 
as  a  closed  linear  current,  which  is  equivalent  to  a  magnetic  shell 
of  the  same  contour  (255). 
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Let  the  surface  of  the  conductor  be  thus  subdivided  into  in- 
finitely narrow  belts  by  lines  of  flow,  and  let  each  of  these  belts 
be  replaced  by  the  corresponding  magnetic  shell ;  all  the  currents 
which  rotate  aboub  a  point  are  equivalent  to  a  complex  shell,  the 
strength  of  which  at  each  point  is  evidently  the  sum  of  the  strengths 
of  the  superposed  shells.  Fig.  272  represents  the  lines  of  flow  in 
the  case  of  an  unlimited  plate,  moving  from  left  to  right  below  the 
south  pole  of  a  magnet  whose  projection  would  be  at  the  centre  of 
the  figure. 

There  is  a  flux  of  magnetic  induction  directed  upwards  through 
the  plate,  and  this,  though  constant  as  regards  space,  is  increasing 
relatively  to  the  plate  in  the  part  which  is  on  the  left  of  the 
central  line,  and  decreasing  in  the  part  to  the  right  of  the  central 
line.  Consequently  (299,  300),  the  part  of  the  plate  on  the  left 
becomes  the  seat  of  closed  currents  circulating  like  the  hands  of 
a  watch,  and  the  part  on  the  right  the  seat  of  closed  currents 
circulating  in  the  opposite  direction,  as  indicated  in  the  figyre. 
The  former  are  equivalent  to  a  number  of  magnetic  shells  super- 
posed with  their  negative  (south)  faces  upward,  and  the  latter  to 
similar  shells  with  their  positive  faces  upward.  The  mutual  forces 
exerted  between  the  circulating  currents  (or  the  equivalent  mag- 


netic shells)  and  the  fixed  pole  are  such  as  to  oppose  the  existing 
motion  of  the  plate. 
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The  experiment  may  be  easily  made  by  means  of  a  disc  whicli 
is  made  to  rotate  between  the  poles  of 
an  electromagnet  (Fig.  273).  The  disc, 
which  before  the  passage  of  the  cur- 
rent turns  easily,  offers  a  considerable 
resistance  as  soon  as  the  electromagnet 
is  excited.  The  effect  is  greater  the 
greater  the  conductivity  of  the  disc, 
but  it  is  almost  wholly  destroyed  if 
the  continuity  of  the  material  is  broken 
by  a  number  of  radial  saw-cuts  (Fig. 
274). 

In  like  manner,  if  a  cube  of  copper,  c,  is  suspended  between 
the  two  poles,  b  and  A,  of  an  electromagnet  by  a  twisted  thread, 
the  cube,  if  left  to  itself,  spins  rov^nd  rapidly,  but  it  stops  the 
moment  the  current  is  turned  on  (Fig.  275). 

It  is  clear  that  a  pole  which  can  rotate  about  an  axis  concentric 


Fig.  273. 


Fig.  274. 


Fig.  275. 


with  the  disc  must  follow  the  motion  of  the  disc.  This  was  Arago's 
first  experiment :  a  magnetic  needle  is  suspended  horizontally 
above  a  copper  disc  mounted  on  the  vertical  axis  of  a  whirling 
table ;  when  the  disc  is  made  to  rotate,  the  needle  follows  its 
motion,  though  more  slowly. 

325.  Damping  the  Vibrations  of  Magnets.— The  pheno- 
menon in  the  form  originally  observed  by  Gambey  is  used  for 
deadening  or  damping  the  oscillations  of  compass-needles  and 
galvanometer-needles. 

The  forces  called  into  play  act  as  though  there  were  a  frictional 
resistance  to  the  relative  motion  of  the  needle  and  the  conductor, 
the  effect  at  each  instant  being  proportional  to  the  strength  of  the 
current  and  to  the  relative  velocity. 

326.  Foucault  Currents. — The  energy  absorbed  is  found  again 
in  the  form  of  heat  developed  by  the  current  in  accordance  with 
Joule's  law,     Foucault,  who  first  observed  this,  made  the  experi- 
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ment  in  a  very  striking  form.  By  means  of  a  system  of  toothed 
wheels  worked  by  a  handle,  a  stout  disc  of  pure  copper,  d,  is 
made  to  rotate  between  the  branches,  ab,  of  a  powerful  electro- 
magnet (Fig.  276). 

As  soon  as  the  current  passes,  a  considerable  effort  is  required 
to  keep  up  the  motion  of  the  disc,  and  this  soon  rises  to  a  very 

high  temperature.  This  experi- 
ment furnishes  thus  a  beautiful 
illustration  of  the  transforma- 
tion of  mechanical  work  into 
heat. 

The  term  Foucault  currents 
is  applied  to  the  induced  cur- 
rents produced  in  the  core  of 
an  electromagnet  whenever  the 
strength  of  the  current  in  the 
surrounding  wire  varies. 

The  heat  which  results  from 
this  cause  is  considerable  when 
the  wire  is  traversed  by  a  rapid  succession  of  currents  either  in 
the  same  or  in  opposite  directions. 

The  currents  which  cause  this  heating,  and  the  loss  of  work 
which  is  the  consequence,  are  greatly  diminished  by  constiucting 
the  core  of  a  bundle  of  separate  wires,  or  of  a  number  of  thin 
plates  which  are  insulated  from  each  other  by  varnish  or  by  paper, 
and  are  arranged  parallel  to  the  axis,  and  therefore  perpendicular 
to  the  windings,  and  therefore  to  the  direction  in  which  induced 
currents  tend  to  be  set  up. 

As  these  currents  are  thus  suppressed,  any  heating  effects 
which  still  remain  are  due  to  the  work  of  magnetisation  or 
hysteresis  (212). 

327.  Electromagnetic  Screens. — Let  us  suppose  that  a  pole 

is  rapidly  brought  near  an  infinite  conducting  surface.  The  cur- 
rents induced  in  the  plate  produce  a  magnetic  flux  which,  for 
all  points  behind  the  plate  in  respect  to  the  pole,  is  in  the  opposite 
direction  to  that  from  the  pole.  Theory  shows  that  if  the  plate 
had  no  resistance,  the  magnetic  forces  at  any  point  would  be 
always  equal  and  in  opposite  directions,  that  there  would  there- 
fore be  no  inductive  action  behind  the  plate,  which  would  thus 
play  the  part  of  an  absolute  screen.  Experiment  shows,  in  fact, 
that  the  magnetic  force  is  lessened,  and  the  more  so,  the  better 
the  plate  conducts,  and  the  more  rapidly  the  changes  of  magnetic 
induction  occur. 
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328.  Currents  varying  Harmonically. — Consider  the  case 

of  a  coil  wound  in  a  narrow  gi'oove,  and  rotating  uniformly  in 
air  about  a  vertical  diameter  in  a  uniform 
magnetic  field  like  that  of  the  earth  (Fig.  277). 
Let  H  be  the  horizontal  component  of  the 
magnetic  field,  and  S  the  effective  area  en- 
closed by  the  coil — that  is,  the  avei'age  area 
enclosed  by  one  turn  of  wire  multiplied  by 
the  number  of  turns — then,  when  the  plane 
of  the  coil  is  perpendicular  to  the  meridian, 
the  magnetic  flux  through  the  coil  is  HS ; 
and,  when  the  coil  has  been  turned  through 
an  angle  a  from  this  position,  or  when  its  axis 
makes  an  angle  a  with  the  meridian,  the 
magnetic  flux  is  iV=  HS  cos  a. 

If  0)  be  the  velocity  of  rotation,  and  2' 
the  period,  or  the  duration  of  one  complete 
revolution,  we  have  at  time  t,  measured 
from  an  instant  at  which  the  axis  of  the  coil  is  in  the  meridian, 

a  =  (u^  =  2-ir—. 

The    electromotive    force    due    to    the    variation    of    the    flux 

through  the  coil  is  given  at  each  instant  by  the  corresponding 

dN 

value  of .      Hence,  seeing  that  H  and  S  are  constant,  we 

dt 

may  write 


FlG.  277. 


cosa  j-rc,  •  da  TTci  •  ±  2^  TTa  •  27r^ 
— —  =  HS  sma  =  o)HS  smwt  =  --„HS  sm  — -. 
dt  dt  T  T 

The  magnetic  flux  through  the  coil  varies  most  rapidly  when  its 
instantaneous  value  is  zero .  this  is  when  the  plane  of  the  coil  is 
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parallel  to  the  meridian,  and  therefore  a  is  a  right  angle.  At  this 
instant,  therefore,  the  induced  electromotive  force  is  a  maximum, 
and  if  we  denote  this  by  E^,  we  have  for  the  electromotive  force  at 
any  time  t  r,    , 

^  =  ^„  sin  a  =  E„  sin  w^  =  E^  sin    — . 

In  such  a  case  the  electromotive  force  is  said  to  vary  harmonically. 
A  variation  of  this  kind  is  expressed  graphically  by  the  ordinates 
of  the  sign-curve  gab  (Fig.  278).  In  this  figure  the  distance  ob 
represents  half  the  period  T,  and  the  maximum  ordinate  represents 
E„,  the  amplitude. 

If  self-induction  produced  no  effect,  the  current  would  be  pro- 
portional at  every  instant  to  the  existing  electromotive  force,  or 

A 


Fig.  278. 

C=EIR.  The  maximum  strength  of  current  would  be  EJR,  and 
the  ciu'rent  at  any  instant  would  be 

r,     K    .      27rt 
C=;^°sin-, 

that  is,  the  current  would  also  vary  harmonically  in  the  same 
period  as  the  electromotive  force,  and  might  be  represented  by  a 
similar  sine-curve,  having  the  same  period  and  having  zero  value 
at  the  same  instants  as  the  curve  gab. 

329.  Effect  of  Self-induction. — From  what  has  been  said 
already  (318,  319)  as  to  the  way  in  which  self-induction  retards 
the  rise  or  fall  of  the  current  when  a  steady  electromotive  force 
is  suddenly  applied  or  removed,  it  is  easy  to  infer  that,  in  the 
case  we  are  now  considering,  the  changes  of  current-strength  will 
lag  behind  those  of  electromotive  force,  and  that  the  maximum 
strength  of  current  due  to  a  rapidly  alternating  electromotive 
force  will  be  smaller  than  that  which  an  equal  electromotive  force 
would  produce  if  it  alternated  more  slowly.  We  will  accordingly 
assume  that  the  strength  of  the  current,  when  the  effects  of  self- 
induction  are  appreciable,  still  varies  harmonically  in  the  same 
period  as  the  electromotive  force,  but  that  the  maximum  value  is 
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less  than  EIB,  and  that  it  is  retarded  in  phase  rehitively  to  the 
electromotive  force.  This  assumption,  which  is  confirmed  by  ex- 
periment, is  expressed  by  the  equation 

C  =  a^"sin27r(l-c/>)     ....     (1), 

where  a  is  a  proper  fraction  and  (f)  represents  the  retardation  of 
phase.  We  have  now  to  investigate  the  conditions  on  which  these  two 
quantities  depend.  If  the  dotted  curve  OAB  (Fig.  278)  represents 
the  current  without  self-induction,  the  continuous  curve  O'A'B' 
may  represent  it  when  the  effect  of  self-induction  is  appreciable. 
To  simplify  notation  we  will  write 

Co  =  aEjR,     w  =  27r/T,     and  p  =  27r</). 
The  last  equation  then  becomes 

G=G„sm{(}it-p), 
and  the  electromotive  force  of  self-induction  is 

L —  =LCoU>  cos  (wt  -p)- 
dt 

Now  the  effective  electromotive  force  at  any  instant  is  the  excess 
of  the  applied  electromotive  E  over  the  electromotive  force  of  self- 
induction,  and  it  is  equal  to  the  strength  of  the  current  at  the 
same  instant  multiplied  by  the  resistance  of  the  circuit ;    or,  in 

symbols,  E-Li9.0R. 

dt 
Re-writing  this  equation  with  the  values  already  adopted,  we  get 

Ea  sin  0)^=  GJi  sin  {(at-p)  +  LCo^  cos  {<^t-p)     .     .     .     (2). 

If  we  put  ^  =  0,  the  applied  electromotive  force  vanishes,  while 
for  t  =  \T  it  has  a  maximum  value  =  E^.  lu  these  two  cases, 
equation  (2)  takes  the  respective  forms 

0=  -  R  sin p  +  Lw  cos p     ,     .     .     .     (3), 
and 

W 
—S=R  cos  p -h  L(ii  sin p     .     ,     .     .     (4). 

From  (3)  we  get  at  once 

tan^  =  — aj  =  Xw;     ....     (5), 

while,  by  squaring  (3)  and  (4)  and  adding,  we  get 

or 

n=^.  I =  Jl°cosp;     ....     (6); 
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:  COS  2>- 
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whence  _ 

Using  these  results  in  the  original  expression  for  the  current- 
strength  (equation  1),  we  have 

E 

sin  (oit  -p)     ....     (7a). 


C-- 


sin  (w^  -p) 


(Ih). 


_  Eg  cos  p 
R 
E. 


sin  (wi  -p) (7c). 

{R  sin  wt  -  Lw  cos  w^)       .      (7(7). 


i22  +  X2^2 

It  thus  appears  that,  besides  causing  the  phase  of  the  current 
to  lag  behind  that  of  the  electromotive  force,  the  effect  of  self- 
induction  is  equivalent  to  dividing  the  electromotive  force  by 
Jl  +  A^w^,  or  to  multiplying  it  by  cos  p,  or  again  to  increasing  the 
resistance  in  the  ratio  R :  Jr^  +  L-w^.  The  quantity  last  written, 
which  forms  the  denominator  of  the  expression  {7b),  is  sometimes 
called  the  apparent  resistance,  or  the  impedance  of  the  circuit, 
while  Lo)  is  called  the  reactance.  If  a  right-angled  triangle  be 
drawn  with  the  sides  about  the  right  angle  proportional  to  R  and 
Z/w  respectively,  the  hypothenuse  will  represent  the  impedance. 
At  slow  speeds  of  rotation,  or  when  the  self-inductance  is  small, 
this  reduces  to  the  simple  resistance  R;  as  the  speed  and  self- 
inductance  increase  it  becomes  more  and  more  nearly  independent 
of  the  resistance,  and  approaches  to  Lw. 

330.  Geometrical  Representation. — The  problem  we  are 

considering  admits  of  a  very  simple  geometrical  treatment.  Let  o 
(Fig.  279)  be  the  projection  of  the  axis  of 
rotation  on  the  horizontal  plane,  which  we 
take  as  the  plane  of  the  figure,  oh  the  direc- 
tion of  the  field,  and  or  the  direction  at  a 
given  instant  of  the  plane  of  the  coil.  We 
suppose  the  du^ection  of  rotation  to  be  that  of 
the  hands  of  a  clock. 

Let  the  length  or  represent  the  maximum 
value  of  the  electromotive  force  due  to  the 
field,  that  is  E^  =  wHS ;  draw  oc  so  as  to  make 
an  angle  with  or  equal  to  the  retardation  p  oy 
2Trcf)  measured  in  the  opposite  direction  to  the 
rotation ;  then  if  rc  be  drawn  perpendicular  to  oc,  the  length 
intercepted,  or  oc  =  or  cos  p,  represents  the   maximum   effective 


Fig.  279. 
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electromotive  force.  Lastly,  draw  oi  so  as  to  complete  the  paral- 
lelogram ORCi,  the  angle  coi  being  a  right  angle  again  measured 
in  the  opposite  direction  to  the  rotation. 

Now  let  the  whole  figure  except  the  line  oh  rotate  in  its  own 
plane  about  the  point  o,  and  consider  the  projection  at  any  instant 
of  the  three  straight  lines,  oc,  or,  or,  upon  the  direction  oh  of  the 
field.  The  projection  of  or  represents  the  instantaneous  value  of 
the  impressed  electromotive  force  due  to  the  field ;  the  projection 
of  01  represents  the  electromotive  force  of  self-induction  ;  and  that 
of  00,  which  is  equal  to  the  difference  of  the  other  two,  gives  the 
effective  electromotive  force,  that  is  to  say,  the  product  of  the 
strength  of  the  current  at  the  instant  considered,  into  the  true 
resistance  R  of  the  circuit. 

It  is  evident  that  the  phase  of  the  electromotive  force  of  self- 
induction  must  be  one-quarter  of  a  vibration  behind  that  of  the 
effective  electromotive  force,  or  what  comes  to  the  same  thing, 
behind  that  of  the  current,  since  the  maxima  of  one  concur  with 
the  zero-values  of  the  other,  and  reciprocally.  This  is  expressed 
in  Fig.  279  by  the  angle  coi  being  an  angle  of  90°. 

331.  Average  and  Effective  Strength  of  a  Current.— 

The  average  strength  of  a  variable  current,  for  an  interval  of 
time  t,  is  the  quotient  by  t  of  the  total  quantity  of  electricity 
which  has  traversed  any  given  section  of  the  circuit  in  this  time. 

If  the  current  is  represented  by  a  curve  as  a  function  of  the 
time,  the  quantity  of  electricity,  Gdt,  which  corresponds  to  the 
interval  of  time  mm'  (Fig.  280)  is  represented  by  the  area  of  the 
infinitely  narrow  quadrilateral  mpp'm',  and  that  which  corresponds 
to  a  finite  time  ab  by  the  area 
below  the  curve  comprised 
between  the  corresponding 
two  ordinates  A  a'  and  bb'. 
If  this  area  is  divided  by 
the  time  ab,  we  have  the 
average  strength  of  current,  or,  more  shortly,  the  average  current. 

It  is  manifest  that  if  the  cui-rent  varies  harmonically,  the  ave- 
rage current  corresponding  to  an  entire  period  is  zero ;  and  the 
same  applies  to  any  interval  of  time  divided  into  two  equal  parts 
by  an  instant  at  which  the  sign  of  the  current  is  reversed.  The 
mean  strength  for  a  half  period  from  zero  to  zero  is 

Go  being  the  maximum  current. 
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If  the  ordinates  of  the  curve  (Fig.  280),  instead  of  being  equal 
to  the  currents,  were  taken  equal  to  the  squares  of  the  currents  at 
each  instant,  the  area  aa'b'b  multiplied  by  the  resistance  R  of  the 
circuit,  would  represent  the  energy  transformed  into  heat  in  the 
time  t.  The  quotient  of  this  area  by  t  would  be  the  mean  square 
of  the  current,  and  the  square  root  of  the  quotient  would  give  the 
strength  of  the  constant  current,  which  would  develop  the  same 
quantity  of  heat  in  the  circuit. 

This  is  a  quantity  of  great  practical  importance,  and  is  fre- 
quently referred  to  as  the  root  of  mean-square  current  (R.M.S. 
current).  It  might  be  called  the  mean  working  strength.  We 
shall  denote  it  by  G^.  It  can  be  measured  directly  by  the  electro- 
dynamometer,  or,  still  better,  by  the  electrometer  (83).  With  a 
current  varying  harmonically,  the  root  of  mean-square  strength  for 
any  whole  number  of  half-periods  is 


C,  =  -^  ^  /  [sin2  u.tdt  =  -^, 

that  is,  it  is  equal  to  the  maximum  divided  by    ^2. 

The  square  root  of  the  mean  square  of  the  electromotive  force 
is  in  like  manner 

Dividing  E^  by  Gg  we  have  the  impedance  (329)  Ra-  Accord- 
ingly the  impedance  may  be  defined  as  the  factor  by  which  the 
root  of  mean-square  current  must  be  multiplied  to  give  the  root  of 
mean-square  electromotive  force. 

332.  Work  done  by  an  Alternating  Current. — We  have 

seen  (125,  126)  that  the  pov-er  of  an  electric  circuit,  or  the  rate  of 
doing  work  by  the  current,  is  equal  to  the  product  of  the  strength  of 
the  current  into  the  electromotive  force.  In  the  case  of  alternating 
currents,  both  electromotive  force  and  current-strength  vary  from 
one  moment  to  the  next,  but  at  a  particular  instant  we  may  write 
for  the  power 

P  =  EG=  EgGo  sin  (tit  sin  {wt  -  j^), 
=  IE„G^  [cosp  -  cos  {2wt  -2^)]- 


Now,  during  half  a  period,  that  is,  while  t  changes  to  t  +  hT, 

4:Trt 
the   angle    2u>t-p=-^——p  changes  by    27r,   and    its   cosine    goes 

through  all  possible  values,  positive  and  negative,  the  mean  value 


333]    POWER  OF  AN  ALTERNATING  CURRENT    431 

being  nothing.      Hence,  the  average  rate  of  doing   work,   during 
any  space  of  time  which  is  a  multiple  of  the  half -period,  is 

P=^E„CoCosp  =  E,G,cosp  .     ...     (8) 

Hence  the  poicer  of  an  alternating  current  is  equal  to  the  pro- 
duct of  the  root  of  mean-square  electromotive  force  and  root  of  mean- 
square  current  into  the  cosine  of  the  difference  of  phase. 

Referring  to  (329),  we  see  that  C^  cos  /;  =  E„  cos-p/R,  and  that 
m 


The  multiplier  of  ^EJ^  in  this  expression  is  a  maximum  for  a 
given  speed  of  rotation  (w  constant),  when 

In  this  case  the  rate  of  working  is 

p_EJ' 

and 

cos^  i'  =  2>  or  j9  =  45"  ; 

that  is,  the  difference  of  phase  between  electromotive  force  and 
current  is  |-  of  a  complete  period. 

333.  Case  of  Soft  Iron. — Suppose  a  soft  iron  core  sur- 
rounded by  a  coil  of  wire  between  the  ends  of  which  a  difference 
of  potential  is  maintained  which  varies  as  the  ordinate  of  a  sine 
curve. 

In  order  to  simplify  the  problem,  we  will  assume  that  the 
magnetic  induction  is  at  each  instant  proportional  to  the  existing 
strength  of  the  current.  This  simplification,  which  is  justifiable 
as  a  first  approximation,  amounts  to  disregarding  hysteresis  and 
the  variations  of  permeability ;  in  other  words,  it  amounts  to 
replacing  the  closed  curve,  which  represents  a  complete  cycle 
of  magnetisation,  by  a  simple  straight  line  passing  through  the 
origin  (Fig.  180). 

If  n  is  the  number  of  turns,  and  R  the  magnetic  reluctance 
(283),  we  have  at  each  instant  for  the  relation  between  the 
strength,  G,  of  the  current  and  the  total  flux  of  induction,  N, 

^N^iirnC. 

Consequently,  supposing  the  strength  of  current  tp  be  unity,  and 
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remembering  that  the  flux  is  enciicled  ?i  times  by  the  wire,  we  get 
for  L,  the  self -inductance, 


Z  = 


477^2     'iirn'^Sii. 


R 


I 


and  by  putting  this  value  into  the  formulas  (5),  (6),  and  (7)  of 
(329),  we  get  the  retardation  of  phase  and  the  strength  of  current. 

The  high  value  of  ji  causes  the  self-inductance  to  be  great,  and 
consequently,  for  high  frequencies,  the  retardation  is  nearly  90°, 
and  therefore  cosp  differs  but  little  from  zero,  and  formulas  (6) 
(329)  and  (8)  (332)  show  that  the  current  and  rate  of  doing  work 
are  veiy  small. 

A  coil  with  a  soft  iron  core  placed  in  a  circuit  carrying  a 
rapidly  alternating  current  has  thus  the  curious  property  of  choking 
the  current,  but  without  the  expenditure  of  energy  which  would 
take  place  with  a  simple  resistance. 

334.    Action  on    an  Adjacent    Circuit.— A  harmonically 

varying  current  causes  a  harmonically  varying  electromotive  force 
to  act  on  an  adjacent  circuit,  and  therefore  gives  rise  to  a  current 
which  is  also  harmonic,  and  of  the  same  period  as  itself,  but  which 


differs  in  phase.     The  difference  of  phase  can  never  be  less  than 


2' 


nor  greater  than  tt.  For  the  secondary  electromotive  force  has  a 
retardation  of  -  in  respect  of  the  primary  current,  and  self-in- 
duction produces  a  further  lag  comprised  between  0  and  -. 

Professor  Elihu  Thomson  has  shown  that,  under  these  con- 
ditions, there  is  always  repulsion 
between  the  two  circuits.  Fig. 
281  represents  one  of  his  experi- 
ments. An  electromagnet  is  ti-a- 
versed  by  a  powerful  alternating 
current :  when  a  metal  ring  is 
brought  near  one  end  and  left  to 
itself,  it  is  strongly  i-epelled. 

The  electrodynamic  force  at 
each  instant  is  proportional  to  the 
product  of  the  strength  of  the 
current  equivalent  to  the  electro- 
magnet and  that  induced  by  it  in 
the  ring.  From  Ampere's  law,  the  two  currents  attract  if 
they  are  in   the  same  direction,  and  repel  if  they  are  opposite. 


Fig.  281. 
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In  Figs.  282  and  283,  two  sine  curves,  a  and  a',  have  been 
ti'aced  with  the  same  period,  but  with  amplitudes  which  are 
as  4:1.  The  ordinates  of  the  curve  b  are  taken  equal  to  the 
products  of  the  corresponding  ordinates  of  a  and  a',  and  are 
drawn   above    the   line    if   the    product    is    positive,    and    below 


Fig.  282. 

if  it   is  negative.     When  the  difference  of  phase  is   equal  to  - 

A 

(Fig.  282),  the  attraction  and  repulsion  are  equal  both  in  intensity 
and  in  duration,  and  the  resulting  effect  is  therefore  nothing.     But 

if  the  difference  of  phase  exceeds  -,  and  it  always  does  exceed  this 

•2t 

value,  repulsion  preponderates  over  attraction  (Fig.  283),  and  the 

more  so  the  greater  the  difference  of  phase. 

Professor  E.  Thomson    has  planned   several   arrangements   in 

A 


Fia.  283. 

which  the  effect  of  repulsion  may  give  lise  to  a  continuous  rotatory 
motion.  In  that  shown  in  Fig.  284,  a  copper  disc,  B,  mounted  on 
a  spindle,  rotates  rapidly  when  it  is  placed  excentrically  in  refer- 
ence to  the  alternating  pole,  and  when  another  disc,  a,  partly 
screens  the  first.  If  the  disc  A  is  itself  movable,  it  will  turn  in  a 
contrary  direction  to  the  disc  B. 

335.  Rotating    Fields.— Let  two   coils  be  placed  with  their 

2  B 
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centres  coincident  but  their  planes  at  right  angles  to  one  another. 
If  alternating  currents  of  the  same  frequency  and  amplitude  be 
sent  through  both,  their  phases  differing  by  90°,  the  resultant 
magnetic  field  at  the  common  centre  remains  of  constant  magni- 
tude, but  its  direction  rotates  at  a  uniform  rate.  For  if  ^cosw^ 
and  Hsinu)t  be  the  two  fields  at  right  angles,  the  resultant  R  is 
given  by  the  square  root  of  the  sum  of  their  squares  (Fig.  285) ; 
that  is, 

R=  JH'^  sin2  (at  +  H'^  cos2  (at 
=      H, 
and  its  direction  6  is  given  by 

tan  6  =  H  sin  (at  j  H  cos  (at  =  tan  (at, 

consequently  6  -  (at,  i.e.  it  increases  at  a  uniform  rate.  Let  now 
another  coil  be  mounted  so  that  its  plane  is  at   some  instant  at 


HsinlOt 


/Y 


Fig.  284. 


HcosWt 

Fig.  285. 


ri<Tht  angles  to  the  resultant  field.  If  this  coil  be  held  fixed,  the 
lines  of  induction  threading  it  will  change  in  number  as  the  field 
rotates,  decreasing  from  a  positive  maximum,  when  the  axis  of  the 
field  coincides  with  the  axis  of  the  coil,  to  zero  when  the  axis  of  the 
field  has  turned  through  a  right  angle ;  increasing  to  a  negative 
maximum,  when  the  field  has  turned  through  180° ;  then  passing 
through  zero  again  for  three  right  angles;  and  returning  to  the 
original  value  when  the  field  has  made  a  complete  rotation.  The 
induction  varies  in  the  same  direction  during  the  first  half  of  the 
rotation  of  the  field  and  in  the  opposite  direction  during  the  second 
half,  the  rate  of  variation  being  greatest  when  the  value  of  the 
induction  itself  passes  through  zero  and  vanishing  as  the  induction 
goes  through  its  maximum  value,  positive  or  negative.  The  con- 
sequence is  an  alternating  electromotive  force  in  the  coil  propor- 
tional at  each  instant  to  the  rate  of  variation  of  the  flux  of  induction 
through  the  coil.  It  is  evident  that  this  electromotive  force  varies 
harmonically  in  a  period  equal  to  the  period  of  rotation  of  the  field ; 
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in  fact,  the  conditions  are  virtually  the  same  with  a  stationary  coil 
in  a  rotating  field  as  with  a  rotating  coil  in  a  stationary  field. 
Accordingly,  the  conclusions  arrived  at  in  (329)  can  be  at  once 
applied  to  the  present  case,  and  we  see  that  the  coil  will  be 
traversed  by  a  current  varying  harmonically  in  a  period  equal  to 
the  period  of  rotation  of  the  field.  If  A  is  the  effective  area 
enclosed  by  the  coil,  and  t  time  reckoned  from  an  instant  at  which 
the  direction  of  the  field  coincided  with  that  of  the  axis  of  the 
coil,  the  strength  of  the  current  is 

^            AH(a        •     /  J       \ 
C=  —  sm  (wt  -  p), 

where  2?,  whose  value  is  given  by 

sin  p^L(o  IJW+U^  or    cos  p  =  E  lsjB?  +  L'^(^\ 

expresses  the  retardation  of  the  phase  of  the  current  relatively  to 
the  electromotive  force,  or  (what  comes  to  the  same  thing)  rela- 
tively to  the  rotation  of  the  field. 

The  coil  traversed  by  this  current  is  equivalent  to  a  magnetic 
shell  of  moment  AG  (255),  and  is  consequently  subject  to  a  couple 
always  tending  to  make  its  axis  coincide  in  direction  with  the  axis 
of  the  field.  At  a  given  instant,  when  the  angle  between  the  two 
directions  is  wt,  the  moment  of  this  couple  is 

G  =  ACHi^\nwt, 
A^IPay 

=  P2   I    7"2    2(-^  ^^^  '^^  "~  ^"^  ^°^  ^^)   ^^^  ^^• 

The  average  value  of  G  during  half  a  revolution  of  the  field  from 
(0^  =  0  to  (0^  =  TT  is  easily  seen  to  be 

A^IPEio 

G  =  : 


2(2^2 +  L2co2)» 

since  the  average  of  sin2(i)^  =  ^  and  that  of  sinw^  cosw^  =  0. 

So  far  we  have  supposed  the  coil  to  be  held  at  rest,  but  now  let 
it  be  free  to  revolve  in  obedience  to  the  tvirning  couple  the  magni- 
tude of  which  we  have  just  investigated.  Suppose  its  angular 
velocity  to  be  i/' ;  then  the  angular  velocity  of  the  field  relatively 
to  the  coil  becomes  <a  -\j/  and  the  results  arrived  at  above,  on  the 
supposition  that  the  coil  was  at  rest,  will  still  apply  if  we  substi- 


436  SPECIAL   CASES   OF   INDUCTION         [335- 

tute  this  value  for  to.     This  gives  for  the  average  turning  moment 
acting  on  the  rotating  coil 

This  has  its  maximum  value  when   (o-\p  =  R/L,  or  \p==(a-  RjL. 
Assuming  this  value,  we  get 


G       = 


4L 


Motors,  whose  action  depends  on  the  principle  here  indicated,  are 
now  made  on  a  large  scale. 

336.  Distribution  of  Alternating  Currents  in  Con- 
ductors.-— In  the  case  of  alternating  currents  the  impedance  may 
greatly  exceed  the  resistance ;  moreover  this  latter  is  itself  in- 
creased by  the  fact  that  the  current  is  not  distributed  uniformly 
throughout  the  whole  section  of  the  conductor,  but  is  concentrated 
near  the  surface. 

Experiment  shows,  in  fact,  that  a  current  at  starting  is  first 
formed  on  the  surface,  and  that  ifc  only  gradually,  though  usually 
very  quickly,  reaches  the  deeper  layers.  If  its  direction  is  re- 
versed at  very  short  intervals,  the  current  never  fully  reaches  the 
centre.  The  case  may  be  compared  with  that  of  an  infinitely  lonf' 
tube  filled  with  liquid,  which  is  rapidly  moved  to  and  fro  length- 
wise. If  the  liquid  is  a  perfect  fluid,  it  will  remain  at  rest ;  if  it  is 
viscous,  the  layers  in  contact  with  the  sides  of  the  tube  will  share 
the  motion  of  the  tube,  but  the  inner  layers  will  oscillate  with  an 
amplitude  which  decreases,  and  with  a  retardation  of  phase  which 
increases,  from  the  periphery  to  the  axis. 

The  results  in  the  electrical  case  are  in  full  agreement  with 
what  has  been  already  stated  (see  especially  305,  306,  and  322)  as  to 
the  seat  of  electric  and  magnetic  energy.  It  has  been  pointed  out 
that  the  energy  of  an  electric  current  enters  the  conductor  from 
the  surrounding  non-conducting  medium.  It  is  a  necessary  con- 
sequence of  this  that  it  arrives  first  at  the  outer  layers,  and  that 
its  penetration  to  the  inside,  though  a  rapid,  is  not  an  instantaneous 
process. 

What  we  recognise  as  an  electric  current  is,  in  one  aspect,  the 
process  by  which  energy,  whether  electric  or  magnetic,  passes  from 
the  field  and  generates  heat  in  the  conductors.  Whenever  the 
result  of  a  current  in  a  conductor  would  be  a  diminution  of  the 
energy  of  the  field,  such  a  current  takes  place.  If  energy  is  poured 
into  the  field  in  any  way  as  fast  as  it  is  removed  by  the  conductors, 
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the  condition  known  as  that  of  a  steady  current  is  set  up,  but  in  all 
cases  the  ultimate  distribution  of  the  current  among  the  available 
conductors  is  such  that  the  total  energy  is  a  minimum.  The 
electric  energy  corresponding  to  a  given  strength  of  current  is 
proportional  to  the  difference  of  potentials  between  the  ends  of  the 
conductor,  or,  what  comes  to  the  same  thing  under  the  conditions 
specified,  to  the  resistance — and  this  is  least  if  the  current  makes 
use  of  the  whole  cross-section,  distributing  itself  so  that  the  current- 
density  is  uniform.  On  the  other  hand,  the  magnetic  energy  is 
least  when  the  current  is  confined  to  the  outer  skin  of  the  con- 
ductor ;  for  it  is  easily  proved,  by  an  adaptation  of  the  reasoning 
employed  in  (13,  20)  in  relation  to  spheres,  or  by  the  method  of 
(266),  that  a  current  distributed  uniformly  on  the  surface  of  a  cir- 
cular cylinder  has  no  magnetic  field  at  an  internal  point,  and  that 
at  external  points  it  acts  as  though  it  were  concentrated  in  the 
axis.  It  follows  that  the  external  magnetic  field  is  the  same 
whether  the  current  is  confined  to  the  surface  of  a  conductor,  or 
uniformly  distributed  through  the  cross-section ;  whereas,  in  the 
former  case  the  magnetic  field  inside  the  conductor  itself  is  nothing, 
and  in  the  latter  case  the  intei-nal  magnetic  field  is  proportional  to 
the  distance  from  the  axis.  The  magnetic  energy  of  the  conductor 
itself  is  greater  the  greater  the  magnetic  permeability,  and  hence 
the  effect  in  question  is  more  marked  with  iron  than  with  copper. 

For  a  frequency  of  80  periods  per  second,  the  virtual  increase 
of  resistance  due  to  concentration  of  the  current  near  the  suiface 
is  1  per  cent,  in  a  copper  wire  1  centimetre  in  diameter,  and  8  per 
cent,  in  a  wire  of  2  centimetres  diameter.  For  large  diameters  the 
conducting  power  of  a  cylindrical  conductor  increases  almost  as 
the  perimeter  instead  of  as  the  section.  Hence  we  have  the 
practical  conclusion,  that  for  vei'y  strong  alternating  currents 
tubes  should  be  used,  and  not  solid  conductors. 

337.  Influence  of  Capacity. — If  a  condenser  is  connected 
in  circuit  with  a  coil  revolving  in  a  magnetic  field,  as  described  in 
(328),  or  with  any  other  equivalent  source  of  alternating  electro- 
motive force,  it  acquires  alternate  positive  and  negative  charges, 
the  difference  of  potentials  of  the  coatings  varying  harmonically, 
and  the  period  being  the  period  of  revolution  of  the  coil.  The 
diflFeronce  of  potentials  of  the  coatings  is  equivalent  to  an  electro- 
motive force  opposing  that  due  to  the  rotation  of  the  coil.  Call- 
ing the  potential-difference  at  any  instant  V,  the  strength  of 
current  at  the  same  instant  O,  and  the  capacity  of  the  condenser 

S,  the  charge  is  SV,  and  its  rate  of  change,  ^S— — ,  is  equal  to  the 
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strength  of  the  current.  Writing,  as  before,  ^^,sina>^  for  the 
instantaneous  electromotive  force,  we  have 

JE,sinwt=C/i  +  L^+  V. 
at 

To  express  that  V  varies  periodically  in  the  same  period  as  the 
electromotive  force,  we  may  write 

F=  V,  sin  {od  -  ?•), 

where  F^  is  the  maximiim  value  and  r  is  a  constant  determining 
the  difference  of  phase  between  the  electromotive  force  and  the 
charge  of  the  condenser.  From  this  expression  for  V  we  get  for 
the  strength  of  current 

(7=  ^  £^=  ^0)  Fo  cos  (o)^  -  r), 
at 

and  for  the  I'ate  of  variation  of  the  current 

=  -  Stifi  V„  sin  {(lit  -  r). 

Using  these  values  in  the  original  equation,  we  may  write  it  as 
follows  : — 

E^  sin  w^  =  [RSio  cos  (o,!!  -r)  +  {\-  LSm"-)  sin  (w^  -  r)]  F„. 
If  we  now  make  wt  —  r  first  =  0,  and  then  =  -,  this  gives 

E,  sin  r  =  liSio  F<,     and     E,  cos  r  =  ( 1  -  SL(o^-)  V^ 
respectively. 

Hence,  the  retardation  of  phase  ?•  is  given  by 

,  RSw 

tan  r  = 


1  -  LSio^ 


Squaring  the  two  foregoing  expressions,  adding  them,  and  taking 
the  square-root  of  the  sum,  we  have 


R'^S^-io'^  +  (I  -  LSoi^f 
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and  for  the  potential  difference  at  any  time  t^ 

Eq  sin  (wt  -  r) 


The  simultaneous  strength  of  current  is  given  by 


d  V _        F.g  COS  {iiit  -  r) 


'"    x^MF^' 


The  denominator  of  this  expression  is  the  impedance  of  the  circuit 
and  Loi  -  — -  is  the  reactance. 

338.  Electrical  Oscillations. — When  the  surfaces  of  a  charged 
condenser  are  suddenly  connected  by  a  conductor  of  sufficiently 
small  resistance,  the  electric  energy  is  converted  into  heat,  but 
the  process  is,  comparatively  speaking,  a  gradual  one,  and  involves 
the  charging  of  the  condenser  a  large  number  of  times  in  succes- 
sion, and  alternately  in  opposite  directions ;  the  energy  represented 
by  each  charge  being  a  constant  fiaction  of  that  of  the  preceding- 
one.  In  fact,  a  series  of  electric  oscillations  of  gradually  decreas- 
ing amplitude  is  set  up. 

In  order  to  follow  out  the  theory  of  the  process,  we  will,  in  the 
first  instance,  suppose  the  resistance  of  the  conductor  to  be  in- 
appreciable. Denoting  the  charge  of  a  condenser  by  Q,  and  its 
capacity  by  S,  the  electrostatic  energy  is  ^Q^/S  (65).  When  the 
coatings  are  connected  by  a  conductor  of  self-inductance,  L,  the 
electrostatic  energy  disappears,  giving  rise  to  a  current  and  an 
amount  of  electromagnetic  energy  represented  (304)  by  ^LC^. 
This  in  its  turn  dies  away,  reproducing  the  original  amount  of 
electrostatic  energy  in  the  form  of  a  reversed  charge  of  the 
condenser.  This,  as  soon  as  it  is  formed,  begins  to  diminish 
again,  giving  rise  to  an  inverse  current  and  reproducing  electro- 
magnetic energy  ;  and  so  the  process  goes  on,  the  original  energy 
of  the  condenser  being  transformed  into  the  electromagnetic  and 
electrostatic  forms  alternately. 

From  the  principle  of  conservation  of  energy  we  conclude  that 
at  any  stage  of  the  process,  the  total  energy,  electrostatic  and 
electromagnetic  together,  is  constant,  or 

i— -h  .1,LC"  =  constant. 

^  s    - 
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Differentiating  with  respect  to  time,  we  get 

which  simply  means  that  an  increase  of  one  kind  of  energy 
is  accompanied  by  an  equal  decrease  of  the  other  kind.  But 
C^dQjdt,  and  therefore  dC/dt  =  d'^Qldt^ :  consequently,  the  last 
equation  may  be  written 

d^Q 1_ 

dH  ~     LS'^' 

Let  us  compare  this  with  the  formula  that  expresses  the  ac- 
celeration of  a  particle  of  mass,  7n,  which,  when  displaced  from 
a  position  of  stable  equilibrium,  is  urged  back  by  a  force  propor- 
tional to  the  displacement,  x,  namely,  the  formula 

d^_  _f_ 
dt^~      m^' 

where  /  stands  for  the  restoring  force  corresponding  to  unit  dis- 
placement. This  equation  states  that  the  acceleration  is  propor- 
tional to  displacement  and  in  the  opposite  direction.  We  know 
that,  under  the  conditions  here  specified,  the  motion  of  the  particle 
is  simple  harmonic,  and  may  be  represented  by 

X  =  Xo  cos  0)^, 

if  Xg  is  the  amplitude  and  t  denotes  time  reckoned  from  an  instant 

when  the  particle  is  at  the  positive  extremity  of  its  path.     The 

velocity  is 

dx 
v=-j-  =  -  u)X„  sin  (x)t, 

and  the  acceleration 

-TTK  =  -  wV„  cos  wt=  —  w^x. 
Equating  this  with  the  expression  for  d'^x/dfi  given  above,  we  get 

m 
or,  for  the  periodic  time,  we  have 

All  these  mechanical  results  have  strict  analogues  in  the 
electi'ical  case.  The  charge,  Q,  of  a  condenser  may  be  taken 
as  a  measure  of  the  displacement  from  the  condition  of  electrical 
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dQ 
equilibrium  :    —  then  becomes  the  rate  of  change  of  electric  dis- 
dt 

d^Q 
placement,  and  might  be  called  electric  velocity  ;  and  — -^  becomes 

acceleration  of  electric  displacement.  The  expression  we  obtained 
above  for  this  quantity  shows  it  to  be  directly  proportional  to 
the  electric  displacement,  Q.  Hence,  following  the  mechanical 
analogy,  and  putting  Qg  for  the  initial  charge  of  the  condenser, 
we  may  write 

Q=  Qo  cos  wt ; 

C=  -,    =  -  coQg  sin  (j)t ; 
d'^Q 

— — -=  -  0)2(2    cos  (J)t=   -  CO^Q. 

d^Q 
From  this,  by  the  original  expression  for  — ^,  we  get 

io^=~,  or  T==27rjLS. 

339.  Comparison  with  Experiment.— These  equations  re- 
present the  discharge  of  a  condenser,  under  the  conditions  stated, 
as  giving  rise  to  an  endless  series  of  oscillations  of  the  same  ampli- 
tude taking  place  in  the  periodic  time  T=2Tr  JZjg, 

For  two  reasons,  however,  these  results  do  not  accurately  agree 
with  what  takes  place  in  real  cases.  On  the  one  hand,  the  true 
seat  of  the  changes  which  we  have  spoken  of  as  electrostatic  and 
electromagnetic  oscillations  is  not  the  conductor  connecting  the 
surfaces  of  the  condenser,  but  the  dielectric  medium  of  the  con- 
denser and  that  by  which  the  conductor  is  surrounded.  Any 
change  of  condition,  such  as  those  accompanying  electric  charge 
and  discharge,  produced  at  one  part  of  this  medium,  is  pro- 
pagated with  a  definite  velocity  to  more  and  more  distant  parts, 
and  consequently  a  series  of  electrical  alternations,  such  as  we 
have  been  discussing,  gives  rise  to  a  series  of  waves  which  travel 
outwards  in  all  directions  into  the  surrounding  space.  Electric 
energy  is  thus  radiated  away  from  the  oscillating  system,  and  the 
energy  of  the  latter  is  consequently  diminished  in  proportion. 
The  process  is  closely  analogous  to  the  gradual  loss  of  energy  by 
a  vibrating  tuning-fork  consequent  upon  its  radiation  of  sound- 
waves into  the  air. 

We  shall  return  presently  (343)  to  the  subject  of  electric 
radiation. 

Another  respect  in  which  the  conditions  assumed  in  (338)  differ 
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from  those  of  actual  experiment  is  that  they  take  no  account  of 
the  resistance  of  the  conductor.  In  certain  cases  this  resistance 
may  be  so  small  that  the  formulae  we  have  arrived  at  represent  the 
results  with  fair  accuracy,  but  it  can  never  be  got  rid  of  altogether. 
The  existence  of  resistance  causes  a  certain  amount  of  electric 
energy  to  be  converted  into  heat  at  every  oscillation,  just  as 
friction  does  in  the  case  of  ordinary  mechanical  vibrations.  The 
electric  energy  which  is  thus  expended  in  an  element  of  time  dt 
is,  in  agreement  with  Joule's  law, 

RGHt  =  R{^ydt. 

Adding  this  term  to  the  equation  from  which  we  started  in 
(338),  we  get  after  simplijScation, 

d'^Q     R     dQ       Q^_r. 
dr-  ^ L'   dt'^LS~ 

This  equation  may  be  taken  as  a  statement  in  mathematical 
language  that  the  rate  of  generation  of  electromagnetic  energy, 
together  with  the  rate  at  which  electric  energy  is  expended  in 
generating  heat,  is  equal  to  the  rate  of  decrease  of  electrostatic 
energy ;  or,  again,  as  a  statement  that  the  electromotive  force  due 
to  self-induction,  together  with  that  required  to  maintain  the 
existing  current,  is  equal  and  opposite  to  the  difference  of  poten- 
tials between  the  surfaces  of  the  condenser.  The  discussion  of  the 
equation  would  involve  more  elaborate  mathematical  processes 
than  we  can  enter  upon :  we  must,  therefore,  be  content  with 
merely  stating  the  most  important  conclusions  to  which  it  leads. 
It  will  assist  the  reader  if  we  point  out  that  the  equation  is  of 
the  same  form  as  that  for  small  motions  of  a  simple  pendulum  in 
a  resisting  medium.  If  the  medium  is  very  viscous,  the  pendulum 
may  return  from  any  displaced  position  without  oscillations ;  on 
the  other  hand,  if  the  resistance  is  negligible,  as  in  the  case 
already  considered,  the  motion  is  oscillatory. 

In  like  manner,  in  the  electrical  case,  the  character  of  the 
discharge  depends  essentially  on  the  relative  magnitudes  of  the 
constants  in  the  equation.  When  the  discharge  is  oscillatory 
the  period  is  given  by  the  equation 

~  JLS-iR^S'' 

which,  as  R  diminishes,  approaches  more  and  more  nearly  the 
value    T=2Tr  JLS    previously    obtained.      As    R    increases,    the 


or 

whence  by  integration 
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period  increases,  and  becomes  infinite  when  the  two  terms 
under  the  root-sign  are  equal  to  one  another.  If  R  is  made 
still  greater  (the  other  quantities  remaining  constant),  the  ex- 
pression under  the  root-sign  becomes  negative,  and  2'  becomes 
imaginary.  The  real  solution  is  then  non-oscillatory,  the  charge 
decreasing  in  a  continuous  manner.  Ultimately,  when  B  is  made 
so  great  that  the  first  term  under  the  root-sign  is  negligible  com- 
pared with  the  second,  the  charge  decreases  continuously  by  a 
constant  fraction  of  its  existing  amount  at  any  instant  in  a  given 
interval  of  time.     The  equation,  in  fact,  may  then  be  written 

dQ_      dt 
Q~     RS 

1      ^=_J_ 
^^"Qo        RS 

t_ 

or  Q=  Qjs 

where  Q^  is  the  initial  charge,  and  e  is  the  base  of  natural 
logarithms. 

This  equation  implies  that  Q  falls  off  to  -  of  its  initial  value 

in  the  time  RS;  hence  this  product,  which  plays  the  same  part 
as  the  ratio  LjR  in  a  simple  inductive  circuit,  may  be  called  the 
time-constant  for  a  simple  condenser  cii'cuit  in  which  the  induction 
is  negligible. 

The  general  character  of  an  oscillatory  discharge  is  indicated  in 
Fig.  286.  The  ordinates  of  the  sinuous  curve  represent  successive 
values  of  the  electric  charge.  The  periodic  time  is  denoted  by  the 
distance  along  the  axis  ot  between  two  points  where  the  curve  cuts 
it  in  the  same  direction.  In  the  discharge  of  a  Leyden  jar,  the 
oscillations  may  occupy  from  lO"*  to  10~^  of  a  second,  according 
to  the  size  of  the  jar  and  the  nature  of  the  discharging  conductor. 
The  intermittent  character  of  the  discharge  can  be  directly  ob- 
served by  examining  it  by  reflection  in  a  rapidly  revolving  mirror, 
or  by  photographing  it  by  means  of  a  moving  camera. 

The  limiting  continuous  discharge  which  is  approached  as  R  is 
increased  would  be  represented  graphically  by  a  curve  such  as  bnd 
(Fig.  271,  319),  the  time-constant,  v=--RS,  being  indicated  by  one 
of  the  horizontal  divisions. 

As  an  example,  take  the  case  of  a  Leyden  jar  of  diameter  10 
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centimetres,  with  tinfoil  coatings  extending  to  a  height  of  12*5 
centimetres,  and  glass  of  thickness  0*2  centimetre.  If  the  in- 
ductive capacity  of  the  glass  were  six  times  that  of  air,  the  capacity 
of  the  jar  would  be  1125  it,  if  K  denotes  the  inductive  capacity  of 
air.  Suppose  the  jar  discharged  by  connecting  the  coatings  by  a 
copper  wire  1  metre  long  and  of  0*2  centimetre  radius,  bent  into 
an  approximate  circle.  If  the  specific  resistance  of  the  copper  be 
taken  as  1600,  the  resistance,  R,  of  the  wire  would  be  1*273  x  lOV- 
The  self-inductance,  L,  would  be  about  941  "S//.  In  both  these  formulae 
fj.  denotes  the  magnetic  permeability  of  air.  The  period  of  oscilla- 
tion, derived  from  the  simple  formula, 

becomes  6466  J Kuu.     Now,  although  there  is  no  means  of  ascertain- 


FiG.  286. 


ing  with  certainty  the  separate  values  of  K  and  /x,  we  know  that 
the  product  denotes  the  reciprocal  of  the  square  of  a  velocity, 
which  for  air  is  3  x  10^*^  centimetres  per  second  (see  351  and  411). 
We  have  thus  finally  the  value 

6466    ^  2-155  xlO-^ 
3x  10'*^ 
The  period  of  oscillation  given  by  the  more  complete  formula  is 
not  appreciably  different.      The  amplitude  decreases  in  the  ratio 
e  :   1  =  2-72   :   1,  in  the  time  2L/i2=  1*479  x  lO^^  seconds;  or  the 
amplitude  decreases  in  the  ratio  named  in  the  time  occupied  by 

1-479  x  10     ^  gggg  oscillations.     It  is  as  though  the  amplitude  of 

2-155x10-^ 

vibration  of  a  tuning-fork  sounding  "middle  C"  (256    vibrations 
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per  second)  decreased  in  the  ratio  2-72  :  1  in  a  little  less  than 
half  a  minute  (26-8  seconds). 

339.*  Electric  Resonance. — Let  us  now  return  to  the  case 
considered  in  337,  that,  namely,  of  a  condenser  of  capacity  of  S  the 
coatings  of  which  are  connected  by  a  conducting  circuit,  of  self- 
inductance  L  and  resistance  B,  with  a  source  of  electromotive 
force  varying  harmonically  in  the  period  27r/w.  We  saw  that  the 
difference  of  potentials  between  the  surfaces  of  the  condenser  and 
the  current  in  the  circuit  both  vary  harmonically  with  the  same 
period  as  the  electromotive  force,  being  represented  respectively  by — 

V=     I  °  — pr„  sin  (<j)f - r), 

C  =     ,  ^cos  {(ot  -  r). 

Since  the  difference  of  potentials  and  the  current  are  proportional 
respectively  to  the  sine  and  cosine  of  the  same  angle,  they  must 
differ  in  phase  by  one-quarter  of  a  complete  oscillation.  The  con- 
denser has  its  maximum  charge  when  the  strength  of  the  current 
is  momentarily  zero  and  the  current  is  changing  sign  from  positive 
to  negative  or  vice  versd.  The  difference  of  potentials  between  the 
surfaces  of  the  condenser  assists  the  inverse  current,  and  this  con- 
tinues to  increase  until  the  condenser  is  discharged.  The  current 
has  now  its  greatest  (inverse)  value  and  begins  to  charge  the  con- 
denser  in  the  inverse  way.  As  the  inverse  charge  increases,  the 
resulting  difference  of  potentials  increases,  causing  the  current  to 
decrease  and  to  become  zero  again  when  the  inverse  charge  has 
attained  its  greatest  value.  Thus  during  a  quarter  period,  while 
the  current  falls  from  a  positive  maximum  to  zero,  the  charge  of  the 
condenser  rises  f i-om  nothing  to  a  positive  maximum  ;  during  the  next 
quarter  period  the  current  changes  from  zero  to  a  negative  maximum, 
and  the  charge  of  the  condenser  falls  from  the  positive  maximum 
to  nothing  ;  during  the  next  two  quarter  periods  the  changes  of  cur- 
rent-strength and  of  charge  are  the  same  as  before,  but  with  signs 
reversed.  The  maximum  charge  of  the  condenser,  positive  or  nega- 
tive, is  thus  the  quantity  conveyed  by  the  mean  current,  0^=2 CjTr 
(331),  in  a  quarter  period,  or  ^CoTJTr  =  GJo),  and  the  maximum  differ- 

G 
ence  of  potentials  is  the  ratio  of  charge  to  capacity,  or  Vo  =  ~. 

ow 

Referring  now  to  the  values  given  above  for  V  and  C,  we  see 
from  (338)  and  (339)  that  the  product  LS  which  occurs  in  the 
denominator  of  both  of  them  is  equal  to  T^/Att'^,  if  T  is  the  period 
of  the  free  electric  oscillations  which  would  occui*  in  the  con- 
denser-circuit if  the  square  of  its  resistance  were  inconsiderable  in 
comparison  with  the  quotient  4L/aS.     If  we  put  7\  =  27r/a)  for  the 
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pei"iod  of  the  impressed  electromotive  force,  we    may  write  the 
expression  for  the  maximum  difference  of  potentials  as  follows — 

v.- 


^i?2^2^,2  +  ( 


'-%y 


From  this  it  appears  that,  if  T-^  =  T,  accurately  or  approximately, 
the  last  term  of  the  denominator  becomes  negligible  and  we  get 

V  =J^=E^ 
"     BSio        "  R 

Under  the  same  conditions,  tan  ?•,  of  which  the  value  is  given  by 
ESmKI  -  LS(o^),  becomes  very  great  (since  LScy^  =  1),  whence  it  fol- 
lows that  r  itself  is  very  nearly  a  right  angle.     Consequently,  we  get 

F= — -coswt  and    C  =    -  sin  wt  = —. 
RSui  M  R 

That  is,  the  current  is  at  each  instant  in  phase  with  the  electro- 
motive force  and  is  the  same  as  if  the  circuit  included  neither 
self-inductance  nor  capacity. 

The  phenomena  we  have  been  considering  may  be  regarded  as  a 
combination  of  those  discussed  in  329,  due  to  a  harmonically  vary- 
ing electromotive  force  in  an  inductive  circuit,  with  those  due  to 
the  discharge  of  a  condenser  through  a  similar  circuit  discussed  in 
338,  339-  In  the  latter  case,  the  vibrations  die  out  in  proportion  as 
energy  is  dissipated  as  heat  or  by  radiation.  In  the  absence  of  such 
dissipation,  or  if  energy  were  supplied  from  without  as  fast  as  it  is 
dissipated,  vibrations  of  constant  amplitude  would  be  maintained 
indefinitely.  On  the  other  hand,  if  energy  be  supplied  faster  than  it 
is  dissipated,  the  amplitude  of  the  vibrations  increases,  until  the 
greater  rate  of  dissipation  corresponding  to  the  greater  amplitude 
results  in  the  steady  state  of  oscillation  discussed  above. 

When  the  period  of  an  alternating  electromotive  force  applied 
to  a  condenser  is  nearly  the  same  as  the  free  period  of  the  vibra- 
tions of  the  condenser-circuit,  the  maximum  difference  of  potentials 
may,  if  the  resistance  is  small,  become  much  greater  than  the  source 
of  electromotive  force  would  give  on  open  circuit. 

The  phenomenon  is  closely  analogous  to  the  familiar  case  of  a 
pendulum  being  thrown  into  strong  vibrations  by  the  application 
of  a  succession  of  minute  impulses  following  each  other  periodically 
at  the  rate  of  the  free  swings  of  the  pendulum,  so  that  each 
impulse  increases  somewhat  the  existing  motion  resulting  from 
those  that  have  preceded,  until  the  energy  dissipated  at  each  swing 
through  friction  or  viscous  i-esistance  is  equal  to  the  energy 
imparted.  Another  well-known  case  of  the  same  kind  is  that  of 
acoustic  resonance  in  which  an  elastic  body  capable  of  vibrating  in 
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a  definite  period,  such  as  a  tuning-fork,  or  a  column  of  air  in  an 
organ-pipe,  is  caused  to  give  audible  vibrations  by  the  cumulative 
effect  of  small  periodic  impulses  following  each  other  at  intervals 
equal  to  the  free  period  of  vibration  of  the  elastic  body. 

340.  Effects  of  an  Instantaneous  Discharge— Lodge's  Ex- 
periments.—  Very  sudden  discharges  give  rise  to  phenomena 
which,  at  first  sight,  seem  inconsistent  with  familiar  electrical 
experience,  but  which  are  explained  when  we  consider  that,  in 
the  case  of  rapidly  varying  currents,  the  properties  of  a  conductor 
depend  essentially  upon  its  self-inductance,  and  only  to  a  small 
extent  upon  its  resistance.  These  eifects  may  be  compared  with 
those  produced  by  the  sudden  application  of  mechanical  forces. 
A  block  of  gun-cotton  placed  on  a  steel  plate  burns  quietly  if  it 
is  lighted  with  a  match ;  it  smashes  the  plate  if  it  is  exploded  by 
fulminating  powder.  In  both  these  cases  the  same  quantity  of 
gas  is  developed,  and  the  same  energy  put  into  play ;  but  in  the 
second  case  the  explosion  is  so  sudden  that  the  resistance  of  the 
air  becomes  comparable  with  that  of  steel. 

Many  of  these  effects  have  long  been  known,  but  they  have 
been  set  in  their  proper  light  only  by  the  experiments  of  Su-  Oliver 
Lodge. 

1 .  The  conductor  by  which  a  charged  Leyden  jar  or  battery  is 
discharged  is  capable  of  giving  a  strong  spark  to  any  conductor 
brought  near  it ;  this  is  what  is  called  a  lateral  discharge.  Hence 
arises  the  necessity,  which  has  long  been  known,  of  having  glass 
handles  to  discharging  rods  (61). 

If  the  two  branches  of  the  discharger  are  connected  by  a  wire, 
covered  with  silk,  bent  backwards  and  forwards  several  times, 
sparks  pass  not  only  at  the  points  where  the  wire  is  connected 
but,  notwithstanding  the  insulation,  wherever  the  loops  of  the 
wii'e  cross  each  other. 

2.  If  a  long  copper  wire  7  to  8  millimetres  in  diameter  is 
used  for  discharging  the  jar,  and  if  this  wire  is  led  round  a  large 
room,  not  only  does  it  everywhere  give  lateral  discharges,  but  gas 
or  water  pipes  connected  with  it  give  sparks  to  any  conductor 
brought  near  them,  whether  insulated  or  not.  If  taken  at  the 
end  of  a  gas  jet,  these  sparks  ignite  the  gas  as  it  issues. 

The  induction  on  all  adjacent  bodies  is  often  so  strong  that 
they  become  capable  of  giving  sparks  without  being  connected 
with  the  discharging  wire. 

3.  Two  Leyden  jars,  m  and  N  (Fig.  287),  are  joined  in  cascade 
with  the  two  poles.  A,  of  a  Holtz  machine,  for  instance  ;  the  two 
outer  coatings  are  connected  by  a  continuous  wire,  L,  and  with 
two  spark  knobs,  B.     Whenever  a  spark  passes  at  A,  a  spark  also 


448 


SPECIAL   CASES   OF   INDUCTION 


[340- 


Fig.  287. 


Fig.  288. 


passes  at  b,  if  the  distance  of  the  two  knobs  is  not  too  gi-eat.  The 
limiting  distance  depends  on  the  wire  l,  but  it  may  be  greater 
than  that  of  the  knobs  a.  The  greater  part  of  the  discharge  of 
the  external  armatures,  a  discharge  which  takes  place  suddenly 
and  without  preparation  as  in  the  case  of  the  discharge  at  a,  passes 
through  the  air  in  preference  to  the  wire 
L,  although  the  resistance  of  the  aii'-break 
may  be  many  million  times  as  great. 

4.  The  internal  coating  of  a  Leyden 
jar  is  connected  with  one  of  the  poles  of 
the  machine,  the  other  coating  being  con- 
nected by  a  long 
conducting  wire  L, 
with  the  second 
pole  (Fig.  288). 
Every  time  a  spark 
passes  at  A,  sparks 
are  seen  to  strike 
between  the  two 
coatings  along  the 
surface  of  the  glass,  and  the  jar  is  self-discliarged.  "When  the  differ- 
ence of  potential  between  the  two  coatings  has  reached  the  value 
which  corresponds  to  the  striking  distance,  a  powerful  spark  passes 
between  the  two  knobs ;  this  sets  up  for  a  short  time  a  path  of 
feeble  resistance,  across  which  electricity  oscillates  from  one  armature 
to  another.  When  the  spark  ceases,  the  path  closes  suddenly,  and 
the  moving  electricity  strikes  across  the  gap  between  the  two  coat- 
ings by  an  action  comparable  with  that  of  the  hydraulic  ram. 

341.  Propagation  along-  a  Cable. — Hitherto  we  have  con- 
sidered the  total  current  to  be  the  same  at  all  parts  of  a  conduct- 
ing circuit.  This  is  strictly  true  only  when  the  current  is  steady. 
Each  element  of  a  wire  acts  as  a  capacity,  and,  in  consequence,  at 
all  parts  of  a  circuit  action  is  taking  place  similar  to  that  which 
in  the  preceding  paragraphs  we  have  supposed  to  be  localised  in 
a  condenser ;  i.e.  the  current  which  flows  into  any  element  is  in 
general  different  from  that  which  is  simultaneously  leaving  it  at 
the  other  end.  In  order  to  illustrate  this  we  will  take  a  circuit 
consisting  of  a  long  straight  wire  with  a  coaxal  cylindrical  tube 
forming  the  I'eturn,  i.e.  a  concentric  cable,  and  we  will  suppose 
that  an  electromotive  force  varying  as  sin  wt  is  applied  at  one 
end.  Each  small  portion  of  this  double  conductor  acts,  as  we 
have  said,  as  a  condenser,  that  is  to  say,  the  inner  and  outer 
portions   are    in  general    oppositely   charged,   and   to  an  amount 
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proportional  to    the   difference   of   potential  between  them.     This 

difference  of  potential  and  accompanying  charge  vary  from  point 

to  point   along  the  length   of  the  cable,   and   the   object   of    the 

following  discussion  is  to  obtain  the  law  of  their  variation. 

Consider  any  elementary  length  dx  of  the  cable,  and  recognise 

that  at  any  one   time  the  current   may  have  different  values  at 

dG 
different  points,  and  let  —  be  the  rate  of  change  of  the  current 
dx 

with  change  in  distance  from  any  origin  measured  along  the  cable. 

Then  if  G  is  the  current  entering  the  element,  the  simultaneous 

dG 
value  of  the  current  leaving  the  element  is  G-\-^:^dx.     The  excess 

ox 

dG 
of  that  entering  over  that  leaving  is  therefore  -  -i^dx,  and  this  must 

measure  the  rate  of  accumulation  of  charge  within  it.  Let  the 
potential  difference  between  the  inner  and  outer  conductors  in  the 
same  region  be  V,  and  let  S  denote  the  capacity  per  unit  length ; 
the  charge  on  the  element  is  therefore   Sdx .  V  and   its   rate   of 

o  IT 

increase  with  time  is  Sdx  —  ;  hence 

dt 

dx  dt 

"3^  =  % (^)- 

Again,  let  r  be  the  resistance  per  unit  length  of  the  cable  (this 

will  be  shared  between   direct   and   return  portions  of  the   unit 

length),  and  let  L  be  the   self-inductance  also  per   unit  length, 

dG 
Then    we    may,    as    in    329,    equate    Ldx  .  -^  +  rdx  .  G  to    the 

impressed  electromotive  force  between  the  ends  of  the  element — 

dV 
that  is  to  —  ^^  dx.     Hence 

ox 

In  order  to  fully  understand  the  meaning  of  these  equations  (1) 

dG 
and  (2),  it  must  be  noted  that  in  (1)  -^^  is  the  rate  of  increase  of 

the  current  with  distance,  the  time  being  supposed  constant ;  while 

dV 

-^  is  the  rate  of  increase  of  V  with  time  for  a  constant  position  on 

2f 
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the  cable  ;  that  is  to  say,  that  each  of  these  expressions  is  what  is 
called  a  2mrt{al  differential  coefficient.     Similar  statements  apply 

If   V  is  rapidly  alternating — as  in  telephonic  circuits — the  last 

term  becomes  increasingly  important,  and  we  will  suppose  that  r 

is  so  small  that  the  average  value  of  rC  is  negligible  compared  with 

9(7 
the  average  value  of  L—- .    It  is  then  possible  to  satisfy  both  of  these 

equations  by  assuming  that  V  (and  C)  vary  in  a  simple  and  periodic 
manner,  not  only  in  respect  to  time  but  in  respect  to  position  also  ; 
in  other  words,  the  disturbance  which  satisfies  the  equations 
propagates  itself  along  the  cable,  in  the  same  kind  of  way  as 
that  in  which  a  wave  is  propagated  along  an  elastic  cord.  An 
equation  to  such  a  wave  is 

F=  Vo  sinf -^  -  -^j  =  Vo  sin  (wt  -  qx), 

where  T  is  the  period  and  A  is  the  wave-length  ;  for  if  t  increases 
by  the  amount  2\  while  x  remains  constant,  the  quantity  in  brackets 
increases  by  27r,  and  its  sine — and  therefore  V — passes  through  a 
complete  cycle  and  returns  to  its  initial  value ;  a  complete  cycle  is 
also  passed  through  if  x  increases  by  A,  while  t  remains  constant. 
The  characteristic  of  such  a  wave  is  that  any  particular  value  of  the 
disturbance  denoted  by  V  is  found  at  succeeding  instants  at  in- 
creasing distances  from  the  starting  point — that  is,  it  travels 
onward,  and  the  velocity  at  which  it  travels  is  constant.  For 
in  order  to  maintain  the  sine  term  constant,  x  must  increase 
with  t  at  the  rate  X/T  (or  oi/q).  When  the  above  equation  repre- 
sents V,  it  is  necessary,  in  order  to  satisfy  both  (1)  and  (2),  to 
take  0  as  fluctuating  according  to  the  same  law,  so  that  we  rnay 
write 

C=  Co  sin  ((at  -  qx). 

It  is  also  necessary  that  a  certain  relation  shall  exist  between  q 
and  w  ;  this  we  may  find  as  follows  :  Obtain  the  several  differential 
coefficients  which  occur  in  equations  (1)  and  (2)  from  the  equations 
for  F  and  G  : 


-—  =  Vg(a  cos  ((jdt  -  qx) 
—  =  -  V^q  cos  (wt  -  qx) 


—  =  C„w  cos  (Mt  -  qx) 

—  =  -  Coq  cos  ((ot  -  qx) 
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Insert  these  in  (1)  and  (2)  leaving  out  the  common  factor 
cos  ((j)t  -  qx), 

C,q=V,Soj 

whence  q^=LSofi,  which  is  the  desired  relation.  The  velocity  of 
propagation  is 

It  should  be  noted  that  q  may  have  a  negative  value  and  the 
velocity  would  then  be  negative,  that  is,  the  wave  would  be  travel- 
ling backward.  Such  a  wave  arises  when  the  disturbance  reaches 
the  far  end  of  the  cable — \\\  other  woi'ds,  a  reflected  wave  is  thei'e 
set  up.  For  simplicity  we  shall  suppose  the  cable  to  be  indefinitely 
long,  so  that  only  the  forward  wave  is  present. 

To  find  the  value  of  the  velocity  of  propagation  we  require  to 
know  the  product  LS ;  it  has  been  shown  in  (302)  that  this  product 
equals  /xA',  where  ju.  =  the  magnetic  permeability  and  K  the  dielec- 
tric constant  of  the  medium  between  the  conductors — both  being  in 
electromagnetic  units.  It  is  shown  in  Chapter  XXXI.  that  this 
product  is  such  that  the  velocity  equals  3  x  10^^  cm.  per  second  if 
the  intervening  medium  is  air. 

Thus  waves  of  electric  disturbance  travel  along  a  cable  such  as 
we  are  discussing  with  the  velocity  of  light  in  air. 

If  the  medium  is  not  air,  the  proper  values  of  /x  and  K  must  be 
inserted ;  it  is  noteworthy  that  the  velocity  depends  upon  the  pro- 
perties of  the  medium  and  not  upon  those  of  the  conductor,  at  least 
when  the  resistance  of  this  is  negligible.  If  the  resistance  of  the 
conductors  may  be  neglected,  as  we  have  supposed,  the  current 
fluctuates  between  the  same  extreme  values  at  all  points  along  the 
cable.  The  effect  of  the  resistance  is  to  cause  the  maximum  value 
of  current  to  decrease  as  x  increases.  The  physical  reason  of  this 
is  that,  instead  of  the  energy  which  travels  with  the  wave  remain- 
ing as  electromagnetic  energy,  part  of  it  is  dissipated  into  heat,  in 
accordance  with  Joule's  law,  in  the  conductor.  The  law  of  varia- 
tion is  that  the  amplitude  of  the  current  (i.e.  Co)  falls  off  in 
geometric  progression  as  the  distance  increases  in  arithmetic  pro- 
gression. Fig.  286,  therefore,  represents  the  condition  of  things  if 
the  abscissfe  are  taken  as  distances  (x)  and  the  ordinates  are  the 
amplitudes  of  the  current  (C^). 

342.  Hertz's  Experiments.  —  Hertz  obtained  very  rapid 
oscillations  by  means  of  a  discharger  or  vibrator  formed   of   two 
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spheres  or  of  two  plates,  aa',  connected   by  a  nearly  continuous 

brass  rod,  c  (Fig.  289). 

If  the  two  spheres  are  suddenly  raised  to  the  potentials  +  V  and 

—  F,  and  the  system  is  left  to  itself,  equilibrium  is  attained  after  a 

series  of  oscillations  the 
period  of  which  is  deter- 
mined by  the  formula 
already  given  (338), 

which,  according  to  the 
dimensions  of  the  appara- 
tus, may  vary  between  1 
and  30  thousand  millionths 
of  a  second. 
To  get  an  instantaneous  charge  of  the  vibrator,  a  break  is  left 

at  c  between  the  two  parts  of  the  connecting  rod,  and  these  are 

provided  with  two  small  knobs  which  are  connected  with  the  poles 

of  a  powerful  induction  coil,  b  (437). 

When    induction    takes  place   on   the   secondary  wire    of   the 

coil,  the  two  arms  of   the  vibrator  which   form   the   ends  of  the 

wire  are  raised  to  different  potentials,  and  at  the  same  instant  a 

spark  strikes  between  the  knobs  a  and  b.     This,  as  was  explained 

above,  makes  a  path  for  the  oscillations,  and  the  vibrator  now  dis- 
charges itself  independently,  as  if  it  f> 

were  insulated  from  the  coil.     The 

same  succession  of  phenomena  takes 

place  at  each  to  and  fro  motion  of 

the   secondary    current   of   the  coil. 

During  these  oscillations  the  energy, 

just  as  in  the  discharge  of  a  Leyden 

jar,    passes    alternately     from     the 

electromagnetic  to   the   electrostatic  ^^■^- 

form.     The    magnetic    lines    consist 

in  circles  round  the  connecting  rods, 

while  the  lines  of  electric  force  and 

induction   stretch  between   the   two 

branches ;     each    of    these    sets    of 

lines  vanishes  in  turn  :  the  magnetic, 

when  the  balls  are  at   their    maxi- 
mum difference  of  potential ;  the  electric,  when  their  difference  of 

potential  is  zero. 

If  a  wire  be  attached  to  one  of  the  connecting  rods  (Fig.  290), 

then  at  each  oscillation  it  picks  up  part  of  the  disturbance,  which 


343]  HERTZ'S   EXPERIMENTS  453 

then  travels  along  it  as  a  wave.  It  has  already  been  said  (341) 
that  the  velocity  of  propagation  of  energy  through  the  ether  is  very 
great  (3  x  lO^*'  cm.  per  second),  but  since  the  period  of  the  oscilla- 
tions can  be  made  exceedingly  small,  it  is  possible  for  the  wave 
length  to  be  small  ;  and  the  presence  of  this  undulatory  phenome- 
non can  then  be  demonstrated  by  means  of  apparatus  of  moderate 
size. 

Thus  if  a  conductor,  such  as  ahcd  (Fig.  290),  with  a  break  at  m, 
is  connected  by  a  wire  of  any  length  with  one  of  the  branches  of  a 
vibrator,  sparks  are  obtained  at  m  if  the  point  of  attachment,  o,  is 
unsymmeti'ical  with  respect  to  the  interval ;  they  disappear  if  the 
point  of  attachment  is  exactly  at  e.  In  this  case  the  two  parts  into 
which  the  wave  divides  arrive  at  the  same  time  at  the  knobs  a  and 
P,  and  cannot,  therefore,  produce  the  difference  of  potential  which 
is  necessary  for  a  spark.  On  the  other  hand,  the  spark  is  stronger 
the  nearer  the  point  of  attachment  is  to  one  of  the  knobs.  Experi- 
ment shows,  moreover,  that  there  is  a  certain  size  of  the  circuit  for 
which  the  spark  is  a  maximum  ;  it  is  that  for  which  the  time 
which  the  waves  take  to  traverse  the  wire  is  equal  to  half  the 
free  period  of  oscillation  of  the  vibrator;  the  impulse  increases 
at  each  oscillation,  and  the  circuit  acts  like  a  resonator  (339*). 

343.  Propagation  of  Vibratory  Motion. — It  is  unnecessary 

to  directly  connect  the  rectangle  with  the  vibrator  by  a  wire ;  the 
latter  when  present  serves  mei'ely  as  a  guide  directing  the  flow  of 
energy ;  without  it  the  energy  radiates  outwards  in  all  directions 
from  the  oscillator,  and  as  it  passes  over  the  rectangle  some  of  it.  is 
absorbed,  exciting  a  current  in  it  as  before.  When  the  vibrator 
works  well,  sparks  can  be  taken  from  every  piece  of  metal,  large 
or  small,  insulated  or  not,  contained  in  the  room  where  the  vibrator 
is,  or  in  the  adjacent  ones.  They  strike  between  two  coins  or  two 
keys  which  are  brought  near  together ;  they  can  be  taken  from 
water  or  gas  pipes  when  the  point  of  a  penknife  is  presented. 
Dr.  Hertz  used  a  wire  bent  in  the  form  of  a 
circle,  one  end  provided  with  a  small  knob, 
and  the  other  with  a  point  whose  distance  from 
the  knob  could  be  varied  at  will  (Fig.  291). 
The  intensity  of  the  action  at  any  point  is  indi- 
cated by  the  length  and  brightness  of  the  spaik. 
The  effect  is  greatest  for  a  particular  size  of 
the  cucuit,  namely,  that  which  causes  it  to 
act  as  a  resonator. 

The  length  of  the  spark  in  the  secondary  depends  upon  the 
position  in  which  it  is  placed.     If  its  plane  be  as  in  Fig.  292,  a, 
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and  with  its  spark  gap  in  any  position  in  the  circle,  sparking  will 
occur,  but  it  will  cease  if  the  plane  be  placed  in  the  perpendicular 
position,  h.  The  reason  of  this  will  be  clear  if  it  be  noticed  that,  in 
the  first  case,  the  circle  is  so  placed  as  to  catch  the  greatest  possible 
number  of  lines  of  magnetic  induction,  and  there  will  be  a  high 
electromotive  force  in  it  in  consequence  of  their  rapid  reversal ; 
while,  in  the  second  case,  the  lines  do  not  thread  the  circle  and 
hence  no  electromotive  force  is  to  be  expected  from  the  reversal. 
Sparking  may,  however,  also  be  caused  by  the  variations  of  the 
electrostatic  field  ;  thus  if  the  circle  be  placed  in  position,  c,  with 
its  spark  gap  outside  the  plane  of  the  paper,  sparks  may  occur,  and 
are  then  due  solely  to  this  cause. 

Near  the  vibrator,  the  resonator  gives  sparks  of  7  to  8  milli 
metres ;  and  at  distances  of  15  to  20  metres  sparks  of  only  a  few 

O. — .^  hundredths   of    a    millimetre,    but 
3        C  {        j  still  visible.     A  stone  or  brick  wall 

^'— ^  or  a  door  does  not  stop  the  action ; 
a  metal  surface,  according  to  its 
thickness   and    conducting    power, 

f7  reflects  the  vibrations,  and  acts  like 

a  more  or  less  perfect  screen. 
»»  The  question  arises,  whether  this 

„  action     is     instantaneously    trans- 

mitted in  the  medium,  or  whether 
it  has  a  finite  velocity.  In  the  first  case,  all  points  should  be  at 
the  same  moment  in  the  same  phase  as  the  source ;  in  the 
second,  the  propagation  must  take  place  in  the  form  of  waves. 
If  V  is  the  uniform  velocity  of  propagation  and  T  the  period,  the 
wave-length, 

X=VT, 

is  the  distance  through  which  the  effect  is  propagated  during  a 
complete  vibration.  At  points  distant  by  X,  2A,  3A.  .  .  .  the 
electrical  disturbance  is  the  same  at  each  instant  as  that  of  the 
source,  except  as  to  amplitude ;  at  points  distant  by  |-A,  |^X,  |A, 
the  motion  is  in  the  contrary  diiection.^ 

In  order  to  render  these  waves  manifest  Hertz  changed  them 
by  reflection  into  stationary  vibrations.     It  is  known  that  if  waves 

^  Let  us  imagine  two  wires  stretched  parallel  to  each  other,  one  belonging 
to  a  primary  and  the  other  to  a  secondary  circuit.  If  the  former  is  traversed 
by  an  alternating  current,  and  the  latter  is  at  a  distance  from  the  inductor 
equal  to  one  wave-length,  it  will  be  acted  upon  in  the  same  way  as  if  it  were  in 
contact,  except  as  regards  intensity.  But  if  it  is  at  a  distance  of  half  a  wave- 
length,  the  induced  electromotive  force  will  at  each  instant  be  in  the  opposite 
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are  reflected  from  a  plane  surface,  the  reflected  waves  interfering 
with  the  dii'ect  waves  give  stationary  vibrations  separated  by  fixed 
nodes.  In  order  to  see  this  we  need  only  draw  a  sine  curve  and 
fold  it  back  on  itself  about  any  line  perpendicular  to  its  axis 
(Fig.  293)  (comp.  354).  The  points  where  the  ordinates  of  the  two 
curves  are  equal,  are  always,  if  we  do  not  take  account  of  the  sign, 
at  distances  0,  ^X,  |A  .  .  .  from  the  reflecting  suiface.  If  the 
reflection  takes  place  with  change  of  sign,  the  distances  0,  |A,  X, 
•|A  correspond  to  the  nodes,  the  distances  JA,  |A  .  .  .  to  the  loops. 
This  is  exactly  what  takes  place  when  waves  from  an  electrical 
vibrator  strike  against  a  metal  wall  parallel  with  the  vibrator. 
There  is  a  node  at  the  wall,  and  others  follow  at  equal  distances. 
For  a  vibrator  whose  period  is  thirty  thousand-millionths  of  a 
second,  the  interval  between  the  nodes  is  about  5  metres.  The 
wave-length  in  this  case  is  10  metres,  which  makes  the  velocity  of 


Fig.  293. 


propagation  300,000  kilometres ;  that  is  to  say,  exactly  the  velocity 
of  light. 

344.  Lecher  Wires. — One  of  the  readiest  ways  of  investigating 
these  undulatory  effects  is  to  make  them  excite  stationary  oscillations 
in  long  conductors.  The  arrangement  is  represented  in  Fig  294. 
A  and  B  are  the  Hertzian  oscillators,  and  a,  b,  are  two  smaller 
plates  placed  near  and  parallel  to  them.  To  these  smaller  plates, 
long  parallel  wires  are  attached.  The  waves  spreading  out  from 
the  oscillating  charges  in  a  and  B  are  picked  up  in  part  by  the 
plates,  a,  b,  and  run  along  between  the  wires  till  they  reach  the 

direction  to  that  which  would  be  produced  close  to  the  primary  conductor. 
In  such  a  case,  tiie  usual  laws  as  to  the  directipn  of  the  induced  currents 
would  be  reversed.  The  experimental  proof  of  this  fact  would  be  the  most 
direct  proof  that  the  propagation  occupies  time  ;  but  if  the  velocity  were 
that  of  light,  the  wave-length  of  an  alternating  current  of  100  periods  in  a 
second  would  be  3000  kilometres,  and  the  two  wires  would  have  to  be  placed 
1500  kilometres  apart. 
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distant  end  at  which  reflection  occurs.  The  direct  and  reflected 
systems  form  stationary  waves  (as  in  organ  pipes)  and  the  positions 
of  the  nodes  may  be  obtained  by  placing  a  vacuum  tube  as  a 
bridge  across  the  wires.  If  it  be  placed  at  the  nodes  it  does  not 
glow ;  at  intermediate  places  it  glows  if  suitably  exhausted.  The 
distance  between  two  nodes  is  half  a  wave-length.  Besides  the 
fundamental  wave,  harmonics  may  usually  be  detected. 

The  dotted  lines  in  the  figure  (Fig.  294)  show  approximately  the 
state  of  things  at  the  end  of  a  quarter  of  a  period  from  the  com- 
mencement of  the  first  oscillation  ;  the  state  when  stationary  waves 

are  fully  set  up  is  shown 
in  like  manner  in  Fig.  295. 
^  In  this  figure  the  direc- 
^1  tions  in  which  the  lines 
'  of  electric  force  have  just 
been  moving  are  indicated 
by  arrows.  In  both  cases 
the  long  conductors  are 
shown  connected  together 
by  a  wire  at  their  ends ; 
when  this  is  the  case  the 
end  is  necessarily  a  node, 
for  the  connecting  wire 
maintains  the  difference  of 
potential  there  perman- 
ently zero — at  least  if  its  re- 
sistance may  be  neglected. 

345.  Rays  of  Electri- 
cal Force. — True  rays  of 
electrical  force  may  be  ob- 
tained by  placing  a  small  \nbrator  along  the  focal-line  of  a  parabolic 
cylinder  (Fig.  296). 

The  field  in  which  the  phenomenon  can  be  perceived,  and  in 
which  sparks  can  be  obtained  with  the  resonator,  is  bounded 
by  two  vertical  planes  which  pass  through  the  edges  of  the 
mirror,  and  are  parallel  to  the  axis  of  the  parabola.  This 
forms  a  parallel  electric  beam,  identical  with  the  luminous  beam 
which  a  source  of  light  would  give  if  put  in  the  place  of  the 
vibrator. 

If  this  beam  is  received  upon  a  mirror  identical  with  the  first, 
the  well-known  experiment  of  the  two  conjugate  mirrors  may  be 
repeated,  and  it  may  be  shown  that  the  vibratory  motion  is  con- 
centrated on  the  focal  line  of  the  second  mirror. 


Fig.  294. 
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The  lay  may  also  be  reflected  at  a  vertical  plane,  and  the  angle 
of  I'eflection  proved  to  be  equal  to  the  angle  of  incidence. 

The  radiation  can  be  transmitted  through  a  prism  with  vertical 
edges ;  in  this  case  it  is  deflected  towards  the  base  of  the  prism, 
and  the  refractive  index  of  the  substance  for  the  wave-length  used 
can  be  deduced  from  the  amount  of  deviation. 

A  flat  grating  formed  of  parallel  copper  Avires  intercepts  the 
beam  if  the  wires  are  parallel  to  the  vibrations,  and  allows  them 
to  pass  if  they  are  perpendicular.  It  thus  acts  like  a  tour- 
maline on  a  ray  of  polarised  \ < 

light.  V'~~~7 

These      resemblances     be-  V -f 

tween  electric  waves  and  light  /'"" 
were  early  detected ;  at  the  ', 
present  time  there  is  scarcely  > 
any  simple  optical  fact  which 
has  not  its  experimentally 
proved  electrical  analogue. 
For  example,  many  varieties 
of  optical  interference  and 
diffraction  experiments  have 
been  imitated  (Fresnel's  bi- 
prism  and  mirrors,  diffraction 
grating,  Michelson's  interfer- 
ential refractometer).  In  re- 
gard to  polarisation,  the 
ellipsoid  of  elasticity  for  electric 
waves    has    been    determined 

the    case    of    selenite    by 
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in    ttie    case 

measuring  the  refraction  through  prisms  cut  in  different  manners. 
Nicol's  piisms  have  been  constructed  of  sulphur, 
a  plate  of  ebonite  taking  the  place  of  Canada 
balsam  ;  and  with  their  aid  the  lines  of  extinc- 
tion for  a  cleaved  slice  of  selenite  have  been 
ascertained.  Though  these  lines  do  not  agree 
with  those  obtained  by  optical  methods,  the 
difference  is  simply  one  of  those  which  throw 
fresh  light  on  a  subject;  for  it  turns  out  that 
one  of  the  extinction  lines  is  practically  paiallel 
to  a  secondary  cleavage  line  of  the  crystal,  which 
is  not  the  case  optically ;  and  thus  it  would 
seem  that  the  behaviour  of  selenite  to  long  waves 

is  much  more  nearly  related  to  its  crystal lographic  form  than  are 


Fig.  296. 
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its  optical  properties.  It  is  true  that  neither  natural  nor  magnetic 
rotation  of  the  plane  of  polarisation  (290)  has  been  observed ;  but 
since  optical  experiments  show  that  both  decrease  in  amount  with 
increase  of  wave-length  this  is  not  surprising.  In  general  the 
analogy  between  the  motion  produced  in  the  ether  by  electrical 
oscillations  and  by  luminous  phenomena  appears  complete,  and  we 
are  led  to  the  conclusion  that  they  only  differ  as  to  their  respective 
periods  of  vibration,  and  therefore  in  their  wave-lengths.  The  wave- 
length of  visible  rays  is  about  0 '00005  centimetre ;  that  of  theimal 
rays,  as  observed  by  Rubens,  is  O'OOG  centimetre  ;  the  smallest 
wave-length  which  has  hitherto  been  observed  for  electrical  rays  is 
about  4  mm.,  that  is  to  say,  8000  times  as  great  as  for  the  visible 
rays. 

346.  Propagation  along  Wires. — A  straight  insulated  wire 
fixed  perpendicularly  to  the  centre  of  a  metal  plate  placed  close  to 
one  of  the  knobs  of  the  discharger  is  traversed  by  waves  which, 
reflected  from  the  end  of  the  wire,  give  rise  to  stationary  vibrations. 
The  distance  from  one  node  to  another  is  constant  whatever  be  the 


Fig.  297. 

nature  of  the  wire,  and  this  value  is  the  same  as  for  air.  It  follows 
from  this  that  the  propagation  takes  place  through  the  air,  and  not 
through  the  wire. 

We  might  infer  from  the  extreme  rapidity  of  the  oscillations 
that  the  phenomenon  does  not  penetrate  beyond  the  surface  of  the 
wu'e  (336).  Hertz  demonstrated  this  directly  by  the  following 
arrangement  (Fig.  297).  The  wire  is  cut  at  a,  and  the  gap  is 
enclosed  in  a  kind  of  cage  made  of  metal  wires  stretched  between 
two  discs,  a  and  /3.  The  disc  a  is  in  contact  with  the  wire ;  the 
disc  /?  is  supported  by  a  metal  tube  yd,  which  surrounds  the  wire,  but 
does  not  touch  it.  As  the  waves  arrive  in  the  direction  of  the 
arrow,  there  is  no  spark  at  a  if  the  tube  is  connected  at  S  with  the 
wire ;  the  electrical  action  stops  at  the  outer  sui^face.  The  sparks 
reappear,  however,  if  the  tube  is  insulated  at  S ;  in  this  case  the 
oscillations  travel  through  the  dielectric  between  the  wire  and  the 
inner  surface  of  the  tube. 

347.  Coherers. — When  a  tube  containing  iron  filings  is  inter- 
posed in  a  battery  circuit,  although  it  may  be  non-conducting  to 
start  with,  it  becomes  suddenly  conducting  when  an  electric  spark 
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passes  in  the  neighbourhood ;  a  gentle  tap,  however,  is  usually 
sufficient  to  restore  the  previously  non-conducting  state.  This 
phenomenon  was  first  observed  by  Calzecchi-Onesti  in  Italy  (1884), 
and  afterwards  by  Branly  in  France  (1890).  A  similar  pheno- 
menon had  been  observed  by  Sir  Oliver  Lodge  (1889),  who  found 
that  when  two  metallic  knobs  were  placed  so  nearly  in  contact  that 
they  just  failed  to  allow  a  feeble  current  to  pass,  communication 
can  be  established  by  the  passage  of  a  spark  between  them. 

The  name  coherer  is  given  to  any  arrangement  exhibiting  this 
phenomenon. 

The  explanation  of  the  action  is  not  yet  complete.  It  is 
certain  that  under  the  action  of  the  exciting  spark  the  filings  are 
caused  to  cling  together ;  indeed,  long  chains  of  such  adherent 
particles  can  be  obtained  ;  and,  according  to  Lodge,  this  coherence 
is  the  main,  if  not  the  sole  cause  of  the  diminution  of  resistance. 
On  the  other  hand,  with  some  substances  (peroxide  of  lead,  mag- 
nesium and  potassium  in  paraffin  oU)  the  spark  causes  an  increase 
in  resistance,  especially  for  high-voltage  currents,  and  although 
this  effect  may  be  owing  to  secondary  actions,  this  does  not  yet 
seem  to  have  been  proved  definitely. 

Owing  to  their  sensitiveness  to  electric  disturbances  coherers 
are  largely  employed  in  experiments  on  electromagnetic  waves ; 
indeed,  most  of  the  quasi-optical  experiments  which  have  been 
referred  to  (345)  were  made  with  the  use  of  coherers  as  detectors. 

Sir  Oliver  Lodge  has  also  devised  a  detector  which  depends  on 
the  fact  that,  if  a  small  pool  of  mercury  be  divided  by  a  greasy  knife, 
the  two  portions  remain  distinct,  unless  a  difference  of  potential 
of  a  fraction  of  a  volt  is  produced  between  them,  when  they  imme- 
diately coalesce.  In  this  detector  a  greasy  steel  wheel  is  maintained 
in  constant  rotation  with  its  edge  dipping  in  a  pool  of  mercury. 
Every  incident  wave  reunites  the  mercury,  which  is  at  once 
automatically  redivided.  No  tapping  is  required  —  indeed,  the 
apparatus  has  the  great  advantage  that  it  does  not  respond  to 
mechanical  tremors. 

348.  Magnetic  Detectors.— The  behaviour  of  the  ordinary 
coherers  is,  however,  rather  fickle,  and  it  seems  likely  that  they  will 
be  completely  displaced  by  devices  similar  to  the  last  or  to  the 
matjnetic  detector  of  Rutherford,  especially  where  quantitative  re- 
sults are  desired.  The  action  of  this  detector  depends  on  the  fact 
that  if  a  piece  of  iron  be  magnetised  to  saturation,  a  magnetic  field 
acting  in  the  sense  of  its  existing  magnetisation  produces  no  sensible 
change  of  magnetic  condition ;  whereas  a  reverse  field  produces 
in  general  a  maikeH   decrease  of  magnetisation.      Hence  a  small 
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bundle  of  strongly  magnetised  iron  wire  placed  inside  a  small  coil 
of  insulated  wire  serves  as  a  detector  of  electromagnetic  waves. 
When  electric  waves  fall  upon  the  coil  they  generate  in  it  alter- 
nating currents  which  are  gradually  damped  out,  and  these 
partially  demagnetise  the  iron.  The  amount  of  demagnetisation 
— which  can  be  measured  by  a  magnetometer — is  a  measure  of  the 
intensity  of  the  electric  waves  which  produce  it.  The  apparatus  is 
made  much  more  sensitive  when  only  qualitative  results  are 
desired  by  magnetising  the  bundle  of  wires  to  a  degree  correspond- 
ing to  a  point  on  the  steep  part  of  the  magnetisation  curve. 

349.  The  Electromagnetic  Field.— The   mutual   relations 

between  electrical  and  magnetic  phenomena,  and  especially  pheno- 
mena such  as  those  discussed  in  the  latter  part  of  the  present 
chapter,  afford  strong  confirmation  of  the  view,  already  referred  to 
several  times  in  the  course  of  this  woi'k,  that  electric  and  magnetic 
forces  are  the  result  and  manifestation  of  a  special  state,  or  rather 
states,  of  the  dielectric  medium  surrounding  the  bodies  on  which 
the  forces  are  exerted. 

At  any  part  of  a  dielectric  medium,  electric  and  magnetic  fields 
may  exist  either  sepai-ately  or  simultaneously,  and  in  the  latter 
case  the  effects  of  one  are  not  affected  by  the  existence  of  the 
other.  Otherwise  expressed,  an  electric  or  magnetic  field  may 
exist  independently  of  each  other,  or  they  may  be  superposed 
without  the  direction  or  intensity  of  either  being  modified  by  the 
coexistence  of  the  other. 

But  this  mutual  independence  of  the  two  fields  applies  only  to 
the  steady  state  of  each.  The  movement  of  lines  of  electric  force 
is  accompanied  by  magnetic  field,  which  at  any  point  is  per- 
pendicular to  the  plane  containing  the  tangent  to  the  line  of 
electric  force  through  that  point  and  the  direction  of  motion  ;  and, 
reciprocally,  the  movement  of  lines  of  magnetic  field  is  accom- 
panied by  electric  force  at  right  angles  to  the  du'ection  of  motion 
and  to  that  of  the  magnetic  field. 

A  complete  theory  of  electricity  and  magnetism  would  require 
as  its  basis  such  a  conception  of  the  structure  of  the  various  media 
as  would  afford  a  mechanical  explanation  of  the  properties  of 
electric  and  magnetic  fields  and  of  their  mutual  relations.  Various 
more  or  less  satisfactory  attempts  to  form  a  conception  of  this 
kind  have  been  made,  but,  without  discussing  them,  we  may  say 
that  the  evidence  seems  conclusive  that  the  phenomena  we  are 
studying  have  their  origin  in  special  conditions  of  the  medium 
occupying  the  field  surrounding  conductors,  although  we  cannot 
say  definitely  what  these  conditions  are. 
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Electric  and  magnetic  fields  can  exist,  not  only  within  ordinary 
matter  in  any  of  its  forms,  solid,  liquid,  or  gaseous,  but  also  in 
what  we  are  accustomed  to  speak  of  as  a  perfect  vacuum.  We 
must  suppose,  therefore,  that  the  electromagnetic  medium  is 
something  different  from  ordinary  matter,  existing  where  matter 
is  not,  and,  indeed,  extending  throughout  space  to  the  farthest 
limits  of  which  we  have  any  cognisance. 

Even  where  ordinary  matter  exists,  say  atmospheric  air,  its 
mechanical  properties  are  not  such  as  can  explain  the  electric  and 
magnetic  fields  which  exist  in  it.  We  must  think  of  the  required 
medium  as  existing  throughout  space,  and  retaining  everywhere 
essentially  the  same  properties,  whether  the  space  is  otherwise 
vacuous  or  occupied  by  any  kind  of  matter.  When  an  electric 
field  is  filled  with  air,  glass,  or  any  other  dielecti-ic,  we  must 
suppose  that  the  properties  of  the  field  depend  essentially  on  the 
electromagnetic  medium  coexisting  with  the  ordinary  matter, 
though  the  properties  of  the  medium  are  modified  quantitatively 
by  the  nature  of  the  ordinary  matter  with  which  it  is  associated. 

350.  Electricity  and  Optics. — In  order  to  explain  the  pro- 
pagation of  light  across  stellar  space,  and*  to  account  for  the 
properties  of  light  as  ascertained  by  experiment,  men  of  science 
have  long  recognised  the  necessity  of  supposing  some  medium,  the 
so-called  "  luminif erous  ether,"  possessing  mechanical  properties 
diffeient  from  those  met  with  in  ordinary  matter,  to  exist  through- 
out all  transparent  substances  and  to  extend  through  space. 

After  imagining  one  intangible,  all-pervading  ether,  in  order  to 
explain  optical  phenomena,  it  seems  highly  artificial  and  com- 
plicated to  imagine  a  second  intangible  medium  to  account  for  the 
phenomena  of  electricity  and  magnetism.  It  turns  out,  however, 
that  these  two  hypotheses  mutually  support  each  other;  that,  in 
fact,  the  mechanical  properties  which  must  be  attributed  to  the 
ether,  in  order  to  explain  the  transmission  and  properties  of  light, 
are  just  those  which  the  electromagnetic  medium  must  possess  in 
order  to  produce  the  effects  of  electricity  and  magnetism.  We 
may  say,  therefore,  that  the  required  electromagnetic  medium  has 
been  found  in  the  long-admitted  luminiferous  ether. 

It  appears,  indeed,  that  in  studying  optics  and  electricity  we 
are  really  investigating  the  properties  of  the  ether  from  two 
different  sides.  In  optics,  we  are  dealing  with  effects  due  to 
vibrations  of  enormous  rapidity ;  ^  whereas  in  electricity  we 
observe  the  effects  of  very  much  slower  vibrations,  or  of  steady, 

^  About  600  million  million  vibrations  per  second  for  the  mean  rays  of  the 
epectrum. 
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non-vibratory  conditions  of  the  ether.  Such  at  least  seems  to  be 
the  fair  inference  from  what  is  known  so  far. 

Without  attempting  to  give  a  complete  account  of  the  evidence 
in  favour  of  the  statements  we  have  just  made,  we  will  endeavour 
to  explain  the  nature  of  some  of  the  chief  steps  in  the  argument  in 
favour  of  regarding  electrical  and  optical  phenomena  as  different 
manifestations  of  the  same  agency. 

The  fundamental  property  that  must  be  ascribed  to  the  lumini- 
ferous  ether  is  that  of  receiving  and  transmitting  energy  in  the 
form  of  vibrations ;  hence  it  must  have  inertia  and  elasticity,  and 
thus  be  capable  of  possessing  energy  either  in  the  kinetic  or  poten- 
tial form.  The  kinetic  energy  of  a  portion  of  the  ether  possessing 
inertia  m,  and  moving  with  velocity  c,  is  of  course  =  ^mc^.  Com- 
paring the  ether  with  an  ordinary  elastic  material  possessing  the 
same  properties  in  all  directions,  we  may  express  the  potential 
energy  of  a  given  portion  of  it  as  follows : — Consider  a  rectangular 
block  of  an  elastic  material  having  one  face,  call  it  M,  held  fast, 
while  a  force  /  is  applied  uniformly  all  over  the  parallel  face  N. 
For  definiteness,  svippose  /  to  be  parallel  to  m  and  K,  and  to  another 
pair  of  the  faces  of  the  block.  If  a  is  the  area  of  one  of  the  faces 
M,  the  intensity  of  the  applied  force,  or  the  stress,  tending  to  deform 
the  block  is  p=f/a.  The  result  will  be  that  every  point  of  the 
face  N  will  move  relatively  to  M  in  the  direction  of  the  force  through 
a  distance  A,  say,  producing  a  strain  (in  this  case  a  shear)  s  =  X./1, 
if  we  put  I  for  the  distance  between  the  surfaces  M  and  N.  The 
applied  force  /  will  be  proportional  to  the  displacement  A,  which  it 
pi'oduceSj  and  during  its  application  work  will  be  done  equal  to  the 
product  of  its  average  value  into  the  final  value  of  the  displace- 
ment ;  this  is  easily  seen  to  be 

^fX=^2P^.ls  =  lps.v, 

where  v  =  al  represents  the  volume  of  the  elastic  block. 

The  work  done  in  producing  the  strain  is  stored  up  as  potential 
energy  in  the  strained  material,  and  from  the  above  it  appears 
that  the  energy  per  unit  volume  of  a  uniformly  strained  elastic 
substance  is  equal  to  half  the  product  of  the  stress  into  the  strain. 
The  criterion  of  perfect  elasticity  is  that  the  ratio  of  stress  to 
strain  is  constant,  and  this  constant  ratio  is  taken  as  the  measure 
of  the  elasticity.  Denoting  it  by  N,  we  may  write  the  potential 
energy  of  unit  volume  of  an  elastic  substance  in  the  three  alter- 
native forms 


350]  ELECTRICITY   AND   OPTICS  463 

In  the  case  of  electrical  energy,  it  seems  natural  to  regard  the 
energy  of  an  electrostatic  field  as  potential,  and  the  energy  corre- 
sponding to  the  movement  of  lines  of  force,  that  is,  the  magnetic 
energy  of  a  current,  as  kinetic.  We  will  consider  first  electrostatic 
energy.  If  the  charge  of  a  field  of  capacity  S  is  Q,  and  the  diffe- 
rence of  potential  between  the  boundaries  is  V-  V,  the  total 
energy  may  be  written 

^(V-V)Q  =  l(V-V)^S=^^. 

To  obtain  expressions  for  the  energy  of  unit  volume,  we  will 
consider  the  energy  of  a  portion  of  a  field  bounded  by  area  a  of 
two  parallel  plane  surfaces  at  a  distance  /  fiom  each  other.  The 
energy  in  this  case  is 

where  wis  the  volume  of  the  field  =  aL  If  we  put/  for  the  in- 
tensity of  electric  force  in  the  field,  or  (F-  F')//,  and  express  the 
charge  as  Q  =  (Ta  =  Da,  where  o-  is  surface-density  and  D  is  electro- 
static induction  (44),  we  get  the  three  following  expressions  for 
the  energy  of  unit  volume  of  the  field — 

The  electric  force  /  per  unit  area  of  the  field,  and  D  the  electrostatic 

induction,  may  be  looked  upon  as  representing  respectively  electric 

4-7r 
stress  and  electric  strain,  and  their  ratio,    „,  then  appears  as  the 

electric  elasticity  of  the  field.  From  this  point  of  view,  the  three 
shapes  in  which  we  have  written  the  expression  for  electric  energy 
per  unit  volume  correspond  exactly  with  the  three  forms  of  the 
expression  for  elastic  energy  per  unit  volume. 

As  we  have  said,  if  the  energy  of  an  electric  field  is  assimilated 
to  the  potential  energy  of  elastic  strain,  the  energy  of  a  current 
must  bo  of  the  nature  of  kinetic  enei'gy,  and  must,  therefore,  be 
expressible  in  a  form  comparable  with  hnd^,  where  c  is  a  velocity. 
An  electric  current  implies  the  motion  of  lines  of  force  (306),  and 
the  strength  of  a  current  is  an  expression  for  the  number  of  lines 
which  pass  a  given  section  of  the  circuit  in  unit  of  time.  We  may, 
therefore,  take  c  as  equal  to  or  pioportional  to  C.  It  remains  to 
consider  what  we  are  to  take  as  representing  the  inertia  m.  To 
investigate  this  point  we  will  again  choose  a  case  that  admits  of 
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easy  calculation.  Consider  the  energy  of  a  length  I  of  an  electro- 
magnetic cylinder  (266)  of  cross-section  a,  having  n  turns  of  wire 
per  unit  length,  through  which  a  current  of  strength  0  is  flowing. 
The  energy  is  (304)  ^LC^,  where  L,  the  self-inductance,  is  the  mag- 
netic flux  through  the  circuit  multiplied  into  the  electric  flux 
round  the  circuit,  both  for  the  case  of  unit  current.  This  gives 
(280) 

L  =  a  .  iirn^ .  nl, 

jx  being  the  magnetic  permeability  of  the  medium  inside  the  coil. 
The  energy  may,  therefore,  be  wxitten 

^LG^  =  lal.47rix.{nO)^. 

Here  al  is  the  volume  of  the  electromagnetic  field  considered.  The 
energy  of  unit  volume  is  therefore 

iA7rix.{nC)\ 

where  nC  is  the  effective  electric  flux  round  unit  length,  and  may 
be  taken  as  the  measure  of  electric  velocity.  In  this  case  iirfj. 
appears  as  the  electric  mass  or  inertia  of  unit-volume,  or  more 
simply  as  the  electric  density  of  the  medium. 

We  may  sum  up  the  results  of  this  discussion  by  saying  that 
electrostatic  energy  and  electromagnetic  energy  may  be  expressed 
as  respectively  the  potential  and  the  kinetic  energy  of  the  medium 

occupying  the  field,  if  — ^  be  taken  as  a  measure  of  the  electric 
K 

elasticity   of   the   medium,  and   iTTfi  as  a  measure  of   its  electric 

density. 

351.  Dielectric  Constant   and    Refractive    Index.— We 

began  by  recalling  that  the  luminiferous  ether,  in  order  to  fulfil  its 
function  of  transmitting  light,  must  possess  elasticity  and  density. 
The  velocity  with  which  vibrations  travel  through  an  elastic 
medium  is  equal  to  the  square  root  of  the  ratio  of  the  elasticity  to 
the  density  of  the  medium.  If,  then,  the  values  of  the  elasticity 
and  density  that  we  have  arrived  at  for  the  medium  concerned  in 
electric  and  magnetic  phenomena  are  the  values  of  the  elasticity 
and  density  of  the  luminiferous  ether,  we  should  expect  the  velocity 
of  light  to  be  equal  to 


y 


47r       ,  1 


Now,  although,  as  has  been  said,  no  means  is  known  of  measur- 
ing the  separate  values  of  K  and  /x,  the  product  Kfi  is  measurable 
in  various  waj's,  and   many  experiments  agree  in  indicating  for 
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its  value  for  air  1  -  9  x  lO^o  ("^^^^-V  (411).     The  square  root  of 

the  reciprocal  of  this,  or  3  x  10^^  centimetres  per  second,  is  almost 
exactly  the  mean  of  the  best  determinations  of  the  velocity  of  light 
and  electromagnetic  waves  in  air-. 

For  other  transparent  media,  the  value  of  the  magnetic  per- 
meability, ju,  does  not  differ  to  any  important  extent  from  its  value 
for  air,  therefore  the  difference  of  the  velocity  of  light  in  different 
media  must,  if  our  theory  is  right,  depend  upon  differences  of 
specific  inductive  capacity,  K.  That  is,  if  n  is  the  velocity  of  light 
in  air  arid  u  its  velocity  in  another  medium,  and  K  and  K'  the 
corresponding  inductive  capacities,  we  ought  to  have 


n_     /K' 


K 

The  numbers  that  are  recorded  as  the  values  of  the  specific  induc- 
tive capacity  for  various  substances  are  really  comparative  values 
referred  to  air,  and  therefore  give  at  once  the  ratio  K'jK.  On  the 
other  hand,  the  undulatory  theory  of  light  indicates  that  the  ratio 
uju'  of  the  velocities  in  air  and  any  other  medium  is  the  index  of 
refraction,  n,  of  light  from  air  into  this  medium.  We  thus  come  to 
the  further  conclusion  that  the  dielectric  coefficient  of  a  transparent, 
substance  (that  is,  its  relative  specific  inductive  capacity  compared 
with  air)  should  be  equal  to  the  square  of  the  index  of  refraction  of 
light  from  air  into  that  substance. 

In  considering  this  statement  it  should  be  carefully  borne  in 
mind  that  this  correspondence  must  be  expected  to  hold  only  when 
both  the  constants  (K  and  n)  are  measured  for  waves  of  the  same 
frequency.  The  great  disparity  between  the  wave-lengths  of 
light  (or  even  of  radiant  heat)  and  electric  waves  makes  the  direct 
comparison  impracticable  in  general,  and  in  seeking  for  evidence 
of  correspondence  some  extrapolation  formula  must  be  employed. 
But  here  a  great  difficulty  presents  itself ;  it  is  not  safe  to  assume 
that  the  refractive  index  varies  in  a  continuous  manner  with 
change  in  wave-length.  Even  within  the  range  of  the  visible 
spectrum  s^^bstances  are  known  (e.g.  iodine  vapour,  fuchsine) 
whose  refractive  power  varies  abnormally,  being  greater  in  the 
red  than  in  the  green.  This  abnormality,  which  is  exceptional  in 
the  visible  spectrum,  is  found  to  be  general  when  larger  ranges  of 
wave-length  are  examined.  Thus  for  quartz  the  index  for  the 
visible  rays  is  about  1-5,  and  it  decreases  to  about  1'3  for  rays 
whose  wave-length  is  about  -0008  cm. ;  but  for  rays  of  wave-length 
•0056  cm.  it  has  risen  to  2-2.     Now  the  dielectric    coefficient   of 

2  G 
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quartz  for  electromagnetic  waves  has  been  found  to  be  4  6,  the 
square  root  of  which  is  2-12.  Thus  we  see  that  for  this  substance, 
on  which  an  extended  series  of  measurements  has  been  made, 
agreement  is  found  to  be  at  least  possible,  although  a  hasty 
examination  of  the  visible  spectrum  would  lead  one  to  conclude 
that  agreement  was  impossible. 

In  some  cases,  however,  the  refractive  index  has  been  obtained 
for  electromagnetic  waves  themselves.  Thus,  Lampa  has  shown  by 
direct  measurement  of  the  index  for  waves  8  mm.,  6  mm.,  and 
4  mm.  long,  that  the  corresponding  refractive  indices  of  water  are 
8-97,  9-40,  9-50,  the  squares  of  which  numbers  lie  between  80  and 
90  ;  and  this  is  about  the  value  of  the  dielectric  constant  obtained 
by  other  observers  for  long  waves.  Thus,  again,  the  theory 
receives  a  confirmation  which  is  unexpected  when  the  index  of 
water  for  visible  rays  (1'33)  is  alone  regarded.  In  fact,  where  the 
theory  has  been  thoroughly  tested,  such  good  agreement  is  found  that 
we  may  reasonably  suppose  that  any  apparent  discordance  in  other 
cases  arises  merely  from  the  scantiness  of  our  experimental  data. 

352.  Dielectric   Currents. — In  the  foregoing  part  of  this 

chapter  the  aim  has  been  to  present  the  reader  with  a  general 
account  of  electric  waves  and  their  propagation.  Maxwell,  as  the 
result  of  a  brilliant  generalisation,  had  predicted  their  possibility 
as  early  as  1865.  We  shall  now  give  an  account  of  this  generalisa- 
tion and  of  the  argument  on  which  his  expectation  was  based. 

We  have  seen  that,  when  an  electric  current  divides  along  two 
paths  at  a  point  in  a  circuit,  the  algebraic  sum  of  the  currents 
flowing  to  the  point  is  zero  (118).  Consider  now  the  case  shown 
in  Fig.  298,  where  a  condenser  has  a  resistance  in  parallel  with  it. 

If  the  current  C  is  constant  the 
potential  difference  between  the 
terminals  of  the  condenser  is  con- 
stant, and  so  also  is  its  charge  : 
the  whole  current,  therefore,  flows 
along  the  parallel  conductor.  If 
Fig.  298.  the   current    G    change    in    any 

way  this  is  no  longer  the  case ;  for  any  change  will  cause  a  varia- 
tion of  the  potential  difference  between  the  armatures  of  the  con- 
denser, and  consequently  the  charge  of  the  condenser  will  vai-y  also. 
If  Q  is  the  instantaneous  value  of  this  charge,  and  c^  the  current 
in  the  parallel  resistance,  the  following  relation  is  now  satisfied  at 
the  point  A — 
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Since  a  corresponding  equation  holds  at  B  the  result  is  the  same — 
as  far  as  Kirchhoff's  law  is  concerned — as  if  a  current  of  value, 
dQjdt,  were  flowing  from  a  to  B  through  the  condenser.  Now  there 
is  no  current  there  in  the  ordinary  sense,  but  there  is  a  change  in 
progress  in  the  dielectric,  viz.,  the  change  in  the  value  of  the 
electric  induction  there.  The  value  of  this  induction  at  any 
point  varies  proportionately  to  the  charge  on  the  boundaries. 
If  we   imagine  that  there  is  an  actual  current  in  the  dielectric 

equal    at   any    point    to    - —    where    D  is  the    electric   induction 

there,  and  flowing  along  the  lines  of  induction,  then  the  tubes 
of  induction  will  also  represent  tubes  of  flow  of  this  current, 
and  these  will  be  continuous  with  the  tubes  of  flow  in  the  con- 
ductor ;  Kirchhoff's  law  will  then  apply  to  every  part  of  the 
circuit.  This  in  itself  would  be  of  little  importance.  Maxwell, 
however,  went  further,  and  assumed  that  the  current  above 
defined  possesses  the  same  magnetic  properties  as  the  currents  in 
conductors.  This  assumption  is  indeed  the  chief  peculiarity  of  the 
theory  given  in  his  treatise.  He  called  the  supposed  current  a 
displacement  current ;  in  order,  however,  not  to  tacitly  imply  any 
particular  theory  of  the  natiu-e  of  the  actions  which  go  on  in  the 
electric  field  we  shall  refer  to  it  as  the  dielectric  current.  No 
experimental  evidence  of  its  existence  was  obtained  in  Maxwell's 
lifetime  (1831-1879) ;  but  the  phenomena  which  have  been 
described  in  this  chapter  abundantly  justify  us  in  believing  in  its 
reality. 

In  discussing  the  flow  of  current  along  a  cable  (341)  we 
stated  that  the  difference  of  the  currents  simultaneously  entering 
and  leaving  any  element  was  represented  by  the  rate  of  charging 
of  the  condenser,  of  which  the  element  is  one  coating.  In  accord- 
ance with  the  definition  just  made  this  will  be  otherwise  described 
by  saying  that  the  total  current  entering  the  element  is  equal  to 
the  total  current  leaving  it,  the  dielectric  current  being  in  each 
case  included. 

353.  Propagation  of  Plane  Waves. — In  order  to  illustrate 

the  application  of  the  above  principle  to  cases  where  no  conductor 
is  present,  and  where  in  consequence  the  current  must  be  wholly  a 
dielectric  one,  we  shall  consider  the  case  of  the  propagation  of  a 
plane  electromagnetic  wave.  In  such  a  wave  the  electric  force,  F, 
and  magnetic  field,  H,  are  at  right  angles  to  one  another  and  also 
at  right  angles  to  the  direction  of  the  propagation — that  is  to  say, 
they  lie  in  the  plane  of  the  wave-front.  They  have  uniform 
values  for  all  points  in  a  wave-front,  but  their  values  change  in 
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passing  from  point  to  point  in  the  direction  of  propagation.  If  we 
out  out  a  small  piece  of  the  medium  lying  between  two  successive 
positions  of  the  wave-front,  the  values  of  these  quantities  may  be 
represented  as  in  the  following  diagram  (Fig.  299),  the  relative 
directions  having  been  chosen  from  comparison  with  an  ordinary 
conducting  circuit  (Fig.  263). 

Since  by  assumption  the  electromagnetic   laws  are  to  be  the 


same  as  we  have  previously  shown  to  be  true  for  conducting 
circuits,  we  shall  first  apply  Faraday's  law  of  induced  electro- 
motive foice  to  the  rectangle  lmon,  viz.: — Total  electiouiotive 
force  in  clockwise  direction  round  the  circuit;  equals  i-ate  of 
decrease  of  the  total  induction  downward  through  it.  But  the 
total  electromotive  force  is  equal  to  the  line-integral  of  the  electric 
force  round  the  circuit.     Hence 


y^'&^yy 


Fdy  = 


which  if  fM  is  constant  becomes 


dF_ 

dx 


-^—    .    .     .     .    (1). 


Again  (265),  the  line-integral  of  magnetic  field  round  a  closed' 
curve  =  47r  X  total  current  through  it.  Consider  the  rectangle 
NOQP :  the  current  through  it  is  wholly  a  dielectric  current  (since 


no  conductor  is  present),  and  its  total  value  is 


—dxaz  enter- 

47r  dt 


ing  the  face  from  the  near  side ;  the  line-integral  of  magnetic  field 

is  wholly  contributed  by  the  two  side  paths  OQ  and  pn,  and  has  for 

value  /         dTT     \ 

In +^-^dx\dz  -  Hdz. 
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Equating  these  two  expressions  and  dividing  by  dxdz  we  obtain 

'Ji=.-K'l     ....     (2). 
dx  Zt  ^  ' 

Equations  (1)  and  (2)  are  the  fundamental  equations  for  a  plane 
wave.  We  have  come  across  similar  equations  before  in  connec- 
tion with  a  cable  (341),  and  may  at  once  write  down  the  corre- 
sponding solutions,  merely  making  the  necessary  change  from 
symbol  to  symbol.  Hence,  for  a  forwardly  propagated  simple 
wave 

H^KvF  ^     IT 

F=fMvH  ^      y.aK' 

For  a  backwardly  propagated  wave  the  same  equations  hold  if  v  be 
given  an  equal  negative  value.  Thus  waves  are  propagated  through 
the  dielectric  with  the  same  velocity  as  that  which  we  proved  (341) 
for 'the  propagation  of  a  current- wave  in  a  conductor  of  negligible 
resistance.  Since  the  forward  flow  of  energy  is  in  each  case  in  the 
dielectric,  and  the  conductor  when  present  merely  serves  to  degrade 
some  of  the  energy  into  heat,  diverting  it  out  of  the  dielectric  to 
that  end,  we  see  that  according  to  this  theory  the  two  cases  are 
essentially  identical. 

354.  Reflection  of  Plane  Waves. — If  the  wave  be  incident 

normally  upon  a  plane  conductor,  we  should  expect  reflection  to 
occur.  The  simplest  case  is  that  in  which  the  conductor  has 
practically  perfect  conductivity  :  in  this  case  the  electric  force  in 
the  forward  wave  must  at  the  mirror  be  reduced  to  a  permanently 
zero  value  by  the  reflected  wave,  for  no  electric  stress  could  exist 
in  such  a  conductor.  Let  1^\  and  H-^  be  values  for  the  incident 
wave  at  the  plane  of  the  conductor,  and  F^  and  IT^  ^^^  ^^^  reflected 
wave,  then  since  F^  =  [ivH^,  and  F^=  -  jj^vH^ 

F^  +  F2  =  fj-vH^  -  iMoH^  =  0, 
or 

H^  =  -STg. 

Hence,  while  the  resultant  electric  force  is  there  brought  to  zero 
the  magnetic  field,  H-^  +  H^,  is  doubled.  In  other  wox'ds,  while  the 
electric  force  is  reflected  with  reversal  of  phase,  the  magnetic  field 
is  reflected  without  any  alteration.  Students  of  sound  will  recall 
that  when  sound  is  reflected  from  the  open  end  of  an  oi'gan  pipe, 
the  same  statements  can  be  made  with  regard  to  the  excess  of 
pressure  and  velocity  of  the  particles  respectively. 

In  order  to  determine  the  values  of  F  and  H  at  other  points,  it 
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is  necessary  to  superpose  two  wave-trains  travelling  in  opposite 
directions,  and  of  such  relative  pliases  as  to  satisfy  the  values 
already  determined  (comp.  Fig.  293,  343).  In  other  words, 
if  we  write 

F=A  sin  (w^  -  qx)  +  B  sin  (wf  +  qx  +  e), 

and  take  the  mirror  as  origin  for  x ;  then,  since  F=  0  when  x  =  0, 
we  have  to  satisfy  the  equation 

A  sin  (ot  +  B  sin  (wt  +  e)  =  0, 
and  this  can  be  pei-manently  satisfied  only  if 

B=  -A     and     e  =  0; 

whence 

F=A  [sin  (oit  -  qx)  -  sin  (utt  +  qx)], 
=  —  2A  cos  (ot  sinqx. 

This  equation  represents  what  is  called  a  stationary  undulation. 
The  characteristic  of  such  an  undulation  is  that  there  are  positions 
for  Avhich  F  is  permanently  zero,  viz.,  wherever  sin(7u;  =  0;  these 
are  called  nodes.  Between  each  two  nodes  there  is  a  position 
where  the  range  of  variation  of  i^  is  a  maximum,  viz.,  wherever 
sing'x=l;  these  are  called  antinodes.  The  wave  in  an  organ 
pipe  or  vibrating  stretched  string  when  sounding  is  of  this  type. 

In  order  to  find  the  corresponding  values  of  H  we  must  make 
use  of  equation  2,  which  gives 

^  =  -  A  ^-  =  +  'IAKm  sin  wt  sin  qx, 

whence  by  integration 

H=J  lAKoi  sin  wt  sin  qx  dx 

2AKw   .       , 
=  — sin  m  cos  qx 

9. 

where  the  integration  constant  is  ignored,  since  it  would  be  non- 
periodic  with  respect  to  x.  This  is  similar  to  the  equation  for 
F,  but  the  positions  of  the  nodes  and  internodes  are  interchanged. 
It  may  be  pointed  out  that  in  an  organ  pipe  the  excess  pressure  is 
permanently  zero  at  the  positions  where  the  particle-velocity  under- 
goes maximum  variations,  and  vice  versa;  the  two  phenomena  are 
strictly  analogous. 

Tliese  considerations  will  make  clearer  the  description  of  the 
experiments  in  343. 
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354.*  Reflection  at  the  Interface  between  two  Dielectrics. 

— When  the  second  medium  is  a  dielectric  as  well  as  the  first  the 
wave  transmitted  through  the  surface  must  be  taken  into  account. 
Let  the  constants  of  the  second  medium  be  ju.',  k',  v' .  Then,  still 
restricting  th-9  problem  to  the  case  of  normal  incidence,  we  have 
the  following  relations  : — 

Forward  wave  in  first  medium     .         ,     F~^  =  \xvHy 
Reflected  wave  in  first  medium    .  ,     F<2,=  —  ^ivH^ 

Forward  wave  in  second  medium  .     F^  =  \j!v'H^ 

The  wave  in  the  second  medium  will  go  on  unchanged  until  another 
interface  is  reached  when  reflection  will  again  occur  and  the 
new  wave  which  thus  arises  will  ultimately  strike  the  first  surface, 
again  setting  up  new  waves  of  transmission  and  reflection.  This 
additional  complication  will  not  enter  for  a  long  time  if  the  second 
medium  is  very  thick ; ,  we  will  suppose  the  thickness  to  be  practi- 
cally infinite  and  that  the  complication  does  not  enter  at  all.  The 
three  waves  referred  to  above,  then  represent  the  whole  phenomenon. 
These  waves  are  not  independent,  for  the  usual  boundary  conditions 
must  be  satisfied  by  them.     These  conditions  give 

^1  +  ^2  =  ^3 

that  is,  the  tangential  components  of  electric  and  magnetic  forces 
are  continuous  across  the  boundary.  Inserting  the  values  of  H^,  H^, 
and  i/g  in  terms  of  i^^,  F^,  F^  and  eliminating  F^  and  F^  in  turn, 
there  result  the  equations 

F,^4^F,. 

These  equations  give  the  values  of  the  reflected  and  trans- 
mitted waves  in  terms  of  the  incident  wave.  They  indicate  that 
the  waves  fluctuate  in  simple  proportion  one  to  another,  the  trans- 
mitted and  incident  waves  being  in  the  same  phase  at  any  instant, 
whereas  the  reflected  and  incident  waves  are  in  the  same  or  in 
opposite  phases  according  as  /a'v'  is  greater  or  less  than  ^iv. 
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If  fi  —  fM   as  is  usually  the  case,  at  least  to  a  considerable  degree 
of  accuracy,  these  equations  become 

V   +V 

^     v'  +  v    ^ 

Denoting  the  densities  of  the  electrostatic  energy  by  E^,  E^,  and  E^ 
we  have 

Eo     kFo"^     fv'  -  v^ 


remembering  that 


E^     kF^^     \v'  +  vJ' 


■gg  _  k'F^^  _  (    2y  \2 


Ey     kF^^      \v^  +  v)  ' 


Precisely  the  same  relations  exist  between  the  densities  of  the 
magnetic  energy  in  the  respective  waves. 

Now  the  intensity  of  i"adiation  is  measured  by  the  energy 
passing  in  unit  time  through  unit  area  drawn  parallel  to  the  wave 
front.  This  amount  of  energy  is  calculated  by  multiplying  the 
energy-density  by  the  velocity  of  propagation.  Hence  we  have, 
denoting  the  intensities  by  /j,  /g,  and  /g, 

i.,      E^v     (v'-v\^     Ai-1\2 


t2  _-^2'J  _ 


^)- 


ly      EyV     \v'  +  vj       \n  + 

/g  _  E^v'  _    Aw'     _      An 
X  ~  "1>  ~  {v'  +  u)2 ~ (n+lp 

where  n  is  written  for  v/v'  and  thus  stands  for  the  refractive  index 
for  the  radiation  in  passing  from  the  first  to  the  second  medium. 

It  should  be  observed  that  /a  +  /g  =  /^ ;  or,  in  words,  the  whole 
of  the  electrostatic  energy  which  reaches  the  interface  in  unit 
time  is  equal  to  the  sum  of  the  two  amounts  which  leave  it  in  the 
same  time. 

These  expressions  agree  with  those  obtained  by  Fresnel  from  a 
non-electrical  theory  of  light. 


355]  ELECTRIC  CONVECTION  473 

355.  Electric  Convection. — When  an  electrically  chaiged 
body  moves,  the  lines  of  electric  induction  in  its  neighbourhood 
must  also  move  ;  and  in  general,  therefore,  the  value  of  the  electric 
induction  at  any  point  must  vary.  This  is  equivalent  to  saying 
that  there  is  a  dielectric  current  associated  with  the  movement, 
and  therefore  also  a  corresponding  magnetic  field.  Experiment  has 
shown  that  a  magnetic  field  results,  even  when  the  motion  takes 
place  in  such  a  way  as  not  to  involve  a  variation  in  the  electric  in- 
duction. This  action  was  detected  by  Rowland,  who  caused  a  disc 
of  ebonite  (whose  face  had  been  gilt)  to  rotate  rapidly  between  two 
discs  of  glass  which  were  also  gilt  on  the  faces  nearest  the  ebonite 
disc.  These  fixed  discs  were  intended  to  shield  a  magnet  suspended 
immediately  above  from  electrostatic  action,  and  also  from  the 
mechanical  action  of  currents  of  air  produced  by  the  rotating  disc. 
When  the  ebonite  disc  was  positively  charged,  a  deflection  of  the 
needle  took  place  in  the  same  direction  as  it  would  have  been  under 
the  action  of  an  electric  current  flowing  parallel  to  the  motion  of 
each  point ;  on  the  other  hand,  the  displacement  took  place  in  the 
opposite  sense  when  the  disc  was  charged  negatively.  The  action 
occiured  both  when  the  ebonite  disc  was  completely  gilt  and  also 
when  the  gilding  was  removed  along  radial  sectors. 

The  effect  obtained  was  very  small,  but  seemed  to  be  definite. 
Its  magnitude  was  consistent  with  assuming  that  an  electric  charge 
of  e  coulombs  moving  with  velocity  v  centimetres  per  second,  pro- 
duces the  same  magnetic  effects  at  external  points  as  one  centimetre 
of  a  current  of  ev  amperes. 

The  equivalent  current  is  known  as  a  convection  current, 

355.*  Calculation  of  the  Corresponding  Magnetic  Field. 

— To  illustrate  the  calculation  of  the  magnetic  field  which  sur- 
rounds a  moving  charged  body  we  will  take  the  case  of  a  charge 
on  a  very  small  body  moving  with  velocity,  v,  in  a  straight  line. 
Consider  any  circle,  of  radius  a,  whose  centre  is  on  the  line  of 
motion  and  whose  plane  is  perpendicular 

thereto  and   is  at   distance  x  from  the  ^^ 

charge  (Fig.    299a).     The  total  flux  of  J<^ 

electric    induction    which    threads    the  ^,^<-'' 

area    enclosed     by    the    circle    at    any         ■\w't  s 

moment  is  the  solid  angle  subtended  by  ^^^--^^^ 

the  circle  x  e/47r,  or  -  (1  -  cos  &).     As  e  ^^\ 

moves     from     left    to    right    the    solid  j-j^  299a. 

angle,  and  the  plane  angle  d,  increase; 

and  therefore  the  total    flux   also  increases,  the  rate  of   increase 

being    Isin^^.     But  r^  =  ^;    whence  ^  =  -,;    thus    the    total 
^     2  dt  vdt      r  dt      r^ 
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dielectric  current  {i.e.  the  sum  of  the  currents  through  each  part 
of  the  area)  is  equal  to 

eav  sin  6 
27-2  ' 
The  magnetic  field  corresponding  to  this  current  being  at  right 
angles  to  this,  it  may  be  represented  by  circles  concentric  to  the 
line  of  motion  ;  and  since  the  line  integral  of  the  magnetic  field 
round  any  one  of  these  circles  is  equal  to  iir  x  total  dielectric 
current  enclosed  we  have 

rrn  A     / BUV  Sin  6\ 


V     2r2 

or 

rr    eo.  sin  6 
■ti  = 7i — . 


Comparing  this  with  Laplace's  rule  (261),  it  is  seen  that  ev  takes  the 
place  of  the  expression  Cds  ;  that  is,  it  is  equivalent  to  an  elemen- 
tary length  ds  of  a  current  C.  We  have  supposed  in  the  above 
that  the  electric  induction  is  the  same  as  if  the  charge  were  at  rest. 
But  since  at  any  point  in  space  the  magnetic  field  changes  with  time 
there  will  be  an  induced  electric  field  surrounding  the  charge  ;  and 
this  will  alter  the  distribution  of  the  lines  of  the  resultant  electric 
induction.  Consequently  the  magnetic  field  will  itself  be  modified 
to  an  extent  which  increases  as  greater  speeds  are  considered.  But 
for  ordinary  velocities  this  reaction  is  negligible. 

Such  an  element  of  current  with  its  associated  field  of  electric 
induction  may  be  taken  as  a  realisable  current  element  as  distinct 
from  the  hypothetical  one  imagined  by  Laplace.  This  mode  of 
regarding  it  is  very  important  in  connection  with  that  view  of  the 
electric  current  according  to  which  it  is  regarded  as  consisting  of 
moving,  minute,  charged  particles.  Each  such  particle  in  the  con- 
ductor produces  an  electrostatic  field  whether  it  is  at  rest  or  in 
motion ;  but  during  motion  it  produces  also  a  magnetic  field  ;  and 
the  totality  of  electromagnetic  effects  produced  is  the  resultant  of 
those  due  to  the  several  particles.  In  a  conducting  wire  these 
particles  consist  of  positive  and  negative  bodies  in  nearly  equal 
amount  at  each  place  as  long  as  the  difference  of  potential  between 
different  parts  of  the  conductor  remains  moderate  and  the  conductor 
is  uncharged  on  the  whole ;  thus  the  resultant  electrostatic  effects 
may  be  only  small.  But  if  there  are  n  moving  electrons  per  unit 
volume  and  the  motion  in  the  case  of  the  positively  charged  ones 
in  the  direction  of  x  is  in  excess  by  v  cms.  per  second,  or,  in  the  case 
of  negatively  charged  ones,  is  in  defect  in  the  same  direction  by 
this  amount  on  the  average  :  then,  through  any  unit  area  per- 
pendicular to  the  direction  of  x  there  will  be  a  current,  (7,  equal  to 
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nev  where  e  is  the  average  charge  on  a  positive  particle.  In  a  length 
dx  of  the  conductor  the  number  of  moving  particles  is  ndx  ;  and, 
Cdx  =  {ndxe)v.  This  group  of  moving  charges  with  its  accompanying 
magnetic  field,  calculated  according  to  the  method  of  this  section,  con- 
stitutes what  is  known  as  a  rational  (or  realisable)  current  element. 

355.**  Energy  of  a  Moving  Charge.— The  total  energy 

corresponding  to  the  slow  motion  of  a  charge  can  be  easily  calculated 
for  the  case  in  which  it  resides  on  a  sphere.  Let  h  be  the  radius 
of  the  sphere.  Consider  first  a  spherical  shell,  of  radius  r  and 
thickness  dr,  concentric  with  the  moving  charged  sphere,  and  on 
this  take  a  circular  belt  of  radius  a  (Fig.  299a)  and  breadth  rdO, 
in  the  plane  of  the  figure.  The  cross-section  of  the  belt  is  then 
rdrdd  and  its  circumference  is  27ra  27rr  sin  6,  whence  its  volume  is 
2Tn-hlr  sin  6dd.  By  the  last  section,  the  magnetic  field  at  any 
point  of  this  belt  is  H=ev  sin  djr  and  in  all  cases  (305)  magnetic 
energy  per  unit  volume  is  ixH^/Stt.  Hence  for  the  energy  of  the 
belt  considered  we  have 

/x^sinS  ddd.dr  =   -  /^J^V   -   cos-  e)d  cos  d.dr. 

To  find  the  total  energy  through  all  space  we  integrate  first  for 
all  values  of  9  from  0  to  tt  keeping  ?•  constant ;  and  then  for  all 

values  of  r  from  h  to  infinity.     Since  -  1   (1  -  cos^  6)d  cos  9  is  equal 

to  f.,  the  first  integration  gives  fi — ^dr ;  the  second  gives  l^-^- 

Besides  this  magnetic  energy  the  sphere  possesses  electrostatic 

energy  of  amount  sensibly  unchanged  (for  slow  motions)  from  the 

value  possessed  when  at  rest.     Hence,  when  in  slow  motion,  the 

energy  due  to  its  charge  is  greater  than  when  at  rest  by  the  amount 

e2 


u—v"^.     If  the  charge  is  on  a  material  body  of  mass  m  we  must 

3b 
include  the  energy  of  its  motion  ^mv^ ;  the  total  amount  is  seen  to 

be  -},(7n  +  ^{''^\v^.  The  charge  may  be  considered,  therefore,  as 
increasing  the  effective  mass  of  the  body  by  an  amount  propor- 
tional to  the  square  of  itself.      The  term  -^  is  called  the  electro- 

60 

marpietic  mass  of  the  charged  body.  "When  i-apid  motions  are 
considered,  this  mass,  like  the  magnetic  field  itself,  is  not  accurately 
represented  by  the  expression  here  deduced. 

These  equations  are  true  whether  electromagnetic  or  electro- 
static units  are  employed ;  but  if  electrostatic  units  are  used  for 
expressing  e,  the  value  of  fj.  for  air  must  be  taken  as  (395) 
1/(9  X  1020)  c.G.S.  units. 


CHAPTER  XXIX 

GALVANOMETERS 

356.  Galvanometer. — A  galvanometer,  in  the  strict  sense  of 
the  word,  is  an  instrument  which  serves  to  measure  the  intensity 
of  a  current  by  the  action  which  it  exerts  on  a  magnetic  needle. 

It  consists  essentially  of  a  frame  on  which  wire  is  coiled  in  a 
vertical  plane,  and  of  a  magnetic  needle  suspended  horizontally  at 
the  centre  of  the  coil  (Fig.  300).  The  plane  of  the  wire  is  placed 
in  the  magnetic  meridian,  and  therefore  the  needle  is  parallel  to 
it  in  its  position  of  equilibrium.     The  field  due  to  the  earth  and 

that  due  to  the  current  near 
^  ^ -^        -i^::^ —  the  middle  of  the   coil  are 


Fig.  300. 


^-zi^z:;:::^—   thus  at  light  angles. 

Let  us  suppose  that  the 
field  due  to  the  current  is 
uniform  in  the  region  which 
is  occupied  by  the  needle, 
and  let  G  be  its  strength  for  unit  current ;  it  will  he  GC  for  a 
current  of  strength  C,  and  under  the  action  of  the  two  fields  the 
needle  will  come  to  rest  in  a  position  which  makes  an  angle  a  with 
its  original  direction.  If  H  is  the  horizontal  component  of  the 
magnetic  field  of  the  earth  and  M  the  moment  of  the  needle,  the 
angle  a  is  given  by  the  equation  of  equilibrium 

MH  sin  a  =  MGC  cos  a, 
from  which 

(7=:  — tan  a. 

Thus,  in  the  case  in  which  the  two  fields  are  uniform  and  at 
right  angles,  the  deflection  is  independent  of  the  magnetic  moment 
M  of  the  needle,  and  therefore  of  its  shape  and  magnetisation, 
and  the  tangent  of  the  deflection  is  proportional  to  the  strength  of  the 
current. 

This  condition  that  the  field  be  uniform  is  of  prime  importance 
for  the  galvanometer.     It  dispenses  with  any  empiiical  graduation. 
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It  is  easily  realised  if  small  needles  and  small  angles  of  deflection 
are  used.  This  is  the  case  with  all  galvanometers  of  modern  con- 
struction. The  inconveniences  of  small  deflections  are  amply  com- 
pensated by  the  accuracy  with  which  they  can  be  measured  by  the 
method  of  reflection  (84). 

The  scale  reading  gives  directly  tan  2a.  If  the  deflection  does 
not  exceed  3  to  4  degrees,  the  error  may  usually  be  neglected 
which  arises  from  taking  2  tan  a  =  tan  2a,  and  therefore  in  assuming 
that  the  current-strength  for  a  fixed  distance  of  the  scale  is  pro- 
portional to  the  displacement  x  -p  of  the  image.  For  a  deflection 
of  2°  the  error  due  to  this  assumption  is  less  than  1  part  in  800. 

357.  Absolute  Measurement  of  Currents— Tangent  Gal- 
vanometer.— The  absolute  measurement  of  current- strength  de- 
pends on  the  measurement  of  G  and  H.  We  know  how  H  is 
obtained  (243).  The  value  of  the  quantity  G,  which  we  will  call 
the  galvanometer-constant,  is  deduced  from  the  dimensions  of  the 
coil  of  wire.  This  requires  that  the  windings  should  be  accurately 
circular,  and  wound  with  such  regularity  that  the  radius  can  be 
.exactly  measured.  The  radius  should,  moreover,  be  very  large  in 
comparison  with  the  dimensions  of 
the  needle,  if  we  are  to  assume  that 
the  field  in  which  the  needle  hangs  is 
uniform. 

A  much  more  uniform  field  is  ob- 
tained by  using  two  equal  circular 
coils,  placed  parallel  to  each  other  at 
a  distance  equal  to  their  common 
radius  (264). 

A  current  of  unit  strength  going 
once  round  a  circle  of  radius  a,  pro- 
duces a  magnetic  field  which,  at  any 
point  on  the  axis  of  the  circle,  is 
directed  along  the  axis,  and  at  dis- 
tance X  from  the  centre  is  equal  to 
(262) 


2n-a2 


{a^  +  x^fk 


Fig.  301. 


The  values  which  this  expression  assumes  for  various  values  of 
X  are  shown  graphically  in  Fig.  301,  by  the  ordinates  of  the  curve 
A^CB2.  The  value  ic  =  0  corresponds  with  the  centre  of  the  circle  ; 
the  field  here  is  greatest,  and  is  represented  by  the  maximum 
ordinate   q^Aj.     As  x  increases,  the   magnetic  field,  as  shown  by 
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the  curve,  decreases,  at  first  slowly,  then  more  and  more  rapidly 
until  X  becomes  =  ia,  after  which  the  rate  of  decrease  of  field 
again  gets  slower  and  the  representative  curve  becomes  less  steep. 
At  the  point  of  greatest  steepness,  c,  the  curve  changes  from  being 
concave  towards  the  axis  to  being  convex,  and  at  this  point  there 
is  no  curvature  either  way.  In  other  words,  at  a  distance  along 
the  axis  equal  to  half  the  radius  of  the  circle,  the  magnetic  field 
decreases  for  a  little  way  at  a  uniform  rate.  Hence,  if  two  equal 
circles  or  circular  coils  are  placed  so  that  their  axes  coincide,  and 
at  a  distance  apart  equal  to  their  common  radius,  the  magnetic 
field  on  the  axis  at  a  point  half-way  between  the  circles  is  uniform, 

since  the  decrease  of  field 
corresponding  to  a  small  in- 
crease of  distance  from  one 
circle  is  compensated  by  the 
equal  increase  of  field  due  to 
decrease  of  distance  from  the 
other.  The  curve  P1QP2,  which 
represents  the  magnetic  field 
due  to  two  equal  circular  cur- 
rents placed  as  described 
above,  exhibits  this  result. 
The  ordinates  of  this  curve 
are  the  sums  of  the  corre- 
sponding ordinates  of  the 
curves  AjCB2  and  AgCB^  repre- 
senting the  fields  due  to  each 
of  the  two  circles  acting  sepa- 
rately. For  a  distance  on 
either  side  of  the  middle  point  equal  to  one-tenth  of  the  common 
radius,  the  field  decreases  only  by  about  one  part  in  9000,  so  that, 
with  two  circles,  each  of  25  centimetres  radius,  the  magnetic  field 
is  almost  exactly  uniform  for  a  distance  of  2*5  centimetres  on  each 
side  of  the  middle  point. 

Fig.  302  represents  a  galvanometer  constructed  upon  this 
principle,  which  is  due  to  Helmholtz.  With  an  instrument  of  this 
kind,  having  in  all  n  turns  of  wire  arranged  in  two  equal  coils  of 
mean  radius  a,  with  a  distance  2  ic  =  a  between  the  mean  planes  of 
the  coils,  the  magnetic  field  at  the  centre  due  to  a  current  of 
unit  strength  in  the  wire  is 


Fig.  302. 
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If  the  circles  are  accurately  set  with  their  common  axis  per- 
pendicular to  the  magnetic  meridian,  the  field  =  CG  due  to  the 
current  is  at  right  angles  to  the  earth's  horizontal  field,  //,  and  the 
resultant  field  makes  with  the  meridian  an  angle,  a,  given  by  the 
relation 

CG 
tan  a  =  — , 

and  the  axis  of  a  small  delicately  suspended  magnet  at  the  centre 
of  the  instrument  sets  itself  in  this  direction.  The  strength  of  a 
current  which  causes  a  deflection,  a,  of  the  magnet  is  therefore 

C=  —  tan  a  = -—  tan  a  =  0'2224  -^tan  a. 

G  4-496«  n 

For  example,  suppose  there  are  60  turns  of  wire,  30  on  each 
circle,  that  the  mean  radius  is  20  centimetres,  and  jH"=0'1825: 
then  the  current  which  deflects  the  magnet  through  45°  is 

C=  0-01353  (C.G.S.)  =  01353  ampere. 

If  the  deflections  are  observed  by  the  method  of  reflection,  with 
a  scale  at  a  distance  of  1  metre,  a  movement  of  the  reflected  ray 

through  1  centimetre  indicates  an  angle  a,  such  that  tan  2a  =  — 

In  such  a  case  we  may  take  tan  a  =  — — -,  and  the  strength  of  the 

current  is 

^i  =  -0006765  ampere. 
200  ^ 

In  the  case  of  a  single  circle  with  the  magnet  hung  at  the 
centre,  tlie  value  of  x  in  the  above  formula  =  0,  and  the  field  at 
the  centre  due  to  a  unit  curient  is  given  by  the  simpler  formula 

fy     2Trn 
Lr  = , 

a 

and  the  strength  of  a  current  which  produces  a  deflection,  a, 
becomes,  in  O.G.S.  measure, 

n    Ha  . 
U= tana. 

ZTTTl 

358.  Sine  Galvanometer. — Fig.  303  represents  a  sine  gal- 
vanometer. The  circle  is  set  at  first  in  the  plane  of  the  magnetic 
meridian,  and,  when  a  current  passes,  ib  is  turned  about  a  vertical 
diameter  in  the  direction  of  the  deflection,  until  it  has  again  the 
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same  position  in  regard  to  the  needle.  This  condition  is  indicated 
when  the  pointer  cd  fixed  to  the  needle  has  the  same  position 
as  at  first  on  the  graduated  circle  a.  Let  a  be  the  angle  through 
which  the  instrument  has  been  turned,  read  off  on  the  horizontal 
circle,  c,  then  since  the  couple  due  to  the  current,  MGC,  balances 
the  action  of  the  earth,  MH  sin  a,  we  have 


whence 


MGC=MHs,ma, 
6  =  -^  sm  a. 

6r 


The  current-strength  is  proportional  to  the  sine  of  the  angle 

through  which  the  instrument  is 
turned,  whence  the  name  of  the 
apparatus.  It  is  not  necessary  that 
the  field  due  to  the  cuirent  should 
be  uniform. 

By  this  apparatus  current- 
strengths  greater  than  HjG  cannot 
be  measured. 

359.  Shape  of  the  Coil.— In 

many  galvanometers,  no  attempt  is 

made  to  calculate  the   constant    G 

directly;    sensitiveness  is  the  only 

»j7  character  looked  to.    This  is  greater 

according  as  the  value  of   tan  a  is 

greater  for  the  same  current.     The 

sensitiveness   is  thus   measured   by 

G 
the  ratio  — ,  and  therefore  is  greater 
H 

as  G  increases  and  H  is  less. 

The  magnetic  field  at  the  centre 

due  to  unit  current  in  a  circle  of 

27r 
radius  a  is   — ;    the  length   of  wire  being  27ra,  the  field   due  to 

unit-length  of  the  wire,  or  the  specific  effect,  is  —  ,  and  therefore 

or 

varies  inversely  as  the  square  of  the  radius.  We  are  thus  led  to 
diminish  as  much  as  possible  the  radius  of  the  windings  and  there- 
fore the  length  of  the  needle. 

The  shape  to  be  given  to  the  coil,  so  as  to  get  the  greatest 
advantage  from  the  wire  used,  is  determined  by  the  condition  that 
the  specific  effect  is  to  be  the  same  at  all  parts  of  the  outer  surface ; 
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for,  if  it  were  otherwise,  there  would  be  an  advantage  in  trans- 
ferring some  of  the  wire  from  the  position  which  it  occupies  to 
another  wliero  the  specific  effect  is  greater.  This  leads  to  the 
adoption  for  the  meridian  section  of  the  coil  of  a  figure  approxi- 
mately like  that  obtained  by  squeezing  a  circle  along  its  vertical 
diameter  (Fig.  304). 

For  a  circle  of  radius  r  the  magnetic  field  along  the  axis  at  a 

point  o,  distant  ^  =  op  from  the  circle  (Fig.   304)  is  '^^  (262), 


p- 
The    condition 


and  the  field  due  to  unit-length  of   wire   is   — 

just  stated,  that  this  quantity  is 

to  be  constant  [  =  —    say  J  at  all 

points  on  the  surface  of  the  coil, 
may  be  written 

p^  =  N^  sin  9. 

For  0  =  90°,  this  evidently  gives 
p  =  N. 

The  figure  gives  successive 
curves  for  values  of  N,  which  in- 
crease in  arithmetical  progres- 
sion ;  the  dotted  parts  of  the 
curve  correspond  to  the  central 
space  left  for  the  magnet,  which 
is  hung  at  o,  with  its  axis  per- 
pendicular to  the  plane  of  the 
figure.  In  practice,  the  cross 
section  of  the  coil  has  not  the  exact  shape  represented  in  the 
figure,  but  is  a  rectangle  agreeing  as  nearly  as  may  be  with  the 
theoretical  shape.  In  any  case,  the  magnet  is  at  the  centre  of  a 
long  coil,  so  that  the  small  part  of  the  field  in  which  it  moves  may 
be  regarded  as  fairly  uniform. 

Considerations  similar  to  those  of  (279)  show  that  the  action 
exerted  by  a  coil  of  given  shape  is  independent  of  the  size  of  the 
wire  if  the  density  of  the  current  is  constant.  But  in  the  case  of  a 
given  electromotive  force,  the  current  depends  on  the  resistance  of 
the  wire,  and  the  external  action  is  a  maximum  when  the  re- 
sistance of  the  galvanometer-coil  is  equal  to  that  of  the  rest  of 
the  circuit. 

360.  Compensating  Magnet.— Two  methods  may  be  employed 
either  sepai'ately  or  simultaneously  to  diminish  the  value  of  H. 


Fig.  304. 
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Fig.  305. 


The  effect  of  the  earth  may  be  compensated  by  that  of  a  magnet 
which  produces  in  the  place  occupied  by  the  needle  a  sensibly  uni- 
form field  in  the  opposite  direction  to  that  of 
the  earth.  This  magnet,  which  is  called  the 
compensating  or  adjusting  magnet,  is  usually 
^-^  supported  on  a  rod  (Fig.  305),  to  which  it 
is  fixed  by  a  clamping  screw,  whereby  it  can 
be  set  at  any  desired  height ;  and  by  means 
of  a  tangent  screw,  the  rod  itself,  along  with 
the  magnet,  may  be  turned  about  its  axis. 

The  direction  of  equilibrium  of  the  needle 
is  that  of  the  resultant  of  the  two  fields. 
Thus  if  OA  (Fig.  306)  is  the  direction  of  the 
terrestrial  field,  OB  that  of  the  field  of  the 
magnet,  oc  will  be  the  direction  of  the  needle. 
It  will  be  seen  that  when  the  two  fields  are 
nearly  equal,  the  resultant  makes  an  angle  of 
nearly  90°  with  the  common  direction.  In  this  case  the  direction 
of  the  resultant,  and  therefore  the  position  of  equilibrium  of  the 
needle,  is  powerfully  influenced 
by  variations  of  the  earth's  field. 

361.  Astatic  Needles.— The 

second  method  consists  in  using 

a  system  of  astatic  needles  (181). 

The  couple  of  the  earth  oil  the  system  may  be  reduced  at  will. 

On  the  other  hand,  if  only  one  of  the  needles  is  placed  inside  the 

coil  and  the  other  outside,  the  couple  due  to  the  coil  is  slightly 
increased,  as  the  couple  which  it  exerts  on  both 
needles  is  in  the  same  direction  (Fig.  305). 

But  a  more  symmetrical  apparatus  and  greater 
|n  deflective  couple  is  obtained  by  using  two  coils, 
one  over  the  other  (Fig.  307),  and  placing  one  of 
the  needles  in  the  middle  of  each. 

If  the  current  passes  in  opposite  directions  in 
the  two  coils,  the  effects  are  obviously  concordant. 
362.  Damping". — When  a  current  corre- 
sponding to  a  permanent  deflection  «  is  started 
in  a  galvanometer,  the  needle  receives  an  im- 
pulse which,  neglecting  passive  resistances,  would 
cause  it  to  pass  beyond  its  position  of  equilibrium 

by  an  angle  a,  so  that  the  first  throw  would  be  equal  to  2a.     The 

needle  then  continues  to  oscillate  until  it  has  expended  its  energy 

against  passive  resistances. 
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The  oscillations  may  at  once  be  reduced  to  a  very  small  ampli- 
tude if  the  current  is  broken  after  a  time  equal  to  one-third  of  the 
period  of  a  single  swing  of  the  needle.  From  the  laws  of  simple 
harmonic  motion,  the  needle  will  in  this  time  have  traversed  the 

arc    -,  and  will  have  acquired  just  sufficient  velocity  to  bring  it 

A 

to  a.  The  circuit  is  then  closed  again  and  the  needle  remains 
practically  at  rest. 

An  analogous  method  is  used  to  bring  it  back  to  zero  with  no 
velocity  ;  the  circuit  is  broken  during  the  first  third  of  the  period 
of  swing,  it  is  made  again  during  the  second,  and  is  then  permanently 
broken. 

Even  with  these  precautions  the  needle  would  oscillate  for  a 
long  time  before  coming  perfectly  to  rest  if  the  oscillations  were 
not  damped.  This  may  be  effected  either  by  increasing  the 
resistance  of  the  air,  by  light  vanes  attached  to  the  magnet  and 
oscillating  with  it,  or  by  causing  the  motion  of  the  magnet  to 
generate  induction  currents  in  the  conductors  which  surround  it ; 
these  currents,  according  to  Lenz's  law  (299),  tend  to  oppose  the 
motion.  When  the  resistance  of  the  circuit  is  small,  the  currents 
produced  in  the  wire  itself  are  sufficient  to  damp  the  motion  ;  in 
galvanometers  of  high  resistance  the  needle  is  sometimes  sur- 
rounded by  a  mass  of  copper. 

Whether  the  damping  is  due  to  the  resistance  of  the  air  or  to 
induced  currents,  experiment  shows  that  the  amplitude  of  oscilla- 
tion decreases  as  the  terms  of  a  geometrical  progression.  We  may 
infer  from  this  that  the  retarding  causes  are  at  each  instant  pro- 
portional to  the  velocity  of  the  needle.  If  a^  a^,  Kg,  .  .  .  are  the 
successive  amplitudes,  we  have 

— 2  =  —  =  -?  =  constant. 

«1       «2       «3 

Let  the  value  of  this  constant  be  called  e*,  e  being  the  base 
of  the  Napierian  logarithms.  The  quantity  A,  or  the  Napierian 
logarithm  of  the  ratio  of  two  consecutive  amplitudes,  is  called  the 
loyaritTimic  decrement  of  the  oscillations,  and  is  taken  as  a  measure 
of  the  damping.  The  duration,  t,  of  the  damped  oscillation  is  a 
little  greater  than  the  duration,  T,  of  the  oscillation  of  the  same 
system  without  damping. 

By  gradually  increasing  the  damping,  the  oscillations  may 
ultimately  be  suppressed,  and  an  aperiodic  or  dead-heat  motion 
obtained ;  the  needle,  when  removed  from  its  position  of  equili- 
brium, returns  thither  with  a   velocity  which  increases  at   first, 
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100,  1000,  and  therefore  the  resistances 


of  that  of  the 


passes  through  a  maximum,  and  finally  becomes  zero,  when  the 
needle  attains  its  position  of  equilibrium. 

363.  Shunts. — The  limits  within  which  a  galvanometer  may  be 
used  may  be  greatly  extended  by  means  of  shunts.  This  term  is 
applied  to  a  branch  circuit  connecting  the  two  binding  screws  of 
a  galvanometer,  whereby  a  known  fraction  only  of  the  current  is 
allowed  to  pass  through  the  galvanometer. 

Let  g  be  the  resistance  of  the  galvanometer,  s  that  of  the 
shunt,  G  the  total  current,  and  c  the  current  in  the  galvanometer 
which  produces  the  observed  deflection ;  then,  from  the  law  of 
compound  circuits  (119),  a  +  s 

s 

The  factor  - —  =  m,  by  which  the  galvanometer  current  must 

6' 

be  multiplied  to  get  the  total  current,  is  called  the  multiplying 
l^oiver  of  the  shunt.  Galvanometers  are  usually  provided  with 
three  shunts,  which  have  respectively  the  multiplying  powers  10, 

1     1       1 
9'  99'  999' 
galvanometer  respectively  (Fig.  308). 

The  wire  of  the  galvanometer  being  attached  to  the  terminals 
G  and  g',  and  those  of  the  battery  either  to  the  same  terminals 
or  to  others,  p  and  p',  if  one  of  the  holes,  A,  u,  c,  is 
stopped  with  a  plug,  the  corresponding  shunt  is 
introduced.  When  the  plug  is  placed  at  o,  the 
galvanometer  is  "  short-cu-cuited,"  and  is  thus  pro- 
tected against  the  passage  of  an  accidental  current. 

364.  Differential   Galvanometer.— If  two 

identical  wires  are  coiled  close  together,  their 
effects  are  added  together  if  currents  in  the  same 
direction  are  passed  through  both ;  but  their 
combined  effect  is  the  difference  of  their  separate 
effects  if  the  currents  are  in  opposite  directions, 
and  therefore  vanishes  when  the  currents  in  oppo- 
site directions  are  equal. 

A  differential  galvanometer  should  satisfy  two 
conditions:  the  two  circuits  should  exert  equal 
effects  on  the  needle,  and  should  have  the  same  resistance.  The 
first  condition  can  be  tested  by  connecting  the  two  coils  in  series, 
but  so  that  the  current  traverses  them  in  opposite  directions  ;  the 
second  by  connecting  the  coils  in  parallel,  so  that  the  currents 
again  cu-culate  in  opposite  directions ;  the  needle  should  be 
stationary  in  both  cases. 


Fig.  308. 
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365.  Thomson's  Galvanometer.— The  general  plan  of  this 

is  represented  in  Figs.  304  to  307.  It  has  either  one  or  two  coils. 
The  one-coil  galvanometer  is  not,  in  general,  astatic.  The  galvano- 
meter with  two  coils  is  represented  in  Fig.  309.  It  has  usually  a 
considerable  re- 
sistance— f*oin 
8000  to  10,000 
ohms,  or  even 
more.  Theneedles 
are  about  8  milli- 
metres in  length, 
and  usually  con- 
sist of  a  series 
bars  (Fig.  310), 
greater     magnetic 


Fig.  310. 


of    small   parallel 
thus    giving    a 


moment  for  the  same  weight. 

The  small  mirror  is  fixed  to  one 
of    the   sets   of    needles,    or,   better 
still,     be- 
tween the 
two  coils, 
between 
which    a 
.sufficient  , 
space    is; 
left.    The^ 
damping 
is  effected 

by  a  thin  plate  of  mica,  that  moves  with 
tlie  needle.     The  two  coils  can   be  con- 
nected in  series  or  in  par- 
allel circuit,  or  the  instru- 
ment   can    be   used   as   a 
differential  galvanometer, 
Thomson's       galvano- 
meters attain  the  highest 
degree     of     sensitiveness. 
With     a     current    of     a 
thousandth    of    a    micro- 
ampere,  deflections  of  50 
millimetres  are  obtained  on  a  stvile  at  a  distance  of  a  metre. 

366.  Wiedemann's  Galvanometer. — Fig.  311  represents  a 

^galvanometer  of  the  form  introduced  by  Professor  G.  Wiedemann. 


Fig.  311. 
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The  needle  is  a  horse-shoe  magnet  which  oscillates  in  a  cavity  in  a 
solid  sphere  of  copper  (Fig.  312).  By  this  means  a  damping  effect 
is  obtained  suflS.cient  to  make  the  instrument 
aperiodic.  The  coil  is  divided  into  two  parts,  which 
may  be  moved  along  a  divided  scale,  and  thus 
the  sensitiveness  may  be  varied  at  pleasure.  There 
may  be  several  sets  of  coils  with  wires  of  various 
thicknesses.  The  miri'or  is  placed  in  a  small 
chamber  with  a  glass  front,  and  can  be  turned  in 
any  direction  without  its  being  necessary  to  twist 
the  rest  of  the  instrument. 

By  means  of  an  external  magnet,  the  strength 
and  direction  of  the  field  can  be  modified  at  pleasure, 
as  in  Thomson's  galvanometer. 

If    the  instrument  is   to  be  used    as   a  ballistic 
galvanometer,  the  copper  sphere  is  removed,  to  allow 
oscillation  to  take  place  freely. 

367.  Deprez  and  d'Arsonval's  Galvanometer. — A  rectan- 

gulai'  coil  (Fig.  313),  movable  about  a  vertical  axis  formed  by  two 

metal  wires  by  which  the  current 
enters  and  leaves,  is  placed  between 
the  poles  of  a  horse-shoe  magnet,  and 
a  cylinder  of  soft  iron,  which  becomes 
magnetised  by  influence,  is  supported 
inside  the  coil.  When  the  current 
passes,  the  coil  tends  to  set  itself 
with  its  plane  perpendicular  to  the 
field  (267),  and  takes  such  a  position 
that  the  deflecting  couple  due  to  the 
electromagnetic  forces  balances  the 
•  torsion  of  the  suspending  wire.  The 
I  damping  is  produced  by  induction 
currents  due  to  the  motion  of  the  coil 
in  the  field,  and  as  the  field  is  very 
strong,  the  apparatus  is  nearly  dead- 
beat  when  the  circuit  is  closed  by  a- low  resistance.  The  damping 
effect  is  often  increased  by  coiling  the  wire  on  a  light  silver  frame. 
The  deflections  are  read  by  means  of  a  small  mirror  attached  to 
the  coil.  If  JS  is  the  total  effective  surface  enclosed  by  the  coil, 
and  B  the  average  strength  of  the  induction,  and  T  the  coefficient 
of  torsion  of  the  wire,  the  equation  of  equilibrium  is 


Fig.  313. 


SBC  cos  a  =  Ta 
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from  which  is  deduced 

Ta 

C-. 


SB  cos  a 

For  small  deflections  a  is  equal  to  sin  a,  and  the  current  is 
sensibly  proportional  to  the  tangent  of  the  deflection. 

367.*  String  Galvanometer. — The  use  of  the  movement  of 

a  current-cai-rying  conductor  in  a  magnetic  field  as  an  indi- 
cator of  the  current  was  made  first  by  Gumming  in  1827,  and 
again  by  Highton  (in  his  Gold  Leaf  Telegraph)  in  1846.  In 
1903  Einthoven  devised  his  (so-called)  String  galvanometer, 
consisting  of  a  very  fine  silvered-quartz  fibre,  or  the  finest 
pi-ocurable  gold  wire,  stretched  between  the  poles  of  a  powerful 
electromagnet.  The  pole  pieces  are  bored  so  that  the  fibre  can 
1)6  seen,  and  the  lateral  motion  of  it  is  observed  through  a  micro- 
scope. With  a  field-strength  of  20,000  units  and  a  magnification 
of  600  times  it  is  possible  to  observe  the  lateral  motion  of  the  fibre 
due  to  a  current  of  10"^^  amperes.  This  galvanometer  has  the 
advantages  that  its  suspended  system  is  very  nearly  dead-beat 
and  has  a  very  short  period — at  least  this  is  the  case  when  the 
instrument  is  not  pushed  to  its  highest  sensitiveness.  The  period 
can  be  shortened  by  increasing  the  tension  of  the  fibre,  and  when  it 
is  short  the  instrument  can  be  used  in  connection  with  the  registra- 
tion of  a  fluctuating  current  on  a  movable  photographic  plate. 

A  sensitive  electrometer,  of  very  small  capacity,  is  obtained  in  a 
somewhat  similar  way  by  stretching  a  fine  wire  between  two 
oppositely  charged  plates,  its  movement  to  or  from  the  plates 
being  observed. 

368-  Electrodynamometer.  —  In  electi^odynamometers  the 
current  is  measured  by  tlie  action  which  two  conductors  exert  on 
each  other.  Other  things  being  equal,  the  action  is  proportional 
to  the  pi-oduct  CC  of  the  two  currents,  or  to  the  square  of  tlie 
current  if  the  two  conductors  are  each  traversed  by  the  same 
current.  In  the  latter  case  the  direction  of  the  action  is  not 
changed  when  the  direction  of  the  current  is  reversed. 

The  apparatus  usually  consists  of  two  coils,  one  fixed,  the  other 
movable,  the  movable  coil  being  placed  inside  the  fixed  coil  so  that 
the  centres  coincide  and  the  axes  are  at  right  angles  to  each  other. 

Under  the  influence  of  the  ctu'rent  the  axes  tend  to  set  parallel, 
and  the  moment  of  the  couple  which  acts  on  the  movable  coil  is 
equal  to  the  product  of  its  magnetic  moment  into  the  intensity  of 
the  field  due  to  the  fixed  coil.  For  a  current  6',  the  moment  of 
the  movable  coil  formed  of  n  turns  of  wire  enclosing  a  total  surface 
S  =  mrr"  is  equal  to  SC ;  the  strength  of  the  field  is  GC,  G  being 
the  constant  of  the  fixed  coil.     The  moment  of  the  couple  is  there- 
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fore  SGC'.  In  Weber's  electrodynamometer  the  movable  coil  is 
supported  by  a  bifilar  suspension,  which  at  the  same  time  serves 
to  convey  the  current.  The  angle  of  deflection  a  represents  the 
equilibrium  between  the  electrodynamic  couple  and  that  of  the 
suspension,  so  that  if  T  is  the  coefficient  of  torsion  of  the  bifilar, 

1  , ,         p  SGO^  cos  a  =  T  sin  a 

and  therefore 

G^  = tan  a  : 

SG 

the  square  of  the  current  is  proportional  to  the  tangent  of  the  deflec- 
tion. The  action  of  the  earth's  field  on  the  suspended  coil  can  be 
eliminated  by  setting  the  suspended  coil  with  its  axis  at  right  angles 
to  the  meridian  and  reversing  the  current  in  the  fixed  coil.  The  read- 
ings with  the  current  direct  and  reversed  correspond,  if  the  earth's 
action  is  comparatively  small,  to  the  sum  and  diflference  of  the  effects 
of  current  and  earth.  The  mean  of  the  numerical  values  of  these 
readings  gives  the  approximate  value  of  the  effect  due  to  the 
current  alone,  and  may  be  inserted  in  the  above  equation. 

369.  Pellat's  Absolute  Electrodynamometer.— In  Pellat's 

absolute  electrodynamometer  (Fig.  314)  the  movable  coil  is  fixed 
at  the  end  of  a  balance-beam,  so  that  its  axis  is  vertical,  and  it  is 

placed  in  the   uniform    field 
due  to  a  long  regularly  wound 

-t      coil.     If    Wj    is   the    number 

/'^  ^   of    turns   per    centimetre    of 
I  i^ii^l   the  fixed  coil,  we  have 

and  the  moment  of  the  couple  which  acts  on  the  beam  is  i-n-n^SG^. 
This  is  counterpoised  by  the  weight  of   a  mass,  p,  placed   at  a 
^distance,  a,  from  the  knife-edge;  we  have  thus 

pga  =  iirn-^SG^, 
from  which  we  can  deduce 


Fig.  314. 


where 


27rr  V    nn.^ 


a  constant  which  is  determined  once  for  all    by  direct  measure- 
ments. 

370.  Balance  Electrodynamometers. — The  strength  of  a 

current  may  also  be  deduced  from  the  square  root  of  the  attraction 
or  repulsion  exerted  between  two  parallel  coils  kept  at  a   fixed 
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distance.  In  an  apparatus  of  this  kind,  one  of  the  coils  is  sus- 
pended to  the  beam  of  a  balance,  and  the  force  between  it  and 
the  fixed  coil  is  weighed. 

A  very  carefully  made  instrument  on  this  general  principle  has 
been  set  up  at  the  National  Physical  Laboratory,  Bushy.  It  was 
designed  by  Professors  Yiriamu  Jones,  Ayrton,  and  Mather.  In 
order  to  make  it  possible  to  measure  the  dimensions  of  the  coils 
with  great  accuracy  they  are  made  by  winding  bare  copper-wire 
in  a  single  layer  on  accurately  turned  marble  cylinders.  There 
are  two  fixed  cylinders  set  with  their  axes  vertical,  and  each  wound 
with  two  coils,  separated  by  a  short  interval,  and  so  connected  that 
when  they  are  in  use  the  current  circulates  round  them  in  opposite 
directions.  Two  movable  coils  hung  from  opposite  ends  of  the 
beam  of  a  delicate  balance  are  suspended,  one  inside  each  of  the 
fixed  cylinders,  so  as  to  be  coaxal  with  it  and  at  such  a  height  that 
its  mean  plane  is  half-way  between  the  ends  of  the  coils  wound  on 
the  corresponding  cylinder.  By  this  arrangement,  when  a  current 
is  sent  through  all  the  coils,  the  two  coils  on  each  of  the  fixed 
cylinders  exert  a  vertical  force  in  the  same  direction  on  the  coil 
suspended  within  it,  and  these  forces,  being  in  opposite  directions 
on  the  two  suspended  coils,  tend  to  turn  the  balance  the  same  way. 
The  strength  of  the  current  is  deduced  from  the  change  of  the 
weight  needed  to  restore  the  equilibrium  of  the  balance  when  a 
current  is  sent  through  the  coils  first  in  one  direction  and  then  in 
the  other.     The  calculation  is  founded  on  the  equation 

where  /  is  the  force  on  one  suspended  coil  exerted  by  one  of  the 
coaxal  fixed  coils,  ilfj  and  M^  the  coefficients  of  mutual  induction 
between  the  fixed  coil  and  the  circles  representing  the  two  ends 
of  the  suspended  coil,  n  the  number  of  turns  per  unit  lengtli  of 
the  latter,  and  C  the  current  to  be  measured.  If  everything  were 
perfectly  symmetrical,  the  observed  change  of  weight  would  be 
given  by  eight  times  the  above  expression. 

Electrodynamometers  are  not  capable  of  such  a  high  degree 
of  sensitiveness  as  is  readily  obtainable  with  a  galvanometer. 
But  they  have  the  advantage,  as  compared  with  galvanometers, 
that  when  two  coils  are  traversed  by  the  same  current,  they  are 
independent  of  changes  in  the  direction  of  the  current.  They  are 
therefore  of  great  use  in  the  measurement  of  alternating  currents. 

Since  the  effect  is  proportional  to  the  square  of  the  current  it 
is  also  proportional  to  the  rate  of  production  of  heat  in  the  circviit. 
A  dynamometer  is  therefore  a  measurer  of  power,  and  practical 
forms  are  called  Watt-meters. 


CHAPTER  XXX 

ELECTROMAGNETIC   MEASUREMENTS 
371.   Ordinary    Measurements  —  Measurement    of  the 

Strength  of  a  Current. — The  measurements  most  frequently 
met  with  in  piactice  are  those  of  current,  of  quantity,  of  electro- 
motive force,  of  resistance,  of  capacity,  and  of  iiiductance. 

The  absolute  measurement  of  the  strength  of  a  current  is  made 
directly  by  a  tangent  galvanometer,  or  by  the  absolute  electro- 
dynamometer.     The  tangent  galvanometer  gives  (357) 

C=77  tan  a. 

According  to  this  formula  the  strength  of  the  current  depends 
upon  the  constant  G,  which  has  to  be  calculated  from  the  dimen- 
sions of  the  instrument,  and  H,  which  has  to  be  determined  by  a 
separate  experiment. 

The  electrodynamometer  has  the  advantage  of  not  depending 
(except  in  regard  to  a  correcting  term  applicable  to  some  forms  of 
the  instrument),  upon  //,  the  accurate  determination  of  which  is 
always  a  matter  of  some  difficulty ;  on  the  contrary,  when  associ- 
ated with  a  tangent  galvanometer  which  is  traversed  by  the  same 
current,  it  furnishes  one  of  the  best  methods  of  obtaining  the  value 
of  the  horizontal  component. 

Currents  are  most  frequently  measured  by  a  calibrated  galvano- 
meter. For  this  purpose  the  deflection  produced  by  a  known 
current  must  be  ascertained.  The  same  current  is  passed  simul- 
taneously through  a  tangent  galvanometer,  and  through  the  gal- 
vanometer to  be  calibrated,  which  may  be  shunted  if  necessary. 
Let  a  and  a  be  the  simultaneous  deflections  observed  on  the  two 
instruments ;  G'  the  field  due  to  unit-current  in  the  galvanometer 
under  examination,  and  H'  the  horizontal  component  at  the  place 
where  the  needle  hangs,  we  have 

C=  y^  tan  a  =  -— ,  tan  a! ; 
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an  equation  which  gives  the  constant  by  which  the  indication  of 
the  lattei'  galvanometer  must  be  multiplied  to  obtain  the  value  of 
the  current  either  in  C.G.S.  units  or  in  amperes. 

With  galvanometers  of  high  sensitiveness,  the  calibration  may 
be  effected  more  directly.  It  is  only  needful  to  observe  the  deflec- 
tion produced  when  the  galvanometer  is  joined  up  in  a  circuit 
of  very  high  resistance,  with  a  cell  of  known  electromotive 
force. 

Suppose  we  are  using  a  Daniell's  cell  (or,  better,  a  secondary 

cell),  that  the  total  resistance  of  the   circuit  is  30,000  ohms,  and 

that  the  galvanometer  shunted  to  one-thousandth  gives  a  deflection 

of  100  scale  divisions. 

1'07 
The  total  current  is amperes,  but  only  one-thousandth 

of  this  passes  through  the  galvanometer.  Hence  one  division  cor- 
responds to  a  current  of 

3P0M0TT00 = '"  '  ">-"  ^"P^^^^ = '■"  >< '°"'  ^-^-^ 

The  resistance  of  the  coil  is  not  needed,  as  it  is  negligible  in 
comparison  with  the  total  resistance  of  the  circuit.  If  the  resist- 
ance of  the  galvanometer  is  g,  its  effective  resistance  when  shunted 
to  the  7nth  is  g/m,  and  is  therefore  usually  a  small  part  of  the 
resistance  of  the  circuit. 

372.  Measurement  of  a  Quantity  of  Electricity— Ballistic 

Galvanometer.- — When  a  discharge  traverses  a  galvanometer,  the 
needle  is  thrown  from  its  position  of  equilibrium  through  a  certixin 
arc,  and  comes  to  rest  after  a  series  of  oscillations.  If  the  dis- 
charge is  completed  before  the  needle  has  had  time  to  be  appreciably 
displaced,  the  angle  of  throw  measures  the  quantity  of  electricity 
which  has  traversed  the  galvanometer. 

The  mechanical  problem  is  the  same  as  that  of  a  blow  acting 
on  a  pendulum.  Let  31  be  the  magnetic  moment  of  the  needle.  A' 
its  moment  of  inertia  in  reference  to  the  axis  of  rotation,  and  G  the 
galvanometer  constant :  when  the  strength  of  the  discharge  current 
is  C,  the  deflecting  moment  exerted  on  the  needle  is  GMC,  and 
in  the   infinitely  short  time  dt  this  gives  the  needle  an  angular 

G  MCdt 
velocity,  — — — .     If  the  needle  has  not  appreciably  moved  during 

the  time  occupied  by  the  whole  discharge,  the  final  velocity  is  the 
sum  of  all  the  terms  of  the  same  kind,  a  sum  which  is  evidently 

equal  to  ,  Q,  being  the  total  quantity  of  electricity.      Hence 
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if  w  is  the  angulai'  velocity  imparted  to  the  needle, 

K(M=GMQ (1) 

Again,  the  initial  energy  of  motion  of  the  needle,  namely,  hK<^^, 
is  expended,  during  the  swing,  in  doing  work  against  the  horizontal 
component  of  the  earth's  magnetic  field  ;  if  ^  is  the  angle  of  deflec- 
tion, this  work  is  (195)  MH(l  -  cos  9),  whence  we  get 

^Koi^  =  MH(l-cos9)  =  2MHsiTi^^d       .         .     (2) 

If  T  be  the  period  of  one  complete  vibration  of  the  needle, 
we  have 

^  =  Vm'     «^     ^  =  ^^   •  •  •      (3) 

Multiplying  together  equations  (2)  and  (3),  and  taking  the 
square  root,  Ave  get 

MHt    .     .„ 
Act)=  sin  it', 

and  by  substituting  this  value  in  (1),  we  obtain,  to  determine  the 
quantity  of  electricity  that  has  traversed  the  galvanometer. 


_  sin  ^^, 


or,  if  6  is  small  enough  to  be  identified  with  its  sine, 

'Gr 


Q  =  f~-0  =  AO. 


TT 

The  constant  A  is  found  by  determining  the  factor  ^-  as  above 

6r 

(371),  and  the  time  of  oscillation  of  the  needle, — or,  more  simply, 
by  determining  the  angle  of  throw  corresponding  to  the  discharge 
of  a  known  quantity  of  electricity,  for  instance,  that  obtained  by 
turning  a  coil  of  a  known  surface  (310)  in  the  earth's  field  through 
an  angle  of  180°. 

In  the  preceding  calculation  the  arc  6  is  that  through  which 
the  needle  would  be  deflected  if  there  were  no  damping.  The 
angle  really  observed  is  a  smaller  angle  6^  To  get  the  necessary 
correction,  the  next  deflection,  6^,  on  the  same  side  should  be 
observed,  then 

6=6,  +  ^-^. 

^         4 

For  between  the  two  deflections,  6^  and  6^,  the  needle  has  made 
four  quarter  vibrations,  and  it  may  be  assumed  that  the  damping 
during  the  first  quarter  vibiation,  when  the  needle  swings  from 
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rest  to  9-^,  is  equal  to  the  mean  damping  during  each  of  the  four 
following  quarter  vibrations. 

373.  Alternating  Currents. — If  a  series  of  discharges,  alter- 
nately in  opposite  directions,  and  succeeding  each  other  at  very 
short  intervals,  are  passed  through  the  galvanometer,  the  deflection 
measures  the  algebraic  sum  of  the  electricity  which  passes,  and,  if 
this  is  zero,  the  needle  remains  stationary,  or  only  undei-goes 
accidental  deflections.  This  is  the  case  with  a  sinusoidal  current 
and  with  the  alternate  currents  obtained  in  a  circuit  by  rapidly 
making  and  breaking  an  adjacent  circuit  (313).  In  this  case 
the  electrodynamometer  may  be  employed ;  the  deflection  is  pro- 
portional to  the  mean  square  of  the  cuirent,  that  is  to  say,  to  the 
number  which  is  the  mean  of  the  squares  of  successive  current- 
strengths  (331).  It  must  not  be  forgotten  that  the  electrodyna- 
mometer brings  into  the  circuit  not  only  its  own  lesistance,  but 
also  its  self-inductance.  The  electrometer  gives  a  method  free 
from  this  difliculty  (379). 

374.  Measurement  of  Resistance. — A  resistance  is  measured 

by  comparing  it  with  a  known  resistance  by  means  of  a  current. 
It  is  impossible  to  compare  two  resistances  without  passing  a 
current  through  them  any  more  than  we  can  compare  two  masses 
without  submitting  them  to  the  action  of  a  force, — that  of  gravity, 
for  example. 

The  legal  unit  of  resistance  is  the  ohm,  defined  as  being  the 
resistance  at  0°  of  a  column  of  mer- 
cury of  one  square 
millimetrein cross  sec- 
tion and  106 "3  centi- 
metres long.  Copies 
are  made  either  in 
mercury  (Fig.  315)  or 
in  wire ;  the  wire, 
frequently  germa.n- 
silver  or  platinum- 
silver,  is  wound  on  a 
bobbin  and  sunk  in 
paraflin  (Fig.  316).  These  copies  have  their  marked 
definite  temperature.  The  variation  of  the  resistance 
in  a  glass  tube  is  given  by  the  formula 

,    R  =  i2o(l  -f- 0-0008726^  +  0-000001 06^2), 

that  of  german-silver  by  the  formula 

i2  =  ii;„(H- 0  000440. 


Fig.  315. 


Fig.  31G. 


value  for  a 
of  mercury 
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A  thermometer  in  the  box  containing  the  wire  indicates  the  tem- 
perature. 

375.  Resistance  Boxes. — It  is  necessary  to  have  at  our  dis- 
posal a  series  of  resistances,  the  values  of  which  increase  regularly. 
They  consist  ordinarily  of  coils  placed 
in  a  box,  and  provided  with  plugs,  by 
means  of  which  any  one  or  more  of 
them  may  be  inserted  into  the  circuit 
at  pleasure. 

The  wire  is  usually  coiled  after 
having  been  folded  back  on  itself.  In 
this  way  the  effects  of  self-induction 
are  diminished,  but  the  capacity  of  the 
wire  is  increased  by  bringing  close  to  each  other  parts  of  the  wire 
which  are  at  different  potentials.  It  is  best  to  form  the  coils  of 
successive  layers  wound  in  opposite  directions.  The  wire  should 
be  completely  insulated. 

The  two  ends  of  the  same  coil  terminate  in  two  contact  pieces 


Fig.  317. 


Fig.  318. 

of  copper,  A  and  b  (Fig.  317),  with  an  interval  between  them  which 
may  be  closed  by  a  plug.  When  the  plugs  are  in  their  places  they 
connect  the  contact  pieces  into  a  virtually  continuous  rod  of  negli- 
gible resistance,  but  when  any  given  plug  is  removed  the  corre- 
sponding coil  is  brought  into  the  circuit. 

The  most  convenient  arrangement  is  that  of  "  dial  "  boxes  (Fig. 
318).  Each  dial  consists  of  nine  equal  coils  connected  with  each 
other  by  ten  copper  blocks  numbered  from  0  to  9.  There  is  no  coil 
between  the  blocks  9  and  0,  though  generally  there  is  one  between  9 
and  the  central  block.  In  the  centre  is  a  circular  block  connected  to 
the  zero  of  the  following  dial  by  one  of  the  copper  strips,  L,  i/,  l".  The 
plugs  are  placed  between  the  central  block  and  the  blocks  of  the  dial. 
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The  first  dial  gives  units,  the  others  give  tens,  hundreds,  &c. 
If  the  plugs  are  placed  as  shown  in  the  figure,  they  bring  in  a 
resistance  of  2305  ohms  between  the  terminals  B  and  D.  k  is  a 
safety  plug,  which,  when  it  is  removed,  cuts  ofif  all  connection 
between  the  two  plugs  B  and  D.  By  means  of  special  plugs  pro- 
vided with  binding  screws  which  can  be  inserted  in  holes  in  the 
blocks  of  the  dial,  conductors  can  be  connected  with  any  inter- 
mediate point  of  the  dials.  The  rest  of  the  figure  is  explained  at 
the  end  of  the  next  section. 

376.  WheatStone'S  Bridge. — The  method  of  comparison  most 
usually  adopted  is  that  of  Wheat- 
stone's  Bridge.  The  distribu- 
tion of  currents  in  the  various 
branches  of  the  network  of 
conductors  was  fully  discussed  '^' 
in  (120*) ;  but,  for  the  present 
application, it  is  sufficient  tocon- 
sider  the  following  problem  : — 

Two  points,  A  and  b,  of  a 
circuit  (Fig.  319)  are  connected 
by  two  conductors.  It  is  re- 
quired to  make  a  connection  or 
bridge,  cd,  between  the  two 
branches,  such  that  no  current  passes  by  this  bridge. 

For  this  it  is  necessary  and  sufficient  that  the  two  points  c  and 
D  be  at  the  same  potential. 

Now,  if  a  a',  h  and  h'  are  the  resistances  of  the  four  branches 
AC,  AD,  CB,  DB,  V  the  potential  at  the  point  A,  V  that  of  the  point 
B,  the  fall  of  potential  from  A  to  c  is 


Fig.  319. 


(F-  V) 


a+b' 


and  from  a  to  D 


(r-F')-Ar,. 
^  ^  a  +  h 


Consequently,  for  the  potentials  at  c  and  d  to  be  the  same,  we 
must  have 

a  a 


and  therefore 


a  +  &     a'  +  b'^ 

ah  T      i-L 

-,  =  —.,  or  ab  =  ab; 
a      b 


in  other  words,  the  resistances  of  any  two  adjacent  sides  of  the 
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quadrilateral,  abcd,  must  be  to  each,  other  in  the  same  ratio  as 
those  of  the  other  two  adjacent  sides. 

It  will  be  seen  that  the  state  of  equilibrium  is  independent  of 
the  resistance  of  the  branches  which  contain  the  battery  and  the 
galvanometer. 

This  arrangement  furnishes  a  very  simple  means  of  comparing 
two  resistances,  h  and  // ;  for  when  there  is  no  current  in  the 
bridge  cd,  their  ratio  is  that  of  the  two  resistances  a  and  a',  which 
can  be  adjusted  at  pleasure. 

Suppose  that  the  four  sides  of  the  quadrilateral  are  made  up  of 
metal  bars  having  no  appreciable  resistance,  but  that  any  desired 
resistance  can  be  inserted  in  any  of  them.  Let  h  be  the  resistance 
to  be  measured,  h'  the  standard  resistance  with  which  it  is  to  be 
compared,  and  which  can  be  adjusted  so  as  to  produce  equilibrium. 


Fig.  320. 

If  we  take  a  =  a,  then  b  =  b' ;  but  the  arms  a  and  a  may  be  in  any 
ratio,  and  the  condition  of  equilibrium  is  that  the  resistances  of  the 
branches  h  and  b'  shall  be  in  the  same  ratio.  The  arms  a  and  a  are 
known  as  the  ratio  arms. 

This  arrangement  of  Wheatstone's  is  frequently  compared  to  a 
balance,  the  resistances  a  and  a  corresponding  to  the  two  arms  of 
the  beam ;  but,  contrary  to  what  occurs  in  the  case  of  weights, 
equilibrium  requires  that  the  resistances  to  be  compared  shall  be 
in  the  same  ratio  as  the  arms  of  the  balance. 

Each  of  the  arms  a  and  a  contains  resistances  of  10,  100,  1000 
ohms.  In  Fig.  320  the  ratio  of  the  two  arms  is  shown  as  that  of 
10  to  1,  and  since  the  resistance  b'  is  equal  to  15  ohms,  the  resist- 
ance measured  is  150  ohms. 

The  relation  proved  above  only  holds  good  when  the  currents 
are  steady ;  in  order  to  eliminate  the  effects  peculiar  to  the  period 
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ill  which  the  currents  are  changing  in  value,  the  branch  containing 
the  galvanometer  is  closed  by  the  key  k^,  only  after  the  arm 
containing  the  battery  has  been  closed  by  depressing  the  key  k^. 

The  portion  cad  of  Fig.  318  represents  the  ratio  arms  of  a  dial 
resistance  box.  The  coils  in  the  arms  a  and  a'  are  10,  100,  1000, 
and  10,000  ohms.  Hence  we  can  get  any  decimal  ratio  between 
10-3  and  103. 

377.  Wire  Bridge. — Suppose  that  in  the  ordinary  quadri- 
lateral (Fig.  321),  one  of  the 
summits,  c,  is  replaced  by 
a  straight  wire  a'b',  along 
^  which  the  end,  c,  of  the 
galvanometer  branch  may  be 
moved.  If  I  is  the  length 
of  the  wire  a'b',  which  should 
be  perfectly  cylindrical  and 
homogeneous,  x  the  distance 
a'c,  and  if  we  suppose  re- 
sistances expressed  in  units 
have  for  the   condition   of    equi- 


FiG.  321. 

of  length   of  the  wire 
librium 


AB,  we 
a'_ 


a+x 

h  +  l-x 


The  wire,  which  is  usually  of  german-silver,  forms  one  side  of 
an  elongated  rectangle  (Fig.  322),  the  other  three  sides  of  which 
are  made  up  of  broad  copper  bands  of  negligible  resistance,  at  gaps 
in  which  the  two  resistances 
to  be  compared,  a'  and  h', 
and  two  known  resi.stances, 
a  and  h,  are  inserted.  If 
these  two  latter  are  replaced 
by  bars  without  resistance, 
we  have  simply 


AG 

b'c' 


C 

Fig.  322. 
If,    as    is    usually    the 

case,  the  resistance  between  A  and  a'  and  between  b  and  b'  is 
not  negligible  in  comparison  with  that  of  the  wire  a'b',  we 
may  proceed  as  follows :  having  found  a  position  c^  of  the 
sliding  contact  for  which  the  galvanometer  shows  no  deflection, 
interchange  the  resistances  a  and  h'  to  be  compared,  all  else 
remaining  as  before,  and  find  the   new  position  c^  of  the  slider 

2  I 
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required  to  give  no  deflection.  Put  L  for  the  length  of  wire  of 
the  same  size  and  material  as  a'b'  which  would  have  the  same 
resistance  as  the  total  resistance  from  A  through  pa'b'q  to  B,  and 
let  Cj  be  the  length  of  the  same  wire  whose  resistance  would  be 
equal  to  that  from  A  through  p  and  a'  to  c^  and  c^  the  length 
whose  resistance  would  equal  that  from  A  through  p  and  a'  to  Cg : 
then  the  first  experiment  gives 


and  the  second  gives 


a         <\ 


a      L  —  c^ 


h' 


Hence,  adding  numerations  and  denominators  of  the  two  equal 
fractions,  we  have 

a'     L  +  C1  —  C2     L-d 

b'  ~  L  -  c-^  +  C2~  L  +  d 

if  we  put  d  =  c^-Ci  for  the  distance  between  the  two  positions  Cg 
and  c^  of  the  slider,  reckoned  positive  when  the  scale-reading  for 
Co  is  greater  than  that  for  c^  and  negative  in  the  opposite  case. 

The  required  ratio  of  a  to  b'  is  thus  expressed  in  terms  of  L, 
which  can  be  determined  once  for  all  for  the  given  apparatus,  and 
of  the  difference,  d,  of  two  readings  of  the  graduated  scale  a'b'. 
The  result  is  thus  independent  of  possible  index-error  of  the  slider 
C,  or  of  possible  want  of  coincidence  between  the  ends  of  the  scale 
a'b'  and  those  of  the  wire  a'b'. 

The  value  of  L  can  be  found  in  various  ways :  a  simple  method 
is  to  insert  in  the  gaps  p'  and  q'  two  resistances,  say  p  and  q, 
whose  ratio  r  is  known  independently.  Then,  proceeding  as  above, 
we  get 


whence 


p  L-d 

q^'*'^~L  +  d' 


L  =  -. »• 

1  -r 


The  apparatus  is  particularly  convenient  for  comparing  resist- 
ances which  are  almost  identical  with  each  other,  as,  for  example, 
comparing  a  copy  with  a  standard. 

A  good  plan  for  this  purpose  is  to  insert  the  resistances  to  be 
compared,  which  may  be  represented  by  a  and  h,  in  the  two  end 
gaps  P  and  Q,  the  two  middle  gaps  p'  and  q'  being  filled  by  any  two 
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equal  or  nearly  equal  resistances  <x  and  V  ;  then,  after  finding  the 
balancing  position  of  the  sliding  contact  c,  we  interchange  the 
resistances  a  and  h,  and  again  find  the  balancing  position. 
Suppose  that  in  the  first  case,  with  a  at  p  and  h  at  q,  the  distance 
a'c  is  found  to  be  m  centimetres,  and  that,  after  interchanging  a 
and  6,  a  balance  is  obtained  with  a'c^w  centimetres,  then  if  r  is 
the  resistance  of  1  centimetre  of  the  wire  a'b',  we  have 

a  -  &  =  (m  -  to)  r ; 

that  is  to  say,  the  difference  between  the  two  resistances  to  be 
compared  is  equal  to  the  resistance  of  the  part  of  the  graduated 
wire  a'b'  over  which  the  movable  contact  c  is  shifted.  To  prove 
this,  we  have  only  to  remember  that  the  total  resistance  aa'b'b  is 
not  altered  by  interchanging  a  and  &,  and  that,  since  d  and  h' 
remain  unaltered,  the  second  position  of  the  point  c  must  divide 
aa'b'b  in  the  same  ratio  as  the  first. 

378.  Resistance  of  a  Battery :  Mance's  Method.— Suppose 

the  battery,  of  which  the  resistance  is  required,  to  be  inserted  in 
the  branch  &  of  the  arrangement  shown  in  Fig.  319,  the  battery 
shown  in  the!  figure  between  A  and  b  being  replaced  by  a  simple 
make-and-break  key.  The  galvanometer  G  will  then  be  traversed 
by  a  current,  but  it  is  possible,  by  properly  adjusting  the  resistance 
y  of  the  branch  db  to  make  the  current  through  the  galvanometer 
independent  of  the  resistance  of  the  branch  ab.  The  galvanometer 
will  then  show  the  same  deflection  whether  the  key  in  the  last- 
mentioned  branch  is  open  or  closed.  When  this  is  the  case,  the 
resistance  of  the  battery  is  given  by  the  expression  (120*,  3). 

a 

The  galvanometer  used  for  this  experiment  must  be  capable  of 
cai-rying  the  whole  current  without  being  more  than  moderately 
deflected :  a  tangent-galvanometer  would  often  be  suitable.  If  a 
sensitive  galvanometer  is  used  it  must  be  shunted  by  a  low 
resistance  and  the  coil  turned  so  as  to  make  its  mean  plane  nearly 
coincident  with  the  vertical  plane  containing  the  deflected  needle ; 
or  a  controlling  magnet  may  be  used  to  keep  the  deflection  small. 

379.  Measurement  of  Electromotive  Forces.— (1)  Electro- 
meter Method. — The  electrometer  may  be  used  to  compare  the 
electromotive  force  of  a  battery  with  that  of  a  standard.  A  galva- 
nometer may  also  be  used  provided  we  join  it  up  with  a  high 
resistance.     If  the  resistance  of  the  element  can  be  neglected  in 
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comparison  with  that  of  the  rest  of  the  circuit,  the  electromotive 
forces  are,  as  when  using  the  electrometer,  proportional  to  the  de- 
flections. 

The  difference  of  potentials  between  two  points,  A  and  B,  of  a 
wire  traversed  by  a  current  may  also  be  measured  in  the  same 
way.  If  C  is  the  strength  of  the  current,  and  R  the  resistance  of 
the  wire  between  the  two  points,  we  have  e  -  EC ;  a  measurement 
of  e  thus  enables  us  to  determine  C  when  R  is  known.  This 
method  is  frequently  used  for  measuring  strong  currents. 

It  is  specially  applicable  to  the  measurement  of  alternating 
currents.  In  using  the  electrometer,  the  needle  being  connected 
with  one  pair  of  quadrants  (83),  the  two  pairs  of  quadrants  are 
put  respectively  in  connection  with  the  two  ends  a  and  b  of  the 
resistance  E.  The  deflection  is  proportional  to  the  square  of  the 
difference  of  potentials,  and  therefore  does  not  change  with  the  sign 
of  this  difference.  If  the  alternate  currents  succeed  each  other  at 
intervals  which  are  very  short  in  comparison  with  the  time  of 
oscillation,  the  needle  takes  up  a  fixed  deflection  proportional  to 
the  mean  square  of  the  current  (331).  If  0  is  the  deflection,  Gg 
the  root  of  mean  square  current  strength,  and  A  the  constant  of 
the  instrument,  we  have 

e  =  AV,^  =  AR^C,\ 
and  therefore 


a 


=  1  /e 

RV  A' 


380.  d^  Method  of  Compensation. — A  current  is  passed  (Fig. 

323)  through  a  homogeneous  wire  so  that  the  fall  of  potential  from 
A  to  B  is  greater  than  the  electromotive  forces  which  are  to  be  com- 
pared.    The  positive  pole 
of  the  battery  is  connected 
through    a    galvanometer 
with    the    point    a  :     the 
j3  negative  pole  is  connected 
with  a  sliding  key,  c,  which 
is  moved  along  the  wire. 
The  distance  a;  =  ac  is  de- 
jij^j  223  termined  at  which  the  key 

must  be  placed  so  that  the 
galvanometer  needle  may  be  at  zero.  If  G  is  the  strength  of  the 
current  in  the  wire  ab,  and  k  the  resistance  of  one  centimetre  of 
this  wire,  then,  since  in  order  that  there  may  be  no  current  from 
a  to  c  through  the  galvanometer,  the  difference  of  potentials  betweeis 


382]  ELECTROMOTIVE   FORCE  501 

A.  and  c  must  be  equal  to  the  electromotive  force  to  be  measured, 

e=  Ckx. 

With  the  standard  cell,  we  shall  have,  similarly, 

e'  =  Ckx, 
whence 

e  _x 

e'    X 

381.  Closed  Circuits. — We  have  thus  obtained  the  electro- 
motive force  of  a  battery  on  open  circuit.  It  is  also  a  matter  of 
interest  to  learn  the  electromotive  force  of  the  battery  when  at 
work,  that  is  to  say,  the  electro- 
motive force  as  modified  by  the 
effects  of  polarisation.  The  two 
batteries  to  be  compared,  E  and 
e',  are  put  in  the  same  circuit 
(Fig.  324),  so  that  the  electro- 
motive forces  act  in  the  same 
direction  round  the  circuit ;  a 
bridge  containing  a  galvano- 
meter is  interposed  between  any  point  a  and  a  point  B,  which  is 
found  by  trial  so  that  the  needle  remains  at  zero.  Let  R  and  Bl 
be  the  resistances  of  the  two  segments  aeb  and  ae'b  of  the  circuit : 
when  there  is  no  current  in  ab,  the  current  is  of  the  same  strength 
in  the  two  segments.     Kirchhoff's  second  law  (118)  gives 

E  =  RG, 
E'  =  R'G, 
from  which 

E    R' 

In  order  to  avoid  a  measurement  of  the  two  resistances  R  and 
R,  a  known  resistance  is  added  to  each  of  them,  x  for  the  first,  x' 
for  the  second,  so  that  there  is  still  no  current  in  ab  ;  we  have  then 

E  _R  _R  +x  _x 
E'~R'~'lfTx'~x'' 

This  latter  device  may  only  be  employed  when  the  polarisation  is 
small,  as  this  will  change  in  value  when  the  resistance  of  the  cir- 
cuit, and  tliercfoi'o  the  strength  of  the  current,  is  altered. 

382.  Standards  of  Electromotive  Force.— The  standnrd 

elements  most  frequently  used  arc  those  of  JJaniell,  Lutiraer  Clark, 
and  Weston. 
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A  DanielVs  cell  is  not  well  adapted  for  a  standard,  as  its  electro- 
motive force  varies  with  the  concentration  of  the  liquids  from  1  06 
to  1*14  volt.  Even  with  the  same  solutions  there  are  variations  of 
as  much  as  3  per  cent,  due  to  the  condition  of  the  metals.  The 
variation  with  temperature  depends  also  on  the  state  of  concentra- 
tion of  the  liquids. 

Latimer  Clark's  element  consists  of  pure  mercury  as  a  negative 
metal  covered  with  a  paste  obtained  by  mixing  mercurous  sulphate 
with  a  saturated  solution  of  zinc  sulphate.  The  positive  metal  is  a 
zinc  rod  dipping  into  this  paste  of  sulphate.  Insulated  wires,  lead- 
ing to  the  mercury  and  the  zinc  respectively,  form  the  connections. 
This  battery  is  not  well  adapted  for  continuous  work,  as  it  polarises 
easily,  but  it  furnishes  a  very  constant  and  trustworthy  standard 
of  electromotive  force.  Its  electromotive  force  is  1'4324  volt  at 
15°  C,  and  it  diminishes  by  about  O'OOll  volt  for  an  increase  of 
temperature  of  one  degree. 

The  Weston  or  cadmium  element  is  composed  of  cadmium,  a 
paste  of  cadmium  sulphate,  a  paste  of  mercurous  sulphate,  and 
mercury,  and  has  an  electromotive  force  of  1*0183  volt  at  17°  C. 
At  any  other  temperature  t  between  10°  and  30°  C,  the  electromotive 
force  is  given  by  Et  =  E^^  -  3-4  x  lQ-'\t  -  17)  -  0-066  x  \Q-\t  -  17)1 

Thermo-electric  couples  furnish  stable  standards,  provided  the 
temperatures  of  the  junctions  are  accurately  known.  If  the  junc- 
tions are  at  0°  and  100°  respectively,  the  electromotive  force  of  an 
iron-copper  couple  is  0*001307  volt  (147). 

383.  Measurement  of  Capacity. — In  order  to  compare  the 

capacities  of  two  condensers,  the  condensers  are  charged  by  con- 
necting the  surfaces  of  each  in  succession  with  the  poles  of  the 
same  battery,  and  are  then  discharged  through  a  ballistic  galvano- 
meter :  the  amounts  of  charge,  and  therefore  the  capacities,  are  as 
the  angles  of  throw  of  the  needle. 

By  charging  the  same  condenser  successively  by  means  of  two 
different  batteries,  we  may  compare  in  the  same  way  the  electro- 
motive forces. 

Two  capacities  may  also  be  compared  by  an  arrangement  analo- 
gous to  Wheatstone's  bridge  (Fig.  325).  The  two  condensers, 
G  and  C",  take  the  place  of  the  branches  h  and  h'  of  the  usual 
quadi-ilateral,  one  surface  of  each  being  connected  to  earth,  or  to 
the  back  contact  of  the  key  K.  The  resistances  a  and  a'  are  then 
adjusted  until  there  is  no  deflection  of  the  galvanometer  on  raising 
or  lowering  the  key  K. 

The  condition  of  equilibrium  is  that  the  two  points  b  and  b' 
shall  be  at  the  same  potential,  that  is  to  say,  that  at  each  instant 
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the  charges  Q  and  Q'  shall  be  proportional  to  the  capacities  0  and 
C" :  as  these  charges  are  proportional  to  the  currents  which  pro- 
duce them  in  the  same  time,  and  as  these  latter  are  inversely  a,a 
the  resistances,  we  have  the  proportion 

C"     a* 


-earth 


■r.''/yW'yvw^//^/M'y/.'^  L^ 


^carth 


Fig.  325. 


384.  Mutual  Inductance. — The  two  coils  whose  mutual  in- 
ductance, M,  is  to  be  measvired,  are  connected  up  in  two  separate 
circuits.  One  coil,  with  a  battery,  a  key  for  making  or  breaking 
contact,  and  a  tangent  galvanometer,  forms  a  primary  circuit,  and 
the  other  is  connected  with  a  ballistic  galvanometer  to  form  a 
secondary  circuit.  The  primary  circuit  is  closed,  and  the  strength 
of  the  primary  current,  6',  is  read  off  on  the  tangent  galvanometer 
as  soon  as  the  deflection  has  become  steady.  The  primary  circuit 
is  then  broken,  and  the  throw,  6,  of  the  ballistic  galvanometer  ia 
observed,  the  reading  being  corrected  for  damping  if  needful.  If  r 
is  the  total  resistance  of  the  secondary  circuit  (including  the  gal- 
vanometer), the  quantity  of  the  secondary  current  is  (313) 

Q  =  MGIr; 

but  it  is  also  given  by  the  ballistic  galvanometer  (372)  as 

Q  =  -^  sin  \d. 

CrTT 

Equating  these  two  values,  we  get  the  coefficient  of  mutual  induc- 
tion— 


The  ratio  HjG  may  be  found  as  described  in  (371) ;  or,  if  (7 '  is  the 
strength  of  the  steady  current  which  gives  the  small  permanent 
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deflection  0'  when  passed  through  the  ballistic  galvanometer,  we 

have 

H/G=C'/ tame', 

and  therefore 

,--       C't     sin  19 

M=r——  . ^,. 

Ctt       tan  a 

Lastly,  if  the  same  battery  is  used  for  giving  the  primary  current 
(7  and  the  current  C,  and  if  M  and  M'  are  the  total  resistances 
respectively  in  circuit  in  the  two  cases,  we  may  dispense  with  a 
measurement  of  the  primary  current  and  write 

,,       Er     sin  iO 

M=r-—-  .  %  . 

jRtt     tan  (/ 

385.  Self-Inductance. — The  coil  whose  self-inductance  is  to 
be  measured  is  connected  as  one  arm  of  a  Wheatstone's  bridsre 

o 

arrangement,  the  other  three  arms  being  formed  by  resistances 
without  appreciable  inductance.  If  the  resistances  are  so  adjusted 
that,  on  completing  the  battery-circuit,  there  is  no  permanent 
deflection  of  the  galvanometer,  there  is  still  a  temporary'  deflection 
in  one  direction  when  the  battei-y-circuit  is  completed  and  in  the 
opposite  direction  when  the  battery-circuit  is  broken,  resulting 
from  the  electromotive  force  of  self-induction  when  the  current 
begins  or  ceases  in  the  coil  under  examination.  The  measurement 
consists  in  observing,  on  the  one  hand,  the  throw  of  the  galvano- 
meter needle  due  to  this  cause,  and  on  the  other  hand,  the  steady 
deflection  prodiiced  by  a  small  disturbance  of  the  balancing  con- 
dition of  the  resistances  when  the  battery  is  permanently  con- 
nected. 

Let  L  be  the  self-inductance  of  the  coil  to  be  measured  and  P 
its  resistance,  and  let  Q,  R,  S,  and  ?•  be  the  resistances  of  the  other 
arms  of  the  bridge  and  of  the  galvanometer 
branch,  as  marked  in  Fig.  326.  Further,  let  C 
be  the  current  in  the  battery  when  connected 
and  X  the  current  through  the  coil  of  induct- 
ance L.  The  total  quantity  of  the  induced 
current  is  then  (308) 

L,|i|ifJ  Lx  H-  resistance  of  the  circuit. 

Fig.  326.  ^^i^  of  ^j^jg  ^  fraction  depending  on  the  relative 

resistances  of  the  various  branches  traverses  the  galvanometer. 
The  quantity  is  the  same  at  making  and  breaking  the  battery  con- 
tact, but  the  calculation  is  rather  more  obvious  in  the  latter  case. 
We  shall  accordingly  suppose  the  battery  to  have  been  connected 
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long  enough  for  the  current  to  have  become  steady  in  every  part 
of  the  circuit  and  then  to  be  suddenly  disconnected  by  opening  the 
key  K.  The  resistance  of  the  circuit  of  which  the  given  coil  forms 
a  part  is  then 

Q  +  S  +  r' 

consequently  the  total  quantity  of  the  induced  current  which  flows 
through  the  coil  is 

^  Q  +  S+r 

(P+Q  +  R  +  S)r  +  {P  +  R)  (Q  +  Sy 

Q  +  S 

and  of  this  the  fraction  passes  through  the  galvanometer. 

Q  +  S  +  r 

Putting  q  for  this  quantity,  we  have  accordingly 

^  ^  ^^. Q  +  S 

(P+Q  +  R  +  S)r  +  {P+E)  (Q  +  S) 

But  (113)  x/0={R  +  S)/{P+Q  +  R  +  S) 

since  the  resistances  have  been  so  adjusted  that  there  is  no  current 
through  the  galvanometer  when  the  battery  is  permanently  con- 
nected, and  therefore 


q  =  (Q  +  ^')  i^  +  S) 


{P+Q  +  R  +  Sfr  +  {P+Q  +  R  +  S)  (P  +  E)  (Q  +  S) 

LOS 


(P+a  +  R  +  S)r  +  {P  +  R){Q  +  S) 
QR  =  PS. 


Further,  if  6  is  the  angle  of  throw  of  the  galvanometer  needle,  the 
quantity  q  is  given,  as  in  the  last  section,  by 

q=—  sml6^, 

CrTT 

and  if  a  measuring  galvanometer  is  included  in  the  battery-circuit, 
so  as  to  give  the  value  of  C,  we  thus  get  the  self-inductance  L  ex- 
pressed in  terms  of  known  quantities. 

But  the  last  measurement  may  be  dispensed  with  by  proceeding 
as  follows.  By  applying  the  results  proved  in  (120*),  we  get  for 
the  current  through  the  galvanometer,  corresponding  to  a  current 
C  through  the  battery,  the  expression 

PS -cm 


\P  +  Q  +  R  +  Sjr  +  {P  +  R){Q  +  sy 
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which  vanishes  when  PS=  QR,  the  condition  usually  fulfilled  in  the 
use  of  Wheatstone's  bridge.  Starting  from  this  state  of  things, 
suppose  the  equilibrium  to  be  disturbed  by  making,  say,  a  small 
increase  SP  in  the  resistance  P  and  an  equal  decrease  in  the  re- 
sistance R,  so  that  the  sum  P  +  i?  is  not  altered.  The  galvano- 
meter will  now  be  traversed  by  a  current,  say  c,  given  by 


c  =  a 


{S+Q)SP 


(P+Q  +  R  +  S)r  +  (P  +  Ii)  (Q  +  S)' 
and  if  4>  ^e  the  resulting  steady  deflection  we  have  c  =  —  tan  ^. 

(jr 

The  denominator  of  this  expression  for  c  is  identical  with  that  of  the 
expression  for  q ;  and  on  the  assumption,  which  must  be  true  to  a 
very  close  approximation,  that  the  current  through  the  battery  is  of 
the  same  strength  in  both  parts  of  the  experiment,  we  get  by 
dividing  the  value  of  q  by  that  of  c — 

T  sin  \0  _  j^        S 
TT  tan  (/) ~    (S+ajIP' 
or  finally, 

J-  _S+  Q  sp  T  sin  hd 
S  TT  tan  </)' 

In  practically  carrying  out  the  experiment,  it  is  desirable  to 
reverse  the  battery  connection  instead  of  simply  breaking  it,  as  the 
effects  to  be  observed  are  thereby  doubled,  and  moreover  we  thus 
avoid  the  change  in  the  resistances  of  the  conductors  which  is  liable 
to  result  from  a  change  in  the  magnitude  of  the  currents  traversing 
them.  A-  make-and-break  key  must  be  included  in  the  galvano- 
meter circuit :  this  key  must  be  closed  during  the  observations  for 
q,  but  must  be  open  while  connection  with  the  battery-circuit  is 
being  made  or  reversed  during  the  adjustment  of  resistances  so  as 
to  satisfy  the  condition  PS—QR,  and  also  for  the  observation  of 
the  steady  deflection  due  to  the  current  denoted  by  c  above,  and 
must  be  closed  only  when  the  current  in  each  branch  has  become 
steady.  This  may  take  a  minute  fiuction  of  a  second  or  several 
seconds,  according  to  the  time-constant  of  the  coil  to  be  examined. 


CHAPTER  XXXI 

ELECTRICAL     UNITS 

386.  Physical  Magnitudes. — Every  statement  as  to  tlie 
numerical  value  of  a  physical  quantity  consists  of  two  factors,  one 
of  which  is  a  number,  and  the  other  the  unit  to  which  the  number 
refers.  Thus,  in  the  statement  that  the  strength  of  a  current  is 
20  amperes,  the  factors  are  20  and  one  ampere :  the  former  answers 
to  the  question  how  many  ?  the  latter  to  the  question  how  many  of 
itihat  ?  Often  the  answer  to  the  second  question  may  be  taken  as 
understood  from  the  nature  of  the  matter  in  hand,  in  which  case 
it  does  not  need  to  be  expressed.  Thus,  if  it  is  understood  that,  in 
speaking  of  the  strength  of  a  current,  we  always  refer  to  the 
ampere  as  the  unit,  the  number  20  would  be  a  sufficient  state- 
ment by  itself  ;  but  in  the  absence  of  such  an  understanding,  even 
if  we  knew  that  the  statement  before  us  related  to  the  strength 
of  a  current,  the  mere  number  would  leave  it  uncertain  whether 
the  current  referred  to  was  20  amperes,  or  20  C.G.S.  units,  or 
20  units  of  any  other  kind. 

The  measurement  of  a  physical  quantity  consists  in  ascertaining, 
by  an  appropriate  experimental  process,  the  relation  which  it  bears 
to  some  other  quantity  of  the  same  kind  chosen  as  a  standard  of 
comparison  or  unit  of  value  for  the  kind  of  magnitude  in  question. 
This  unit  constitutes  the  physical  factor,  expressed  or  understood, 
in  the  statement  of  the  result  of  the  measurement. 

So  long  as  we  have  to  deal  merely  with  magnitudes  of  one  kind, 
the  only  points  of  fundamental  importance  to  be  considered  in  the 
choice  of  a  unit  are  that  it  should  be  permanent,  well-defined,  and 
capable  of  being  accurately  compared  with  the  quantities  to  be 
expressed  by  means  of  it.  Thus,  the  yard,  the  metre,  the  mile,  or 
the  wave-length  in  a  vacuum  of  the  yellow  light  of  incandescent 
sodium-vapour  might,  in  principle,  serve  equally  well  as  the  unit 
of  length :  the  choice  of  one  leather  than  another  is  a  matter 
of  convenience. 

But  the  main  pi^oblem  of  physics  does  not  consist  in  the  com- 
parison of  quantities  of  the  same  kind,  but  rather  in  the  discovery 

607 
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and  accurate  investigation  of  relations  between  quantities  of  differ- 
ent kinds. 

Hence  it  is  important  that,  in  choosing  our  units,  we  should 
bake  account  not  only  of  the  conditions  just  mentioned,  but  should 
consider  also  the  greater  or  less  degree  of  clearness  and  simplicity 
with  which  they  enable  the  mutual  relations  between  different 
quantities  to  be  expressed.  The  smaller  the  number  of  inde- 
pendent units  any  statement  of  the  mutual  relations  of  quantities 
contains,  the  simpler  and  clearer  it  is.  Hence  the  last-mentioned 
condition  is  equivalent  to  saying  that  the  best  system  of  units  is 
that  which  makes  it  possible  to  express  the  results  of  physical  in- 
vestigations by  means  of  the  smallest  number  of  independent 
units. 

An  example  will  make  these  matters  clearer.  .  The  relation 
between  length  and  volume  is  such  that  the  product  of  the  three 
linear  dimensions  at  right  angles  to  each  other  of  any  rectangular 
space  is  equal  to  its  volume.  But  whether  the  numerical  value  of 
a  volume  is  equal  to  the  product  of  the  numerical  values  of  the 
three  linear  dimensions  depends  on  the  units  of  volume  and  of 
length  respectively.     Let   V  denote  any  concrete   volume,  and  v 

the  unit  of  volume,  then  the  numerical  value  is  - .     Similarly,  if 

V 

a,  b,  and  c  are  the  corresponding  linear  dimensions,  and  /  is  the 
unit  of  length,  -,  -,  -  are  their  numerical  values,  and   -i'  is  the 

III  i 

numerical  value  of  their  product. 

Y 
We   cannot,   in   general,    equate  this  with   — ,  but  require  to 

employ  a  factor  of  proportionality,  say  p,  depending  on  the  values 
of  V  and  l.     We  may  then  write 

V  dbc 

V  L° 

Since  V  and  ahc  are  different  expressions  for  the  same  concrete 
volume,  they  are  necessarily  equal,  and  therefore 

For  example,  if  v  is  one  gallon  and  I  is  one  foot,  p  =  6-232,  and 
the  statement  contained  in  the  first  equation  may  be  expi-essed  in 
words  as  follows :  the  numhe)'  of  gallons  in  a  given  volume  is  equal 
!!o  6-232  times  the  number  obtained  by  multiplying  together  its  length, 
breadth,  and  depth,  each  expressed  in  feet.     Here  we  adopt  two  in- 
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dependent  units,  for  volume  and  length  respectively.  If,  however, 
while  keeping  the  gallon  as  unit  of  volume,  we  take  as  unit  of 
length  the  edge  of  a  cube  measuring  one  gallon,  we  get  l==vi;  or, 
again,  keeping  the  foot  as  unit  of  length,  if  we  take  the  cubic  foot 
as  unit  of  volume,  we  have  v  =  P.  In  either  case,  p  =  l,  and  our 
first  equation  takes  the  much  simpler  form 

V=  abc, 

which  is  now  numerically  true. 

It  will  be  seen  that  the  essential  condition  of  this  simplification 
is  the  avoidance  of  an  unnecessary  number  of  independent  vmits. 

387.  Fundamental  and  Derived  Units. — We  have  seen 

that  a  single  independent  or  fundamental  unit  suffices  for  the 
measurement  of  both  length  and  volume.  We  may  take  a  certain 
length,  /,  as  a  fundamental  unit,  and  derive  from  this  l^  as  unit  of 
volume.  Or  we  may  adopt  a  certain  volume,  v,  as  a  fundamental 
unit,  and  derive  from  it  v^  as  unit  of  length.  Again,  we  may  take 
a  definite  superficial  area,  s,  as  a  fundamental  unit,  and  derive 
from  it  si  as  unit  of  length  and  st  as  unit  of  volume. 

Other  units  may  be  derived  by  referring  simultaneously  to  two 
or  more  fundamental  units.  Thus  if  t  denote  the  unit  of  time,  the 
unit  of  velocity  derived  from  this  and  the  unit  of  length  is  the 
ratio  Ijt  of  the  unit  length  to  the  unit  time.  Arithmetically,  we 
can  give  no  meaning  to  the  ratio  of  two  heterogeneous  quantities 
like  length  and  time,  but  this  example  shows  that  such  a  ratio  may 
be  capable  of  being  interpreted  physically  as  a  quantity  of  a  third 
kind.  Reciprocally,  we  might  adopt  a  definite  velocity,  c,  as  unit 
of  velocity  and  derive  from  this  the  unit  of  length,  as  l^ct.  Here 
the  product  of  two  heterogeneous  quantities  is  interpretable  as  a 
quantity  of  a  third  kind. 

We  may  extend  similar  considerations  to  the  case  of  electrical 
quantities.  For  instance,  it  results  from  the  discussion  of  electrical 
capacity  in  Chapter  VI.  that  the  capacity  of  an  electric  field  may 
always  be  represented  as  the  product  of  two  factors,  one  of  which 
is  purely  geometrical,  while  the  other,  the  dielectric  coefficient  of 
the  medium  occupying  the  field,  is  purely  physical.  The  geo- 
metrical part  of  the  expression,  in  its  turn,  consists  of  the  first 
power  of  the  unit  of  length  multiplied  by  a  numerical  factor. 
Consequently  it  is  not  needful  to  adopt  an  independent  unit  of 
electrostatic  capacity ;  the  unit  may  be  derived  by  defining  it  as 
the  capacity  of  a  field  occupied  by  the  standard  dielectric  sub- 
stance, air  or  a  vacuum,  and  such  that  the  geometrical  factor 
applying  to  it  is  the  unit  of  length. 
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388.  Choice  of  Fundamental  Units.— It  will  be  seen  from 

what  has  been  said,  that  if  we  adopt  as  a  principle  that  quantities 
are  to  be  represented  by  means  of  as  small  a  number  of  indepen- 
dent units  as  possible,  the  question  still  remains,— what  are  these 
units  to  be?  Are  we,  for  example,  to  take  the  unit  of  velocity  as 
fundamental  and  derive  from  it  the  unit  of  length  ?  or  are  we  to 
treat  the  unit  of  length  as  fundamental  and  found  on  it  the  unit 
of  velocity? 

In  order  to  answer  such  questions,  we  have  to  consider  not 
only  the  qualities  that  have  already  been  pointed  out  as  essential 
to  a  satisfactory  physical  unit  of  any  kind,  but  also  the  natural  or 
logical  sequence  of  ideas.  This  no  doubt  is,  in  part  at  least, 
relative  to  the  historic  order  in  which  physical  knowledge  has  been 
developed,  and  to  the  point  of  view  from  which  we  habitually 
approach  the  consideration  of  the  various  scientific  conceptions. 
But  taking,  as  we  inevitably  must  do,  these  conceptions  as  we  find 
them,  the  notion  of  length,  or  of  the  distance  between  two  points, 
is  simpler  than  that  of  velocity,  and  therefore  logically  precedes  it. 

The  examination  of  the  other  quantitative  notions  of  physics, 
and  the  discussion  of  them  in  the  same  sort  of  way  as  we  have 
here  discussed  velocity  and  electrostatic  capacity,  have  led  physicists 
to  the  adoption  of  three  fundamental  units,  namely,  a  unit  of  length, 
a  unit  of  mass,  or  of  quantity  of  matter,  and  a  unit  of  time,  in 
terms  of  which  and  of  three  other  physical  ideas — change  of 
temperature,  dielectric  coefficient,  and  magnetic  pei-mealility — it  is 
found  that  all  the  ph}^sical  magnitudes  that  have  been  hitherto 
recognised  can  be  expressed. 

389.  Absolute  Units. — Units  derived  from  the  above-men-  \ 
tioned  fundamental  units  are  spoken  of  as  absolute  units,  in  con-  \ 
tradistinction  to  the  special  units  that  might  be  adopted  for  each  \ 
different  kind  of  physical  quantity ;  and  magnitudes  stated  in  i 
terms  of  them  are  said  to  be  expressed  in  absolute  measure. 

For  example,  we  might  adopt  as  unit  of  velocity  the  velocity 
acquired  by  a  heavy  body  when  it  falls  in  a  vacuum  for  a  specified 
length  pf  time  at  a  specified  place,  and  we  might  state  the  velocity 
of  a  railway  train  or  of  a  rifle  bullet  in  terms  of  this  standard. 
But  such  a  statement  would  not  tell  us  how  far  the  train  or  the 
bullet  would  move  in  a  given  time  :  it  would  only  tell  us  the  ratio 
between  this  distance  and  that  corresponding  to  the  velocity  of  the 
falling  body.  If,  however,  a  velocity  is  stated  in  absolute  units, 
that  is,  not  merely  by  comparison  with  some  other  velocity,  but  in 
terms  of  the  fundamental  units  of  length  and  time,  we  can  estimate 
completely  its  results. 
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390.  Dimensions  of  Derived  Units. — The  formulje  whicli 

express  the  various  derived  units  in  terms  of  the  fundamental 
units  express  at  the  same  time  the  essential  relations  between  the 
qviantities  represented,  and  show,  in  many  cases,  that  magnitudeSj 
between  which  no  connection  is  obvious  superficially,  are  essen- 
tially homogeneous.  The  exponent  of  the  symbol  of  a  fundamental 
unit  in  the  formula  of  a  derived  unit  is  said  to  give  the  dimension 
of  the  latter  with  respect  to  the  former.  Thus  the  unit  of  volume, 
v  =  l^yi^  of  the  third  dimension  with  respect  to  the  unit  of  length. 

We  proceed  to  give  the  dimensions  of  the  most  important 
derived  units  that  we  have  to  deal  with  in  studying  electricity 
and  magnetism  ;  but  as  the  experimental  measurement  of  electrical 
and  magnetic  magnitudes  depends  almost  exclusively  on  the  obser- 
vation of  mechanical  effects,  we  give  in  the  first  place  the  dimen- 
sions of  the  chief  quantities  occurring  in  mechanics. 

391.  Mechanical  Units. —  Velocity  (c). — We  have  already  seen 
that  the  derived  unit  of  velocity  is  the  ratio  of  the  unit  of  length 
to  the  unit  of  time.     This  is  expressed  by  the  equation 

c  =  LT-\ 

Acceleration  (a). — An  acceleration  is  the  ratio  of  an  increment 
of  velocity  to  the  time  in  which  it  occurs,  or  the  time-rate  of 
increase  of  velocity.     Hence 

a=:cT-'  =  LT-\ 

Force  (/). — A  force  is  measured  by  the  product  of  a  mass  acted 
on  by  the  force  into  the  resulting  acceleration  of  this  mass,  or 

f=Ma  =  LMT-\ 

The  consideration  of  force  as  time-rate  of , change  of  momentum 
leads  to  the  same  expression. 

Work  or  Energy  (w). — The  work  done  by  a  force  is  the  pro- 
duct of  the  force  into  the  displacement  of  its  point  of  application 
projected  on  the  line  of  action  of  the  force,  or  fL.  The  energy  of 
a  moving  body  is  the  product  of  a  mass  into  the  square  of  a 
velocity,  or  Mc^.  Writing  for  /  and  c  their  values  in  terms  of  the 
fundamental  units,  both  these  expressions  give 

Turning  moment  or  Torque  (y). — This  is  given  by  the  product 
of  a  force  into  a  length  measured  at  risht  angles  to  the  direction 
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of  the  force.  If  we  do  not  distinguish  between  lengths  measured 
in  different  directions,  we  have 

y  =  L'^MT-\ 

which  represents  a  moment  as  apparently  homogeneous  with  work. 
We  might  write  more  appropriately 

y  =  L,L^MT-\ 

the  suffixes  denoting  that  the  two  L's  are  to  be  measured  at  right 
angles  to  each  other. 

Power  {j)). — Power  is  used  in  mechanics  for  the  time-rate  of 
doing  work  ;  hence 

392.  Electrical  and  Magnetic  Units.— The  measurement  of 

electric  and  magnetic  magnitudes  depends  on  the  observation  of 
mechanical  effects  produced  under  accurately  defined  conditions. 
These  effects  are — (a.)  electrostatic,  involving,  among  other  con- 
ditions, the  dielectric  coefficient  of  the  medium  in  which  they  occur ; 
(&.)  magnetic,  whether  produced  by,  or  exerted  upon,  ordinary 
magnets  or  conductors  carrying  currents.  These  involve  the  7)iag-. 
netic  penneahility  of  the  medium. 

We  proceed  to  give  dimensional  formulaj  for  the  most  important 
magnitudes  of  each  kind,  that  is,  omitting  all  numerical  factors, 
to  give  formulae  showing  how  each  magnitude  is  related  to  the 
fundamental  physical  units.  But,  in  the  first  place,  it  will  be  con- 
venient to  point  out  the  relation  between  the  dielectric  coefficient 
and  the  magnetic  permeability  of  a  medium.  This  will  enable  us 
to  pass,  in  the  case  of  a  given  magnitude,  from  its  value  deduced 
from  electrostatic  effects  to  the  value  deducible  from  electromag- 
netic phenomena,  or  vice  versa. 

With  this  object,  we  will  examine  the  expressions  obtained  from 
the  electrostatic  and  electromagnetic  points  of  view  respectively, 
for  an  electric  charge  or  quantity  of  electricity. 

According  to  Coulomb's  law,  two  equal  electric  quantities,  Q, 
concentrated  at  points  whose  distance  apart  is  L  in  a  medium  of 
dielecti'ic  coefficient,  K,  exert  upon  each  other  a  mechanical  force, 
/,  given  by  the  equation 

•'     UK 
Putting  in  the  value  of /from  (391)  and  reducing, 

q=um^t~^kK 
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This  formula  gives  the  dimensions  of  Q  on  the  electrostatic 
system. 

To  get  a  corresponding  expression  founded  on  electromagnetic 
action,  we  may  start  from  the  relation  between  electric  current  and 
electric  quantity,  namely, 

Q  =  GT. 

We  may  proceed  further  by  considering  that,  if  a  current  of  strength 
G  flows  round  each  of  two  plane  areas,  A{  =  L^\  placed  at  right 
angles  to  each  other  at  a  distance  great  as  compared  with  their 
linear  dimensions,  in  a  medium  of  permeability  /x,  each  current 
exerts  a  turning  moment  on  the  other,  the  value  of  which  is  pro- 
portional to  the  product  of  the  magnetic  moment  of  one  current 
into  the  field  due  to  the  other  (255,  256).  Hence  the  dimensional 
equation 

GL^.GU' 
7  =  — Jz — /^. 

or 

Consequently, 

Equating  this  with  the  electrostatic  expression  already  found, 
we  get 

or 

K=L-'-T^fM-^ .  ^  ^  L-^T^K-\ 

By  similarly  equating  the  electrostatic  and  electromagnetic  ex- 
pressions for  any  other  electric  magnitude  we  should  arrive  at  the 
same  result.  This  may  be  stated  in  words  as  follows  :  the  product, 
/v/x,  of  dielectric  coefiicient  into  magnetic  permeability  for  any 
medium  is  homogeneous  with  the  reciprocal  of  the  square  of  a 
velocity  characteristic  of  the  medium. 

393.  Electrostatic  Units. — Starting  from  the  expression  for 
a  quantity  of  electricity  deduced  from  electrostatic  action  we  pro- 
ceed to  deduce  comparable  expressions  for  the  other  most  important 
electrical  magnitudes. 

Electric  charge : — 

Surface  density  (16). — This  is  the  ratio  Q/L^  ;  hence 

Electric  displacement  or  Electric  induction  (Maxwell)  (44). — 
Since  D  =  <T  they  are  of  the  same  dimensions. 

2  K 
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Eledric  force  at  a  point  in  an  electric  field  (20). — The  dimensions 
are  obtained  by  dividing  surface-density  by  /i;  or,  conversely, 
displacement  =  electric  force  x  dielectric  coefficient : 

Electric  potential  (32).— The  product  of  electric  force  into  length 
is  difference  of  potentials  : 

Capacity.— The  capacity  of  an  electric  field  (51)  is  the  ratio  of 
its  charge  to  the  difference  of  potentials  of  its  boundaries;  or, 
again,  it  is  the  ratio  of  electrostatic  enei'gy  to  the  square  of 
difference  of  potentials : 

.      S=LK. 

Current  is  time-rate  of  electric  displacement  through  an  area ; 

=  L^M^r~^K^. 
Resistance  is  ratio  of  difference  of  potentials  to  current : 

Magnetic  moment. — A  current  multiplied  by  an  area  round 
which  it  flows,  and  by  /x,  the  permeability  of  the  medium,  gives  the 
moment  of  the  equivalent  magnetic  shell  (255)  : 

Intensity  of  magnetisation — Magnetic  induction. — The  dimensions 
are  the  same,  namely,  magnetic  moment  divided  by  L^ : 

A  =  L~^M^K~^. 

Strength  of  magnetic  field. — The  dimensions  are  couple-moment 
divided  by  magnetic  moment  (179)  : 

E=L^M^'r""KK 

Inductance  {Mtitual  or  Self). — This  is  the  ratio  of  energy  to 
square  of  current  (304)  : 

L^MT-^ 

^  =  L-^T^K-\ 


LHn^^K 


394.  Electromagnetic  Units. — We    have   already   (392)   ob- 
tained the  dimensions  of  quantity  of  electricity  and  electric  current : 


Q  =  L^AI^fi.-^  i  C=  L>M^  T~^^ 


F- 


395]  ELECTROMAGNETIC   UNITS  515 

From  these  we  may  obtain  the  dimensions  of  the  remaining  mag- 
nitudes. For  convenience  of  comparison  we  will  take  the  same 
order  as  before. 

Surface  density  and  electric  induction — - 

Electric  force—  -  =  /,^j/^  T" V- 

Electromotive  force  and  difference  of  potential — 

Capacity—  L-^T'^fxr^ 

Resistance —  LT~^fi. 

5  1        2       1 

Magnetic  moment —  UM^T    yt*'. 

Magnetic  indiiction —       L  ~M  T~  fi . 

Magnetic  field—  L'^M^l^'^fiT^. 

Inductance —  Lfi. 

395.  Remarks  on  the  Two  Systems  of  Units.— Frequently 

in  statements  as  to  the  dimensions  of  electric  and  magnetic 
quantities,  the  factors  K  and  /x  are  not  expressed,  that  is,  it  is 
tacitly  assumed  that  each  of  them  has  the  value  unity,  or  is  of 
no  dimensions  with  respect  to  the  fundamental  physical  units.  If 
we  put  K=l  in  the  above  formulse,  we  get  the  expressions  usually 
given  for  the  dimensions  of  the  various  units  on  the  "  electrostatic 
system ;  "  whUe,  by  making  )«.=  1,  we  get  the  usual  corresponding 
expressions  on  the  "  electromagnetic  system."  The  result  is  that 
the  same  magnitude  appears  as  having  different  dimensions  on  the 
two  systems  :  for  example,  an  electric  charge  appears  as  having 
the  dimensions  L^M^T~^  on  the  electrostatic  system,  and  the 
dimensions  L^M^  on  the  electromagnetic  system  ;  resistance,  as 
having  the  dimensions  L~^T  on  the  electrostatic  system,  and  LT~^ 
on  the  electromagnetic  system. 

The  assumption  underlying  the  formulae  given  above,  in  which 
K  and  //,  appear,  is  that  each  magnitude  is  of  definite  invariable 
dimensions,  but  that  these  dimensions  cannot  be  completely  and 
explicitly  assigned,  inasmuch  as  all  that  we  can  state  as  to  the 
dimensions  of  K  and  /*  is  that  their  product  is  of  the  same  dimen- 
sions as  the  inverse  square  of  a  velocity,  or,  more  concisely,  that 

KfJi.v^  =  a,  pure  number. 
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lu  the  account  which  we  have  given  (Chapter  XIX.)  of  magnetic 
induction  we  regarded  it  as  of  essentially  the  same  nature  as  a 
magnetic  field.  If  this  be  so  it  follows  that  /*  is  in  reality  a  mere 
number,  and  the  dimensions  of  K  are  those  of  the  square  of  the 
reciprocal  of  a  velocity,  or  T^  L~'^. 

Many  physicists,  however,  prefer  to  regard  induction  and  field 
as  being  of  essentially  different  physical  character,  induction  being 
related  to  intensity  of  field  in  much  the  same  way  as  strain  is 
related  to  stress  in  an  elastic  body ;  or,  more  generally,  as  effect  to 
cause.  The  identity  in  the  numerical  values  of  the  two  quantities 
in  air  or  other  non-magnetisable  medium  is  regarded  as  being  a 
consequence  of  the  choice  of  units  only  ;  and  the  relation  between 
them,  which  will  be  true  whatever  units  are  adopted,  is  written 
B  =  iJ,^H,  where  im^  is  called  the  absolute  permeability  of  the  air. 
The  statements  which  we  have  made  above  embrace  both  these 
views,  a  suitable  interpretation  being  given  to  (i. 

396.  Choice  of  Fundamental  Units— O.G.S.  System.— The 

quantities  to  be  adopted  as  the  fundamental  units  of  length,  mass, 
and  time,  may  evidently  be  chosen  arbitrarily  according  to  con- 
siderations of  convenience.  The  units  now  almost  universally 
adopted  for  scientific  purposes,  not  only  in  electricity,  but  in  all 
departments  of  physics,  are  those  agreed  upon  by  a  Congress  of 
Electi'icians  that  met  in  Paris  in  1881,  namely — 

As  unit  of  length — one  Centimetre  (very  nearly  one  thousand- 
millionth  part  of  a  quadrant  of  the  earth  measured  from  the 
equator  to  the  pole)  ; 

As  unit  of  mass — one  Gramme  (very  nearly  the  mass  of  one 
cubic  centimetre  of  water  at  the  temperature  of  its  maxi- 
mum density) ; 

As  unit  of  time — one  Second  (one  eighty-six  thousand  four 
hundredth  part  of  a  mean  solar  day). 

It  was  agreed  that  units  founded  upon  these  quantities  should 
be  called  Centimetre-Gramme-Second  absolute  units,  or,  more 
shortly,  C.G.S.  units. 

Such  units  are  sometimes  much  smaller,  in  other  cases  much 
larger,  than  the  quantities  which  have  to  be  expressed  by  means  of 
them.  To  avoid  the  consequent  necessity  of  using  very  large 
numerical  multipliers  or  divisors,  multiplication  by  one  million 
(  =  10^)  is  expressed  by  the  prefix  mega-,  and  division  by  one 
million  by  the  prefix  micro-. 

It  has  been  found  convenient  also  to  give  special  names  to  some 
of  the  most  important  derived  units  of  the  O.G.S.  system.     Thus 
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the  unit  of  force,  namely,  the  force  which,  when  acting  on  a 
gramme,  causes  its  velocity  to  change  at  tne  rate  of  one  centimetre 
per  second  in  a  second,  is  called  a  dyne.  The  weight  of  a  gramme 
is  equal  to  about  981  such  units.  The  weight  of  one  milligramme 
is  therefore  almost  equal  to  one  dyne,  and  the  weight  of  one 
kilogramme  almost  equal  to  one  mega-dyne. 

The  C.G.S.  vinit  of  work  or  energy  is  the  work  done  or  energy 
expended  when  a  force  of  one  dyne  acts  through  a  distance  of  one 
centimetre,  and  is  called  an  erg.  One  kilogramme-metre  is  about 
981  X  10^  ergs,  or,  roughly,  100  megergs. 

The  unit  of  heat,  or  the  quantity  of  heat  needed  to  raise  the 
temperature  of  one  gramme  of  water  by  one  degree  centigrade  at  a 
specified  part  of  the  scale,  may  be  called  a  u-iater-gramme-degree,  or 
simply  a  gramme-degree.  It  is  equivalent  to  about  4*18  x  10^ 
ergs,  or  nearly  42  megergs. 

397.  Practical  Units. — The  C.G.S.  units  of  electrical  magni- 
tudes are  in  many  cases  so  much  smaller,  or  so  much  larger,  than 
the  quantities  usually  dealt  with  in  practice,  that  subsidiary  units, 
derived  from  them  by  multiplying  or  dividing  by  powers  of  10,  are 
employed  for  practical  purposes.  For  example,  on  the  electro- 
magnetic system,  the  C.G.S.  unit  of  resistance  is  equal  to  the 
resistance  of  only  about  one  twenty-thousandth  of  a  millimetre  of 
copper  wire  of  one  millimetre  diameter ;  the  C.G.S.  unit  of  electro- 
motive force  is  about  one  hundred-millionth  of  that  of  a  Daniell's 
cell ;  on  the  other  hand,  the  C.G.S.  unit  of  capacity  is  more  than 
two  thousand  times  the  capacity  of  an  electric  field  filled  with  air, 
with  spherical  boundaries  one  centimetre  apart,  and  with  a  radius 
equal  to  that  of  the  earth. 

Consequently,  units  of  a  more  convenient  size  for  practical 
purposes  were  agreed  upon  by  the  Electrical  Congress,  already 
mentioned  as  having  met  in  Paris  in  1881,  in  the  case  of  five  of 
the  magnitudes  that  are  most  frequently  referred  to,  namely, 
resistance,  electromotive  force,  strength  of  current,  qua7itity  of 
electricity,  and  capacity. 

The  practical  unit  of  resistance  is  called  the  ohm,  and  is  defined 
as  10^  C.G.S.  electromagnetic  units.  It  is,  almost  as  nearly  as  can 
be  measured,  equal  to  the  resistance  at  0°  C.  of  a  column  of  mercury 
of  one  square  millimetre  section,  and  106  "3  centimetres  long. 

The  practical  unit  of  electromotive  force  is  called  the  volt,  and 
is  defined  as  10^  C.G.S.  electromagnetic  units.  It  is  about  6  per 
cent,  less  than  the  electromotive  force  of  a  Daniell's  cell.  Almost 
as  neai'ly  as  can  be  measured,  the  electromotive  force  of  a  Latimer 
Clark's  cell  at  15°  is  1-432  volt. 
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The  practical  unit  of  curreni>strength  is  called  the  ampere.  It 
is  the  strength  of  the  current  which  an  electromotive  force  of  one 
volt  can  maintain  in  a  circuit  of  resistance  one  ohm :  its  value  in 
O.G.S.  electromagnetic  units  is  therefore  10^/10^=1/10.  Almost 
as  nearly  as  can  be  measured,  a  cui-rent  of  one  ampere,  passed 
through  an  aqueous  solution  of  nitrate  of  silver,  deposits  silver  at 
the  rate  of  0'0011183  gramme  per  second,  or  4*0259  grammes  per 
hour. 

The  practical  unit  of  quantity  is  called  the  coulomb.  It  is  the 
quantity  which,  in  one  second,  passes  every  complete  ti-ansverse 
section  of  a  conductor  traversed  by  a  steady  current  of  one  ampere  : 
hence  it  may  also  be  called  an  ampere-second,  and  is  equal  to  0*1  of 
a  O.G.S.  electromagnetic  unit. 

The  practical  unit  of  capacity  is  called  the  farad.  It  is  the 
capacity  of  an  electric  field  which  has  a  charge  of  one  coulomb 
when  the  difference  of  potentials  between  its  boundaries  is  one 
volt.  In  O.G.S.  electromagnetic  measure  a  farad  is  therefore 
equal  to  the  ratio  of  10~^ :  lO'^,  or  10~^ :  1.  Even  the  farad,  though 
only  one  thousand-millionth  of  a  O.G.S.  unit  of  capacity,  is  too 
large  for  ordinary  purposes,  and  consequently  capacities  are  very 
commonly  stated  in  terms  of  the  millionth  part  of  a  farad, 
called  a  micro-farad,  equal  to  10~^^  O.G.S.  electromagnotic  unit 
of  capacity. 

In  addition  to  the  above,  a  practical  unit  of  inductance  has  been 
adopted  and  is  called  the  Jumry.  The  self -inductance  of  a  circuit  is 
one  henry  if  an  opposing  electromotive  force  of  one  volt  results 
from  a  variation  of  the  strength  of  current  in  the  circuit  at  the 
rate  of  one  ampere  per  second.  The  mutual  inductance  of  two 
circuits  is  one  henry  if  an  electromotive  force  of  one  volt  in  one  of 
them  results  from  a  variation  of  the  strength  of  current  in  the 
other  at  the  i"ate  of  one  ampere  per  second.  The  value  of  the 
henry  in  O.G.S.  measure  is  consequently  10^  centimetres. 

The  electric  energy  expended  when  a  coulomb  of  electricity 
falls  in  potential  by  one  volt  is  called  a  joule.  Its  value  in  O.G.S. 
units  is  10~^  X  10^=  10"  ergs. 

The  rate  at  which  energy  is  expended  or  power  exerted  when 
a  current  of  one  ampere  flows  from  a  given  point  of  a  circuit  to  a 
point  where  the  potential  is  lower  by  one  volt  is  called  a  watt ; 
it  represents  10'^  ergs  per  second. 

A  gramme-degree  of  heat,  being  the  equivalent  of  4*18  x  10''' 
ergs,  is  equal  to  4'18  joules;  conversely,  1  joule  is  equal  to  0*239 
gramme-degree.  One  horse-power  is  equal  to  746  watts  ;  one  kilo- 
watt is  1"34  horsepower. 
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398.  Recapitulation. — We  may  recapitulate  here  in  tabular 
form  the  results  of  the  foregoing  discussion  as  to  the  dimensions  of 
electrical  and  magnetic  quantities. 

Table  of  Dimensions. 


Dimensions  in  Terms  of — 

L,  M,  T,  and  K. 

L,  M,  T,  and  m- 

r  Dielectric  coefficient 
I  Magnetic  permeability  . 

K 

L-'-T'ijr^ 

L-'-T-K-^ 

H- 

1  Quantity  of  electricity    . 
I  Magnetic  charge  (pole)  . 
/•Electric  potential    'i 
\  Electromotive  force/ 
I  Magnetic  potential 

L^-M^T'hi^ 

Lhl^ixT^ 

L^M^T^'^K^ 

Lhl^T'^liT^ 

/"Electric    force    (strength    oi\ 
J      electiic  field)       .         .          J 

I  Strength  of  magnetic  field 

rElectric    displacement     (sur-^ 
J      face  density)       .          .          / 

[Magnetic  induction 

Electric  current 

Lhl^T'^K^ 

LhPT-y^ 

r  Conductivity 

(Resistance     .... 

LT-'K 
L-'TK-^ 

L-'TiJT^ 
LT-^li 

/"Capacity         .... 
I  Inductance     .... 

LK 

Magnetic  moment 

Lhi^ir^ 

LUPT'^fJ" 

Strength  of  magnetic  sliell 

L'hrir^ 

UM^T-^IL^ 

It  may  be  noted  that  the  pairs  of  magnitudes  that  are  bi-acketed 
together  in  this  table  are  recipi-ocally  analogous,  the  dimensions  of 
one  in  terms  of  K  being  the  same  as  those  of  the  other  in  terms  of 
fjj.  In  every  case,  the  ratio  of  the  dimensions  in  terms  of  K  to 
the  dimensions  in  terms  of  ^  is  a  power  of  LT~^ K- u) . 

399.  Comparison  of  Practical  and  C.G.S.  Units. — It  may 

be  useful  also  to  collect  in  tabular  form  the  values  of  the  practical 
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units  giving  the  corresponding  electrostatic  and   electromagnetic 
values  side  by  side. 


Value  in 

C.G.S.  Measure. 

Name  of 
Practical 

Unit. 

Electro- 
magnetic 

Electro- 
static. 

Resistance     .... 

Ohm 

109 

109-=-i;2 

Electromotive  force 

Volt 

1()8 

lOS^v 

Strength  of  current 

Ampere 

10-1 

10-1 1^ 

Quantity  of  electricity 

Coulomb 

10-1 

10-1 -y 

Capacity       .... 

Farad 

10-s 

1 0-»  v"- 

Inductance    .         . 

Energy          .... 

Henry 
Joule 

109 

109-^^;2 

10" 

Power  ..... 

Watt 

107 

The  symbol  v  in  this  table  stands  for  the  velocity  KT^f/T^  with 
which  electric  or  magnetic  disturbances  are  propagated  in  the 
medium  to  which  K  and  ^  refer.     This  velocity,  in  the  case  of  air, 

is  very  nearly  3  x  10^" 

sec. 


CHAPTER  XXXII 
DETERMINATION  OF  THE  OHM 

400.  Standards. — When  once  the  practical  units  are  defined, 
the  next  step  is  to  embody  the  definitions  in  actual  material 
standards.  This  can  be  practically  carried  out  for  the  standards 
of  resistance,  of  electromotive  force,  and  of  capacity.  In  other 
cases,  as,  for  example,  in  the  case  of  electric  currents,  it  is  not 
practicable  to  produce  and  preserve  an  actual  unit  as  a  standard 
of  reference;  we  have  to  depend  on  measuring  instruments  whose 
indications  bear  a  known  relation  to  the  theoretically  defined  units. 
Similarly,  in  mechanics  we  have  actual  concrete  standards  of  length 
and  mass,  but  no  concrete  unit  of  time  or  of  velocity.  If,  however, 
we  possess  a  standard  of  one  kind,  and  appropriate  measuring 
instruments,  the  others  may  be  easily  deduced  from  it.  As  the 
standard  of  resistance  is  that  which  is  most  trustworthy,  both  as  to 
accuracy  and  permanence,  the  efforts  of  many  physicists  in  various 
countries  have  been  directed  to  its  determination. 

The  problem  to  be  solved  was  this :  What  is  the  length,  at  a 
specified  temperature,  of  a  column  of  a  given  uniform  cross-section 
of  a  chemically  well-defined  material,  the  resistance  of  which  is 
equal  to  10^  electromagnetic  C.G.S.  units,  that  is  to  say,  to  one 
ohm  ?  In  practice  the  problem  has  been  to  find  the  length  of  a 
column  of  pure  mercury,  of  one  square-millimetre  cross-section, 
which  has,  at  0°  C,  a  resistance  of  one  ohm. 

The  resistance  of  a  conductor  in  the  electromagnetic  system  is  a 
quantity  of  the  same  nature  as  a  velocity  (395),  that  is  to  say,  the 
quotient  of  a  length  by  a  time.  Hence,  it  follows  that  the  measure-  • 
ment  of  the  absolute  value  of  a  resistance  amounts  ultimately  to 
the  measurement  of  a  length  and  of  a  time.  If  other  quantities 
occur  in  the  calculation  of  the  experiments,  they  can  only  enter  as 
ratios  of  magnitudes  of  the  same  kind. 

The  formulas  of  Ohm  and  of  Joule  each  furnish  a  method  of 
measurement.  But  Joule's  formula  contains  the  coeflicient  J, 
representing  the  mechanical  equivalent  of  heat,  and  in  the  present 
state  of  our  knowledge  this  is  not  known  with  sufficient  accuracy 
to  form  the  basis  for  the  determination  of  the  ohm. 
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Ohm's  formula  bases  the  measurement  of  resistance  on  a  com- 
parison of  the  absolute  vahie  of  a  cui'rent  with  that  of  an  electro- 
motive force.  The  galvanometer  directly  gives  the  former.  In 
reference  to  the  second,  it  is  to  be  observed  that  the  only  electro- 
motive forces  which  can  be  directly  measvired  are  those  due  to 
electromagnetic  induction.  The  method  may  be  founded  on  the 
obsei'vation  either  of  an  instantaneous  or  of  a  continuous  effect. 
We  shall  explain  the  principles  of  four  of  the  simplest  and  at  the 
same  time  most  trustworthy  methods  that  have  been  employed 
hitherto. 

401.  Rotating  Coil— Weber's  Method.— A  coil  of  known 

area,  S,  movable  about  a  vertical  diameter,  is  connected  in  cii'cuit 
with  a  ballistic  galvanometer  and  set  exactly  at  right  angles  to  the 
magnetic  meridian  ;  it  is  then  rapidly  turned  through  180°,  and 
the  throw  of  the  galvanometer  is  observed.  If  R  is  the  total 
resistance  of  the  circuit,  we  have  on  the  one  hand,  for  the  quantity 
of  electricity  which  traverses  the  circuit  (310)i 


and  on  the  other  (372), 


From  which 


^6r  TT 


R^isafi"^-^. 


It  will  be  observed  that  the  result  is  independent  of  the  value 
of  the  earth's  field.  Besides  the  area  of  the  coil  and  the  deflec- 
tion of  the  needle,  the  only  quantities  to  determine  are  the  time 
of  oscillation  of  the  needle  and  the  constant  of  the  galvanometer 
coil.  Of  these  quantities,  G  represents  a  magnetic  field  due  to  a 
unit  current ;  its  dimensions  are  therefore  H/C,  or  (398)  L~^ ; 
the  dimensions  of  the  area  S  are  L^,  while  tt  and  6  are  purely 
numerical.  The  whole  expression  is  thei'efore  of  the  dimensions 
LT~^[x,  or  if,  in  accordance  with  the  electromagnetic  system,  we  take 
//,=  !,  the  result  of  the  experiment  gives  R  expressed  as  a  velocity. 

402.  Mutual  Induction  of  Two  Coils— Kirchhoff's  Method. 

— Let  M  be  the  mutual  inductance  of  two  fixed  coils  one  of  which 
is  joined  up  with  a  ballistic  galvanometer  forming  a  circuit  of  total 
resistance  R,  while  the  other  is  in  circuit  with  a  battery  which 
gives  a  steady  current  of  strength  C.  When  the  current  is  re- 
versed, we  have  (313) 

R  ' 
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and  on  the  other  hand, 

The  strength  of  the  current  is  given  by  the  deflection  a  of  a 
tangent  galvanometer,  or 

C=— ^  tan  a. 

Cr 

From  these  equations  we  obtain 

^"      '^'  ~^  7' 

Q 

The  result  is  again  independent  of  H.     The  ratio  — ;  of  the  con- 
fix 

stants  of  the  galvanometers,  ballistic  and  tangent,  is  obtained  by 

passing   the    same    current    simultaneously   through   both    (371)- 

The  physical  magnitudes  in  terms   of  which    the   fixed  value  is 

expressed  are  M  and  t,  of  which  the  ratio  is  of  the  dimensions 

403.  Constant  Current— Lorenz's  Method. — A  metal  disc 

rotates  uniformly  about  its  geometrical  axis :  if  a  is  the  radius  of 
the  disc,  7'  the  time  of  a  single  revolution,  H  the  component  of 
the  field  parallel  to  the  axis,  the  electromotive  force  acting  between 
centre  and  cu'cumference  is  (317) 

_  Tram  _  AH 
^        T  T' 

A  being  put  for  tto^,  the  area  of  the  disc. 

Instead  of  using  the  terrestrial  field,  let  the  axis  of  rotation  be 
placed  at  right  angles  to  the  magnetic  meridian,  and  let  it  coincide 
with  the  axis  of  a  concentric  circular  coil  traversed  by  a  current  C. 
If  M  is  the  flux  of  magnetic  induction  which  passes  through  the 
disc  from  face  to  face,  in  consequence  of  a  current  of  unit  strength 
in  the  coil,  we  have 

CM=AII, 
and  therefore 

CM 

Suppose,  lastly,  that  the  centre  and  circumference  of  the  disc 

are  respectively  connected  with  two  points  separated  by  lesistance 

R  on  the  circuit  of  the  current  0  which  traverses  the  coil ;  then 

the  difference  of  potentials  between  these  points  is  CB,  and  if  R  is 

so  chosen  that  ^_, 

CE  =  e, 
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we  can,  by  making  the  connections  the  right  way  about,  cause 
this  diffei^ence  of  potentials  to  balance  the  electromotive  force  due 
to  the  rotation  of  the  disc,  a  condition  which  is  easily  recognised 
by  a  galvanometer  connected  in  circuit  with  the  disc  remaining 
undeflected.  Equating  the  two  values  of  e,  we  get  the  remarkably 
simple  expression 

M 

T' 


R. 


Fig.  327. 


404.  Lippmann's  Method. — This  may  be  regarded  as,  to  a 
great  extent,  a  modification  of  Lorenz's  method.  A  coil  c  (Fig. 
327)  rotates  uniformly  about  its  vertical  diameter  within  the 
uniform  field  (266)  of  a  long,  horizontal,  hollow  coil,  mn,  carrying 
a  constant  current,  which  at  the  same  time  cu'culates  in  the  con- 
ductor AB,  the  resistance  of  which  is  to  be  determined.  The 
revolving  coil  is  connected,  through  the  capillary  electrometer  e, 

with  the  points  A  and 
Aj,  but  the  circuit  is 
only  closed  at  the 
moment  when  the  plane 
of  the  coil  is  parallel 
to  the  field,  in  other 
X  words,  when  the  electro- 
motive force  due  to  the 
rotation  passes  through 
its  maximum.  The 
speed  of  rotation  and  the  resistance  R  between  the  points  A  and 
Aj  are  so  adjusted  that  the  induced  electromotive  force  is  com- 
pensated by  the  difference  of  potential  between  the  points  A  and 
Aj.  As  there  is  no  current  in  the  coil,  self-induction  does  not 
come  into  account. 

If  A  is  the  total  area  of  the  coil,  T  the  time  of  a  revolution, 
and  ??i  the  number  of  turns  per  centimetre  of  the  fixed  coil,  the 
maximum  electromotive  force  is 

and  if  R  is  the  resistance  between  the  two  points  a  and  Aj  we  have, 

As  in  the  preceding  method,  the  current  cancels  out.  This 
method  has  the  advantage,  as  compared  with  that  of  Lorenz,  that 
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greater  electromotive  forces  can  be  used,  so  that  those  which  may 
arise  at  the  contact  of  sliding  pieces  may  be  neglected  in  com- 
parison. 

405.  Material  Standard  of  Resistance. — Many  experiments 

by  the  above  and  other  methods  agree  in  indicating  that  the  resist- 
ance expressed  in  absolute  electromagnetic  units,  as  10^ '—,  or 

second 

one  ohm,  is  very  nearly  indeed  the  same  as  the  resistance  at  0°  of 
a  column  of  mercury  1  square  millimetre  in  cross-section  and  106-3 
centimetres  long.  Pi-actically,  however,  the  only  way  of  pi-oducing 
a  column  of  mercury  for  use  as  a  standard  of  resistance  and  esti- 
mating its  cross-section  is  to  enclose  the  mei-cury  in  a  glass  tube, 
and  to  assume  that  the  cross-section  of  the  column  is  the  same  as 
that  of  the  tube  which  contains  it.  Reciprocally,  the  most  accurate 
method  of  measuring  the  cross-section  of  a  glass  tube  is  based  upon 
a  determination  of  the  mass  of  mercury  that  fills  a  measured  length 
of  it,  and  upon  the  determination  of  the  density  of  mercury. 
Hence  a  statement  of  the  value  of  the  ohm,  which,  like  that  given 
above,  involves  the  cross-section  of  a  column  of  mercury,  is  not  ex- 
pressed in  terms  of  the  quantities  which  are  directly  measured. 
From  this  point  of  view  it  is  more  direct  to  specify  the  length 
and  mass  of  the  mercury  column,  which  has  a  resistance  one  ohm, 
than  to  specify  its  length  and  cross-section.  This  is  the  method 
adopted  by  the  Board  of  Trade,  as  well  as  by  the  Governments  of 
Germany  and  the  United  States  in  the  official  definition  of  the 
ohm  for  legal  and  commercial  purposes.  In  an  Order  in  Council 
of  1894,  the  ohm  is  stated  to  be  "  represented  by  the  resistance 
offered  to  an  unvarying  electric  current  by  a  column  of  mercury  at 
the  temperature  of  melting  ice,  14"4521  grammes  in  mass,  of  a  con- 
stant cross-sectional  area,  and  of  a  length  of  106*3  centimetres." 

From  the  definition  of  specific  resistance  (115)  it  follows  that 
two  conductors  of  the  same  material  have  the  same  resistance  if 
theii-  masses  are  proportional  to  the  squares  of  their  lengths; 
hence  the  above  statement  as  to  the  magnitude  of  the  ohm  is 
very  nearly  equivalent  to  the  following — the  resistance  at  0°  of 
12*79  grammes  of  mercury  in  the  form  of  a  column  of  uniform 
cross-section  100  centimetres  long. 

406.  Measurement  of  the  Velocity  '  v '. — We  have  seen  (392) 

that  the  product  7l/x  of  the  absolute  inductive  capacity  into  the 
magnetic  permeability  of  a  medium,  say  air,  in  which  electrostatic 
and  electromagnetic  forces  can  be  observed,  has  the  dimensions  of 
the  reciprocal  of  the  square  of  a  velocity.  Since  the  properties 
denoted  by  K  and  /a  respectively  are  definite  for  a  given  medium 
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under  given  circumstances,  the  product  Kfi  must  be  expressible  in 
terms  of  a  definite  velocity  characteristic  of  the  medium.  We  will 
denote  this  velocity  by  v,  and  will  investigate  its  numerical  value 
for  a  vacuum  or  air,  which  is  from  this  point  of  view  nearly  the 
same  thing. 

Suppose  a  given  quantity  of  electricity,  Q,  to  be  expressed,  on 
the  one  hand,  as  s  electrostatic  units,  and,  on  the  other  hand,  as  m 
electromagnetic  units.     In  accordance  with  (398),  we  may  write 

or 

{Kij)-^  =  l-[LT-'-\  =  v, 
m 

where  s/m  is  a  purely  numerical  factor  and  [LT'"^]  is  the  unit  of 
velocity,  oi',  in  concrete  value,  one  centimetre  per  second :  v  is 
therefore  a  velocity  of  sjm  centimetres  per  second.  It  is  clear 
that  the  absolute  magnitudes  of  the  quantities  expressed  by  unity 
on  the  electrostatic  and  electromagnetic  systems  respectively  must 
be  in  the  inverse  ratio  of  the  numerical  values  of  the  same  quantity 
when  expressed  in  terms  of  these  two  units,  or 

[<3s]     m 

where  [Q^]  denotes  the  quantity  of  electricity  expressed  as  unity 
on  the  electromagnetic  system,  and  [Qg]  the  quantity  expressed  as 
unity  on  the  electrostatic  system.  Consequently,  it  is  often  said 
that  the  velocity  v  is  equal  to  the  ratio  of  the  electromagnetic  to 
the  electrostatic  unit  of  electric  quantity. 

It  will  be  seen  by  reference  to  the  table  of  dimensions  of 
electric  magnitudes  (398)  that  the  product  Kjx,  and  therefore  the 
velocity  v,  might  be  expressed  in  terms  of  the  electrostatic  and 
electromagnetic  values  of  any  one  magnitude.  Thus,  if  the  symbol 
of  any  magnitude,  with  the  suffix  m  or  s  attached  to  it,  denotes 
its  numerical  value  in  electromagnetic  or  electrostatic  measure  re- 
spectively, we  have 

Q^     G^     E,      \/  R,      W  S^     \/ L/ 

Practically,  the  only  magnitudes  which  admit  of  direct  electro- 
static measurement  are  electric  charge  or  quantity,  difference  of 
potentials  or  electromotive  force,  and  capacity.  There  are  conse- 
quently three  distinct  methods  that  may  be  employed  for  the 
measurement  of  v. 
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407.  Measurement  by  Means  of  a  Quantity  of  Electricity. 

— The  experiment  consists  in  charging  a  condenser,  and  measuring 
by  means  of  Coulomb's  balance  a  known  fraction  of  the  total 
charge,  and  therefore  the*  charge  itself ;  and,  on  the  other  hand, 
in  measuring  this  charge  by  the  ballistic  galvanometer.  The 
quotient  of  the  number  furnished  by  Coulomb's  balance,  by  the 
number  given  by  the  ballistic  galvanometer,  gives  the  desired  value. 
This  experiment  was  first  made  by  Weber  and  Kohh-ausch. 

408.  Measurement  by  Means  of  an  Electromotive  Force. 

— A  steady  cxun-ent  is  passed  through  a  wire.  Let  C'be  the  strength 
of  the  current  and  R  the  resistance  between  the  two  ends  a  and  b 
of  the  wire,  both  in  C.G.S.  electromagnetic  units.  The  electromag- 
netic difference  of  potential  between  the  two  points  is  C^R„i,  An 
absolute  electrometer  (86)  connected  with  the  points  a  and  B  gives 
the  same  difference  in  electrostatic  units.  The  quotient  of  the 
former  number  by  the  latter  is  the  value  of  v. 

409.  Measurement  by  Means  of  a  Capacity. — A  condenser 

is  formed  of  two  parallel  plates  separated  by  a  layer  of  air ;  one  of 
them  is  so  large  that  it  may  be  considered  as  infinite,  and  the 
other  is  surrounded  by  a  guard  ring  (86).  If  A  is  the  area,  of  the 
movable  plate,  and  e  the  distance  between  the  two  plates,  the 
electrostatic  capacity  is  given  by  the  formula  (53) 

"     Aire' 

The  condenser  is  charged  to  a  difference  of  potentials  V-  V, 
and  is  then  discharged  through  a  ballistic  galvanometer  (372). 
We  have 

Let  us  assume  that  the  difference  of  potentials  V  -  V  is  that 
between  two  points  A  and  b  of  a  wire  of  resistance  li  carrying  a 
current  C ;  this  gives 

( V -  VX  =  R,A  =  R,n^  tan  a, 
and  consequently 

J.  G'r  _e_ 

"'~2R^  G  TTtana 
The  ratio  of  S^  to  *§,„  is  equal  to  v"^. 

410.  Method  of  Electrical  Oscillations. — Lodge  and  Glaze- 
brook  determined  v  by  photographing  an  oscillating  spark  on  a 
moving  sensitive  plate.     The  time-period  of  the  oscillations  was 
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obtained  by  measuring  the  distance  -between  corresponding  points 
in  the  successive  images  of  a  single  spark,  and  determining  the 
velocity  of  the  plate.  The  circuit  consisted  of  a  coil  of  self-in- 
ductance L„i,  and  an  air  condenser  of  capacity  S^  in  electromagnetic 
and  ySg  in  electrostatic  measure.  The  time-period  for  such  a  circuit 
is  given  (339)  by  the  formula 

T=  27r  JITS'  =277.  /^'. 

Sg  was  obtained  from  the  dimensions  of  the  condenser,  X^  by 
Maxwell's  method  (385) ;  hence  v  could  be  calculated.  The  mean 
value,  after  numerous  corrections  had  been  made,  was  3  "009  x  10^" 
cms.  per  second. 

411.  Numerical  Value  of  v. — The  values  obtained  for  V  by 
these  various  methods  are  all  very  nearly  3  x  10^"  O.G.S.  Accord- 
ingly the  constant  u  is  a  velocity  of  3  x  lO^*^  centimetres  per  second. 
This  velocity  is  exactly  that  of  light,  and  thus  the  reasoning  of 
(350)  is  confirmed. 

Maxwell  made  a  noteworthy  remark  in  reference  to  this.  He 
assumes,  and  the  hypothesis  has  been  confirmed  by  Professor  Row- 
land's experiments  (355),  that  an  infinitely  long  straight  wire  having 
a  charge,  Q  (measured  in  electrostatic  units),  per  unit  length,  moving 
in  its  own  direction  with  a  velocity  c,  would  be  equal  to  a  current  of 

strength  Qe  in  electrostatic,  and  of  strength  --  in  electromagnetic 
measure. 

Two  such  wires  placed  parallel  at  the  distance  d,  and  moving 
in  the  direction  of  their  length  with  the  same  velocity,  would  act 
like  two  parallel  currents  in  the  same  dii'ection.  The  attraction 
exerted  by  either  on  unit  length  of  the  other  is  (268) 

2Q2c2     1 

v^     '  d' 

At  the  same  time,  in  consequence  of  their  charges,  each  will 
repel  unit  length  of  the  other  with  a  force  which  a  simple  calcu- 
lation shows  is  equal  to  ^^„ 

~T' 

The  attraction  is  accordingly  equal  to  the  repulsion,  and  the  two 
wires  are  without  action  on  each  other,  if 


hence  the  velocity  v  is  that  with  which  each  wire  must  move  in 
the  direction  of  its  length  in  order  that  the  two  wires  may  have  no 
action  on  each  other. 


CHAPTER   XXXIIl 

CONSTANT-CURRENT  MACHINES 

412.  Constant-Current  Machines— Generator ;  Motor. — 

We  shall  take  as  type  of  these  machines  Faraday's  disc  (275,  317). 

A  metal  disc  (Fig.  328)  driven  by  any  kind  of 

motor  is  made  to  rotate   about  an   axis  in  a 

uniform  field.      Two  contacts  or   brushes,   one  H  ~~^  f   /\^ 

pressing  on  the  circumference  and  the   other 

on  the  axle,  connect  the  disc  with  an  external 

circuit.     A    current   is   produced,   and    if   the 

rotation  is  uniform,  the  electromotive  force  of 

the  circuit  is  perfectly  constant.     If  H  is  the 

component  of  the  field  parallel  to  the  axis,  A  -p      ooq 

the  area  of   the  disc,  7i  the  number  of  turns 

in  a  second,  and   M   the   resistance   of    the    circuit,    the    current 

is  (317) 

^_nAfiH ,J^ 

Ti 

The  machine  is  reversible  :  that  is  to  say,  if  driven  by  a  motor 
it  will  produce  a  current ;  if  connected  with  a  battery  it  will  pro- 
duce work.  For  the  same  direction  of  the  current  the  rotations 
are  in  opposite  directions  in  the  two  cases,  but  in  either  of  them 
the  product  CAfxH  represents  the  work  corresponding  to  one  turn. 
In  the  first  case,  the  machine  consumes  mechanical  energy  and  pro- 
duces electric  energy,  in  this  case  it  is  said  to  act  as  a  generator ; 
in  the  second  case  it  consumes  electric  and  produces  mechanical 
energy,  and  acts  a^s  a  motor. 

413.  Magneto-  and  Dynamo-Electric  Machines.— If  the 

field  in  which  the  di.sc  rotates  is  produced  by  fixed  magnets,  or 
by  electromagnets  excited  by  an  extraneous  source,  so  as  to  be 
independent  of  the  working  of  the  machine,  this  is  said  to  be  a 
magneto-electric  machine.  For  a  given  speed,  whether  on  open  or 
closed  circuit,  it  acts  like  a  battery  of  constant  electromotive  force. 
Formula  (1)  shows,  moreover,  that  this  electromotive  force  is  pro- 
portional to  the  speed. 

629  2  L 
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But  we  may  suppose  the  field  in  which  the  disc  rotates  to  be 
maintained  by  the  current  which  traverses  the  disc.  It  is  sufficient 
for  this  purpose  for  the  disc  to  be  in  circuit  with  the  wire  of  the 
coil,  or  of  the  electromagnet,  which  produces  the  field,  in  other 
words,  with  the  wire  of  the  field-magnet.  The  magnetic  induction 
is,  in  that  case,  a  function  of  the  strength  G  of  the  current.  The 
machine  is  then  a  dynamo-electric  machine,  or,  as  it  is  usually 
called,  a  dynamo.  The  whole  of  the  current  may  traverse  the  coil 
of  the  field-magnet,  in  which  case  the  machine  is  said  to  be  series- 
toound  ;  or  a  portion  of  the  current  may  be  shunted,  giving  a  shunt- 
ivound  dynamo ;  or,  lastly,  we  may  have  a  combination  of  the  two, 
in  which  case  the  machine  is  a  compound  dynamo.  Whatever  be 
the  arrangement,  provided  the  volume  of  the  copper  and  the 
density  of  the  current  are  the  same,  the  same  field  is  always 
produced  (279). 

414.  Dynamo  without  Soft  Iron. — Two  cases  are  to  be  dis- 
tinguished according  as  the  field-magnet  of  the  dynamo  does  or 
does  not  contain  soft  iron. 

If  the  field-magnet  is  a  coil  without  a  soft  iron  core,  the  mag- 
netic induction  is  numerically  equal  to  the  field,  and  is  therefore 
proportional  to  the  strength  of  the  current,  and  if  P  is  a  constant 
we  may  put 

AH^PC. 

Combining  this  with  equation  (1)  we  obtain  the  relation 

^  =  p C-^) 

between  the  constant  P,  the  resistance  R,  and  the  speed ;  the 
condition  here  expressed  depends  only  on  the  construction  of  the 
machine,  and  must  be  satisfied  if  it  is  to  act  as  a  generator. 

For  the  mechanical  energy  taken  in  per  second  from  the  motor 
is  nPG^,  the  energy  expended  in  the  same  time  in  generating  heat 
is  RG^.  Assuming  that  there  is  no  other  work  than  generation 
of  heat,  we  have 

nPG^  =  RC\ 

that  is  to  say,  equation  (2). 

The  condition  which  this  equation  expresses  is  that  in  every 
revolution  the  machine  expends  exactly  the  amount  of  energy  put 
into  it. 

For  a  speed  n^<n,  the  machine  expends  more  than  it  receives. 
In  this  case  it  cannot  maintain  a  current,  and  if  a  current  is 
started  it  dies  down  again.     For  any  velocity  7i2>n  the  machine 
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takes  in,  on  the  contrary,  more  energy  than  it  expends  as  heat, 
and,  if  the  resistance  of  the  circuit  remained  constant,  the  strength 
of  a  current  would  increase  until  the  wires  fused  and  the  machine 
was  destroyed.  Lastly,  for  the  value  n,  the  strength  of  current 
will  increase  until  the  work  done  during  each  turn  is  equal  to 
that  furnished  by  the  motor,  and  will  therefore  only  depend  on  the 
power  of  the  motor.  Such  a  machine  could  not  be  utilised  in 
practice. 

415.  Dynamo  with  Soft  Iron— Characteristic— If  the  field- 
magnet  has  an  iron  core,  the  magnetic  induction  is  still  a  function 
of  the  current,  but  a  more  complicated  one. 

It  increases  with  the  magnetisation,  at  first  almost  proportion- 
ately to  the  strength  of  current,  then  less  rapidly,  and  finally  tends 
towards  a  limit  when  we  get  near  saturation.  If  (f>(C)  is  the  mag- 
netic flux  cut  during  one  turn  of  the  disc  when  the  current-strength 
is  (7,  the  function  4>{C)  represents  the  electromotive  force  for  one 
turn  per  second  ;  for  a  speed  of  ?^  turns  per  second  the  electromotive 
force  will  be  n(j){C).  The  product  C<^((7)  represents  the  positive 
or  negative  work  of  the  electromagnetic  forces  for  one  turn  of  the 
disc  for  any  speed. 

All  the  properties  of  the  machine  are  known  if  the  function 
4>{(J)  is  known.  The  curve  obtained  by  taking  G  as  abscissa  and 
^(C)  as  ordinate  is  called  the  characteristic. 

416.  Machine  used  as  Motor. — Let  us  suppose  the  machine 
joined  up  with  a  battery  of  constant  electromotive  force  E,  and 
that  its  axle  is  acted  on  by  a  break,  which  keeps  the  work  done 
per  turn  at  the  constant  value  W  for  any  speed.  As  the  electric 
measure  of  the  work  done  by  the  machine  for  each  turn  is  C4>{C) 
for  a  current  of  strength  C,  we  must  have  C4>(G)=  W.  Let  E  be 
the  resistance  of  the  circuit.  If  the  battery  cannot  produce  the 
current  C  in  the  resistance  E,  the  machine  will  not  turn  ;  if  it  can 
px'oduce  a  current  of  greater  strength,  the  current  will,  neverthe- 
less, still  be  equal  to  C  ;  the  machine  will  turn  with  a  greater  or 
less  speed  so  as  always  to  use  up  the  energy  furnished  to  it  in 
excess  of  C^R  per  unit  of  time.  For  a  velocity  of  n'  turns  per 
second  we  shall  have 

EG^G^R  +  n'Ccj>(a), 


or  putting  E'  =  n<^{G), 
The  efficiency  is 


^_E-E 

u  =  E'IE, 
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a.rid  the  work  done  by  the  machine  in  each  second 

E-E' 


E'0  =  E' 


R 


This  woi-k,  being  expressed  by  the  product  of  two  factors  the 
sum  of  which  is  constant,  is  a  maximum  when  the  two  factors  are 
equal,  that  is  to  say,  when 

1E'  =  E, 

in  other  words,  when  the  current-strength  C  is  half  that  which  the 
battery  would  produce  in  a  circuit  of  resistance  R  if  the  machine 
were  at  rest.  The  corresponding  efficiency  is  equal  to  0"50.  This 
is  a  result  at  which  we  have  previously  arrived  (136). 

417.  Machine  acting  as  Generator.— Suppose  the  machine 

is  driven  by  a  prime-mover,  and  the  current  is  employed  to  do  work 
such  as  the  generation  of  heat,  the  production  of  chemical  decom- 
position, or  driving  a  motor.  The  problem  is  to  determine  the 
strength  of  current  corresponding  to  a  given  speed,  or  conversely. 

Let  us  suppose  a  simple  circuit  of  the  total  resistance  R,  and 
the  machine  rotating  with  a  speed  of  n  turns  per  second :  Ohm's 
law  ffives 


from  which  follows 


<f>{0)    R 


If  OM  is   the  characteristic  (Fig.    329),  and    the    abscissa    op 
represents   G,  the  ordinate  MP  represents  <^((7),  and  — — '- =  —  is 

the  tangent  of  the  angle  mop.  Hence 
to  solve  the  problem,  we  need  only 
take  0A=1,  draw  a  perpendicular 
at  A,  and  on  this  perpendicular  take 

a  length  ab  =  — ,   and  join  the  point 


B  with  the  origin;  the  point  where 
the  right  line  OB  cuts  the  curve  deter- 
mines the  position  of  m,  and  there- 
fore op  =  G,  the  strength  of  the 
current. 

It  will  be  seen  that  the  current 
will  be  constant  if  ra  is  made  to  increase  proportionately  to  R. 

For  a  given  speed,  the  current  diminishes  as  R  increases,  the 
point  M  continually  approaching  the  origin.     This  goes  on  until 
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Rjn  becomes  equal  to  ac/oa,  oc  being  the  tangent  to  the  curve  at 
the  origin.  If  the  resistance  has  a  still  greater  value  the  machine 
ceases  to  work.  The  reason  of  this  has  been  already  given  in 
(414)  ;  it  is  that  the  machine  expends  more  energy  than  it 
receives. 

If  the  induction  is  proportional  to  the  current,  as  is  the  case 
when  the  field-magnet  has  no  soft  iron, 
the  characteristic  becomes  simply  a 
straight  line  passing  through  the  origin  ;  ^ 
from  which  it  follows  that  for  a  given 
speed  there  can  be  equilibrium  only 
when  the  resistance  of  the  cu'cuit  has 
a  definite  value,  whatever  the  strength 
of  the  current. 

For  let  00  (Fig.  330)  be  the  straight 
characteristic,  and   ob  the  line  making 

an  angle  with  the  axis  whose  tangent  is  equal  to  — ,    the    ratio 

which  must  exist  between  the  electromotive  force  and  the  current, 
in  order  that  the  latter  may  be  stable.  If,  at  a  given  moment,  the 
strength  of  the  current  were  OPi,  the  machine  would  give  rise 
to  an  electromotive  force,  m^p^,  greater  than  n'^p^  necessary  to 
maintain  the  existing  current.  This  electromotive  force  would 
therefore  produce  a  stronger  current,  OPg,  which  in  turn  would 
develop  an  electromotive  force  M2P2,  and  so  on ;  the  current  would 
thus  continue  to  increase  without  limit.  The  result  would  be 
reversed  if  the  line  bo  lay  farther  from  ox  than  co. 

If  the  electromagnet  has  any  residual  magnetism,  or  if  it  has  a 

second  wire  traversed   by  a  cur- 
rent independent  of  the  machine, 
<^(C)    is    no    longer    zero     when 
(7  =  0;  in  this  case  the  character- 
istic  does  not  pass   through  the 
origin,   but   is  displaced    parallel 
to  itself  by  a  quantity  00^  (Fig. 
331),  so  that  for   (7=0,  we  have 
^(0)  =  oH.      The    current    is    ob- 
"^  tained  by  the  same  construction 
as  before,  but  the  machine  always 
starts  whatever  the  resistance. 
418.   Let  us  suppose  that  the  circuit  having  resistance  R  con- 
tains a  constant  electromotive  force  E' ,  independent  of  the  current, 
that  of  a  battery  or  of  a  voltameter,  for  instance.     The  electro- 
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motive  force  E'  must  be  taken  positive  if  it  acts  in  tlie  same 
direction  as  the  machine,  and  negative  if  it  is  in  the  opposite 
direction.     Let  us  consider  the  latter  case  ;  the  equation 


0= 


n4>{G)-E' 
R 


(3) 


n  ^      n 

It   will    be    seen   (Fig.    332)   how   the    construction    must   be 

modified  :    the   line,    the   tangent  of   whose  inclination  is  — ,  in- 

n 

stead  of  passing  through  the 
origin  must  be  drawn  through  a 
point  o'  of  the  axis  of  y,  at  a  dis- 
tance go'  =  —  upwards  or  down- 
n 

wai'ds,  according  as  E'  is  negative 
or  positive. 

419.  Let  us  suppose,  lastly, 
"?'  that  the  machine  has  to  drive  a 
motor.  Let  <^(C)  and  ^'(C)  be 
the  characteristic  functions  for 
the  two  machines,  n  and  n  their  speeds.  Both  are  traversed  by 
the  same  current;  and  the  current-strength,  the  efficiency,  and 
the  work  given  out  by  the  motor  are  expressed  by  the  equations 


Fig.  332. 


a= ^^ 

ni  — J L 

W=n'G4>'{G)     . 


(4) 

(5) 
(6) 


The  problem  may  be  stated  in  several  ways.  Most  frequently 
the  prime  mover  drives  the  generator  at  a  fixed  speed,  being 
able  to  supply  energy  to  it  up  to  a  definite  rate.  The  motor  has 
to  do  an  amount  of  work  per  revolution  which  may  or  may  not 
be  defined.  In  the  former  case  the  current  is  determined  by  the 
condition 

W=  G<k'(G) 

and  the  speed  n   is  given  by  equation  (6).      In  the  second  case 
n    and    G  are  arbitrary,  and   they  are  determined  either  by  the 
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condition  of  having  a  definite  efiiciency  or  by  that  of  obtaining  a 
maximum  rate  of  work. 

It  is  clear  that,  if  the  motor  is  prevented  from  rotating,  the 
current  has  its  maximum  strength,  but  the  vrork  done  and  the 
efiiciency  are  both  nothing.  If  the  motor  were  able  to  move 
without  mechanical  resistance,  its  velocity  would  increase  until  its 
electromotive  force  became  equal  to  that  of  the  generator;  the 
current  would  then  be  nothing,  and  the  efiiciency  unity,  but  only 
because  both  factors  of  the  i-atio  would  vanish  (comp.  136).  Be- 
tween these  two  extremes  there  may  be  all  possible  efficiencies 
from  0  to  1,  and  the  conditions  for  a  maximum  rate  of  work  may 
be  satisfied.  Although  the  value  of  W,  when  G  is  rej)laced  by 
its  value  derived  from  equation  (4),  is  represented  by  a  product 
of  two  factors  the  sum  of  which  is  n4>{C),  the  maximum  does  not 
occur  when  the  two  factors  are  equal,  for  this  sum  is  not  constant, 
C  being  a  function  of  n,  and  the  condition  of  the  maximum  cannot 
be  detei-mined  so  long  as  ^(C)  is  not  given. 

If  the  two  machines  are  identical,  the  formulae  reduce  to 


^ Ji 

n 

u  =  — 

n 

W'  =  n'a<}y{G) 


(7) 


The  first  shows  that,  for  a  given  current,  the  difference  of 
speeds  is  proportional  to  the  resistance  of  the  circuit ;  the  second 
that  the  efficiency  is  equal  to  the  ratio  of  speeds  ;  the  third  that 
the  work  transmitted  is  proportional  to  the  speed  of  the  motor. 
It  is  not  correct  to  say,  as  is  often  done,  that  the  maximum  is 

when  n  =  -,  and  corresponds  to  the  efficiency  0-50. 

420.  Transmission  of  Energy. — Let  us  suppose  that  7i  being 

given,  we  wish  to  obtain  from  the  motor  an  efficiency  u.  Equa- 
tion (5)  gives  n',  equation  (4)  gives  G,  and  substituting  the  values 
in  (6)  we  obtain  the  equation 


W'  =  n'^u{l-uy 


R 


which  shows  that  we  may  transmit  the  same  quantity  of  energy 
with  the  same  efficiency  and  the  same  speed  of  the  generator  and 
motor,  provided  that  we  make  [</)(C)]V^  =  constant ;  that  is  to  say, 
provided  the  characteristic  function  of  the  two  machines  is  varied 
in  proportion  to  the  square  root  of  the  total  resistance  of  the  cir- 
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cuit.  Suppose,  for  instance,  that  the  resistance  is  multiplied  by 
25  ;  if  we  make  the  electromotive  force  per  turn  in  each  machine 
five  times  as  great  as  before,  the  strength  of  the  current  given  by 
formula  (4)  will  be  one-fifth :  the  two  machines  will  do  the  same 
work  as  before  for  the  same  number  of  turns,  and  the  energy  used 
up  in  overcoming  resistance  will  remain  as  it  was. 

In  order  to  make  the  electromotive  force  of  the  two  machines 
five  times  as  great,  their  construction  and  dimensions  may  be 
modified.  But  we  may  also,  at  each  end  of  the  circuit,  couple  on 
the  same  axle  five  machines  connected  in  series  and  each  of  them 
identical  with  the  original  one. 

421.  The  results  obtained  in  this  chapter  apply  to  machines 
with  a  strictly  constant  current,  like  a  Faraday's  disc,  moving  in  a 
uniform  field,  or  one  that  is  symmetrical  about  the  axis.  Unfor- 
tunately, machines  of  this  type  only  give  feeble  currents.  The 
very  powerful  currents  obtained  from  ordinary  machines  resvilt 
from  much  more  complicated  conditions  which  we  shall  investigate 
in  the  next  chapter.  They  give  continuous  currents  in  this  sense 
that  their  direction  is  constant,  but  the  strength  is  not  uniform. 
Moreover,  the  electromotive  force  for  a  given  current  is  no  longer 
proportional  to  the  speed,  and  if  ^(C)  represents  the  electromotive 
force  for  a  speed  of  one  turn  per  second,  the  electromotive  force  for 
a  speed  of  n  turns  per  second  is  not  exactly  represented  by  n(f)(0). 
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422.  Gramme  Machine — Essential  Parts. — The  principal 

part  of  the  machine  is  a  coil  formed  of  a  series  of  loops  or  sec- 
tions, B,  all  coiled  in  the  same  direction,  and  completely  encircling 
a  soft  iron  ring,  A  (Fig.  333}.  Each  loop 
is  in  connection  with  the  next  by  means 
of  a  conducting  commutator  -  strip,  L, 
mounted  on  an  insulating  cylinder  con- 
centric with  the  ring,  and  rigidly  con- 
nected with  it,  called  the  collector.  The 
two  ends  of  each  loop  or  section  of  the 
coil  are  fixed  to  two  consecutive  strips, 
and  each  strip  is  soldered  to  the  termina- 
tion of  the  preceding  section,  and  to  the 
beginning  of  that  which  follows.  The 
successive  sections  thus  form  a  continuous  coil  constituting  a  closed 
circuit.  If  any  two  diametrically  opposite  strips  Avere  connected 
with  the  poles  of  a  battery,  the  current  would  divide  equally 
between  the  two  halves  of  the  ring,  and 
the  soft  iron  core  would  be  magnetised 
so  as  to  have  one  pole  where  the  cur- 
rent enters,  and  the  other  where  it  leaves. 
Each  section  of  the  coil  may  be  made  up 
of  one  or  of  several  turns  of  wire. 

The  ring  is  placed  between  the  poles  of 
a  horse-shoe  magnet  or  of  an  electromagnet, 
and  is  made  to  rotate  uniformly  (Fig. 
334).  Two  brushes,  c  d,  rest  on  the  col- 
lector at  the  ends  of  a  diameter,  which  is 
nearly  at  right  angles  to  the  line  of  the 
poles  of  the  magnet,  and  collect  the  cur- 
rents in  the  ring ;  these  are  the  poles  of  the  machine. 

Without  the  soft  ii'on  ring  the  field  between  the  branches  of 
the  magnet,  or  rather  between  the  pole-pieces  of  soft  iron  which  are 
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attached  to  it,  would  be  nearly  uniform ;  the  ring,  placed  in  this 
field,  acquires  by  influence  poles  at  the  two  ends  of  a  diameter 
which  are  of  the  opposite  kind  to  those  of  the  adjacent  pole-pieces ; 
it  thus  absorbs  the  lines  of  force  proceeding  from  the  pole-pieces, 
and  conducts  them  through  its  mass,  so  that  only  a  very  small 
number  of  lines  pass  thi-ough  the  empty  space  inside  the  ring 
(Fig.  335).  It  follows  from  this  that  the  coils  moving  in  the  field 
cut  the  magnetic  flux  only  by  the  part  of  each  which  is  on  the 

outside  of  the  ring.  As  far  as 
the  explanation  of  the  action  of 
the  machine  is  concerned,  it  is 
immaterial  whether  the  ii'on 
core  is  supposed  stationary,  and 
the  whole  set  of  coils  supposed 
to  slide  round  it ;  or  whether 
the  core  itself  turns  carrying 
the  coils  with  it ;  in  the  latter 
case  the  poles  are  displaced 
within  the  ring,  but  they  re- 
main fixed  in  space.  In  this  case,  which  is  that  met  with  in 
practice,  it  is  important,  in  order  to  prevent  currents  from  being 
induced  in  the  mass  of  the  ring,  or  so-called  Foucault  currents 
(326),  that  it  should  be  formed  of  a  bundle  of  iron  wires,  or  thin 
plates  placed  close  together ;  the  wires  or  plates  are  insulated  from 
each  other,  and  their  planes  are  perpendicular  to  the  axis  of  the 
ring,  in  other  words,  to  the  plane  of  the  windings,  and  therefore  to 
the  direction  in  which  the  electromagnetic  induction  acts.  The 
ring  is  usually  in  the  form  of  a  hollow  cylinder. 

423.  Action  of  the  Machine. — Let  us  confine  our  attention 
in  the  first  place  to  a  single  section  of  the  coil  while  the  machine 
makes  one  complete  revolution.  In  order  to  account  for  the 
effects  of  induction  produced  in  this  section,  we  may  consider 
either  the  variations  of  the  magnetic  flux  through  the  area 
enclosed  by  it,  or  the  flux  cut  at  each  instant  by  the  various 
elements  of  the  contour  (303).  According  to  the  first  point  of 
view,  the  plane  of  the  coil  at  a  and  at  b  (Fig.  335)  is  perpendicular 
to  the  magnetic  flux,  but  in  passing  by  acb  from  the  first  position 
to  the  second  the  coil  turns  through  180°.  If  N^  be  the  total  flux 
through  the  iron  ring,  counting  both  halves,  the  change  of  flux  in 
the  coil  is  simply  equal  to  N^.  An  equal  variation,  but  of  opposite 
sign,  takes  place  in  the  coil  in  the  second  part  of  the  revolution  as 
it  passes  from  B  to  A  through  d. 

According  to  the  second  mode  of  looking  at  the  matter,  it  is 
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Fig.  336. 


easy  to  see  that  no  flux  is  cut  except  by  that  portion  of  a  winding, 
which  covers  the  ring  on  the  outside.  The  electromotive  force  of 
induction  is  nothing  at  A,  increases  from  A  to  c,  then  decreases 
from  c  to  B.  At  B  it  passes  through  zero,  changes  sign,  and,  in  the 
second  half  rotation,  from  b  to  a  through  d,  it  again  passes  through 
the  same  series  of  values,  biit  with  the  signs  reversed. 

The  direction  of  the  electromotive  force  is  thus  opposite  on  the 
two  sides  of  a  vertical  diameter  perpendicular  to  the  line  of  the 
poles.  In  the  conditions  for  which  the  figiu-e  is  drawn,  the  lines 
of  the  field  go  from  left  to  right, 
and  the  motion  of  the  coil  is  like 
that  of  the  hands  of  a  watch ;  the  ■ 
current  then  goes  from  front  to  back 
of  the  figure  in  the  outside  part  of 
the  winding  during  the  motion  bda, 
and  from  back  to  front  during  the  motion  acb.  The  electromotive 
force  varies  during  a  complete  revolution  in  the  way  represented  by 
a  curve  like  aba  (Fig.  336),  more  or  less  resembling  a  curve  of  sines. 
Let  us  now  consider  the  condition  at  a  given  moment  of  the 
whole  system  of  moving  coils :  all  those  on  the  left  of  the  diameter 
AB  are  the  seat  of  electromotive  forces  in  the  same  direction, 
acting,  for  instance,  in  consequence  of  the  mode  of  winding,  so  as 
to  make  the  current  traverse  the  coil  from  B  to  A ;  and  since  all 
the  sections  communicate  with  each  other,  these  electromotive 
forces  are  added  together,  and  tend  to  produce  a  current  from  b  to 
A.  All  the  sections  of  the  coil  on  the  right  of  the  diameter  ab  are 
also  the  seat  of  electromotive  forces  in  the  same  direction ; 
relatively  to  each  section  of  the  coil,  these  electromotive  forces  act 
in  the  opposite  direction  to  the  former,  but  as  the  face  of  each 
section,  which  was  previously  turned  upwards,  is  now  turned 
downwards,  the  electromotive  foi'ces  still  tend 
to  make  the  current  go  from  b  to  A,  and  the 
total  electromotive  force  in  this  half  of  the 
coil  is  manifestly  equal  to  that  in  the  first  half. 
Since  the  two  brushes  connect  the  points 
A  and  B  with  the  outer  circuit,  this  will  be 
traversed  by  a  continuous  current  from  a 
towards  B,  equal  to  the  sum  of  the  currents 
which  traverse  the  two  halves  of  the  ring. 
The  case  is  the  same  as  that  of  a  battery,  the 
elements  of  which  are  arranged  in  two  equal 
and  parallel  series  (Fig.  337) ;  to  make  the  analogy  complete,  it 
must  be  assumed   that   the   electromotive  force  of    the   elements 
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decreases  symmetrically  in  each  series  from  the  middle  where  it  is 
a  maximum  to  the  ends  where  it  is  zero. 

424.  Variations  of  the  Current. — The  current  is  continuously 
in  the  same  direction,  but  is  not  quite  uniform.  One  brush  is 
alternately  in  contact  with  a  single  commutator-strip  and  with  two. 

In  the  latter  case,  the  corresponding  section  of  the  coil  is  short- 
circuited,  and  its  contribution  to  the  resultant  electromotive  force 
is  withdrawn  for  the  time  being.  Hence  arise  periodical  variations 
both  of  electromotive  force  and  of  resistance,  and  therefore  of  the 
strength  of  the  current.  The  curve  which  represents  the  current 
as  a  function  of  the  time,  instead  of  being  a  straight  line  parallel 
to  the  axis  of  the  time,  is  indented,  the  length  of  each  indentation 
corresponding  to  the  time  necessary  for  one  commutator-strip  to 
take  the  place  of  the  preceding  one. 

The  indentations  are  the  smaller  and  the  current  the  more 
uniform  the  greater  the  number  of  subdivisions  of  the  commutator. 

425.  Displacement  of  the  Brushes— Angle  of  Lead. — If 

the  machine  turns  uniformly  on  open  circuit,  the  facts  are  in  exact 
agreement  with  the  preceding  discussion.  A  difference  of  potential 
is  established  between  the  two  poles  formed  by  the  brushes,  and 
this  difference  is  a  maximum  when  the  line  of  the  brushes  is  in  the 
«  plane  of  symmetry  of  the  field- 


Moreover,  for  a  con- 
stant strength  of  the  field,  the 
difference  of  potential  is  pro- 
portional to  the  speed  of  rotation 
of  the  ring. 

If  the  circuit  is  closed  other 
phenomena  are  produced  ;  strong 
sparks  pass  between  the  brushes 
and  the  commutator-strips  which 
they  leave.  These  sparks  would 
soon  destroy  the  commutator, 
and,  in  order  to  prevent  them, 
experiment  shows  that  the  line 
of  the  brushes  must  be  displaced 
in  the  direction  of  the  motion.  A  position,  a'b'  (Fig.  338),  varying 
with  the  strength  of  the  current,  is  thus  found,  for  which  the  sparks 
are  totally  suppressed,  or  at  all  events,  reduced  to  a  minimum. 
The  angle  which  the  line  a'b'  of  the  brushes  makes  with  the  line 
of  symmetry  ab  is  called  the  angle  of  lead. 

The  machine  is  clearly  reversible.     If  it  works  as  a  motor,  for 
a  current  of  the  same  strength  and  in  the  same  direction,  the  ring 
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will  turn  in  the  opposite  direction,  but  the  position  of  the  brushes 
for  which  sparking  ceases  is  still,  as  before,  the  position  a'b'  ; 
accordingly,  the  diameter  of  contact  must  be  turned  through  the 
same  angle,  but  in  the  direction  opposite  to  the  motion. 

Let  us  consider  the  last  section  of  the  coil  to  the  left  of  the  line 
a'b'  at  the  moment  at  which  the  commutator-strip  connected  with 
the  leading  end  is  in  contact  with  the  brush  ;  it  is  traversed  by  the 
current  ^C;  the  next  moment  it  is  short-circuited,  the  brush  being 
in  contact  simultaneously  with  the  strips  connected  with  both 
ends,  and  the  current  therefore  ceases  ;  then,  as  soon  as  the  leading 
strip  is  set  free,  the  section  enters  the  second  half  of  the  rotation 
and  is  again  traversed  by  the  current  ^C,  but  in  the  opposite 
direction. 

The  self-induction  of  the  coil  opposes  so  much  resistance  to  the 
sudden  starting  of  the  current,  that  the  greater  part  of  the  flow 
passes  as  a  spark  across  the  air-space  between  the  commutator- 
strip  and  the  brush  which  it  has  just  left.  It  is  the  same  case  as 
that  of  the  experiment  of  Fig.  287,  except  that  the  quantities  of 
electi'icity  that  come  into  account  in  the  present  case  are  usually 
much  greater. 

These  discharges  and  then-  destructive  effects  would  be  avoided 
if  the  section,  while  on  short  circuit,  were  submitted  to  an  induc- 
tive action  capable  of  gradually  developing  in  it  beforehand  a 
current  equal  to  that  which  it  will  receive  when  the  commutator- 
strip  quits  the  brush.  This  is  done  by  bringing  the  coil  into  a 
pai"t  of  the  field  which  can  produce  this  induction.  It  is  evident 
from  this  that  the  angle  of  lead  must  increase  with  the  strength  of 
the  current. 

426.  Reaction  of  the  Armature. — The  necessary  displace- 
ment of  the  brushes  complicates  the  action  of  the  machine.  The 
principal  effect  is  to  modify  the  shape  of  the  field  and  the  magni- 
tude of  the  electromotive  force. 

The  field  results  from  the  magnetisation  produced  both  by  the 
current  in  the  coils  of  the  field-magnets  and  by  that  in  the  ring. 
In  the  case  represented  in  the  figure  and  with  the  direction  of 
winding  assumed,  the  current  in  the  ring  would  tend  to  produce  a 
south  pole  at  A,  and  a  noi^th  pole  at  b,  that  is  to  say,  a  magneti- 
sation perpendicular  to  that  due  to  the  field-magnets.  If  the  line 
of  the  brushes  remained  in  the  plane  of  symmetry,  the  field  would 
still  be  symmetrical,  but  if  the  line  of  brushes  is  brought  to  a'b' 
(Fig.  338),  there  results  a  distortion  of  the  field  readily  observable 
by  means  of  iron-filings,  an  idea  of  which  is  given  by  the  figure. 

It  is  not  accurate  to  say  that  the  effective  electromotive  force  is 
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the  sum  of  the  electromotive  forces  which  would  be  given  by  each 
of  the  magnetisations  separately,  but  it  is  certain  that  the  second 
acts  in  the  opposite  direction  to  the  first.  Moreover  it  is  evident 
that  owing  to  the  displacement  of  the  brushes,  the  poles  developed 
at  a'  and  b'  must  exert  an  influence  on  the  pole-pieces,  supposing 
them  not  independently  magnetised,  tending  to  turn  the  ring  in 
the  direction  of  the  actual  motion.  The  effect  of  this  action  is  to 
diminish  the  work  against  electromagnetic  forces,  and  as  the 
electromotive  force  is  equal  to  this  work  for  each  unit  of  current, 
the  effective  electromotive  force  is  diminished  by  so  much. 

When  the  machine  acts  as  a  motor,  the  same  causes  have  the 
effect  of  increasing  the  electromotive  force. 

427.  Losses  of  Energy.— Whenever  a  section  of  the  coil  is 
short-cu-cuited  by  a  brush,  it  loses  the  intrinsic  energy  (304)  which 
it  possessed,  and  which  must  be  restored  to  it  a  moment  after, 
without  contributing  to  the  action  of  the  machine.  The  strength 
of  the  current  being  ^G,  if  I  is  the  self-inductance  of  the  section, 
the  loss  of  energy  in  each  turn  is  -J/O^.  As  the  effect  occurs 
twice  during  each  revolution  for  each  section,  if  2?7i  is  the 
number  of  sections,  and  n  the  number  of  revolutions  per  second, 

(J2  .  Q2 

the  loss  for  each  revolution  is  2mZ — ,  and  in  a  second  2??mZ  — ,  or 

4  4 

nL — ,  L  being  the  self -inductance  of  the  whole  ring.     The  loss  is 

the  same  as  would  be  caused  by  an  increase  of  the  resistance 
of  the  ring  equal  to  nL. 

Each  portion  of  the  ring  during  one  revolution  goes  through  a 
complete  magnetic  cycle,  which  represents  a  definite  amount  of 
work  (212).  Lastly,  the  precautions  taken  to  diminish  the  Foucault 
currents  (326,  422)  do  not  destroy  them  completely.  These  losses 
are  usually  greater  than  that  which  arises  from  the  resistance  of 

the  ring,  and  it  is  to  them  chiefiy 
that  the  heating  of  the  machine 
is  due. 

428.  Siemens'  Machine.— This 

only  differs  from  Gramme's  machine 

in  the  winding  of  the  armature.     A 

rectangular  conducting   frame  (Fig. 

339)  turning  uniformly  between  the 
Fig   .339  /  o  j 

poles  of  an  electromagnet,   may  be 

regarded   as  an  elementai-y  constituent  of  such  a  machine.     The 

two  sides  of  the  rectangle  parallel  to  the  axis  are  at  each  moment 

the  seat   of    equal   and   opposite  electromotive   forces,   but   these 
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evidently  act  so  as  to  cause  a  current  to  circulate  in  the  same 
direction  round  the  rectangle.  The  electromotive  foi'ce  is  a 
maximum  as  the  rectangle  passes  the  plane  parallel  to  the  field, 
it  is  zero  and  changes  sign  when  the  rectangle  is  perpendicular  to 
this  plane. 

The  ring  of  the  Gramme  machine  is  replaced  by  a  drum  of  soft 
iron  on  the  outside  of  which  wire  is  wound  forming  a  series  of 
rectangular  sections  analogous  to  the  preceding,  and  placed  in 
equidistant  planes  passing  through  the  axis.  Each  of  these 
sections  is  formed  of  several  windings,  and  all  are  connected  by 
means  of  a  Gramme  commutator,  the  end  of  one  section  and  the 
beginning  of  the  next  terminating  in  the  same  segment  of  the 
commutator.  Thus,  to  describe  the  simplest  mode  of  winding, 
the  wire  from  the  strip  No.  1  goes  directly  to  the  circumference  of 
the  drum,  follows  the  corresponding  generating  line  of  the  cylinder, 
crosses  the  second  base  diametrically,  returns  along  the  opposite 
generating  line,  and  after  being  carried  round  eight  times  in  this 
way,  is  brought  to  the  commutator-strip  No.  2,  and  so  on  for  the 
other  sections.  Only  half  the  whole  number  of  strips  are  used  for 
windings  which  completely  cover  the  drum ;  the  winding  is  con- 
tinued in  the  same  manner,  using  the  second  half  of  the  commu- 
tator, and  forming  a  second  outer  layer  of  wire,  so  that  sections 
connected  to  strips  which  are  diametrically  opposite  each  other  are 
exactly  superposed. 

Two  brushes  placed  in  a  plane  nearly  perpendicular  to  the  field 
receive  a  continuous  current,  but  rather  less  uniform  than  that  of 
the  Gramme  machine,  the  number  of  sections  being  generally  less. 

Thus  the  essential  difl^erence  between  the  two  machines  is  that 
in  the  Gramme  ring  the  wire  is  coiled  on  the  ring  both  outside  and 
inside,  and  that  09  a  Siemens'  drum  it  is  only  on  the  outside ;  the 
drum  might  therefore  be  a  massive  cylinder. 

The  two  systems  give  pretty  much  the  same  results.  Each  has 
its  inconveniences  and  its  advantages.  With  Siemens'  mode  of 
winding  the  inactive  portion  of  the  armature  wire  is  shorter ;  the 
magnetisation  of  the  core  is  less,  and  therefore  the  reaction  of  the 
armature  is  also  less.  But  on  the  base  of  the  drum  there  are 
portions  of  the  wire  in  close  contact  with  each  other  which  are  at 
very  different  potentials,  and  this  makes  the  insulation  more 
precarious.  Besides,  the  sections  are  more  difficult  to  fix  upon  the 
drum,  and  one  cannot  be  uncoiled  without  uncoiling  all,  while  in 
the  ring  the  sections  are  completely  separate,  and  one  can  be  easily 
replaced  without  interfering  with  the  rest. 

429.  Designing"  a  Machine. — The  properties  of  a  dynamo- 
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machine  like  that  of  Gramme,  considered  as  a  whole,  may  be 
regarded  as  resulting  from  the  relative  motion  of  two  closed 
circuits,  each  of  which  is  the  seat  of  a  special  kind  of  flux  :  the 
magnetic  circuit,  the  seat  of  the  flux  of  magnetic  induction,  and 
the    electric  circuit,   the  seat  of   the   electric  current :  these  two 

fluxes  being  connected  by  the  equation  4:7rnC= — -N  (284). 

The  magnetic  circuit  is  made  up  of  the  field-magnets,  the  soft 
iron  core  of  the  ring  or  of  the  drum,  frequently  called  the  armature^ 
and  by  the  space  between  the  pole-pieces  and  the  armature,  a 
space  partly  filled  by  air,  partly  by  copper,  which  is  sometimes 
called  the  interferricwn. 

The  flux  of  magnetic  induction  is  not  the  same  in  all  parts  of 
the  circuit ;  part  escapes  at  the  ends  of  the  pole-pieces,  and  a 
further  portion  at  the  entry  into  the  armature.  It  is  the  aim  in 
construction  to  render  these  losses  as  small  as  possible  ;  they  may 
be  taken  as  being  a  constant  fraction  of  the  total  flux  for  a  given 
machine. 

This  fraction  can  be  readily  determined  experimentally  after  the 
machine  is  made,  by  coiling  round  each  part  one  or  two  turns  of 
wire  connected  with  a  ballistic  galvanometer,  and  reversing  the 
inducing  current  (315). 

Let  No,  be  the  total  flux  of  induction  through  the  armature, 
divided  equally  between  the  two  halves  in  the  case  of  a  ring- 
armature,  iVj  the  flux  in  the  interferricum,  N^  that  in  the  field- 
magnets  :  representing  by^  and  q  factors  greater  than  unity,  which 
may  be  determined  in  the  manner  just  mentioned,  we  may  write 

N^  =  qN,=pqN^.      '        ^ 

It  is  evident  that  if  iV„  is  known  we  know  also  the  electromotive 
force.  At  every  revolution  there  is  a  change  of  flux  through  each 
turn  of  wire  equal  to  iV„ ;  if  there  are  2??i  turns  of  wire,  and  if  n  is 
the  number  of  revolutions  per  second,  we  have 

Let   R    with  a  corresponding    sufiix   represent  the   factor  — 

fj-S 

for  each  part  of  the  circuit ;  in  other  words,  the  magnetic  reluct- 
ance of  this  part  (283).  The  value  of  R  varies  with  the  magnetic 
induction ;  the  value  of  /x,  which  is  required  for  the  calculation,  is 
deduced  in  each  case  from  the  curves  of  magnetisation.  If  we 
apply  formula  (2)  of  (284),  remembeiing   that,  in  the  armature, 
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there  are  as  many  turns  of  wire  traversed  in  one  direction  as  in  the 
opposite  direction,  and  that  therefore  the  corresponding  term  in 
the  expression  for  the  magnetomotive  force  will  vanish,  we  obtain 

n  being  the  number  of  turns  of  wire  on  the  field-magnet,  and  C 
the  strength  of  the  current  which  traverses  them. 

Assuming  a  series  of  values  for  iV„,  the  corresponding  values  of 
C  may  be  calculated,  and  a  curve  may  be  constructed  taking  G  as 
abscissa  and  iV„  as  ordinate.  In  this  way  a  kind  of  characteristic 
curve  is  obtained  for  the  machine,  which  may  be  called  its  mag- 
netic characteristic.  This  is  not  the  same  as  the  characteristic 
already  spoken  of  (415),  and  is  independent  of  the  speed. 

In  actual  machines  the  aim  is  to  get  the  greatest  possible  value 
of  Na  in  tlie  ai-mature — values,  for  instance,  amounting  to  as  much 
as  15,000  to  20,000  units  per  square  centimetre  (213).  In  the 
field-magnets,  on  the  contrary,  the  aim  is  not  to  exceed  semi- 
saturation.  The  section  of  the  field-magnets  relatively  to  that  of 
the  armature  is  calculated  from  this  consideration,  and  from  the 
values  taken  for  the  coefficients  p  and  q. 
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CHAPTER  XXXV 

ALTERNATE-CURRENT  MACHINES 

430.  General  Properties. — The  type  of  all  machines  generat- 
ing alternating  currents  is  the  coil  rotating  about  a  diameter  in  a 
uniform  field  (Fig.  340).  The  current  is  sinusoidal  and  has  a 
retardation  of  phase  <^  relatively  to  the  electro- 
motive force  defined  by  the  equation 

tan  27r<i  = : 

^     RT  ' 

the  maximum  value  of  the  current  is 
^      Eg  cos  2Tr<f) 

^^ B ' 

E„  being  the  maximum  value  of   the  electro- 
motive force  (329,  equations  (5)  and  (6)). 

The  work  is  equal  to  the  product  of  the 
root-mean-square  electromotive  force  into  the 
root-mean-square  of  current,  multiplied  by  the 
cosine  of  the  difference  of  phase  (332), 

P  =^0^0  cos  2Trcf>. 

It  may  be  added,  further,  that  if,  in  Fig.  341,  or  represents  the 
maximum  value  E^  of  the  electromotive  force, 
and  the  angle  roc  the  lag  27r<^,  oc  represents 
the  maximum  of  the  effective  electromotive 
force,  and  oi,  which  is  at  right  angles  to  oc,  C 
represents  the  maximum  electromotive  force  of 
self-induction  (330). 


The  root-mean- square   of   cui-rent  is 


DC 


^V2' 
while    the    work    per    second,    or    power,    is 

oc  OR  ^  oc  •  oc         mi  1  o 

V.    /-  X  — r-  cos  ROC,  or     -— ; —      The  phase  of 
Bj2      J2  2i?  ^ 


Fig.  341. 


the  electromotive  force  of  self-induction  being  always  90°  behind 
the  current,  the  cosine  of  the  difference  of  phase  vanishes,  and  the 
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corresponding  work  is  nothing.  Hence  self-induction  produces 
no  loss  of  energy;  its  only  effect  is  to  limit  the  power  of  the 
machine. 

431.    Coupled    Machines.  —  Let   us   imagine    two    machines 
coupled    together,   two  coils,   for   instance,  ^ 

mounted  on  the  same  axis,  and  making  an 
angle  of  a  with  each  other,  the  wires  being 
joined  so  as  to  form  a  single  circuit.  Adopt-  c/ 
ing  the  same  mode  of  representation,  the  two 
lines  OL  and  of  (Fig.  342)  making  the  angle 
a,  representing  the  given  electromotive 
forces,  the  maximum  value  of  the  resultant 
electromotive  force  is  represented  by  the 
diagonal  or  of  the  parallelogram,  and  the 
construction  is  completed,  as  before.  As 
the  self-inductances  are  simply  added  to- 
gether, the  difference  of  phase  relatively  to  the  effective  electro- 
motive force  or  the  current,  that  is  to  say,  the  angle  roc  is  in- 
dependent of  a. 

The  work   expended   per  second   in  the  form   of  heat   in   the 
oc         DC  oc 


Fig.  342. 


circuit    is  —  _ 


i?x/2       J'2, 


or  — —  .  oc :  the  contribution    of    the    first 


2R 


oc 


oc 


machine  is  — ■  op  and  that  of  the  second  — —  OQ.      These  quantities 

of  work  are  respectively  proportional 
to  the  lines 

OC,  OP,   OQ, 

and  it  is  apparent  from  the  figure 
that  the  first  is  in  all  cases  the  al- 
gebraical sum  of  the  other  two. 

If  the  two  projections  fall  on  the 
same  side  of  the  point  o,  the  amounts 
of  work  represented  by  them  are  of 
the  same  sign,  and  the  two  machines 
act  as  generators  absoibing  work. 
If  they  fall  on  opposite  sides  (Fig. 
343),  the  first  machine  absorbs  work 
and  acts  as  a  generator,  the  second 
produces  work  and  acts  as  a  motor.  The  work  that  must  be  done 
upon  the  combined  system,  and  is  dissipated  in  the  form  of  heat, 
is  the  difference  between  the  amounts  of  work  taken  in  by  the  first 
machine  and  given  out  by  the  second. 


Fig.  343. 
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432.   Coupled   Alternators   continued.  —  Instead   of   two 

machines  mounted  on  the  same  axle,  let  us  consider  two  machines 
each  driven  by  a  special  motor  and  not  connected  with  each  other 
otherwise  than  electrically.  The  motors  are  supposed  to  be  re- 
gulated so  as  to  drive  the  machines  at  very  nearly  the  same  speed. 
If  the  machines  were  independent,  the  smallest  difference  of  speed 
would  make  them  pass  successively  through  every  possible  differ- 
ence of  phase :  there  would  be  no  stable  condition,  unless  they 
were  able  to  act  on  each  other  in  such  a  manner  as  to  maintain 
their  synchronism  and  their  difference  of  phase. 

Let  us  take  the  simplest  case,  that  of  two  identical  machines : 
the  conclusion  arrived  at  will  be  none  the  less  generally  applicable. 
Since  the  machines  are  supposed  identical  the  line  ol  equals  the 
line  OF  (Fig.  342),  and  these  lines  make  equal  angles  with  or  on 
opposite  sides  of  it.  It  is  obvious  therefore  that  the  angle  log  is 
necessarily  greater  than  the  angle  fog  ;  that  is  co  say,  that  the 
leading  machine  always  makes,  with  the  effective  intensity,  a 
greater  angle  than  the  following  machine.  It  follows  from  this 
that  the  latter  always  does  more  work  than  the  former,  and  conse- 
quently requires  a  greater  torque  to  maintain  it  in  steady  motion. 
Unless  this  torque  be  supplied  it  will  slacken  speed  ;  this  will  cause 
the  phase-difference  a  between  the  two  machines  to  increase,  and 
this  increase  will  continue  until  the  difference  of  phase  is  180% 
that  is,  until  the  machines  are  in  opposition ;  in  which  case  the 
current  is  zero  when  the  two  machines  are  ide)itical,  and  no  electri- 
cal woi-k  is  done  by  either.  In  fact,  two  such  machines  running  in 
phase  with  one  another  are  in  unstable  equilibrium ;  and  when 
by  any  accidental  circumstance  (such,  for  example,  as  a  slight 
increase  of  friction)  one  of  them  begins  to  lag  ever  so  little 
behind  the  other,  the  forces  called  into  play  are  such  as  to  increase 
this  lag. 

Two  alternate-current  machines  placed  in  series  in  the  same 
circuit  cannot,  therefore,  be  made  to  work  in  the  same  direction; 
they  can,  however,  if  joined  in  parallel.  For  in  the  closed  circuit 
containing  the  two  machines,  at  two  points  of  which  the  external 
circuit  is  connected,  the  two  machines  will  act  in  opposition ;  if  the 
external  circuit  has  a  relatively  high  resistance,  which  is  always  the 
case  in  practice,  its  influence  on  the  regime  may  be  neglected,  and 
therefore  the  machines  work  under  conditions  of  stable  equilibrium. 
The  qualities  which  best  suit  coupled  working  are  a  small  self- 
inductance  and  resistance,  for  when  one  machine  begins  to  lag  it  is 
most  quickly  pulled  into  step  again  when  the  current  which  the 
leading  machine  sends  through   it   in  consequence  is  as  large  aa 
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possible  ;  the  reason  being  that  this  current  acts  as  a  motor  current 
accelerating  the  lagging  machine. 

When  one  machine  is  used  as  a  generator  and  another  as  motor, 
the  two  machines  are  connected  electrically,  but  are  mechanically 
independent.  Equilibrium  then  corresponds  to  that  difference  of 
phase  for  which  the  woik  transferred  to  the  motor  is  equal  to  the 
work  done  by  it.     The  efficiency  is  equal  to 

OQ 
OP 

(Fig.  343),  and  the  coefficient  of  loss  in  the  circuit  to 

oc 

OP* 

433.  Alternating  Motors. — Most  alternators  can  be  used 
either  as  generators  or  as  motors.  In  the  latter  case  the  field- 
magnets  are  excited  by  an  independent  continuous  current  machine, 
and  an  alternating  current  is  sent  through  the  armature  coils. 
The  armature  can  move  indifferently  in  either  direction.  Never- 
theless, as  the  number  of  dead  points  is  considerable,  the  load  can 
only  be  put  on  after  the  armature  has  been  made  to  rotate  by  hand 
or  otherwise  with  something  like  the  velocity  which  it  ought  to 
have.  The  reactions  finally  determine  the  synchronism  of  the 
motor  and  of  the  alternating  generator  that  drives  it. 

There  are,  however,  several  motors  constructed  on  a  different 
principle,  in  which  the  alternating  current  of  the  generator  is  sent 
into  the  field-magnets,  and  the  armature,  forming  a  closed  circuit 
of  itself,  has  no  connection  with  other  parts. 

As  is  well  known,  two  equal  simple  harmonic  vibrations  of  the 
same  period,  at  right  angles  to  each  other,  differing  in  phase  by 
a  quarter  of  a  vibration  (or  by  90°),  compound  to  a  uniform  rotation 
in  a  period  equal  to  that  of  either  component  (335).  As  magnetic 
fields  are  compounded  geometrically,  the  two  alternating  electro- 
magnets give  a  field  of  constant  strength,  the  dii'ection  of  which 
revolves  uniformly,  and  they  consequently  drag  the  armature 
round  in  the  same  direction  with  an  amount  of  lag  that  depends 
on  the  work  done  by  the  armature.  As  in  this  arrangement 
brushes  are  dispensed  with,  there  is  no  sparking. 

434.  Transformers. — Instead  of  directly  using  the  alternating 
current,  it  may  be  used  to  excite  a  current  of  the  same  kind  in 
a  neighbouring  circuit.  The  primary  current  corresponding  to 
certain  numbers,  E  and  C,  of  volts  and  amperes,  the  secondary 
current  would  correspond  to  other  numbers  E'  and  C  If  the 
transfoi'mation  is  effected  without  loss  of  energy,  we  have 

EG  =  E'C, 
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and  by  a  suitable  arrangement  of  apparatus  the  two  factors  of  the 
product  may  be  modified  at  will. 

Such  apparatus  are  called  transformers.  They  play  an  ex- 
tremely important  part  in  the  transmission  of  electrical  energy 
to  a  distance.  An  example  will  illustrate  the  practical  aspect  of 
the  question. 

Suppose  that  it  is  desired  to  transmit  the  power  corresponding 
to  500  amperes  at  an  electromotive  force  of  100  volts,  i.e.,  50,000 
watts,  to  a  distance  of  1000  metres  with  a  loss  of  10  per  cent. 

For  direct  transmission,  the  conductor,  2000  metres  in  length, 
must  have  a  resistance  of  only  0*02  ohm ;  this  would  imply  a 
section  of  16  square  centimetres ;  the  weight  of  the  conductor 
would  be  28,000  kilogrammes,  and  its  price  about  £3360. 

If  the  same  amount  of  energy  were  transmitted  by  a  current 
of  50  amperes  with  a  potential  difference  of  1000  volts,  and  then 
transformed  at  the  farther  station  into  a  secondary  current  of 
500  amperes  at  100  volts,  the  resistance  of  the  connecting  wire 
might  be  2  ohms,  its  section  0"16  square  centimetre,  its  weight 
280  kilogrammes,  and  its  pi'ice  about  .£34. 

435.  Various  Types  of  Transformers. — In  any  transformer 

there  are  three  circuits  to  be  considered :  the  primary  circuit,  the 
secondary  circuit,  and  the  magnetic  circuit.  It  is  most  advan- 
tageous to  use  a  closed  magnetic  circuit.  The  types  which  appear 
to  give  the  best  results  are  represented  in  Figs.  344  and  345. 
The  arrangement  of  the  first  is  like  that  of  a  Gramme  ring ;  the 
primary  circuit  ab  and  the  secondary  ah  are  coiled  simultaneously 
on  a  soft  iron  core,  which  usually  consists  of  a  coil  of  wire.  In 
the  second  the  two  electrical  circuits  ab  and  ah  are  wound  to- 
gether, so  as  to  form  the  core,  and  the  iron  wire  is  coiled  on 
the  outside.  In  the  former  case  the  care,  and  in  the  latter  the 
envelope,  is  of  soft  iron  ;  in  the  former  the  magnetisation  is  longi- 
tudinal, and  in  the  second  transverse  (288)-  Both  systems  appear 
to  give  equally  good  results. 

436.  Theory  of  the  Transformer. — Let  us  suppose  that  at 

the  two  terminals  of  the  primary  circuit  ab  a  difference  of  poten- 
tial is  established  which  varies  harmonically.  If,  as  in  (333), 
we  neglect  variations  of  ju.  and  the  effects  of  hysteresis,  the  two 
electrical  circuits  and  the  magnetic  one  will  each  be  the  seat 
of  a  flux  which  varies  harmonically  in  the  same  period,  but  with 
different  phases. 

We  will  represent  by  the  same  letters,  but  with  suffixes 
1  and  2,  corresponding  quantities  connected  with  the  two  circuits, 
primary  and  secondary ;  thus,  Wj  and  n.^^  will  be  the  number  of  turns 
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of  wire,  M^  andR^  the  resistances,  and  c^  and  c^  the  simultaneous 
current-strengths. 

The  maximum  strengths  of  current  Cj  and  C^,  which  are 
directly  deduced  from  the  root-mean-square  currents,  may  be  le- 
garded  as  data  furnished  by  experiment. 

The  variation  of  the  flux  of  induction  is  the  same  for  each  turn 
of  the  primary  and  of  the  secondary  cii'cuit ;  if  we  represent  by  N 
the  maximum  value  of  the  flux  of  induction,  the  maximum  values 
of  the  electromotive  forces  developed  in  the  two  circuits  are  (328) 

^1  =  «i^i\^,  and  ^2  =  n^-^^N ; 

they  are  therefore  in  the  same  ratio  as  the  numbers  of  the  turns  of 

I 


Fig.  344. 


Fig.  345. 


wire,  and  both  differ  in  phase  by  90°  as  compared  with  iV.  If  we 
further  assume  that  the  secondary  circuit  is  without  self-induction, 
there  is  no  difference  of  phase  between  the  electromotive  force  and 
the  current  which  it  produces,  and  we  have  simply 

Eo,  E-^,  and  iVare  thus  known. 

Moreover,  if  R  is  the  magnetic  reluctance  (283) 

RiV  sin  27r- =  47r(«jCj  +  ^2^2)  5 


this  equation,  in  which  Cg  =  G^  ^^^  ^tt— ,  enables  us  to  calculate  n^Cy 


352 
We  have 
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where  27r<f>  is  the  acute  angle  of  a  right-angled  triangle  oab  (Fif. 
346),  the  hypothenuse  OB  of  which  is  7i^G-^  and  the  opposite  side 
AB  is  n.^Co-  It  remains  to  find  the  intensity  and  the  phase  of  the 
electromotive  force  acting  at  the  ends  of  the  primary  wire.     If  the 

values  at  a  given  moment  are  denoted  by 

email  letters,  we  have 

e  =  E-^c^  +  ey 

With  the  mode  of  construction  already 
used,  it  will  be  seen  that  the  electromotive 
force  required  is  the  projection  of  the  dia- 
gonal E  of  a  pai"allelogram,  the  sides  of 
which  are  C^Rj  and  U^  To  construct  this 
parallelogram,  let  us  take  two  rectangular 
axes,  and  draw  the  triangle  mentioned  above. 
The  direction  OA  corresponds  to  the  magnetic 
induction  iV,  the  direction  ob  to  the  current 
Cj ;  let  us  represent  the  electromotive  forces 
of  induction  by  the  lines  oe^  and  OEg  perpendicular  to  OA ;  on 
OB  take  a  length  oc,  equal  to  6\i^i,  and  complete  the  parallelogram  ; 
the  diagonal  oe  is  the  maximum  value  of  the  difference  of  potential 
between  the  ends  A  and  b  of  the  primary  wire,  and  the  angle 
27r((f>  +  ip)  which  it  makes  with  oa  is  the  angle  of  lead  relatively  to 
the  magnetisation. 

In  ordinary  transformers  the  angle  27r(<^  +  \p)  is  very  near  90° ; 
hence  the  angle  lirxp  is  the  complement  of  27r<^.     Observing  that 

n  C 
sin  27r</)  =  -  ^   2^  -yye  have  approximately 

^1^1 


Fig.  346. 


E=E^  +  E^C^  cos  27^/-: 
From  this  equation  we  obtain 


Co  = 


or,  observing  that  the  factor 


C, 


7*2  «i       / 


c,= 
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an   expression    which    shows   that   the    secondai-y   cuiTent  is   verv 
nearly  that  which  would  be  produced  in  the  secondary  circuit  by 

an  electromotive  force  which  was  a  fraction  — §  of  that  actiner  at 

the  ends  of  the  primary  wire. 

The  resistance  R^  is  made  up  of  two  parts  :  the  resistance  of 
the  external  circuit,  and  that  of  the  wire  ah ;  as  this  does  not  ex- 
ceed a  few  hundredths  of  an  ohm,  it  follows  that  the  difference  of 
potentials  at  the  terminals  of  the  secondary  circuit  is  sensibly 

The  work  per  second  done  in  the  secondary  circuit  is 

the  energy  supplied  at  the  terminals  of  the  primary  circuit  is 

W^  =  \EG^  cos  IttxP  =  lE''h  C^  ; 
''h 
the  efficiency  is  therefore 

^_^V,_E,_ R, 


1 


1  + 


nj  R.2 


This  differs  but  little  from  unity.  Experiment  shows  that  the 
practical  efficiency  is  greatest  when  the  transformers  work  at  full 
load.  The  magnetisation  thus  oscillates  within  narrow  limits,  and 
the  losses  due  to  hysteresis  are  small. 

437.  Ruhmkorff' S  Coil. — Ruhmkorff's  coil  is  a  true  trans- 
former, in  which  the  aim  is,  by  means  of  a  strong  current  generated 
by  a  source  of  small  electromotive  force,  to  obtain,  in  the  secondary 
wire,  a  considerable  electromotive  force  capable  of  giving  long 
sparks  and  of  charging  Leyden  batteries, — capable,  in  short,  of 
reproducing  all  the  effects  which  are  ordinarily  obtained  with 
electrostatic  machines. 

The  apparatus  represented  in  Fig.  347  consists  of  a  cylindrical 
core  of  soft  iron  formed  of  a  bundle  of  parallel  wires ;  on  this  core 
is  wound  the  primary  coil  formed  of  stout  insulated  wire,  and 
outside  this  is  coiled  the  secondary  wire,  consisting  of  a  great 
number  of  turns  of  fine  wire  connected  with  the  two  terminals  A 


Fig.  347. 
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and  B.  This  secondary  wire  is  very  carefully  insulated  so  as  to 
avoid  internal  discharges.  Instead  of  coiling  it  in  successive  layers 
parallel  to  the  axis,  it  is  wound  in  separate  sections  perpendicular 
to  the  axis,  and  these  are  separated  from  each  other  by  insulat- 
ing partitions.  In 
this  way  the  poten- 
tial increases  from 
one  end  of  the 
wire  to  the  other 
without  there 
being  anywhere 
too  great  a  differ- 
ence between  two 
adjacent  layers. 
The     primai'y 

current  is  given  by  a  battery,  and  the  induction  results  from  the 
alternate  making  and  breaking  of  the  circuit.  This  arrangement, 
which  would  not  be  suitable  in  the  case  of  a  closed  magnetic 
circuit  in  consequence  of  the  retention  of  magnetisation  (207),  may 
be  used  in  the  case  of  a  short  cylinder,  and  it  is  even  preferable  to 
the  use  of  a  current  varying  harmonically,  inasmuch  as  the  varia- 
tions of  the  current  are  more  sudden. 

438.  Make  and  Break. — The  make  and  break  is  often  effected 
by  means  of  a  piece  of  soft  iron,  o,  placed  below  the  end  M  of  the 
soft  iron  core  (Fig.  348).  The  hammer,  od,  and  its  anvil,  with  the 
corresponding  pieces,  e,  a,  h,  form  part  of  the  primary  circuit. 
When   the   current    passes, 

the  core  is  magnetised,  the 
hammer  is  raised,  and  the 
circuit  broken  ;  the  hammer 
in  falling  again  closes  the 
circuit,  and  so  forth. 

The  break  is  made  less 
sudden  by  the  spark  which 
passes  between  the  hammer 
and  the  anvil.  In  order  to 
make  the  break'  more  rapid,  Foucault  used  a  platinum  point 
vibi'ating  vertically  up  and  down  and  dipping  into  mercury.  The 
spark  is  considerably  reduced  by  covering  the  mercury  with  a 
layer  of  alcohol.  The  vibrating  motion  is  kept  up  by  a  separate 
battery  and  electromagnetic  contact  breaker. 

439.  Wehnelt  Interrupter. — If  the  ends  of  the  primary  of 
a  coil,  giving,  say,  a  6-inch  spark  or  more,  are  connected  to  a  large 


Fig.  348. 
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battery  through  an  electrolytic  cell  consisting  of  weak  acid  in 
which  the  electrodes  are  a  lead  plate  (kathode)  and  a  platinum- 
wire  (anode),  the  latter  being  encased  in  a  glass  tube  with  the 
exception  of  a  few  millimetres  at  the  end,  a  torrent  of  dense 
sparks  passes  at  the  secondary  spark  gap.  The  length  of  spark 
obtainable  with  this  interrupter  is  not  greater  than  with  others, 
but  the  density  of  the  spark  is  much  increased,  especially  if  the 
sparks  taken  are  of  less  than  the  maximum  length,  in  which  case 
the  discharge  tends  to  assume  the  form  of  a  flame.  The  action  of 
this  interrupter  is  not  fully  understood,  though  it  depends  on  the 
interruptions  brought  about  by  the  gas  set  free  at  the  electrodes. 
It  will  not  work  at  all  unless  there  is  a  certain  amount  of  induct- 
ance in  the  circuit — that  of  the  primary  is  sufficient.  If  the 
secondary  is  short-circuited,  the  interrupter  may  cease  to  act  owing 
to  the  diminution  of  the  effective  induction  thereby  brought  about. 

440.  Fizeau's  Condenser. — The  power  of  the  coil,  when  an 
ordinary  spring  or  a  mercury  break  is  employed,  is  increased  by 
connecting  the  two  sides  of  the  break  with  the  two  coatings  of  a 
condenser.  The  effect  is  a  maximum  when  the  condenser  has  a 
certain  definite  size. 

When  the  circuit  is  broken  the  greater  part  of  the  energy  of  the 
primary  current,  instead  of  being  expended  in  producing  a  spark 
at  the  contact-breaker,  charges  the  condenser ;  this  is  then  dis- 
charged in  the  form  of  an  oscillating  current  through  the  primary 
wire. 

At  the  first  oscillation  the  current  is  in  the  opposite  direction  to 
the  battery  current;  the  effect  is  almost  the  same  as  if  the  battery 
current  had  been  reversed  instead  of  being  broken,  so  that  the 
variation  of  the  magnetic  flux  through  the  secondary  wire  is 
virtually  doubled. 

It  appears,  from  recent  experiments  made  by  Lord  Rayleigh, 
that  when  the  current  is  interrupted  with  sufiicient  rapidity  by 
other  means  the  presence  of  a  condenser  may  be  harmful  rather 
than  beneficial.  Thus,  with  a  particular  coil,  when  the  primary 
circuit  was  cut  by  a  rifle  bullet,  good  sparks  were  obtained  about 
6  cm.  long  when  no  condenser  was  used ;  while  with  a  condenser, 
and  using  either  the  bullet  or  a  mercury-under-oil  break,  only 
feeble  brush  discharges  were  obtained.  Much  depends  iipon  the 
strength  of  the  primary  current,  since  its  power  of  forming  an  arc 
at  the  break  increases  with  its  strength.  Rayleigh  found  that 
when  the  primary  current  was  weakened  by  interposing  one  or  two 
ohms'  resistance  in  the  circuit,  the  usual  condensei'  was  a  disad- 
vantage even  with  a  spring  break. 
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If  an  adjustable  air  coudeuser  be  connected  in  parallel  with  the 
secondary  spark  gap,  the  spark  length  is  decreased  with  increase  of 
its  capacity.  It  is  probable,  therefore,  that  the  capacity  of  the 
wires  of  the  secondary  coil  itself  has  a  considerable  influence  upon 
the  length  of  spark  that  can  be  obtained, 

441.  Direct  and  Inverse  Currents. — If  the  two  poles  of 

the  apparatus  are  connected  by  a  conductor,  this  is  traversed  by 
equal  currents  alternately  in  opposite  directions,  which  neutralise 
each  other  as  regards  action  on  the  galvanometer. 

If  the  wire  is  cut  and  the  ends  are  separated,  the  current  con- 
tinues to  pass,  forming  loud  sparks,  which  sometimes  attain  a 
great  length.  The  large  coils  made  by  Ruhmkorff,  which  are 
about  60  centimetres  in  length,  and  have  120  kilometres  of  second- 
ary wire,  are  capable  of  giving  sparks  45  centimetres  long,  and 
much  larger  coils  than  these  are  now  made. 

These  sparks  are  always  somewhat  slender.  They  become 
denser  and  less  frequent  if  the  ends  of  the  secondary  wire  are 
connected  with  the  coatings  of  a  condenser.  In  this  way  the 
capacity  of  the  wire  is  increased.  With  large  coils  a  single  Leyden 
jar  would  be  incapable  of  withstanding  the  great  difference  of 
potentials  between  the  two  poles,  and  accordingly  two  or  more  jars 
are  used,  ari-anged  in  cascade. 

When  the  two  ends  of  the  wires  attached  to  the  terminals  of  the 
secondary  coil  are  drawn  gradually  apart,  it  may  be  observed  that 
in  general  the  direct  current  passes  more  readily  than  the  inverse 
one,  and  when  the  distance  is  sufficiently  great  the  former  alone 
passes.  The  coil  gives  then  an  intermittent  current  always  in  the 
same  direction,  which  can  be  used  to  charge  a  Leyden  battery. 

When  the  poles  are  connected  by  a  tube  containing  a  I'arefied 
gas,  a  Geissler's  tube,  for  instance,  the  phenomena  described  in 
(94)  are  obtained.  The  investigation  of  these  luminous  phenomena 
by  means  of  a  rotating  miiror  shows,  moreover,  that  provided  the 
resistance  of  the  tube  is  small  the  discharge  is  not  a  continuous 
phenomenon,  but  is  due  to  a  series  of  oscillations  alternately  in 
opposite  directions. 

This  is  also  the  case  when  the  ends  of  the  coil  are  separated  so 
far  that  no  spark  can  pass :  by  measuring  the  difference  of  poten- 
tials at  the  ends  of  the  secondary  wire,  after  successive  very  short 
intervals  of  time,  it  is  found  that,  at  each  break  of  the  primary 
current,  the  secondary  wire  is  the  seat  of  isochronous  oscillations, 
which  are  rapidly  damped  out,  as  shown  in  Fig.  286  (339). 

442.  Yield  of  the  Coii. — The  yield,  as  in  the  case  of  electro- 
static machines,  may  be  measured  by  the  time  necessary  to  charge 
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a  battery  of  Leyden  jars  to  a  given  potential.  The  two  coatings  of 
the  insuhited  battery  are  connected  on  the  one  hand  with  the  aims 
of  a  spark-micrometei',  with  its  knobs  ab  a  distance,  D,  and  on  the 
other  with  the  two  terminals  of  the  coil,  a  break,  d<D,  being 
interposed  in  one  of  the  connecting  wires,  so  as  only  to  allow  the 
direct  current  to  pass,  and  to  prevent  the  battery  from  being 
discharged  at  each  alternation. 

At  each  spark  of  the  coil  the  battery  receives  the  same  quantity 
of  electricity ;  after  a  certain  time  it  is  discharged  through  the 
micrometer.  This  phenomenon  is  periodic,  and  one  spark  of  the 
battery  corresponds  to  a  constant  number  of  sparks  of  the  coil. 
Experiment  shows  that  the  quantity  of  electricity  corresponding  to 
one  spark  of  the  coil  gradually  diminishes  when  the  rapidity  of  the 
breaks  is  increased  beyond  a  certain  limit. 
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443.  Incandescent  Lighting". — Electric  energy  is  used  for 
lighting  purposes  chiefly  in  two  ways,  namely,  in  incandescent 
lamps  and  in  arc  lights. 

The  former  method  consists  in  raising  a  conducting  thread  to 
so  high  a  temperature  that  it  becomes  luminous.  Platinum  was 
first  tried  for  this  purpose,  but  it  rapidly  dis- 
integrates. The  best  substance  is  a  thin  fila- 
ment of  carbon  placed  in  a  vacuum  so  as  to 
prevent  its  being  burnt.  In  the  Edison-Swan 
lamp,  for  instance  (Fig.  349),  the  carbon  is  a 
filament  of  bamboo  calcined  at  a  high  tem- 
perature, and  contained  in  a  glass  bulb  which 
is  exhausted  by  means  of  a  mercury  pump ; 
it  is  fixed  at  the  ends  to  two  platinum 
wires  fused  into  the  glass,  which  are  the 
electrodes. 

Before  the  bulb  is  finally  sealed  the  fila- 
ment is  kept  incandescent  for  some  time  in  an 
atmosphere  of  a  hydrocarbon.  Carbon  result- 
ing from  the  decomposition  of  the  hydrocarbon 
by  the  great  heat  is  deposited  on  the  filament, 
which  thereby  becomes  more  compact  and 
regular,  and  acquires  a  steel  grey  lustre.  This 
process  is  known  as  treating. 

The  rarefaction   is  pushed  to  one  or  two 
hundredths  of  a  millimetre  of   mercury.      At 
a  lower  pressure  the  filament  rapidly  disin- 
tegrates, and  the  bulb  becomes  covered  with    a    layer  of  carbon  ; 
at   a  greater  pressure,   2  or  3  millimetres,  for  example,  the  bulb 
becomes  heated. 


Fig.  349. 
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The  illuminating  power  ^  rapidly  increases  with  the  strength  of 
the  current ;  but  the  life  of  the  lamp  is  thereby  shortened. 

The  conditions  of  maximum  economy  are  those  in  which 
the  gain  in  luminosity  and  the  loss  in  the  life  of  the  lamp, 
each  estimated  by  its  money  value,  exactly  compensate  each 
other. 

Equilibrium  of  temperature  is  attained  when  the  rate  at 
which  heat  is  lost  by  radiation  is  equal  to  the  rate  at  which 
it  is  generated  in  the  carbon  filament,  the  conditions  of  this 
generation  being  expressed  by  Joule's  law.  The  ratio  of  the 
light  emitted  to  the  energy  expended  is  a  function  of  the  tempera- 
ture, and  does  not  depend  on  the  shape  of  the  carbon  filaments, 
provided  they  have  the  same  emissive  power.  A  treated  lamp 
has  less  emissive  power  than  an  untreated  one,  and  in  consequence 
it  requires  a  less  ■  expenditure  of  power  to  raise  it  to  a  given 
temperatiu'e.  Experimentally  it  is  found  that  both,  at  the  same 
temperature,  give  out  about  the  same  amount  of  light,  con- 
sequently the  treated  lamp  has  the  greater  luminous  efficiency. 

By  measuring  the  quantity  of  heat  imparted  by  the  lamp  to 
a  calorimeter  with  opaque  sides,  which  absorbs  the  whole  of  the 
radiation,  and  then  to  one  which  transmits  the  light,  it  is  found 
that  the  light  is  about  5  per  cent,  of  the  total  energy ;  in  the  case 
of  an  ordinary  candle  the  ratio  is  scai^cely  3  in  1000. 

An  Ediswan  lamp  of  IG  candle-power,  when  made  for  a  differ- 
ence of  potential  of  100  volts,  works  with  a  current  of  0"6  ampere, 
and  such  a  lamp  usually  lasts  about  1000  hours. 

The  energy  consumed  in  this  case  per  second  is  100  x  0'6  =  60 

1  The  English  official  standard  of  illuminating  power  is  a  spermaceti 
candle,  -^-inch  in  diameter,  six  to  the  pound,  burning  120  grains  per  hour. 
The  French  standard  is  the  Carcel  lamp,  burning  42  grammes  of  oil  in  an  hour  : 
this  is  equivalent  to  about  8'9  English  candles.  The  unit  of  light  at  the 
Physikalisch-Technische  Eeichsanstalt  (Charlottenberg)  is  the  Hefner  lamp 
burning  amyl-acetate  and  adjusted  to  give  a  flame  4  cms.  in  height  at  normal 
atmospheric  pressure  (76  cms.)  in  an  atmosphere  containing  8'8  litres  of 
water  vapour  per  cubic  metre.  The  unit  at  the  National  Physical  Laboratory 
(Teddington)  is  that  given  by  the  ten-candle  power  Harcourt  pentane-lanip 
burning  a  mixture  of  pentane  vapour  and  air  so  as  to  give  a  llame  2^  inches 
in  height  at  normal  pressure  in  an  atmosphere  containing  8  litres  of  water 
vapour  per  cubic  metre.  By  a  memorandum,  April  1,  1909,  issued  by  the 
Bureau  of  Standards  (America),  the  pentane-candle  is  accepted  as  the 
standard,  and  the  following  equivalents  are  stated:  1  pentane-candle  =  1 
bougie-decimale  =  l  American  caudle  =  Til  Hefner  unit  =  0*101  Carcel  unit 
It  is  expected  that  the  pentane-candle  will  be  accepted  as  an  International 
unit. 
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joules.  But  60  joules  per  second,  or  60  watts,  is  nearly  one-twelfth 
of  a  horse-power  ;  hence  1  horse-power  radiated  from  such  lamps 
would  amount  to  about  200  candle-power.     The  resistance  of  the 

Jamp  when  hot  is =  166#  ohms. 

^  0-6 

The  lamps  are  generally  arranged  in  parallel  circuit.      Suppose 

there  are  n  lamps  of  the  same  kind  :  let  r  be  the  resistance  of  one 

lamp,  and  c  the  current  through  each.     On  the  other  hand,  let  E 

be  the  electromotive  force  of  the  generator  and  R  the  resistance  of 

the  circuit,  exclusive  of  the  lamps  ;  the  resistance  p  of  the  whole  of 

the  n  lamps  in  parallel  is  -,  and  we  have 

n 

E={R-\-p)nc  =-■  {nR  +  r)c; 

the  useful  work  is  nrc?,  and  the  efficiency . 

nR  +  r 

Suppose  it  is  desired  to  work  lamps  of  the  preceding  type  by 
means  of  a  battery.  Let  us  assume  that  the  only  appreciable 
external  resistance  is  that  of  the  battery  ;  in  order  to  obtain  the 
maximum  rate  of  doing  work  (135),  we  must  take  7zi2  =  r=  166§ 
ohms.     For  Bunsen's  elements  the  preceding  formula  gives 

l-8.r=333i-x0-6  =  200, 

X  being  the  number  of  elements.  From  this  we  deduce  a:=  IITL 
Hence  there  must  be  111  elements  in  series,  whatever  be  the 
number  of  lamps  to  be  maintained.  The  resistance  alone  must 
vary  with  the  number  of  lamps,  and  will  be  equal  to 

166f     1-5    , 
;,VT    = —  ohms. 
win      n 

The  use  of  Bunsen's  elements  is  only  mentioned  by  way  of 
example.  In  practice  the  lamps  are  always  fed  by  dynamos  or 
accumulators.  Take  the  case  of  an  installation  of  1000  lamps. 
With  high-resistance  Ediswan  lamps  arranged  in  parallel  circuit, 
the  dynamo  must  give  600  amperes  with  an  electromotive  force  of 
100  volts. 

In  recent  years  several  new  kinds  of  lamps  have  been 
devised.  In  the  Nernst  lamp  the  light  is  produced  by  the 
incandescence   of   a  rod   consisting   of    rare   earths.      The  rod   at 
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ordinary  temperatures  is  practically  a  non-conductor ;  it  there- 
fore requires  to  be  first  heated  by  means  of  a  current  in  an 
auxiliary  conductor.  The  conductivity  of  the  rod  increases 
fast  with  the  temperature  and,  when  sufficient  current  is 
passing  through  it,  the  auxiliary  circuit  is  automatically  cut 
out  by  an  electromagnetic  break.  The  light  given  is  very 
white;  the  efiiciency  is  about  1*5  watt  per  candle-power. 

In  the  Osram  lamp  the  filament  is  composed  principally  of 
the  metal  osmium.  The  temperature  of  fusion  of  this  metal  is 
exceedingly  high,  and  hence  the  filament  can  be  raised  to  a 
high  state  of  incandescence.  The  efficiency  is  about  1"25  watt 
per  'candle-power.  It  requires  to  be  delicately  handled  as  the 
filament  is  very  brittle  when  cold  and  very  soft  when  hot. 

The  tantalum  lamp  has  a  filament  of  that  metal.  Its  efficiency 
is  1*7  watt  per  candle-power.     The  lamp  has  great  stability. 

In  the  Arons'  mercury  lamp  the  mercury  is  contained  in  a 
highly  evacuated  bulb.  The  two  terminals  are  both  inserted 
near  the  base  of  the  bulb.  A  narrow  central  tube  embraces 
one  of  these  and  serves  to  insulate  the  mercury  inside  it  from 
the  surrounding  mercury  in  contact  with  the  other  terminal. 
If  the  bulb  be  shaken  a  little  the  two  portions  of  mercury 
come  into  momentary  contact  and  permit  the  arc  to  strike. 
When  the  envelope  is  of  fused  silica  instead  of  glass  very 
powerful  currents  may  be  sent  through.  Such  a  lamp  serves 
as  a  very  efficient  source  of  ultra-violet  radiations  extending 
to  a  wave-length  of  2540  tenth-metres. 

In  the  Cooper-Hewitt  mercury  lamp  the  mercury  is  con- 
tained in  a  tube  1^  foot  long.  The  electrodes  are  at  the 
two  ends  and  consist  of  an  iron  anode  and  a  mercury  cathode. 
The  arc  is  struck  by  inclining  the  tube  so  that  the  mercury 
runs  down  it.  A  current  of  3i  amperes  at  150  volts  is  suitable, 
and  the  energy  expended  is  about  "45  watt  per  candle.  The 
light  is  very  deficient  as  regards  red  rays. 

Such  a  lamp  can  be  employed  as  an  electric  valve,  since,  when 
the  mercury  is  the  anode  and  the  iron  electrode  the  cathode, 
a  current  passes  with  great  difficulty.  When  an  alternating 
electromotive  force  is  applied  the  current  flows  only  during 
half  the  time,  and  solely  in  one  direction,  provided  that  the 
maximum  electromotive  force  lies  within  a  certain  range. 

444.  Voltaic  Arc. — Davy  having  attached  two  rods  of  carbon 
to  the  poles  of  a  battery  of  2000  elements,  found  that,  on  gently 
drawing  them  apart  after  being  in  contact,  a  flame  formed  between 
the  two  points,  to  which  he  gave  the  name  of  the  voltaic  arc. 

2n 
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The  phenomenon  is  so  brilliant  that  it  can  only  be  looked  at 
through  a  dark  glass ;  a  still  more  convenient  way  of  observing  it 
is  to  project  the  image  of  the  arc  and  the 
two  cai'bons  on  a  screen  by  means  of  a 
lens.  It  is  then  seen  that  the  arc  has 
far  less  brilliance  than  the  points  of  the 
carbons  themselves  (Fig.  350) ;  that  it 
consists  of  two  distinct  parts — one  the 
arc,  properly  so  called,  which  is  blue,  and 
the  other,  which  has  the  ordinary  appear- 
ance of  a  flame,  and  is  reddish ;  that  the 
positive  carbon  is  brighter  than  the  nega- 
tive, and  that  a  greater  length  of  it  is 
luminous,  indicating  that  its  temperature  is 
higher  ;  that  the  positive  carbon  is  hollowed 
out  in  the  form  of  a  crater,  from  which 
the  brightest  light  proceeds,  while  the 
negative  one  is  sharpened  to  a  point; 
Fig.  3t>0.  finally,  that  the  positive  wears  away  more 

rapidly  than  the  negative  carbon.  In  a  vacuum  the  effects  are 
tlie  same,  apart  from  the  action  of  air  on  the  carbons,  and  it 
is  clearly  seen  that  matter  is  carried  from  the  positive  to  the 
negative  carbon. 

The  temperature  of  the  arc  is  very  high,  and  difficultly  fusible 
substances,  such  as  platinum,  melt  easily  in  it.  Hence  a  per- 
manent arc  can  only  be  produced  with  rods  of  carbon.  For 
illuminating  purposes  it  is  best  to  have  the  positive  carbon,  which 
is  the  brightest,  above,  as  the  light  is  thereby  better  diffused. 
If  the  heat  is  to  be  used  for  melting  or  volatilising  a  sul)stance, 
the  lower  carbon  is  made  the  positive  one,  and  its  extremity  is 
hollowed  out. 

The  light  emitted  is  very  rich  in  highly  refrangible  rays,  and 
appears  bluish  as  compared  with  sunlight.  In  the  spectroscope 
the  carbons  give  a  continuous  spectrum  extending  far  towards  the 
violet ;  the  arc  itself  gives  a  fluted  spectrum  showing  the  rays  of 
carbon,  and  those  of  any  metals  which  may  be  present  in  the 
carbons. 

Calorimetrical  experiments  made  in  a  transparent  and  in  an 
opaque  vessel  show  that  the  fraction  of  energy  converted  into 
luminous  rays  is  about  one-tenth  of  the  total  energy  expended  in 
the  arc. 

The  arc  is  acted  upon  by  a  magnet  like  ordinary  movable  con- 
ductors (274). 
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In  air  the  arc  produces  ozone,  and  in  an  atmosphere  of  hydrogen 
it  gives  acetylene. 

445.  Electromotive  Force  of  the  Arc. — Measured  either 

by  an  electrometer  or  by  a  high-resistance  galvanometer,  the 
difference  of  potential  between  the  two  carbons  is  found  to  be 
never  lower  than  30  volts.  It  varies  from  30  to  70  volts.  Ex- 
periment shows  that  this  difference  or  fall  of  potential,  which 
of  course  takes  place  in  the  direction  of  the  current,  consists  of 
two  parts.  One  of  these  is  fixed,  and  is  independent  of  the 
strength  of  the  current  and  of  the  distance  of  the  carbons,  acting 
therefore  like  a  true  electromotive  force;  the  other  varies  with 
the  strength  of  the  current  and  the  distance  of  the  carbons. 
According  to  experiments  by  Mrs.  Ayrton,  the  connection 
between  the  observed  difference  of  potentials,  E,  the  length  of 
the  arc,  L,  and  the  strength  of  the  current  may  be  expressed  by 
an  equation  of  the  form 

Eo^p  +  qL, 

when  the  strength  of  the  current  is  constant;  and  by  an  equation 

of  the  form  „  t 

Ei,  =  s+~^, 

when  the  length  of  the  arc  is  constant ;  p,  q,  s,  and  t  being 
numerical  quantities  determined  by  experiment.  These  expres- 
sions are  included  in  the  following  more  general  equation 

e+fL 


E  =  a  +  bL  +  - 


C 


when  rt,  b,  e,  f  are  again  constants. 

When  the  length  of  the  arc  was  measured  in  millimetres,  the 
current  in  amperes,  and  difference  of  potentials  in  volts,  the  values 
obtained  with  solid  carbons  agreed  with  the  formula 

^=38-9  +  2-07L  +  lAl+lMZ,^ 

This  formula  indicates  an  electromotive  force  at  the  carbons  of 
about  52*6  volts  as  being  required  to  maintain  an  arc  of  4  mm. 
with  a  current  of  10  amperes. 

It  appears  from  the  above  formula  that,  for  an  ai^c  of  constant 
length,  an  increase  of  current  is  accompanied  by  a  decrease  of  the 
potential-difference  between  the  poles,  as  though  the  arc  had  a 
"  negative  resistance."  Tlie  explanation  appears  to  be  that  in  the 
electric  arc  the  current  is  not  conveyed  by  a  conductor  of  fixed 
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dimensions  like  a  metal  wire,  but  by  a  mass  of  carbon-vapour,  and 
perhaps  intensely  heated  air,  the  effective  volume  of  which  in- 
creases with  the  strength  of  the  current.  That  some  process  of 
adjustment,  of  the  conducting  medium  of  the  arc  to  the  strength 
of  the  current,  does  take  place  is  shown  by  the  fact  observed  by 
Mr.  Duddell  that,  when  the  current  is  suddenly  increased,  the 
potential-difference  also  increases  at  the  first  instant  (about  -oVo 
second. 

When  the  distance  between  the  poles  is  maintained  invariable, 
but  the  current  is  increased — the  increase  being  so  gradual  that 
for  each  value  the  shape  of  the  carbons  may  become  that  proper  to 
the  particular  current — the  size  of  the  crater  increases ;  and  when 
it  is  on  the  point  of  overlapping  the  sides  of  the  carbon,  the  arc 
begins  to  hiss.  The  increase  in  current  is  meanwhile  accompanied 
by  a  decrease  in  potential  difference  ;  but  at  the  hissing  point 
there  is  a  sudden  diminution  amounting  to  about  10  volts,  and  past 
this  point  no  further  diminution  occurs.  In  the  open  arc,  whether 
silent  or  hissing,  the  outer  envelope  of  the  vaporous  portion  is 
always  bright  green.  With  the  hissing  arc  the  light  issuing  from 
the  crater  is  also  green  or  greenish-blue.  This  similarity  in  colour 
suggested  to  Mrs.  Ayrton  that  just  as  the  green  in  the  outer 
envelope  is  probably  due  to  the  combustion  of  carbon  in  air,  so  in 
the  hissing  arc  the  internal  green  might  have  a  like  origin,  for  it 
only  appears  when  air  can  get  to  the  crater.  This  supposition  is 
supported  by  the  fact  that  on  first  striking  an  arc,  hissing  always 
occurs ;  for  the  carbon  points  are  surrounded  by  air  until  an 
atmosphere  of  carbon  vapour  is  produced.  Proof  was  obtained  by 
using  a  hollow  positive  carbon  ;  if  air  or  oxygen  was  blown  down 
this,  hissing  (with  accompanying  fall  in  potential  difference)  was 
always  produced,  unless  the  electric  current  was  so  feeble  that  the 
arc  was  blown  out.  These  phenomena  did  not  occur  when  nitrogen 
or  carbon  dioxide  was  blown  down  ;  if  the  draught  was  very  strong, 
however,  the  arc  was  blown  aside  and  an  increase  of  potential 
difference  was  produced,  as  is  usual  when  the  arc  is  lengthened. 
The  way  in  which  the  hiss  is  produced  is  probably  that  air  gets  to 
the  white  hot  carbon  and  sudden  combustion  takes  place  ;  this 
produces  an  atmosphere  of  carbon  dioxide  which  prevents  further 
combustion  until  it  is  swept  aside ;  rapid  lepetition  of  these  two 
phases  is  the  physical  origin  of  the  hiss  that  is  heard. 

If  one  of  the  carbons  of  the  arc  be  connected  with  one  surface 
of  a  condenser  of  capacity  S  and  the  other  with  one  end  of  a  coil 
of  self-inductance  L,  the  other  end  of  which  is  joined  to  the  second 
surface  of  the  condenser,  the  arc   is  thrown  into  a  condition   of 
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I'egular  oscillation  the  period  of  which,  when  the  resistance  of  the 
condenser  circuit  is  sufficiently  small,  is  given  by  (338) 

T=-2Tr  JLS, 
as  can  be  verified  by  the  pitch  of  the  resulting  musical  note. 

446.  Work  Expended  in  the  Arc— The  difference  of  poten- 
tials multiplied  by  the  strength  of  the  current  gives  the  rate  of 
expenditure  of  energy  in  the  arc.  For  the  rate  of  expenditure  in 
watts,  Mrs.  Ayrton's  experiments  give 

Tr=  11  -7  +  10-5  L  +  (38-9  +  2-07  L)  G, 

Dr  526  watts  for  an  arc  such  as  that  refei'red  to  in  (445). 

A  brilliant  arc  of  about  900  candle-power  requires  a  current  of 
15  amperes  and  a  potential  difference  of  50  volts  at  the  carbons — 
that  is  to  say,  750  watts,  or  almost  exactly  one  horse-power.  The 
illuminating  power  increases  much  more  rapidly  than  the  energy 
expended  :  and  therefore  large  lamps  are  relatively  more  economical 
than  small  ones. 

447.  Use  of  Alternating  Currents.— With  alternating  cur- 
rents the  light  is  as  steady  as  with  continuous  ones,  although  it 
gives  rise  to  a  peculiar  humming  sound,  the  pitch  of  which  depends 
on  the  number  of  reversals  of  the  current  per  second.  The  carbons 
wear  away  at  equal  rates,  and  both  become  pointed.  By  means 
of  a  kind  of  phenakistoscope  their  condition  may  be  examined,  and 
even  photographed,  at  various  phases  of  the  period.  The  arc 
disappears  when  the  current  is  zero,  but  it  is  spontaneously 
renewed  in  the  incandescent  gas.  The  brightness  of  the  two 
carbons  varies  periodically,  and  passes  through  maxima  and 
minima  ;  further,  each  of  the  two  carbons  becomes  in  turn  the 
more  luminous  when  it  is  positive.  These  variations  can  be  easily  ob- 
served, even  when  they  are  reproduced  a  hundred  times  in  a  second. 

If  the  difference  of  potential  is  continuously  observed,  it  is  found 
that  it  does  not  vai-y  harmonically  in  the  same  way  as  the  strength  of 
the  current.  Its  absolute  value  remains  almost  constant,  but  the  sign 
changes  very  rapidly  the  moment  the  current  is  reversed,  a  result 
agreeing  well  with  the  existence  of  an  inverse  electromotive  force. 

448.  Carbons. — Davy  used  wood  charcoal.  Foucault  replaced 
this  by  the  carbon  deposited  in  the  interior  of  gas  retorts  and 
known  as  gas-graphite ;  it  is  harder,  is  a  better  conductor,  and 
does  not  waste  so  rapidly.  Carbons  prepared  artificially  are  used 
now ;  they  are  purer,  more  homogeneous,  and  more  regular  in 
shape.  They  are  prepared  from  a  paste  of  powdered  coke,  lamp- 
black, and  a  very  thick  syrup  of  gum  and  sugar.  The  whole  is 
well  mixed,  pressed,  passed  through  a  draw-plate,  dried,  and 
hardened    at   a    high    temperature.     The    carbons    are    baked    re- 
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peatedly,  being  each  time  dipped  in  boiling  syrup.  What  are 
called  cored  carbons  are  now  frequently  used ;  the  centre  of  these 
carbons  is  of  a  different  composition  from  the  rest.  They  take  a 
better  shape  when  in  use,  and  give  a  more  regular  arc.  It  is  very 
important  that  the  carbons  should  be  pure ;  in  particular,  they 
ought  to  be  free  from  silica. 

449.  Electrical  Furnace. — Another  application  of  the  heating 
effects  produced  by  electricity  is  to  the  fusion  of  minerals  and 
metals  by  the  voltaic  arc.  The  temperatures  which  can  be  obtained 
by  combustion  are  necessai'ily  limited  by  dissociation,  but  this  does 
not  apply  to  the  voltaic  arc.  The  question  of  temperature,  how- 
ever, is  not  the  only  one  that  comes  into  account ;  in  many  cases 
the  reducing  properties  of  the  negative  electrode  appear  to  play  an 
important  part. 

Sir  William  Siemens  showed  that  electric  energy  might  be 
economically  employed  to  melt  iron  and  steel.  A  crucible  of 
graphite  about  20  centimetres  in  diameter  is  used,  surrounded  by 
charcoal  powder.  A  carbon  rod,  like  those  used  for  electric  lighting, 
passes  through  the  bottom  (5f  the  crucible  and  forms  the  positive 
electrode.  The  negative  electrode  is  kept  at  a  proper  distance 
above  it  by  a  kind  of  regulator.  With  a  curr.ent  of  36  amperes 
and  a  motive  power  of  4  horse-power,  a  kilogramme  of  steel  is 
melted  in  fifteen  minutes.  It  may  be  taken  that  the  heating  and 
fusion  of  a  kilogramme  of  steel  requires  450  kilogi^amme-degrees  of 
heat,  or  450  x  4180  =  1,881,000  joules  of  work.  Now,  4  horse-power 
in  fifteen  minutes  give  4  x  745  x  15  x  60  =  2,682,000  joules,  so  that 
the  efiiciency  is  about  70  per  cent. 

450.  Electrical  Welding". — Of  all  known  modes  of  heating, 
the  electric  arc  is  that  by  which  the  greatest  quantity  of  heat  can 
be  concentrated  in  a  given  point.  This  fact  is  made  use  of  indus- 
trially for  fusing  together  two  pieces  of  the  same  metal — iron,  for 
example— without  using  a  second  met-al  as  solder.  In  order  to  join 
two  pieces  of  sheet-iron,  they  are  placed  one  over  the  other  with 
their  edges  together  ;  they  are  then  connected  with  the  negative  pole 
of  a  battery  of  80  to  90  volts,  and  a  carbon  rod  connected  with  the 
positive  pole  is  moved  along  the  edge ;  the  arc  which  passes 
between  the  carbon  and  the  iron  melts  the  iron  and  solders  the  two 
pieces  firmly  together. 

Another  entirely  different  method,  for  joining  two  rods  end  to 
end,  consists  in  pressing  the  ends,  suitably  prepared,  against  each 
other,  and  then  passing  a  current  which  fuses  the  parts  in  contact. 
The  current,  which  only  needs  to  act  a  short  time,  should  have 
great  strength   with   low   electromotive  force.     It  is  obtained  by 
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means  of  a  transformer.  The  apparatus  is  arranged,  for  instance, 
so  that  a  mean  current  of  20  amperes  and  600  volts  in  the  primary 
gives  1  volt  and  12,000  amperes  in  the  secondary  cii-cuit. 

451.  Applications  of  Electrolysis. — Electrolysis  is  now 
largely  employed  in  producing  a  thin  deposit  of  silver,  gold,  or 
nickel  upon  other  metals  with  the  object  either  of  improving  the 
appearance  or  of  preventing  surface  corrosion.  It  is  also  used  for 
taking  casts  of  any  object  in  copper,  as  in  the  reproduction  of 
plates  engraved  on  wood  or  metal.  The  great  purity  of  the  copper 
deposited  electrolytically  provides  a  very  effective  way  of  purifying 
commercial  copper.  Electrolytic  copper  is  now  the  chief  source  of 
the  metal  used  in  practice  on  account  of  its  high  conductivity. 

Electrolysis  is  also  largely  employed  in  the  extraction  of  metals 
from  their  ores.  The  whole  of  the  aluminium  of  commerce  is  now 
obtained  in  this  way.  In  1900  no  less  than  5000  tons  were  pro- 
duced by  plant  working  at  25,000  horse-power. 

452.  Electric  Telegraphy. — The  applications  which  form  the 
subject  of  the  preceding  sections  utilise  the  energy  of  the  electric 
current,  and  the  question  of  greatest  importance  is  that  of  effi- 
ciency. Electric  telegraphy  belongs  to  that  category  of  applica- 
tions which  only  require  a  current  giving  a  very  small  amount  of 
useful  work — in  most  cases  only  as  much  as  suffices  to  call  into 
action,  by  a  sort  of  detent,  some  other  mechanical  energy,  such  as 
that  of  a  weight  or  of  a  spring.  The  characteristic  properties  on 
which  this  class  of  applications  depends  are  the  facility  with  which 
the  time  and  place  at  which  electrical  effects  occur  can  be  con- 
trolled, and  the  rapidity  with  which  an  electrical  action  at  one 
point  is  followed  by  a  resulting  effect  at  a  distant  point. 

453.  Electrical  Communication  between  Two  Points. — 

Practice  has  shown  that  in  order  to  put  two  stations  A  and  B  into 
electrical  connection  only  one  wire  is  needed,  provided  that  at  the 
station  A  that  pole  of  the  battery  which  is  not  joined  up  with  the 
line  wire,  and  at  the  station  B  the  end  of  the  wire  itself,  are  con- 
nected with  large  copper  plates  buried  in  the  ground.  The  action 
is  as  if  the  earth  itself  played  the  part  of  a  return  wire.  This 
aiTangement  has  a  twofold  advantage  ;  in  the  first  place,  it  is  more 
economical,  as  the  wire  is  the  most  costly  part  of  the  installation, 
and  in  the  second  place,  there  is  only  half  the  resistance  in  the 
circuit,  since  the  resistance  of  a  good  earth-connection  is  almost 
inappreciable. 

The  same  wire  can  be  used  for  sending  in  either  direction. 
Each  station  must  have  its  battei'y  P,  its  transmitter  T,  and  its 
receiver  r  (Fig.  351):  s  and  s  are  the  copper  earth-plates.     The 
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receiver  may  be  placed  either  at  K  or  at  r'.  In  the  second  case 
the  two  receivers  always  work  at  the  same  time,  which  enables  the 
signals  sent  to  be  verified  at  the  sending  station. 

454.  Duplex  Method. — It  may  even  be  arranged  that  the  two 
stations  communicate  simultaneously  by  the  same  wire.  One  of 
the  arrangements  for  this  purpose  is  that  represented  in  Fig.  352. 
The  receiver  is  placed  on  the  bridge  of  a  Wheatstone's  balance,  the 
two  sides  a  and  a  of  which  are  equal,  while  the  two  oiher  sides  are 
the  line  and  a  resistance  p  put  to  earth.  If  the  two  resistances 
are  equal,  it  is  readily  seen  that  a  current  from  A  does  not  pass 
through  the  receiver  at  A  as  the  bridge  is  in  equilibrium,  but  that 
it  acts  on  the  receiver  at  B,  and  conversely.  Three  cases  are 
possible.  In  the  first  case  a  single  key  is  depressed,  which  is  the 
case  just  described.     Secondly,  tlie  two  keys  are  depressed  sinud- 
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taneously ;  the  two  receivers  then  give  the  same  signal  under  the 
influence  of  the  same  current  if  the  two  batteries  have  their 
opposite  poles  to  the  line,  and  under  the  influence  of  a  local 
current  if  they  are  arranged  in  the  same  direction — that  is,  so  that 
the  same  poles  are  joined  to  the  line,  their  electromotive  forces 
acting  then  in  opposition  to  each  other.  Lastly,  one  of  the  keys  is 
depressed,  while  the  other  is  free  and  is  not  connected  either  with 
the  battery  or  the  earth :  the  current  then  gives  the  desired  signal 
at  the  receiving  station,  but  it  acts  also  on  the  local  receiver, 
though  only  for  so  short  a  time  that  no  great  inconvenience  is 
caused ;  this  difiiculty  may,  moreover,  be  obviated  by  a  somewhat 
more  complicated  arrangement,  which  we  need  not  describe. 

By  means  of  condensers  c,  joined  to  the  resistance  p,  the 
capacities  of  the  real  line  and  the  artificial  line  may  be  balanced 
in  the  same  way  as  their  resistances  are — a  procedure  which  is 
found  to  be  necessary. 
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455.  Lines  with  Condensers. — It  is  often  desirable  to  isolate 
the  line  wire  completely  by  interposing  condensers  c  at  the  ends 
(Fig.  353).  When  the  key  is  de-  ^ 
pressed  the  local  battery  charges  the 
first  coating  of  the  condenser,  and 
the  potential  of  the  second  becoming 
raised  or  lowered  to  a  corresponding 
degree,  sends  to  the  line  a  flux  of  the 
same  kind  as  that  which  the  battery 
would  have  given.  This  flux  charges 
the  first  coating  of  the  second  con- 
denser, which  by  the  same  action 
causes  a  flux,  always  of  the  same  sign, 

through  the  instrument  of  the  receiving  station.  The  advantage 
of  this  arrangement  is  that  it  protects  the  line  against  the  action 
of  earth-currents,  which  sometimes  interfere  with  the  working. 

456.  Air  Lines. — The  wire   ordinarily  used  for  air   lines   is 
galvanised    iron    4  millimetres  in  diameter.     Its  resistance  is  10 

ohms,  and  its  electrostatic  capacity  0"01  micro- 
farad per  kilometre.  The  use  of  copper  had 
been  given  up,  owing  to  its  small  tenacity  and 
its  high  price ;  but  it  is  coming  into  use  again 
in  the  form  of  a  special  kind  of  bronze,  of  which 
wii-es  can  be  made  which  are  almost  as  strong 
as  iron,  and  have  almost  as  high  a  conductivity 
as  pure  copper. 

As  the  wire  is  surrounded  by  a  medium 
which  is  absolutely  devoid  of  conductivity,  it  is 
sufficient  if  it  is  insulated  at  the  points  of  sup- 
port. Porcelain  is  generally  used  for  insulators 
(Fig.  354).  There  is  a  certain  amount  of  leak- 
age at  the  supports,  which  varies  with  the  state  of  the  atmosphere : 
an  estimate  of  its  magnitude  at  any  time  can  be  obtained  by 
observing  the  extent  to  which  the  apparent 
resistance  of  the  line  is  decreased. 

457.  Submarine  and  Subterranean 

Wires. — In  lines  laid  in  the  ground  or 
under  water,  where  the  surrounding 
medium  is  a  conductor,  an  insulating  en- 
velope is  needed.  The  conductor  or  core 
consists  of   a   strand    of    copper    wires   CC  ^ '     ' 

(Fig.   355),   suirounded  by  several   layers  ^^^-  ■^^''^* 

of  gutta  percha,  then  by  a  layer  of  jute,  and  lastly  by  a  protecting 
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sheath  of  steel  wire  covered  with  tarred  hemp.  The  whole  thus 
forms  a  condenser  having  a  considerable  capacity.  The  cable  from 
Ireland  to  Newfoundland  has  a  capacity  per  kilometre  of  0*22 
microfarad,  with  a  resistance  of  1-62  ohm. 

458.  Rapidity  of  Signalling. — When  one  end  of  the  cable  is 
connected  with  the  pole  of  a  battery  at  constant  potential,  the 
current  is  not  immediately  set  up  through  the  whole  extent  of  the 
line.  It  does  not  move  in  the  wire  like  a  cannon-ball,  but  rather 
like  a  mass  of  water  issuing  from  a  reservoir  to  fill  a  channel 
communicating  with  lateral  basins,  which  have  to  be  filled  at  the 
same  time  as  the  channel  itself.  The  loave  front  advances  with 
increasing  inclination  from  the  vertical,  and  between  the  first 
arrival  of  the  water  and  the  final  establishment  of  the  ultimate 
level  an  interval  elapses  which  is  longer  the  more  distant  the 
section  considered  is  from  the  origin.  Thus,  on  the  Ti'ansatlantic 
cables  from  Ireland  to  Newfoundland,  there  is  no  trace  of  a  current 
in  Newfoundland  until  0*2  of  a  second  after  connection  has  been 
made  with  the  battery  in  Ireland ;  at  the  end  of  0*4  second  the 
current  has  only  0-07  of  its  final  strength  ;  it  has  one-half  at  the 
end  of  a  second,  and  only  after  3  seconds  can  it  be  considered  that 
the  full  strength  is  attained.  The  growth  of  strength  follows  much 
the  same  law  as  the  growth  of  strength  of  a  solution  by  diffusion  in 
a  tube  which,  after  having  been  filled  with  water,  has  one  end 
placed  in  a  vessel  containing  a  solution  of  any  salt.  The  apparent 
velocity,  which  it  has  sometimes  been  attempted  to  measure,  on  the 
assumption  that  the  propagation  is  uniform,  by  determining  the  time 
necessary  for  producing  a  definite  effect  at  a  certain  distance,  depends 
on  the  nature,  the  form,  and  the  position  of  the  wire,  and  also  on  the 
sensitiveness  of  the  apparatus  employed  for  observing  the  effect. 

459.  Lord  Kelvin's  Theory.— Lord  Kelvin  gave  the  mathe- 
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matical  theory  of  these  phenomena,  and  showed  that  if,  for  a  given 
wire,  and  at  a  given  distance  from  the  origin,  a  curve  a  (Fig.  35C) 


459]  ELECTRIC   TELEGRAPHY  571 

is  constructed,  taking  as  abscissae  the  intervals  of  time  that  have 
elapsed  since  connecting  the  end  of  the  wire  with  the  battery,  and 
for  ordinates  the  corresponding  strengths  of  the  current  at  the 
given  distance,  the  final  strength  being  taken  as  unity,  this  same 
curve  may  be  used  for  all  cables  and  all  distances,  provided  the 
interval  represented  by  unit-length  along  the  axis  of  time  is 
suitably  chosen.  Let  a  be  this  interval :  if  p  is  the  resistance  in 
ohms  and  y  the  capacity  in  microfarads  of  unit-length  of  the  cable, 
the  value  of  a  for  a  point  M  at  a*  distance  I  from  the  origin  o  is 
given  by  the  formula 

Let  R  be  the  resistance  of  the  cable,  and  T  its  capacity,  from  o 
to  M  :  we  have 

i?  =  ?p,     r  =  ly,     and  ypV-  =  VR  ; 
consequently 

a=233xlO-iori?. 

It  is  to  be  observed  that  the  value  of  a  is  independent  of  the  unit 
of  length  taken.  The  product  VR  represents  a  time  (339)  ;  it  may 
be  regarded  as  the  constant  characteristic  of  the  cable. 

The  formula  shows  further  that  the  value  of  a  increases  propor- 
tionally to  the  square  of  the  distance  I. 

For  the  Ti-ansatlantic  cable  already  mentioned  we  have,  taking 
the  kilometre  as  unit  of  length,  y  =  0-22  farad,  /3  =  T62  ohm, 
1  =  5000  ;  from  this  we  deduce 

a  =  0"2  seconds. 

In  ordinary  iron  telegraph  wu'es  4  millimetres  in  diameter 
y  =  0*01  farad  at  most;  p=\0  ohm.  For  the  line  from  Paris  to 
Bordeaux,  which  is  nearly  600  kilometres  long,  we  have 

«  =  0-0008  second, 

that  is,  O'OOl  as  a  round  number — or  a  time  200  times  as  small  as 
with  the  submarine  cable. 

The  examination  of  the  curve  of  arrival  shows  that  the  current 
may  be  regarded  as  having  attained  its  normal  value  after  a  time 
equal  to  20a :  if  it  is  broken  at  the  origin  after  the  lapse  of  this 
time,  it  will  still  require  20a  to  vanish.  If  then  two  successive 
currents  are  to  attain  their  maximum  value,  and  produce  signals 
which  do  not  encroach  on  each  other,  tlicy  must  not  follow  each 
other  at  smaller  intervals  than  40a. 

The  equations  from  which  these  results  are  derived  are  equations 
(1)  and  (2)  in  (341),  but  with  the  omission  of  the  term  containing 
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the  self -inductance.  The  complete  theory  would  require  the  reten- 
tion of  this  term,  and  also  an  allowance  for  the  leakage  which 
always  occurs  through  the  surrounding  dielectric  (gutta  percha,  &c.), 
which  is  never  a  perfect  insulator. 

460.  Use  of  Alternate  Contacts. — By  means  of  the  arrival- 
curve  the  effect  produced  by  a  rapid  succession  of  currents  either  in 
the  same  or  in  opposite  directions  may  be  estimated.  Suppose,  for 
instance,  that  the  current  is  broken  at  the  sending  end  of  the  wire, 
after  having  been  made  for  a  time  no. ;  in  order  to  find  the  effect 
at  the  receiving  station,  it  is  only  needful  to  draw  a  curve  identical 
with  the  first,  but  shifted  parallel  to  itself  through  a  distance  equal 
to  na,  then  to  construct  a  fresh  curve,  b,  the  ordinates  of  which 
are  the  differences  of  those  of  the  two  former  curves.  Suppose  now 
that,  after  a  fresh  interval  7i'a,  a  negative  current  of  the  same 
strength  is  started  at  the  sending  end.  The  original  curve  must  be 
displaced  parallel  to  itself  by  the  amount  {n  -f-  ?i')a,  and  the  differ- 
ences obtained  by  subtracting  its  ordinates  from  those  of  B  taken 
for  a  new  curve,  and  so  on.  In  this  way  dentated  curves  more  or 
less  regular  are  obtained,  the  ordinates  of  which  are  sometimes 
positive  and  sometimes  negative,  but  in  which  the  effect  of  each 
positive  or  negative  contact  is  well  marked,  although  the  actual 
current  at  any  instant  depends  on  the  previous  contacts — as  many 
as  thirty  or  forty,  for  example,  producing  an  effect  if  they  follow 
each  other  at  intervals  of  a. 

461.  Bell's  Telephone.— In  Bell's  telephone  (Fig.  357)  a  thin 
plate  of  iron,  m,  is  fixed  in  a  frame  immediately  in  front  of  a  bar- 
magnet,  A,  the  end  of  which  is  surrounded  by  a  coil,  B,  of  fine  wire. 
Any  motion  of  this  thin  plate  modifies  the  magnetisation  of  the 
bar,  and  causes  a  variation  of  the  magnetic  flux  through  the  coil. 

The  resulting  in- 
duced currents  pass 
into  the  coil  of  a 
second  apparatus 
identical  with  the 
first,  and  cause  cor- 
responding changes 
in  the  magnetisation 
of  the  second  mag- 
net, and  motions  in  the  iron  plate  which  are  identical  with  those 
of  the  first,  except  as  regards  strength. 

The  system  is  perfectly  symmetrical,  and  therefore  reversible. 
The  two  apparatus,  the  transmitter  and  the  receiver,  are  in  reality 
two  identical  alternating  current  machines,  the  former  acting  as 
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generator  and  the  latter  as  motor ;  the  period  continually  varies 
from  one  moment  to  another,  but  at  each  instant  is  identical  for  the 
two.  Experiments  made  by  Lord  Eayleigh  on  a  telephone  of  this 
type  show  that  a  current  of  4'4  x  10~^  amperes  alternating  with  a 
frequency  of  640  times  per  second,  was  quite  able  to  produce  an 
audible  sound, when  passed  through  it.  For  lower  frequencies  than 
this  the  requisite  current  is  greater. 

462.  Microphone. — The  currents  which  work  the  telephone 
are  extremely  feeble,  not  exceeding  a  few  hundred-thousandths  of 
an  ampere.  The  action  has  been  greatly  improved  by  using  the 
current  of  a  battery  instead  of  induced  currents.  This  is  effected 
by  means  of  Hughes's  microphone. 

A  pointed  rod  of  carbon  A  (Fig.  358)  is  in  contact  with  two 
pieces  of  carbon  c  and  c',  fixed  to  an  upright  piece  of  wood.  The 
carbon  forms  part  of  a  circuit 
made  up  of  the  battery  v,  the 
line  wire,  and  the  telephone 
receiver.  With  a  permanent 
current  the  telephone  does  not 
speak,  but  any  movement  of 
the  carbon  changes  the  resist- 
ance of  the  circuit,  and,  modify- 
ing the  strength  of  the  current, 
entails  a  displacement  of  the 
plate  of  the  telephone.  Ex- 
periment shows  that,  when  a 
person  speaks  before  the  in- 
strument, the  vibrations  com- 
municated to  it  are  transmitted  to  the  plate  of  the  telephone  so  as 
to  reproduce  the  spoken  words  with  greater  or  less  distinctness. 

Theoretical  considerations  show  that  the  effect  of  a  periodical 
variation  in  the  resistance  is  equivalent  to  a  periodic  variation  of 
the  electromotive  force,  the  resistance  remaining  constant.  They 
also  show  that  if  in  a  complex  sound  the  ratios  of  the  amplitudes 
and  the  differences  of  phase  of  the  constituents  are  to  be  retained, 
and  therefore  the  clearness  and  quality  of  the  original  sound,  the 
vai'iation  of  the  telephonic  currents  must  be  a  very  small  fraction 
of  their  mean  strength. 

The  form  of  the  original  microphone  has  been  varioiisly  modified. 
It  is  desirable  to  increase  the  number  of  contacts,  so  as  to  avoid 
scratching  noises.  The  Ader  microphone  consists  of  ten  carbon 
rods,  laid  in  two  sets  of  five  each  on  three  cross-pieces,  also  of 
carbon,  fixed  to  the  same  piece  of  wood.     Good  results  are  also 
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obtained  by  using  small  fragments  or  filaments  of  carbon.  One 
of  the  best  microphones  consists  essentially  of  a  thin  plate  of 
carbon  resting  on  a  packing  of  the  filaments  of  incandescent 
lamps. 

463.  Transmission  by  the  Telephone.— In  the  telephone, 

which  is  an  apparatus  producing  very  rapidly  alternating  currents, 
a  considerable  influence  of  the  effects  of  induction  and  capacity  is 
to  be  expected.  Applying  the  theory  which  explains  so  well  the 
phenomena  of  transmission  in  cables,  we  arrive  at  this  result,  that 
in  the  case  of  a  vibratory  motion  the  electrical  effect  would  be 
propagated  in  the  wire  at  a  uniform  rate,  with  a  velocity  dependent 
on  the  duration  of  the  period ;  moreover,  the  amplitude  of  the 
disturbance  would  fall  off  as  it  proceeded  along  the  cable,  and  this 
decrease  would  take  place  at  different  rates  for  different  periods. 
Now  it  is  known  that  the  complex  motions  corresponding  to  articu- 
late speech  may  be  regarded  as  arising  at  each  instant  from  the 
superposition  of  a  certain  number  of  harmonic  vibrations  of  differ- 
ent periods.  If  the  corresponding  electrical  effects  were  propagated 
with  different  velocities,  they  would  undergo  a  kind  of  dispersion  in 
the  wire,  and  this,  taken  in  conjunction  with  the  different  rates 
of  damping,  would  lead  to  a  change  in  the  wave-form  as  it  passed 
along  the  conductor ;  so  that  at  the  arrival  station  the  quality, 
and  the  articulation  which  depends  upon  it,  would  be  profoundly 
modified.  Experiments  show  that  this  is  not  the  case.  This  is 
due  to  the  very  rapidity  of  the  vibrations  bringing  into  play  the 
effects  of  self-induction  ;  this  does  not  affect  the  relatively  very  slow 
vibrations  employed  in  telegraphic  transmission,  and  acts  in  the 
contrary  direction  to  the  capacity  (336,  337)-  This  question  has 
been  very  fully  worked  out  from  the  theoretical  standpoint  by 
Oliver  Heaviside,  who  has,  moreover,  shown  that  a  certain  amount 
of  leakage  between  the  direct  and  return  conductors  is  beneficial 
in  preserving  the  character  of  the  wave ;  for  although  its  intro- 
duction necessarily  weakens  the  electrical  disturbance  received,  yet 
it  can  be  so  adjusted  that  waves  of  all  frequencies  are  attenuated 
in  the  same  proportion. 

464.  Wireless  Telegraphy. — Since  electric  waves  may  travel 
independently  of  conducting  circuits,  signals  may  be  sent  without 
any  cable,  and  they  may  be  picked  iip  by  any  apparatus  capable  of 
responding  to  the  influence  of  the  waves  which  pass  through  it. 
Coherers  (347)  and  magnetic  detectors  (348)  are  now  employed 
with  considerable  success  for  this  purpose. 

465.  Electrical  Thermometry. — The  increase  of  lesistance 
which  metals  undergo  with  increase  of  temperature  serves  as  the 
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basis  of  a  method  for  the  detection  and  measurement  of  changes  of 
temperature. 

The  metal  platinum  is  found  to  be  the  best  for  the  purpose  as 
it  is  permanent  and  has  a  high  melting  point,  besides  having  the 
essential  requisite  for  sensitiveness,  viz.  a  high  coefficient  of  change 
of  resistance  with  temperature.  Tc  construct  a  platinum  thermo- 
meter fine  platinum  wire  is  wound  round  a  mica  strip,  and  fairly 
stout  leads  of  copper  or  silver  are  fused  to  its  ends.  The  whole 
is  inserted  in  a  glass  or  porcelain  tube  closed 
at  the  lower  end  (Fig.  359)  ;  and  the  leads 
pass  out  at  the  upper  end  through  a  wooden 
cap,  and  are  fastened  to  binding-screws  fixed 
therein.  When  in  use  the  thermometer  forms 
one  arm  of  a  Wheatstone's  bridge.  The  ratio 
arms  are  taken  equal  to  one  another ;  in  ordei' 
to  eliminate  the  resistance  of  the  leads  a  blind 
pair  identical  with  them  but  connected  together 
at  the  lower  ends  is  inserted  in  the  tube  of  the 
thermometer,  so  as  to  be  exposed  to  exactly  the 
same  temperatureas  the  thermometer  leads,  and 
are  connected  so  as  to  form  part  of  the  adjust- 
able arm.  The  resistance  of  this  arm  is  adjusted 
till  balance  is  obtained.  Owing  to  the  equality 
of  the  ratio  arms  the  blind  leads  automatically 
compensate  for  the  resistance  of  the  true  leads, 
The  remainder  of  the  resistance  in  the  adjust- 
able arm  is  equal  to  the  resistance  of  the  plati- 
num wire  at  the  temperature  of  the  measure- 
ment. 

To  deduce  the  temperature  from  a  resist- 
ance measurement  it  is  necessary  to  first 
standardise  the  thermometer  by  measuring 
its  resistance  at  two  known  temperatures, 
e.g.  the   usual   standard   temperatures  0°  and 

100°  0.  The  temperatiu-e  corresponding  to  any  intermediate 
resistance  may  then  be  calculated  by  proportional  parts ;  or,  in 
symbols 

t    _  JRf  —  R„ 


100 


-""lOO       -"'0 


This  assumes  that  the  change  of  resistance  with  temperature  follows 
a  linear  law.  When  greater  accuracy  is  required  it  may  be  obtained 
by  standardising  at  three  known  temperatures  and  assuming  that 
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the  resistance  varies   according  to  a  parabolic  formvila.       In  this 
case  we  have 

Rt^R„{\+at  +  lit'^),  i?ioo  =  i?<,(l  + 100a +  1002/3), 

and  if  P  be  written  for  the  approximate  value  of  the  temperature 
given  by  the  linear  formula 


whence 


100     *~     0   =  100      "^"^Z-*^        . 
B^oo-^o  100«+1002^' 


t-P=t- 


at  +  pt^  _lOOftt-fSfi 


a.  +  100/3        a  +  100/3 

= ^__  H^-100) 

a +100/3     ^  ^ 

or  t-P=   -Dt{t- 100). 

The  approximate  value  P  is  called  the  pZa^m?«n-/e?)i;?e7'rt/?«*e,  and 
the  above  expression  gives  the  correcting  term  which  must  be 
applied  to  it  where  accuracy  is  required.  The  value  of  D  for  any 
particular  specimen  of  wire  is  ascertained  by  measuring  its  resistance 
at  the  temperature  of  boiling  sulphur  (444 "53°  C.  on  the  air  ther- 
mometer under  normal  pressure)  as  well  as  at  100°  C.  and  0°  C. ; 
the  platinum-temperature  (P^)  corresponding  to  the  sulphur  point  is 
calculated,  and  D  is  then  given  by  the  formula 

^__  444-53 -P. 


444-53(444-53-100) 

The  value  of  J)  for  specimens  of  pure  platinum  is  aboiit  1'5  x  10~^ 
and  this  value  may  be  assumed  where  great  accuracy  is  not 
required.  When  the  thermometer  is  specially  required  for  low 
temperatures  the  boiling  point  of  oxygen  at  atmosj)heric  pressure 
is  a  convenient  standard  point;  it  corresponds  to  -  182'5°0. 
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466.  Potential  at  a  Point  in  the  Air.— Experiment  sIioavs 

that  in  an  open  sjmce  the  potential  at  a  point  in  the  air  is  always 
different  from  that  of  the  earth.  Two  methods  may  be  used  to 
determine  the  value  of  this  potential. 

Let  a  small  insulated  sphere,  of  radius  r,  be  placed  at  the  point 
in  question  and  connected  for  a  moment  with  the 
earth  by  means  of  a  very  fine  wire.  If  V  is  the 
value  of  the  potential  at  this  point  due  to  external 
charges,  the  potential  of  the  earth  being  as  usual 
taken  as  zero,  the  sphere  will  acquire  a  charge,  Q, 
of  electricity  such  that  the  potential  of  the  sphere 
becomes  zero,  like  that  of  the  earth.     The  potential 

at  the  centre  being   F+— ,we  have  V ■\ —  =  0.      If 
r  r 

the   sphere  is  then   placed  in  a  Faraday   cylinder 

(80),  we  may  measure  its  charge  <2,  and  so  obtain 

r 

But  the  simplest  method  consists  in  putting  at 
the  place  in  question  a  point  which  forms  part  of  an 
insulated  conductor  (19).  Assuming  that  the  point 
is  perfect,  equilibrium  cannot  exist  so  long  as  the 
point,  and  therewith  the  conductor  of  which  it  forms 
part,  is  at  a  different  potential  from  that  of  the  air 
near  the  point. 

Saussure  used  a  small  electroscope  provided  with 
a  point  (Fig.  360).     If  the  case  is  at  the  potential 
of  the  ground,  the  divergence  of  the  leaves  varies        ^iq   sgo 
with  the   potential    of    the   air  at  the   end   of   the 
point ;  but  the  action  of  the  point  is  too  imperfect  to  allow  us  to 
consider  that  equilibrium  is  attained. 

We  have   seen  how  a  water-dropping  apparatus  (85)   enables 
us  to  realise  the  effect  of  a  perfect  point,  and  how  it  assumes  the 

577  2  O 


578 


ATMOSPHERIC   ELECTRICITY 


_a_2_fi_s-S^ 


[466- 

potential  of  the  air  at  the  point  where  the  stream  breaks  into  drops. 
The  dropping  apparatus  (Fig.  361)  is  preferable  to  a  lighted  wick, 
owing  to  a  small  difference  of  potential  produced  by  the  combustion, 
which  may  amount  to  half  a  volt. 

The  insulated  reservoir  is  connected  with  an  electrometer,  the 
deflection  of  which  measures  the  potential.  By  using  a  mirror  and 
allowing  the  image  to  fall  on  a  uniformly  moving  band  of  photo- 
graphic paper,  a  continuous  registration  of  the  indications  of  the 
instrument  is  obtained. 

It  is  thus  found  that  in  fine  weather  the  potential  anywhere  in 
the  open  air  is  always  positive;  that  its  value  increases  with  the 
height  of  the  point  above  the  ground,  and  almost  in  direct  propor- 
tion ;  but  that  at  the  same  place 
rapid  and  often  large  variations  occur. 
The  results  vary  so  much  that  it 
is  difficult  to  give  numerical  state- 
ments. Above  an  open  plain,  for 
example,  the  change  of  potential  with 
height  is  often  between  10  and  1000 
=^  volts  per  metre,  but  it  is  sometimes 
far  more. 

If,  instead  of  insulating  the  point, 
or  the  arrangement  which  acts  as  a 
point,  we  connect  it  with  the  earth, 
statical  equilibrium  cannot  be  estab- 
lished, and  a  continuous  flow  of  elec- 
tricity traverses  the  conductor.  The 
flow  is  manifestly  equal  to  the 
amount  given  out  by  the  point.  It 
increases  with  the  difference  of  potential,  but  it  cannot  be  used  to 
measure  this  difference,  the  quantity  given  off  being  always  so 
extremely  small. 

If  there  is  a  small  break  in  the  conducting  wire,  the  difference 
of  potential  at  the  break  may  be  great  enough  to  produce  a  succes- 
sion of  sparks.  Sparks  are  sometimes  produced  in  this  way  be- 
tween the  needle  and  the  quadrants  of  the  electrometer. 

467.  Distribution  of  Potential. — At  a  given  instant,  the 

surfaces  where  the  potential  has  constant  and  equidistant  values 
above  an  open  plain  are  equidistant  horizontal  planes.  If  the 
surface  of  the  ground  is  irregular,  the  nearest  equipotential  sur- 
faces follow  its  undulations,  and  approach  each  other  over  the 
elevated  parts,  and  the  more  so  the  higher  and  more  abrupt  these 
are.      Ai'ound  a  house,   all   parts  of   which   may  be  regarded  as 


Fig.  361. 
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connected  with  the  earth,  and  therefore  at  zero  potential,  the 
equipotential  surfaces  are  vertical  near  the  walls  and  follow  the 
contours  of  the  roof,  being  closer  to  each  other  over  the  ridge ; 
on  the  other  hand,  they  separate  widely  from  each  other  in  a  court 
surrounded  by  high  walls,  or  in  a  street.  As  we  rise,  the  effects 
of  the  inequalities  disappear,  and  it  may  be  assumed  that  beyond  a 
certain  height  the  equipotential  surfaces  are  horizontal  planes. 

As  the  equipotential  surfaces  tend  to  become  more  nearly 
parallel  to  the  surface  of  the  ground  the  nearer  they  are  to  it, 
the  electric  force  at  each  point  is  perpendicular  to  the  surface. 
And  since,  in  fair  weather,  the  value  of  the  potential  increases  with 
the  distance,  it  follows  that  the  electric  force  is  directed  towards 
the  earth  ;  its  intensity  at  each  point  is  inversely  proportional  to 
the  distance  between  two  consecutive  equipotential  surfaces  (32). 

468.  Negative  Electrification  of  the  Earth. — The  phenomena 

observed  near  the  ground  are  thus  the  same  as  they  would  be  near 
a  negatively  electrified  conductor  in  equilibrium.  It  follows  from 
Coulomb's  theorem  (44),  that  if  F  is  the  value  of  the  force  in  air 
near  a  conductor,  the  electric  density  cr  at  the  corresponding  point 
of  the  surface  is  given  by  the  equation 

F 

Let  us  assume  that  the  equipotential  surfaces  are  horizontal, 
and  that  the  potential  increases  by  1  volt  per  centimeti^e — that  is, 

IQS  1 

in    electrostatic    C.G.S.    units,  by  - — i^xio  ""^nn'  ^®  deduce  from 

this  for  the  value  of  F  in  dynes,  F= ,  and  for  the  density,  or 

J  300  ^ 

charge  per  square  centimetre,  o-  = .     Expressed  in  practical 

12007r 

units,  that  is  to  say  in  coulombs,  this  is = 

^  '  120077x3x1010     367rl0i2 

=  10~i2  nearly. 

The  electrostatic  pressure — or,  in  other  words,  the  force  which 

would  tend  to  lift  a  surface  of  1  square  centimetre  placed  on  the 

ground — would  be 

If)-* 
27ro-2=i^  =  4  4x10-7, 

727r  ' 

that  is  to  say,  half  a  millionth  of  a  dyne,  a  force  wholly  insufficient 
to  raise  the  lightest  body. 

This  charge,  small  as  it  is,  might  liowever  be  made  evident  by 
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a  method  like  that  of  the  proof  plane  :  a  disc  like  that  of  an 
electrophorus  applied  to  the  ground,  and  then  removed  by  an 
insulating  handle,  would  show  a  negative  charge  when  tested  by 
a  delicate  electroscope. 

Let  r  be  the  radius  of  the  disc ;  it  will  take  a  charge  q  =  Trr^cr, 

and  since  the  capacity  of  a  circular  disc  of  radius  r  is  — ,  this 

TT 

charge  will  raise  it  to  the  potential  ^irh-a-  when  it  has 
been  removed   to  a  distance  from   the   ground.       If   we   assume 

o-  =  - .  and  remember  that  an  electrostatic  unit  of  potential 

12007r' 

is  equal  to  300  volts,  the  expression  for  the  potential  in  volts  will 

be  gTT?-.      If  the  radius  were   25   centimetres,  this  would  give  a 

potential  of  nearly  10  volts. 

The  measurement  of   the   charge   of   the    disc  would  give   the 

value  of  0-,  and  therefore  of  F.     We  deduce  from  it  for  the  value 

of  the  potential  at  a  height  h  from  the  ground, 

V=  Fh. 

The  potential  of  the  air  is  not,  however,  always  positive,  and 
therefore  that  of  the  ground  is  not  always  negative ;  in  cloudy 
weather,  especially  during  rain,  and  sometimes,  though  very  rarely, 
with  cloudless  sky,  the  potential  of  the  air  is  negative,  and  there- 
fore that  of  the  soil  positive.  This,  however,  must  be  regarded  as 
quite  exceptional,  and  there  is  reason  to  believe  that  if  at  a  given 
moment  the  sky  were  clear  over  the  whole  surface  of  the  globe, 
the  globe  charge  itself  would  be  wholly  negative. 

469.  Position  of  the  Acting  Charge. — The  measurement  of 
the  potential  at  a  point  of  the  air  near  the  ground  teaches  us 
nothing  as  to  the  situation  of  the  acting  electrical  charge.  An 
example  will  make  this  intelligible.  Suppose  that  a  water-dropping 
collector  is  placed  in  a  closed  room,  and  that  a  sphere  charged 
with  positive  electricity  is  then  introduced  ;  the  electrometer  will 
at  once  show  positive  potential.  Again,  instead  of  bringing  in  an 
electrified  body,  let  the  positive  charge  of  a  Leyden  jar,  whose 
outer  coating  is  connected  with  the  inside  of  the  room,  escape 
by  a  point,  the  air  of  the  room  will  be  positively  charged,  and 
the  electrometer  will  again  indicate  a  positive  electrification,  equal, 
it  may  be,  to  that  in  the  former  case,  although  the  acting  charges 
are  distributed  in  a  totally  different  manner.  As  a  matter  of  fact, 
any  observations  made  near  the  ground  in  any  one  locality  give 
nothing  more  than  the  electrical  condition  of  the  ground  itself; 
they  tell  us,  as  we  have  seen,  the  density  of  the  surface-layer,  but 
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furnish  no  information  as  to  whether  this  layer  is  the  result  of  an 
independent  charge,  or  is  due  to  an  external  influence — that  of  the 
air,  for  example,  which  is  positively  electrified. 

It  may  be  observed,  however,  that  if  the  electrification  belongs 
exclusively  to  the  earth,  the  potential  above  an  extended  plane 
ought  to  vary  strictly  as  the  distance — in  other  words,  the  electric 
force  should  be  constant.  On  the  other  hand,  if  the  mass  of  the  air 
is  itself  electrified,  the  force  must  vary  with  the  height,  and  should 
diminish  if  the  air  is  positive,  and  increase  if  it  is  negative. 

Experiments  made  in  recent  years  by  balloonists  leave  no  doubt 
that  though  in  the  immediate  neighbourhood  of  the  ground  the  air 
may  often  be  negatively  charged,  in  the  higher  regions  its  charge 
is  positive,  but  that  up  to  a  height  of  4000  metres  the  sum  of  the 
charges  of  the  eai-th  and  air  is  negative. 

Since  the  air  has  an  independent  charge,  the  incessant  varia- 
tions of  potential  at  a  given  point  are  explicable  as  due  to  the 
displacement  of  masses  of  air  more  or  less  electrified,  and  we  might 
infer  the  distance  of  those  masses  from  the  extent  of  the  surface 
of  the  ground  over  which  the  variations  of  potential  at  the  same 
moment  are  proportional. 

470.  Origin   of  Atmospheric   Electricity.— The  question 

natui-ally  suggests  itself  :  What  is  the  origin  of  the  electricity 
of  the  air  and  the  ground?  A  very  seductive  hypothesis  is  that 
which  ascribes  the  electricity  to  the  evaporation  of  water  ;  the 
vapour  being  supposed  to  carry  positive  electricity  with  it,  leavino- 
negative  electricity  in  the  water  and 
on  the  ground.  Unfortunately  none  of 
the  experiments  made  with  a  view  of 
confirming  this  hypothesis  have  given 
it  any  conclusive  support ;  on  the 
contrary,  the  fact  that  rain  is  usually 
negatively  electrified  appears  to  contra- 
dict it. 

The  origin  of  atmospheric  electricity  f 
has  also  been  sought  for  in  the  induction 
currents  which  the  motion  of  the  earth  B^ 
might  develop  in  the  upper  regions  of 
the  atmosphere,  supposing  these  to  be 
conductors  (324).  Let  us  imagine  a 
conducting  arc,  ab  (Fig.  362),  of  any 
given  shape,  connecting  the  pole  and  the  equator,  to  be  either 
fixed,  or  at  any  rate  to  have  a  smaller  angular  velocity  than  the 
earth.     The  magnetic  flux,  cut  by  the  arc  as  the  earth  turns  from 
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west  to  east,  develops  therein  an  inductive  electromotive  force,  the 
direction  of  which  is  from  the  equator  to  the  pole.  If  the  arc  were 
in  contact  with  the  globe  by  sliding  contacts  at  N  and  E,  and  the 
circuit  closed,  the  induction  would  produce  a  continuous  current ; 
if  the  supposed  conducting  arc  were  insulated,  there  would  be  an 
accumulation  of  positive  electricity  at  the  pole  and  of  negative 
at  the  equator,  and  to  this  accumulation  might  be  ascribed  the 
polar  auroras  on  the  one  hand,  and  on  the  other  the  daily  thunder- 
storms in  the  equatorial  regions. 

471.  Polar  Aurora. — In  the  polar  regions  the  aurora  borealis 
is  visible,  we  may  say,  every  night  in  winter.  Its  forms  are  ex- 
cessively varied,  and  we  shall  not  attempt  to  describe  them.  It 
is  certain  that  the  auroi"a  is  an  electrical  phenomenon.  It  is  a 
discharge  in  rarefied  air  quite  analogous  to  that  produced  in 
Geissler's  tubes  (94).  The  discharge,  or,  in  other  words,  the  flow 
of  positive  electricity,  appears  to  be  towards  the  surface  from  the 
upper  regions  of  the  air.  The  phenomenon  is  produced  at  very 
various  distances ;  some  have  been  observed  at  as  small  a  height 
as  a  mile  and  a  quarter,  and  others  at  more  than  ninety  miles. 
The  upper  summits,  moreover,  are  often  seen  to  be  bounded  by 
a  yellow  glow.  The  light  of  the  aurora  is  due,  like  that  of  the 
tubes,  to  gaseous  substances  made  luminous  by  the  discharge.  In 
addition  to  rays  ordinarily  seen  in  tubes  from  which  the  air  has 
been  exhausted,  spectrum  analysis  shows  a  special  ray  between 
the  yellow  and  the  green  (A.  =  5570)  which  sensibly  coincides  with 
one  of  the  chief  lines  of  Krypton.  M.  Lemstrom  made  experi- 
ments on  a  large  scale  on  the  production  of  the  aurora ;  he 
constructed  a  network  of  copper  wire  in  the  polar  regions  extend- 
ing over  an  elevated  area  of  900  square  metres,  and  having  a 
number  of  points  directed  towards  the  sky ;  he  thus  succeeded  in 
pi-oducing  the  characteristic  luminous  phenomena,  including  the 
peculiar  ray  of  the  aurora. 

472.  Earth  Currents. — -^-^l  electric  potentials  are  in  practice 
referred  to  that  of  the  earth  taken  as  zero ;  if  there  were  electric 
equilibrium,  the  potential  of  the  earth  would  be  the  same  at  all 
points  of  the  surface ;  but  experiment  shows  that  this  is  rarely  the 
case.  Telegraph  lines,  the  two  ends  of  which  are  connected  to 
earth,  are  generally  traversed  by  currents  of  very  irregular  strength 
and  direction,  which  are  sometimes  so  powerful  as  to  stop  the 
working  of  the  lines.  Such  interruptions  are  remedied  in  certain 
cases  by  using  condensers  (455).  Experiments  show  further  that 
the  currents  are  the  same  whether  the  wire  is  in  the  air  or  in  the 
ground ;  that  they  have  the  same  phases  on  two  lines  which  are 
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in  the  same  .direction  but  of  different  lengths,  and  that  the  electro- 
motive force  is  proportional  to  the  distance  of  the  extreme  points. 
The  simultaneous  investigation  of  the  currents  on  two  lines  in 
different  directions,  one  parallel  and  the  other  perpendicular  to 
the  meridian,  shows  that  the  maximum  is  more  or  less  north  and 
south. 

A  comparison  of  the  earth-current  curves  with  the  simultaneous 
curves  of  magnetic  variations  reveals  an  intimate  relation  between 
the  two  orders  of  phenomena.  There  is  an  obvious  coi-respond- 
ence  between  the  variations  of  current-strength  parallel  to  the 
meridian  and  those  of  magnetic  declination  on  the  one  hand,  and 
on  the  other  between  the  variations  of  the  earth-currents  perpen- 
dicular to  the  meridian  and  those  of  the  horizontal  component 
There  is,  however,  this  remarkable  circumstance,  that  the  phases 
do  not  coincide,  but  that  the  maxima  of  the  one  correspond  to 
the  minima  of  the  other.  This  can  only  be  explained  by  assuming 
that  the  same  current  which  exerts  an  electromagnetic  action  on 
magnetic  needles  acts  by  induction  on  the  lines.  According  to 
this,  earth-currents  must  be  looked  upon  as  only  secondary  cur- 
rents, and  a  comparison  of  the  directions  of  these  currents  with  the 
deflections  of  the  needle  shows  that  the  primary  currents,  the 
direct  cause  of  both  sets  of  phenomena,  have  their  seat  in  the 
upper  regions  of  the  atmosphere. 

473.  Thunderstorms. — To  Franklin  the  credit  is  due  of  having 
demonstrated  by  the  use  of  insulated  pointed  conductors  that 
thunderstorms  are  purely  electrical  phenomena.  Thunderclouds 
are  electrified  conductors,  some  of  them  charged  positively  and 
others  negatively  ;  lightning  is  a  spark  passing  between  two  clouds, 
or  between  a  cloud  and  the  earth. 

Passing  from  these  general  statements  to  details  there  is  great 
uncertainty.  Conjectures  only  can  be  made  as  to  the  constitution 
of  thunderclouds  and  their  origin,  or  as  to  the  conditions  and 
character  of  their  discharge. 

It  is  easy  to  understand  that  a  cloud  which  is  formed  in  contact 
with  the  earth  may  take  with  it  negative  electricity  ;  also  that  the 
condensation  of  a  mass  of  vapour  in  the  midst  of  a  mass  of  posi- 
tively electrified  air  may  produce  a  positive  cloud  ;  and  lastly,  that 
a  cloud  already  charged  may  produce  an  influence-charge  of  the 
opposite  kind  vipon  another  cloud  that  is  for  the  moment  in  con- 
nection with  the  earth.  We  may  even  imagine  actions  like  those 
of  Holtz's  machine,  and  conceive  of  electrification  being  produced 
by  the  relative  displacement  of  two  layers  of  clouds,  one  of  which 
acts  like  the  armature  of  such  a  machine.     But  can   these  causes 


584  ATMOSPHERIC   ELECTRICITY  [473- 

account  for  the  duration  of  some  storms,  the  multitude  of  lightning 
dischai'ges  by  which  they  are  accompanied,  and  for  the  enormous 
quantity  of  electricity  they  put  in  play  ? 

Are  thunderclouds  themselves  to  be  regarded  as  conductors 
charged  with  electricity  only  on  the  surface,  or  as  agglomerations 
of  isolated  masses,  each  having  its  own  charge  ?  The  latter  opinion 
appears  the  more  probable. 

Up  to  a  certain  point  we  can  form  some  idea  of  the  charge. 
Let  us  assume  that  the  surface  of  the  cloud  is  parallel  to  the 
earth,  the  two  forming  a  large  parallel  plate  condenser  ;  the  density 
is  the  same  on  the  two  faces  opposite  each  other.  This  density  is 
lO"-*^  coulombs  if  the  potential  increases  one  volt  per  centimetre 
(468)  ;  if  we  assume  that  in  a  violent  storm  it  increases  1000  volts 
per  centimetre,  which  is  certainly  exaggerated,  the  charge  will  be 
10"^°  per  square  centimetre,  and  therefore  one  coulomb  per  square 
kilometre.     This  is  certainly  an  outside  estimate. 

474.  Various    Kinds    of    Lightning-. — In   his  celebrated 

Notice  sur  le  Tonnerre,  Arago  discriminates  between  three  classes 
of  lightning,  zigzag  or  forked,  sheet,  and  globe  lightning.  The 
discharges  of  the  first  class  consist  of  well-defined  lines  of  fire, 
which,  excepting  as  to  dimensions,  are  perfectly  similar  to  artificial 
electric  sparks ;  they  are  accompanied  hy  a  more  or  less  prolonged 
noise  which  is  called  thunder.  Those  of  the  second  class  are  the 
flashes  of  light  which  suddenly  illuminate  clouds  without  being 
accompanied  by  any  noise ;  they  seem  due  to  ordinary  discharges 
concealed  from  the  observer,  or  rather  to  partial  discharges  be- 
tween the  clouds.  Globe  lightning  consists  of  balls  of  fire  moving 
slowly  through  the  air,  and  then  exploding  suddenly ;  if  globe 
lightning  is  not  a  mere  optical  delusion,  it  is  a  phenomenon  which 
in  the  present  state  of  our  knowledge  is  wholly  inexplicable.  The 
only  known  phenomena  which  at  all  resemble  it  are  the  luminous 
globules  obtained  by  Plante  on  putting  the  poles  of  a  battery  of 
3000  to  4000  volts  in  contact  with  the  surface  of  a  liquid. 

Photographs  of  lightning  flashes  taken  in  recent  years  show 
that  discharges  of  the  first  class  have  a  much  more  complicated 
structure  than  appears  at  first  sight.  The  principal  line  of  light  is 
always  accompanied  by  numerous  ramifications,  which  seems  to 
prove  that,  from  the  electrical  point  of  view,  the  cloud  does  not 
act  as  a  continuous  conductor. 

475.  Effects  of  the  Discharge. — The  effects  are  those  of  an 
electrical  discharge,  but  on  a  larger  scale.  The  lightning  discharge 
heats  conductors,  sometimes  to  the  melting,  or  even  the  volatilising 
point.     It  smashes  and  scatters  badly  conducting  substances,  kills 
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or  paralyses  living  beings.  Trees  struck  by  lightning  are  generally 
torn  to  pieces  as  though  by  a  sudden  explosion  of  steam.  In  its 
path  it  frequently  presents  the  most  inexplicable  appearances. 

In  order  to  get  some  idea  of  the  energy  at  work,  let  us  take 
the  case  of  a  cloud,  such  as  that  considered  in  (473),  at  a  height  of 
1000  metres;  its  potential  will  exceed  that  of  the  earth  by  10^ 
volts.  As  the  charge  is  one  coulomb  per  square  kilometre,  the 
complete  discharge  will  represent  an  amount  of  work  equal  to 
^ .  10^  joules,  or  very  nearly  5  x  10^  kilogramme-metres  (39) ;  this 
represents  the  work  done  by  a  mass  of  5000  kilogrammes  falling 
from  the  height  of  the  cloud. 

476.  Duration  of  the  Lightning  Discharge. — An  interest- 
ing point  to  consider  is  the  duration  of  the  lightning  discharge. 
Arago  indicated  the  principle  on  which  the  observations  may  be 
made.  Let  the  light  from  a  discharge  illuminate  a  wheel  formed 
of  a  number  of  white  radial  lines  on  a  black  ground  rotating  with 
uniform  velocity.  Let  the  number  of  lines  be  100,  and  the  velocity 
100  turns  per  second.  The  time  required  for  one  line  to  take  the 
place  of  its  neighbour  will  be  the  ten-thousandth  part  of  a  second. 
If  the  duration  of  the  flash  is  equal  or  superior  to  the  ten- 
thousandth  of  a  second,  the  wheel,  owing  to  the  persistence  of 
luminous  impressions,  will  appear  as  a  uniformly  illuminated  disc; 
but  if  the  duration  is  one-half,  one- third,  or  one-quarter  of  a  ten- 
thousandth  of  a  second,  the  wheel  will  appear  formed  of  alternately 
bright  and  dark  sections,  the  bright  sections  being  equal  to  one- 
half,  one-third,  or  one-quarter  of  the  dark 
sections.  If,  as  stated  by  Arago,  the  lines 
appear  as  sharp  as  if  the  wheel  were 
stationary,  the  duration  of  the  lightning  is 
not  an  appreciable  fraction  of  a  ten- 
thousandth  of  a  second.  Everything  seems 
to  show  that  it  is  less  than  the  hundred- 
thousandth  of  a  second. 

By  photographing  a  lightning  discharge 
upon    a    rapidly    revolving     plate,    more 
definite    results    might   be    obtained    than       . 
by   means    of    Arago's   wheel.       Probably/ 
this    process    would     show     whether     the  'v^ 
discharge  is  continuous  or  oscillatory. 

477.  Two  Kinds  of  Discharge.— We 

have  already  seen  that  discharges  may  be  produced  under  two  very 
different  conditions.  Let  us  return  to  the  experiment  of  (340). 
At  A  (Fig.  363),  the  difference  of  potential  increases  gradually,  and 
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when  it  lias  reached  the  vahie  corresponding  to  the  sparking  dis- 
tance, the  discharge  takes  place ;  at  B  the  difference  of  potentials 
is  produced  suddenly,  and  the  spark  passes  at  once  without  previous 
preparation.  The  effects  of  self-induction  are  more  intense,  the 
spark  is  longer  and  the  lateral  discharges  more  violent.  We  shall 
distinguish  the  two  cases  by  the  letters  a  and  h.  In  order  to  show 
^  the  application  to  the  case  of  thunder- 
^^J-'-^^  clouds,  Sir  Oliver  Lodge  arranged  ex- 
periments in  the  following  manner  : — A 
and  B  (Figs.  364-366)  are  two  insulated 
conducting  plates,  between  which  the 
dischai^ge  of  a  Leyden  jar  passes.  The 
wires  marked  +  and  —  connect  the  jar  to 
the  macliine,  and  enable  it  to  be  charged.  Fig.  364  corresponds 
to  the  case  a  ;  Figs.  365  and  366  to  case  h.  Bodies  of  very  various 
shapes  are  placed  at  varying  heights  between  the  two  plates,  a 
dome,  a  knob,  a  point,  or  a  flame.     In  case  a,  the  point  and  the 
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flame  produce  a  silent  discharge,  and  protect  the  other  bodies ;  in 
case  &,  they  are  all  struck  indisciiminately,  and  by  sparks  of  the 
same  kind  ;  it  seems  immaterial  also  whether  the  object  is  placed 
directly  on  the  lower  plate  or  is  insulated. 

Do  these  two  cases  occur  in  nature?  There  seems  little  doubt 
that  they  do,  especially  if  we  consider  the  clouds  as  made  up  of 
isolated  masses. 

In  the  experiments  described,  the  discharge  is  oscillatory.  Are 
the  conditions  which  permit  oscillation  (339)  realised  in  the  case  of 
a  thunder-cloud  ?  This  is  more  doubtful ;  but  it  may  be  observed 
that  the  effects  which  we  have  in  view  are  not  so  much  connected 
with  the  oscillatory  character  of  the  discharge  as  with  the  extreme 
rapidity  of  the  variations  of  potential. 

478.  Lightning  Conductors. — Shortly  after  the  discovery  of 
the  properties  of  points,  Franklin  conceived  the  idea  of  utilising 
them  for  protecting  buildings  against  the  effects  of  lightning  dis- 
chai'ges.  Franklin's  lightning  conductor  consists  of  a  long  metal 
rod  pointed  at  the  top,  placed  at  the  highest  part  of  the  building 
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to  be  protected,  and  connected  with  the  earth  by  continuous  good 
conductors.  As  now  made,  lightning  conductors  have  a  fine  point 
of  platinum  or  a  stouter  one  of  copper  (Figs.  367  and  368). 
Franklin  ascribes  to  the  lightning  conductor  a  twofold  effect. 
Under  the  influence  of  the  cloud  the  point  allows  the  electricity 
of  the  opposite  kind  to  escape,  and  this,  carried  by  the  particles  of 
air,  silently  neutralises  the  electricity  of  the  clouds.  This  is  the 
j)reve7itive  e^ed.  But  instead  of  supposing  that  the  electricity 
which  issues  by  the  point  neutralises  that  of  the  cloud,  we  may 
also  attribute  the  preventive  action  to  the  electrification  of  the  air 
by  the  point ;  in  this  way  there  may  be  formed 
an  electrified  cloud,  which  tends  to  produce  at 
all  points  below  it  a  potential  of  opposite  sign 
to  that  of  the  thundercloud,  and  therefore 
neutralises  the  influence  of  the  latter.  If 
such  a  cloud  of  electi'ified  air  remained  float- 
ing above  the  conductor,  equilibrium  would  be 
rapidly  attained,  and  the  point  itself  would 
cease  to  act. 

If,  notwithstanding  the  point,  a  discharge 
takes  place,  it  strikes  the  rod  in  preference  to 
the  other  parts  of  the  building  which  are 
within  the  radius  of  its  protection,  and  the 
conductor  leads  the  electricity  to  earth  with- 
out any  damage.     This  is  the  protectice  effect. 

The  conductor  is  usually  an  iron  rod,  1-5 
centimetres  in  diameter,  experience  having 
shown  that  lightning  has  never  damaged  a 
rod  having  this  section ;  its  lower  end  should 
be  connected  with  water  or  earth  that  is 
always  damp.  All  large  pieces  of  metal  be- 
longing to  the  building,  whether  inside  or 
outside,  should  be  connected  with  the  conductor.  It  is  sometimes 
assumed,  but  quite  arbitrarily,  that  a  conductor  protects  a  circular 
area,  the  radius  of  which  is  equal  to  twice  the  height  of  the 
conductor. 

In  the  erection  of  lightning  condvictors,  and  in  instructions 
drawn  up  for  this  purpose,  the  case  a  has  alone  been  taken  into 
consideration,  and  even  within  these  restricted  conditions  it  does 
not  appear  that  sufiicient  allowance  has  ever  been  made  for  the 
effects  of  self-induction.  The  duration  of  the  discharge  is  so  short 
that  the  effects  of  self-induction  greatly  preponderate  over  those  of 
resistance.     A  flat  band  of  metal  is  better   than  a  solid  circular 
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rod.  The  relative  advantages  of  copper  and  iron  have  frequently 
been  discussed.  Iron  appears  preferable  if  magnetic  permeability 
does  not  come  into  play.  The  experience  of  more  than  a  century 
shows  that  Franklin's  lightning  conductor  is  an  efficient  protection 
in  the  great  majority  of  cases,  but  it  would  be  an  exaggeration 
to  say  that  it  has  never  failed  except  by  some  defect  in  the  con- 
struction. 

479.  Theoretical  Conditions. — If  we  inquire  what  conditions 
theory  prescribes  for  the  protection  of  a  structure  and  all  that  it 
contains  against  damage  by  lightning  discharge,  we  arrive  at  the 
conclusion  that  the  structure  should  be  a  closed  conductor,  such 
as  a  room,  the  walls,  flooring,  and  ceiling  of  which  are  of  iron. 
Whatever  forces  may  be  exerted  from  outside,  the  potential  in  the 
state  of  equilibrium  would  be  constant  for  all  points  of  the  surface 
and  the  bodies  which  it  encloses ;  there  would  be  no  trace  of 
electricity  on  any  of  them.  When  equilibrium  is  disturbed,  as  by 
a  lightning  discharge,  it  is  to  be  supposed  that  the  sides  would 
form  a  protecting  screen  for  all  bodies  in  the  interior,  and  that 
sparks  like  those  of  Hertz  would  not  be  obtained.  In  any  case, 
these  sparks  would  not  be  dangerous,  and,  except  perhaps  in  the 
case  of  a  gunpowder  magazine,  there  would  be  no  need  to  consider 
them. 

For  an  external  body  connected  with  the  ground  no  sparks  are 
possible  in  the  case  of  equilibrium,  but  in  the  case  of  a  sudden 
discharge,  there  might  be  dangerous  sparks. 

We  have  already  seen  that,  in  order  to  produce  a  conducting 
surface  at  constant  potential,  it  is  not  necessary  that  the  metal 
should  be  continuous ;  the  conditions  are  realised  by  a  network  of 
even  large  meshes.  The  experiment  in  (346)  shows  that  even 
when  equilibrium  is  disturbed  a  network  has  the  same  effect  as  a 
continuous  surface.  The  essential  condition  is  that  no  conductor 
shall  project  into  the  interior,  which  might  have  a  potential 
different  from  that  of  the  envelope,  and  might  therefore  form  a 
kind  of  electrode  capable  of  giving  sparks.  Such,  for  instance,] 
would  be  gas  or  water  pipes;  conductors  of  this  kind  should  be 
connected  with  the  conducting  enclosure  at  the  point  where  they 
enter, 

480.  Practical  Conclusion. — The  general  result  at  which  we 
ultimately  arrive  is  that  the  most  certain  way  to  protect  a  building 
from  the  effects  of  lightning  is  to  encase  it  in  a  metal  network  in 
perfect  conducting  communication  with  the  earth.  The  network 
may  be  made  of  galvanised  telegraph  wire.  The  conductors  should 
follow  the  ridge,  the  corners,  the  angles,  the  chimneys,  &c.,  and 
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loops  or  sharp  angles  should  be  avoided.  Gas  and  water  pipes 
should  be  connected  with  the  network  on  their  entrance,  and  inside 
the  building  the  pipes  should  be  in  metallic  connection  wherever 
they  are  near  each  other.  The  external  network  should  be  connected 
with  the  ground  by  the  greatest  possible  number  of  points.  All 
masses  of  metal  on  the  outside — roofing,  eaves,  rain-troughs,  &c. — 
should  form  part  of  the  network.  Connection  should  be  made  with 
the  underground  water-bearing  stratum  by  means  of  large  plates 
dipping  in  a  pit  dug  in  this  stratum,  and  so  deep  that  even  when 
the  water  is  at  its  lowest  the  plate  is  partially  immersed.  Large 
masses  of  metal  inside  the  building  should  be  connected  with  each 
other,  but  instead  of  joining  them  to  the  outer  network,  it  is  better 
that  they  should  have  an  independent  connection  with  the  earth. 
The  building  thus  protected  might  be  struck  by  lightning,  but 
there  would  be  nothing  to  fear  from  the  effects. 

A  few  strokes  of  lightning,  probably  harmless  in  any  case,  might 
perhaps  be  avoided  by  providing  the  conductors  with  points.  From 
this  point  of  view,  it  should  be  attempted  to  surround  the  building 
with  an  electrified  atmosphere,  and  this  would  be  attained  more 
easily  the  more  numerous  are  the  points  and  the  more  widely  they 
are  distributed.  We  are  thus  led  to  the  plan  of  lightning  con- 
ductors devised  by  Melsens. 

The  most  important  point,  and  that  most  frequently  neglected, 
especially  in  the  older  installations,  is  that  of  connection  with  the 
earth.  A  system  of  lightning  conductors  badly  connected  with 
the  earth  is  not  only  useless  but  dangerous. 


CHAPTER  XXXVIII 


RECENT  DEVELOPMENTS 


In  this  chapter  we  shall  briefly  describe  certain  phenomena  wJiich 
have  either  been  recently  discovered  or  have  recently  come  into 
prominence. 

481.  Cathode  Stream. — We  have  seen  that  when  an  electric 
discharge  takes  place  in  a  tube  containing  air  at  a  pressure  of  less 
than  a  millimetre  of  mercury  the  appearance  at  the  negative 
terminal  consists  of  a  blue  glow  close  to  the  terminal,  succeeded 
by  a  dark  space,  which  in  turn  is  succeeded  by  another  luminous 
region  (the  negative  glow).  But  besides  these  appearances,  and 
crossing  over  them  as  though  regardless  of  their  presence,  a  shaft 


Fig.  369. 

of  bluish  light  a  (Fig.  369)  can  often  be  seen  proceeding  in  straight 
lines  normally  from  the  surface  itself.  If  the  terminal  is  a  small 
disc  or  a  short  thick  electrode  surrounded,  except  at  its  end,  by  a 
closely  fitting  glass  tube  a  nearly  parallel  beam  is  obtained ;  if, 
however,  a  concave  terminal  be  employed,  the  beam  converges 
approximately  to  a  focal  point  a  little  beyond  the  ceiatre  of  cur- 
vature ;  and  after  passing  this  point  it  once  more  diverges  and 
spreads  through  the  tube.  These  appearances  are  so  similar  to 
those  presented  by  a  beam  of  ordinary  light  that  the  term  Cathode 
Rays  was  given  to  them  ;  we  shall  adopt  the  name  Cathode  Stream, 
which  is  more  in  accordance  with  our  present  knowledge.  Many 
of  the  properties  of  this  stream  have  been  known  for  a  long  time. 
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Heat  sufficient  to  render  platinum  incandescent  may  be  produced 

at   the    focal  point.       When  the  stream  strikes  the    w;ills  of  the 

tube  or  a   solid  obstacle  within  it,  it  excites  phosphorescence,  the 

colour  of  which  depends  upon  the 

substance    struck.       When    this 

phosphorescent  light  is  examined  I 

spectroscopically   it   is    found    to 

give  rise  usually  to  a  continuous 

spectrum ;    in  some   cases  this  is 

traversed    by    well-defined    lines 

characteristic    of    the    substance 

struck.      This  is  especially  so  in 

the  case  of  the  rare  earths,  and 

a  very  sensitive  method  for  their  detection  has  been  founded  by 

Crookes  upon  this  property. 

If  objects  be  interposed  in  the  paths  of  the  stream,  a  sharp 
shadow  is  cast  on  the  walls  of  the  tube ;  this  is  well  shown  with  a 
tube  containing  an  aluminium  cross  movmted  on  a  hinge  so  that  it 
can  be  tilted  into  or  out  of  the  stream  (Fig.  370).  If  it  falls  upon 
crystals  of  rock  salt  a  beautiful  purple  tint  is  produced.  This  tint 
is  much  the  same  as  that  obtained  by  heating  sodium  chloride  with 
sodium  vapour.  According  to  E.  Wiedemann  and  Schmidt  the 
coloration  is  due  to  the  formation  of  a  sub-chloride. 

482.  Nature  of  the  Cathode  Stream. — The  following  proper- 
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ties   demonstrate  that   the  stream  does  not   consist  in    ordinary 
light  :— 

(a)  Arrange  a  tube  as  shown  in  Fig.  371.  A  and  b  are  hollow 
metal  cylinders  insuhited  from  one  another ;  A  is  earth-connected, 
and  serves  both  as  anode  and  as  an  electric  screen  to  b,  which  is 
connected  to  an  electroscope.  A  cathode  stream  is  allowed  to  pass 
through  the  apertures  in  the  ends  of  the  cylinders;  the  electro- 
scope then  deflects  as  it  would  do  if  b  received  a  negative 
charge. 

(b)  The  stream  is  deflected  by  a  magnetic  field  whose  direction 
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is  inclined  to  it.     If  cai-e  be  taken  by  suitably  shaping  the  terminal 

to  obtain  a  cylindrical  stream  this  can  be  deflected  so  as  to  form  a 

circular  ring  or  a  spiral.     When  the  field  and  stream  are  transverse 

to  one  another,  the  form  is  a  ring  whose  axis  is  parallel  to  the 

field.     When  the  field  and  stream  are   oblique  to  one  another  a 

spiral  is  obtained  (Fig.  372).     The  direction  of  bending  is  that  which 

would  be  expected  if  the  stream  consisted  of  negatively  charged 

particles  travelling  away  from  the  negative  electrode,  if  we  take 

for    granted    the    validity 

of   Rowland's  experiments 

(355),     which     show     that 

^  \<:)*        i>  ^w  1  such    charged    particles  in 

jK^^l^^^^^^^^ggH^F^  I  motion  have  the  magnetic 

^  /  I  properties    of    an    electric 

current.    We  can  calculate 

the  amount  of  bending  in 

terms    of    the    charge    per 
Fig    37'-*  . 

unit  mass   of   the  stream. 

Let  e  be  the  charge  on  each  particle,  m  its  mass,  and  v  its  velocity. 

The  electromagnetic  force  in  a  field  of  induction,  B,  at  right  angles 

to  V  is  evB.     Since  this  acts  at  right  angles  to  the  motion  it  is  of 

the  nature  of  a  centripetal  force ;  whence,  if  R  is  the  radius  of  the 

deflected  path,  ., 

=  evB, 

R 

or  ■  A  =  -  •  J- . 

e    B 

(c)  The  stream  also  undergoes  deviation  if  placed  in  an  electro- 
static field.  This  again  is  in  accordance  with  the  above  assumption, 
and  important  information  can  be  obtained  from  it. 

For  example,  let  the  stream  pass  between  and  parallel  to  two 
plates  which  form  an  air  condenser.  Let  F  be  the  electric  force 
maintained  (by  a  .Yoss  machine,  for  example)  between  these  plates. 
Then  Fe  is  the  mechanical  force  upon  a  particle  carrying  a  charge 
e,  and  the  direction  of  this  force  coincides  with  F,  and  is  therefore 
transverse  to  the  ui^disturbed  motion.  The  transverse  acceleration 
is  Fejm.  Since  the  deflection  is  very  small  we  may  consider  the 
acceleration  as  being  at  all  points  sensibly  at  right  angles  to  the 
motion ;  the  radius  of  curvature  of  the  path  may  be  taken  as  con- 
stant, and  is  given  by  the  equation 

v^^Fe 

R     m 

Let  now  the  experiment  be  arranged  so  that  either  the  magnetic 

or  the  electrostatic   field   can   be  excited  at  will ;  then,  if  their 
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strengths  be  adjusted  until  the  same  curvature  of  path  is  obtained 
for  each, 

v^_evB_Fe  ^ 

R      m       m  ' 
whence 


and 


F 


where  6  is  the  angle  between  the  deflected  and  original  paths  at 
a  distance  I  from  the  origin.  This  experiment  was  performed  by 
J.  J.  Thomson,  and  he  obtained  the  following  values : — 

—  =  from  1-1  X  10~^  to  1-5  X  10"'^  electromagnetic  C.G.S.  units, 

?;  =  from  2"2  x  10^  to  3"6  x  10^  cms,  per  second. 

The  values  obtained  with  different  gases,  or  by  employing  different 
electrodes,  were  the  same,  provided  the  difference  of  potential  be- 
tween the  ends  of  the  tube  was  maintained  the  same.  The  value 
now  accepted  (as  the  re- 
sult of  various  methods 
of  measurement)  is 


m 
e 

•6x 

10-7 

absolute  units 

or 

e  _ 
m 

1-7x107. 

{(1)  The  following  ex-  ^i^-  ^'^^^ 

periment  has  also  often  been  regarded  as  proving  the  same  fact, 
A  small  wheel  with  vanes  of  mica  (Fig.  373)  rests  with  its  axle  on 
two  glass  rails  ;  two  small  electrodes  of  aluminium  are  fused  into 
the  ends  of  the  tube  just  above  the  middle.  When  the  discharge  is 
passed,  it  acts  on  the  upper  half  of  the  wheel,  and  moves  it  from 
one  end  of  the  tube  to  the  other  away  from  the  negative  pole.  The 
pressure  upon  delicately  mounted  vanes  has  been  measured,  and  is 
very  greatly  in  excess  of  the  pressure  which  light  exerts  upon  any 
siu-face  upon  which  it  falls.  But  it  is  noteworthy  that  it  is  also 
very  much  greater  than  that  to  be  expected  from  the  cathode 
stream  supposed  to  consist  of  moving  particles  as  above.  Let  N  be 
the  number  of  particles  striking  a  surface  normally  in  unit  time, 
the  mass  of  each  being  m,  and  its  velocity  v.     Then,  if  we  suppose 

2  p 
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each  to  rebound  with  simple  reversal  of  velocity  the  momentum 
transferred  to  the  surface  in  unit  time  is  2N?nv.  If  each  par- 
ticle carries  a  charge  e  the  electric  current  is  Ne.  Now  if  we  take 
the  case  for  which  the  current  has  the  exceptionally  large  value  of 
10~^  amperes,  and  for  which  ?;=10^°  cms.  per  second,  the  force 
on  the  surface — equal  to  the  rate  at  which  momentum  is  trans- 
ferred to  it — is  2  X  10""'  dynes.  This  is  equivalent  to  a  difference 
in  pressure  on  the  two  sides  of  a  vane  1  sq.  cm.  in  area  of  one 
five-hundred;millionth  of  an  atmosphere ;  it  is,  therefore,  much  too 
small  to  produce  the  mechanical  eflPects  in  the  above  experiment. 
These  arise  from  a  secondary  cause  which  is  probably  the  same  as  in 
an  ordinary  radiometer.  Indeed,  Starke  has  shown  that  if  the  ordi- 
nary radiometer  effect  is  eliminated  the  observed  mechanical  effect 
is  exceedingly  small.  The  experiment  therefore  does  not  afford  a 
criterion  between  the  different  theories  of  the  nature  of  the  stream. 
483.  Rontgen  Rays. — We  have  seen  that  when  the  stream 
impinges  upon  the  walls  of  the  tube  it  excites  phosphorescence ; 
this  phenomenon  is  not  confined  to  the  inside  of  the  vessel.  Lenard 
has  shown  that  if  the  vessel  walls  are  made  very  thin  locally,  or 
if  a  piece  of  thin  aluminium  foil  is  cemented  over  a  hole  in  the 
tube,  a  cathode  stream  striking  this  spot  appears  to  pass  through  : 
that  is,  it  either  does  pass  through  or  else  a  corresponding  stream 
with  similar  properties  issues  from  the  outside.  But  it  has  now  lost 
its  simple  character ;  for  it  was  shown  by  Rontgen  at  the  end  of 
the  year  1895  that  other  rays  are  now  present  which  cannot  be 
deflected  by  a  magnet.  These  are  called  Rontgen-rays  or  X-rays. 
They  arise  when  the  cathode  stream  strikes  an  obstacle ;  from 
the  points  struck  they  radiate  very  much  as  ordinary  light  would, 
do.  They  are  capable  of  affecting  a  photographic  plate  in  the 
same  way  as  light,  i.e.  so  that  the  plate  may  when  developed  show 
a  blackened  image ;  and  by  this  effect  their  properties  may  be 
investigated.  They  are  capable  of  passing  through  solid  sub- 
stances, but  the  degree  of  transparency  of  a  substance  to  ordinary 
light  gives  no  clue  to  its  transparency  to  these  rays  ;  e.g.  aluminium 
is  more  transparent  than  glass,  soda  glass  than  lead  glass,  organic 
matter,  such  as  muscle,  than  bone  (which  contains  mineral  matter). 
The  degree  of  transparency  also  depends  upon  the  tube  in  which 
the  rays  originate;  when  the  vacuum  is  low  their  penetrating 
power  is  not  nearly  so  great  as  when  it  is  high. 

The  fact  that  they  originate  at  the  point  struck  by  the  cathode 
stream  was  first  demonstrated  by  interposing,  in  a  measured  posi- 
tion between  the  tube  and  a  photographic  plate,  a  card  on  which 
were  mounted  a  series  of  rings  of  tinfoil,  t  (Fig.  374).     The  foil, 
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which  is  rehitively  opaque  compared  with  card,  inteicepted  the 
rays,  and  a  magnified  shadow  of  the  rings  appeared  upon  the  plate 
when  developed.  The  position  of 
the  plate  during  exposure  being 
also  known,  a  diagram  was  con- 
structed similar  to  the  figure, 
showing  the  plate,  card,  and  tube 
in  their  proper  relative  positions. 
When  lines  were  drawn  backwards 
from  the  boundaries'of  theshadows, 
D,  on  the  plate  through  the  cor-  .i;/   '^\   tli— ^La- 

responding  edges  of  the  tinfoil  till  /    '    '    i   \    v    \ 

they  intersected,  the  point  of  in-  /    ,     i    '\    \    \  \ 

tersection  was  at  the  metal  anode  °  '     '  °  '     ^  °  '     ''" 

which  was  at  the  focal  point  of  the  Fig.  374. 

cathode  stream.     Experiments  in 

which  the  stream  fell  upon  the  walls  of  the  vessel  showed  that 
these  walls  were  then  the  source  of  the  rays :  and  the  shadows  lost 
in  sharpness  the  greater  the  area  struck.  The  rays  excite  fluor- 
escence, notably  in  the  platinocyanides  ;  screens  of  cardboard  coated 
with  platinocyanide  of  barium  and  other  materials  are  employed 
for  seeing  the  different  transparency  of  bodies  interposed.  Thus, 
if  the  band  is  interposed,  rays  pass  with  tolerable  ease  except 
through  the  bones.  The  bony  skeleton  is  thus  represented  by  a 
non-luminous  region  on  the  screen.  The  position  of  bullets  em- 
bedded in  the  tissues  can  thus  be  detected,  and  this  method  is  now 
very  largely  employed. 

Although  they  resemble  ultra-violet  light  in  certain  respects, 
yet  these  X-rays  exhibit  equally  notable  differences.  They  can 
neither  be  polarised  nor  diffracted.  They  are  not  deviated  by 
prisms ;  e.g.  passage  through  a  centimetre  thickness  of  a  thirty- 
degree  aluminium  prism  produces  no  perceptible  shift  of  the  edge 
of  the  shadow  of  a  lead  plate  placed  over  it. 

All  the  known  facts  can  be  best  explained  by  a  theory  suggested 
by  Stokes.  According  to  this  the  rays  consist  in  pulses  in  the 
ether  (i.e.  abrupt  disturbances  similar  to  explosion  waves  in  air), 
arising  from  the  sudden  stoppage  of  the  electrified  particles  of  the 
cathode  stream  when  they  strike  an  object.  It  can  be  shown  that 
such  a  pulse  must  originate  whenever  a  moving  electric  charge 
suddenly  stops  ;  and,  further,  that  its  properties  are  precisely  those 
which  Rontgen  rays  possess. 

484.  Becquerel  Rays. —  Shortly  after  Eontgen's  discovery 
Becquerel  observed  that  uranium  and  its  compounds  ai^e  capable 
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of  spontaneously  acting  upon  a  photographic  plate  and  of  discharg- 
ing an  electroscope.  Further  investigation  has  shown  that  it 
is  constantly  emitting  (1)  fast  moving  particles  of  small  mass, 
which  behave  in  every  respect  like  those  in  a  cathode  stream,  and 
in  especial  have  the  same  value  for  the  ratio  ejin  as  determined 
by  their  magnetic  and  electrostatic  deflection — these  are  known 
as  ^-particles ;  (2)  slow  moving  and  more  massive  particles, 
which  when  examined  in  the  same  way  prove  to  have  a  positive 
charge  and  a  mass  comparable  with  the  mass  of  a  molecule  of 
hydrogen,  and  (3)  a  group  of  rays  which  are  indistinguishable 
from  very  penetrating  Rontgen  rays  and  are  known  as  y-rays. 
From  a  solution  of  a  uranium  salt  a  precipitate  can  be  obtained 
which  gives  only  ^-particles  and  y-rays,  while  the  main  body  of  stuff 
left  behind  emits  only  alpha-particles.  Substances  which  give  off 
these  streams  are  now  known  as  radioactive  bodies.  Schmidt 
showed  in  1898  that  thorium  salts  exhibit  similar  effects. 
These  observations  have  since  been  extended  by  Eutherford. 
In  Rutherford's  earlier  experiments  the  effects  obtained  were 
exceedingly  capricious,  depending  to  a  large  extent  upon  draughts. 
He  traced  this  capriciousness  to  the  emission  of  a  gas  which 
itself  possesses  radioactive  properties.  This  emanation,  as  it  is 
called,  can  be  passed  from  vessel  to  vessel  in  every  respect  like 
a  gas;  it  begins  to  condense  at  —120°  C.  and  deposits  on  the 
walls  of  the  vessel ;  change  of  temperature  does  not  affect  its 
radioactivity.  It  is  apparently  formed  not  from  thorium  itself 
but  from  an  intermediate  product  of  thorium — Thorium  X — which 
can  be  separated  from  its  parent  substance  by  chemical  means. 
The  emanation  in  turn,  if  removed  from  the  thorium  salt,  gradually 
decays ;  the  decay  proceeds  at  the  same  rate  before  removal,  but 
it  is  masked  by  the  continuous  production  of  fresh  emanation ; 
the  rate  of  decay  is  such  that  half  the  initial  amount  disappears 
in  about  54  seconds.  The  decomposition  product  (Thorium  A)  is 
not  radioactive  ;  but  if  it  is  allowed  to  form  for  a  short  while  and 
the  remaining  emanation  is  blown  out,  the  initially  non-radioactive 
vessel  gradually  becomes  again  active.  This  is  due  to  the  gradual 
decay  of  Thorium  A  and  formation  of  another  body,  Thorium  B, 
which  is  radioactive.  In  each  active  stage  a,  /5  or  y  products  are 
given  off;  and  the  accepted  theory  is  that  each  stage  is  formed 
from  its  parent  substance  by  a  process  of  disintegration  in 
which  these  quick  moving  particles  (a,  (3)  and  electromagnetic 
pulses  (y  rays)  are  emitted,  the  new  substance  being  the  residue 
left  behind.  The  genealogical  table  for  the  various  stages, 
together  with  the  different  emissions  and  the  times  required  for 


484]  BECQUEREL   RAYS  597 

each  substance  to  fall  to  half  value,  when  the  supply  is  unre- 
plenished  by  the  decay  of  previous  stages)  is  graphically  shown 
in  Figure  374a. 

The  last  two  taken  together  are  known  as  "  the  active  deposit," 
because  they  form  upon  the  walls  of  the  containing  vessel  and 
remain  behind  when  the  emanation  is  blown  out. 

The  phenomena  of  radioactivity  have  led  to  the  discovery  of 
several  new  substances.     The  most  interesting  of  these  is  radium, 

e*  a.  d.  <* 

d-  (5-  (5--  o-  d^" 

Thorium.     Thorium  X    Emaiin.     Thorium  A.  Thorium  B. 
2-4x109  years.    4  days.         54  sees.        11  hrs.  55  min. 

Fig.  374a. 

discovered  by  P.  Curie  and  Madame  Curie  in  pitch-blende.  This 
is  an  intensely  radioactive  substance  giving  oflf  a  and  (i  particles 
and  y-rays,  and  also  in  one  or  more  stages  emitting  much  more 
slowly  moving  negatively  charged  particles  (S-particles).  This 
substance  also  undergoes  disintegration,  forming  in  succession  a 
series  of  products  in  the  same  manner  as  thorium.  Their  lifer 
history  is  summarised  in  the  adjoining  figure  (Fig.  374b). 


c5^  c5^  (5^  o-  (^'o—  (^  c5^ 


Eadium.       Eniann.  Radium  A.  Radium  B.  Radium  C.  Radium  D.  Radium  E.  Radium  F. 
1300  years.      4  days.        3  min.  21  min.  28  min.        40  years.        f!  days.        143  days.  ^ 

Rapidly  chanfring  Slowly  chanfiinf,' 

active  deposit.  active  deposit. 

Fig.  374b. 

It  will  be  seen  that  lladinm  B  and  Radium  T)  are  non- 
radioactive ;  and  that  ^-particles  and  y-rays  apparently  are 
given  off  only  by  Radium  C  and  E.  The  presence  of  the 
various  particles  is  detected,  and  their  amount  measured,  by 
means  of  the  ionisation  they  produce  (485).  The  active  deposit 
is  formed  on  the  'negative  terminal  if  an  electric  field  be 
produced  in  the  containing  vessel.  Tlie  emission  of  positively 
charged  alpha-particles  in  its  formation  would  have  led  one  to 
expect  the  deposit  (Radium  A)  to  be  nefiatively  charged  and  to 
move  toward  the  positive  terminal.  It  is  possible,  however, 
that  negative  particles  are  also  emitted  sinudtaneously,  but 
are  not  detected  because  they  move  too  slowly  to  produce 
ionisation. 
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Radium  itself  is  a  disintegration  product  of  uranium ;  there 
are,  however,  one  or  more  intermediate  generations. 

According  to  Rutherford  each  of  these  substances  is  formed 
from  its  immediate  predecessor  by  a  spontaneous  process  of 
disintegration,  the  rate  of  which  is  proportional  to  the  amount 
of  the  predecessor  present,  but  is  otherwise  a  constant.  Thus, 
if  we  take  an  amount  Eg  of  the  emanation  and  separate  it  from 
the  parent  radium,  its  amount  will  cease  to  be  replenished  by  a 
further  decay  of  the  radium,  and  it  will  itself  decay  ;  the  rate 
of  change  of  the  amount  E  remaining  at  any  instant  is  given 
by  the  equation 

'^l^^-.E, 
dt 

where  e  is  a  constant  characteristic  of  the  emanation  known  as 
its  factor  of  decay.  Hence  by  integration,  the  amount  remaining 
at  any  time  is 

E=Ef-^t, 

■e  being  the  base  of  natural  logarithms.     The  time  to  face  to  half 

value  is  therefore  (log^  2)/£  ;  it  is  this  number  which  is  about  4  days. 

As   the   amount   of   emanation   diminishes.   Radium   A   (which 

is    initially    absent)    gradually    forms  at  its   expense ;    but   it  in 

turn    decays   by   spontaneous    disintegration.       If   a  is   its   factor 

of  decay,  and  if  07ie  atom  of  A  is  formed  from  one  atom  of  emafiation, 

the  equation  which  detei'mines  the  number  of  atoms  of  A  at  any 

moment  is 

dA 

-T7  =eE-aA  =  eEoB-^^  -  a  A . 

The  general  solution  of  this  equation  is 

A  = +  Ke-°* 

a  —  € 

where  k  is  the  constant  of  integration  ;  or  remembering  that 
A  is  initially  zero,  and  that  therefore  (putting  t  =  0) 


0  = +K, 

a  —  e 


the  equation  becomes 


iE 


This  equation  corresponds  to  the  assumption  that  the  amount 
of  Radium  A  is  zero  at  the  first  and  that  it  again  becomes  zei^o 
after  the  lapse  of  an  infinite  time. 
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In  a  similar  way  all  the  successive  changes  might  be  con- 
sidered. We  will  be  content  with  writing  down  the  differential 
equations  of  the  next  two  changes.     These  are 


dt 
dC 
dt 


=  f3B-yC, 


where  ft  and  y  are  the  factors  of  decay  of  B  and  C,  and  B  and  C 
are  the  numbers  of  atoms  of  Radium  A  and  B  present  at  any 
moment,  the  assumption  being  again  made  that  one  atom  is  in  each 
case  formed  from  one  atom  of  the  parent. 

Radium  can  be  separated  from  its  disintegration  products. 
When  a  specimen  of  freshly  prepared  radium  is  left  to  itself  the 
products  of  decay  gradually  accumulate.  The  emanation  will 
cease  to  increase  when  pR  =  eE,  where  p  is  the  rate  of  decay  of 
the  radium  itself.-  Thus,  neglecting  the  minute  diminution  in  B, 
the  amount  of  emanation  will  subsequently  keep  constant. 
Similarly,  the  amount  of  Radium  A  will  cease  to  increase  when 
eB  =  aA  ;  and  so  on  for  the  other  products.  Thus,  after  sufficient 
time  has  elapsed,  the  various 

substances    are    present   in       I  /'        I ^\         ^  I  Ip 

amounts  given  by  the  con- 
tinued equation 

pR  =  €E  =  aA=(iB^yC,  &c. 

These  substances  are  then 
said  to  be  in  radio-active 
equilihrivm.  The  approxi- 
mate validity  of  this  equa- 
tion results  from  p  being 
smaller  than  the  other  co- 
efficients, so  that  the  amount 
of  R  is  sensibly  constant.  If 
a  definite  amount  of  emana- 
tion is  isolated  the  growth 
of  the  products  A,  B,  C,  is 
shown  on  Fig.  .375 ;  the 
several  curves  being  drawn  to  such  scales  as  to  display  the  fact 
that  after  about  3  hours  the  n.mounts  of  these  substances  vary 
proportionately  to  the  emanation  itself.  The  relative  amounts 
then  present  are  in  the  ratios 


A  /B 

/t 

"" 

// 

2  3 

Fig.  375. 

Curve  EP,     Emanation. 
Curve  OAP,  Badium  A. 
Curve  OP.P,  P.ailium  B. 
Curve  OCP,  Radium  C. 


4  hours. 


1, 
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or  since  e  is  small  compared  with  the  other  constants  they  are 
given  by  the  equation 

that  is,  by  the  equation  of  radio-active  equilibrium.  These 
statements  cannot  be  extended  to  the  slow-changing  products 
D,  E,  F,  since  their  factors  of  decay  are  smaller  than  e,  so  that  e 
never  vanishes  by  comparison. 

Comparatively  few  of  these  bodies  can  be  obtained  in  sufficient 
quantities  to  enable  either  their  weight  or  volume  to  be  directly 
measured.  About  one  gramme  of  radium  has  been  isolated.  Its 
atomic  weight  is  about  225.  The  volume  of  the  emanation  from 
one  gramme  of  radium  in  radioactive  equilibrium  with  it  is  about 
•57  cubic  mm.,  when  measured  at  atmospheric  pressure,  as  first 
shown  by  Rutherford.  When  at  a  very  low  pressure  its  tempera- 
ture of  condensation  is  about  -  150°  C. ;  when  at  atmospheric 
pressure  it  is  about  —  60°  0. 

The  temperature  of  radium  is  permanently  higher  than  that  of 
its  surroundings.  The  discovery  of  this  fact  proved  that  the  energy 
of  the  changes  is  not  drawn  by  thermal  conduction  from  the  sur- 
rounding air.  The  possibility  of  an  excess  of  temperature  is  easily 
understood  on  the  hypothesis  of  atomic  disintegration.  The  atomic 
system  only  passes  spontaneously  from  any  state  to  another  in 
which  the  potential  energy  is  less,  the  difference  of  energy  being 
set  free  as  heat. 

We  must  refer  to  special  treatises  on  the  subject  for  further 
details  in  regard  to  the  non- electrical  properties  of  these  interest- 
ing substances. 

485.  Electrical  Action  of  Rbntgen  Rays,  &c. — Air  in  its 

normal  state  at  ordinary  temperatui'es  is  either  a  perfect  insulator 
or  very  nearly  such.  It  does  not  appear,  in  fact,  that  an  electric 
charge  can  be  directly  given  to  any  gas  or  vapour.  Water  vapour 
arising  from  electrified  water  and  mercury  vapour  arising  from 
electrified  mercury  are  absolutely  unelectrified.  But  air  through 
which  any  of  these  rays  are  passed  becomes  a  conductor.  Thus, 
the  gold  leaves  of  a  charged  electroscope  collapse  when  a  beam 
is  incident  upon  them,  and  this  takes  place  whether  the  leaves 
are  charged  positively  or  negatively.  Metal  plates,  previously  un- 
charged, when  exposed  to  Rontgen  rays  acquire  charges,  positive 
in  some  cases  and  negative  in  others. 

It  is  this  electrical  property  chiefly  which  is  made  use  of  in 
detecting  and  measurins:  radioactive  chanees. 
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The  active  material  is  placed  on  the  lower  of  two  parallel  plates, 
A  and  B,  in  a  closed  vessel  (Fig.  376).  This  lower  plate  is  con- 
nected with  the  insulated  terminal 
of  a  battery ;  the  upper  plate  is  con- 
nected with  an  electrometer.  The 
other  terminals  of  the  electrometer 
and  the  battery,  as  well  as  the  case 
c,  are  earthed.  The  substance  under 
test  puts  the  air  between  a  and  b 
into  a  conducting  state ;  hence  the 
battery  drives  a  current  from  A  to  b, 

and  the  electrometer  is  thereby  gradually  charged.  The  magnitude 
of  this  current  tends  to  a  certain  limiting  value  for  each  substance 
as  the  difference  of  potential  between  the  plates  is  gradually  in- 
creased. About  300  volts,  with  the  plates  3  or  4  cms,  apart, 
produces  this  limiting  current  for  substances  whose  activities  are 
not  too  strong.  The  current  depends  upon  the  distance  between 
the  plates  ;  it  increases  at  first,  other  things  being  the  same,  as  the 
distance  increases.  This  fact,  which  at  first  appears  anomalous,  is 
explained  by  supposing  that  the  current  is  a  secondary  effect,  and 
is  not  the  current  carried  by  the  alpha  or  beta  particles  themselves. 
These  particles  put  the  gas  into  a  conducting  state,  their  own 
energy  being  absorbed  in  the  process.  Now,  if  a  particle  can  move 
several  centimetres  in  the  gas  before  it  ceases  to  be  efiicient,  it  does 
not  produce  its  full  effect  when  the  plates  are  less  than  this  dis- 
tance apart. 

The  particles  are  supposed  to  produce  ions,  which  migrate  in  the 
electric  field  in  the  same  manner  as  in  the  electrolysis  of  liquids  : 
positive  ions  moving  in  the  direction  of  the  field  and  negative  ions 
in  the  reverse  direction.  It  is  calculated  that  a  single  alpha 
particle  is  able  to  produce  about  100,000  ions  before  it  loses  its 
efficiency. 

With  uranium  salts  the  order  of  the  current  obtained  with 
plates  8  cm.  diameter  and  3  cm.  apart  is  10"^^  ampere — with  pitch- 
blende it  is  about  eight  times  as  great. 

The  electric  method  is  thus  an  extraordinarily  delicate  means  of 
detecting  minute  traces  of  radioactive  matter.  If  a  solution  con- 
taining lO""'^  grams  of  radium  bromide  is  evaporated  on  a  metal 
vessel,  the  activity  which  this  minute  quantity  possesses  is  found  to 
be  sufficient  to  cause  an  extremely  rapid  dischai'ge  of  a  gold  leaf 
electroscope  when  brought  near  it.  In  fact,  the  emission  of  a  single 
alpha-particle  can  be  detected  ;  when  the  radioactive  substance  is 
taken  in  sufficiently  small  quantity,  each  particle  as  it  is  expelled 
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causes  a  separate  small  displacement  of  the  electrometer  needle, 
and  therefore  the  number  expelled  can  be  counted. 

Violet  and  ultra-violet  light  also  produce  a  loss  of  charge  if  the 
body  is  charged  negatively ;  they  are  without  any  action  if  the 
charge  is  positive.  S.  J.  Allen  has  shown  that  the  rate  of  loss  of 
charge  can  be  represented  as  the  sum  of  two  exponential  tei'ms, 
indicating  that  the  decay  is  of  a  dual  nature. 

In  the  case  of  amalgams  of  the  alkaline  metals  the  action 
extends  even  to  the  red  end  of  the  spectrum.  The  azimuth  of 
polarisation  of  the  light  is  of  importance.  With  an  amalgam  of 
potassium  and  sodium,  on  which  the  light  was  incident  at  an  angle 
of  45°,  Elster  and  Geitel  found  the  effect  to  be  a  maximum  when 
the  planes  of  incidence  and  polarisation  were  perpendicular  to  one 
another. 

Righi  has  shown  that  if  an  insulated  uncharged  body  is  illumi- 
nated by  ultra-violet  rays  it  becomes  in  general  positively  charged. 
The  maximum  difference  of  potential  so  produced  depends  on  the 
metal  of  which  the  body  is  made ;  and  in  respect  to  this  difference 
of  potential  the  metals  may  be  arranged  in  the  same  order  as  that 
of  Volta — gold  and  zinc  being  at  the  extremities  of  the  list. 

Lenard  has  shown  that  a  metal  plate  in  a  vacuum,  illuminated 
by  ultra-violet  rays,  emits  rays  which  are  charged  negatively  and 
can  be  deflected  by  a  magnet. 

Air  also  becomes  a  conductor  when  passed  over  phosphorus. 
The  gases  drawn  from  an  electric  arc,  or  from  the  neighbourhood 
of  a  glowing  filament,  or  from  flames,  are  conducting.  In  whatever 
way  the  conducting  state  is  produced,  it  gradually  vanishes  on 
removal  of  the  exciting  cause.  Its  destruction  may  be  accelerated 
by  passing  the  gas  through  tightly  packed  glass  wool  or  through 
water,  or  along  a  narrow  metal  tube.  It  is  at  once  destroyed  by 
passing  the  gas  through  a  strong  electric  field  ;  an  electric  current 
between  the  boundaries  of  the  field  accompanies  the  destruction. 
This  last  fact  supports  the  suggestion  that  the  conducting  state  is 
the  result  of  the  presence  of  charged  particles  within  the  mass  of 
gas  :  these  would  be  set  in  motion  by  the  electric  field,  and  their 
motion  would  constitute  an  electric  current  as  in  electrolysis. 
Since  the  gas  is  often  uncharged  on  the  whole,  there  must  be  both 
positive  and  negative  particles  present  in  svich  cases.  The  gas  is 
said  to  be  ionised,  though  there  is  no  evidence  that  its  state  exactly 
corresponds  to  the  state  of  an  electrolytic  liquid.  The  permanence 
of  conducting  power  in  the  latter  case  is  a  notable  difference. 

486.  Condensing  Action. — The  theory  that  particles  are  pre- 
sent which  are  different  from  the  rest  of  the  gas  is  confirmed  by 
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the  following  facts.  It  was  shown  by  Aitken  that  the  condensation 
of  water  vapour,  which  takes  place  when  air  saturated  with  water 
vapour  is  cooled  by  being  caused  to  expand  adiabatically,  occurs 
with  freedom  only  when  dust  particles  are  present.  It  was  shown 
by  C.  T.  R.  Wilson  that  in  ionised  air,  saturated  with  water  vapour 
and  freed  from  dust,  condensation  takes  place  as  the  result  of 
expansions  which  are  too  slight  to  produce  condensation  in  dust- 
free  normal  air.  It  would  thus  appear  that  particles  are  present 
in  ionised  air  which  serve  as  nuclei  encouraging  condensation. 
J.  J.  Thomson  had  shown  theoretically  many  years  previously  that 
electrifying  a  particle  should  tend  to  promote  condensation  upon 
it ;  and  that  for  particles  of  less  than  a  certain  magnitude  this 
tendency  should  more  than  outweigh  the  opposite  tendency  due  to 
surface  tension.  The  effect  of  electrically  charged  particles  in 
promoting  the  condensation  of  vapour  is  strikingly  shown  by  bring- 
ing a  metal  point  connected  with  an  electrical  machine  near  an 
orifice  from  which  a  jet  of  steam  is  escaping :  as  soon  as  the 
machine  is  set  in  motion  the  cloud  of  steam  becomes  much  denser 
and  more  opaque,  but  returns  to  its  usual  appearance  directly  the 
motion  stops. 

An  approximation  to  the  number  of  such  nuclei  present  in  any 
case  has  been  made  as  follows.  The  mass  of  water  that  condenses 
as  the  result  of  a  given  expansion  is  known  from  thermodynamic 
data  employed  in  the  theory  of  the  steam-engine.  Assuming  that 
each  drop  of  water  is  a  sphere  formed  round  a  single  nucleus,  the 
total  number  is  known  if  the  radius  of  each  can  be  determined. 
The  cloud  that  forms  gradually  settles  down  ;  now  it  has  been 
shown  by  Stokes  that  a  small  sphere  falling  through  a  resisting 
gas  of  negligible  density  acquires  a  limiting  velocity 

2  oa2 
9     jui 

where  ^  =  acceleration  due  to  gravity  alone, 

a  =  radius  of  sphere, 
fi  =  viscosity  of  the  fluid. 

Taking  this  as  representing  the  velocity  with  which  the  cloud 
settles  down,  J.  J.  Thomson  has  calculated  the  average  radius  of  a 
drop  from  the  observed  velocity,  and  thence  the  number  of  nuclei 
present  in  the  particular  case. 

487.  Charge  on  Nuclei. — We  have  said  that  the  nuclei  move 
in  an  electric  field  and  that  this  motion  constitutes  an  electric 
current.  Let  u  be  the  mean  velocity  of  the  positive  and  negative 
nuclei,  e  the  charge  on  each,  and  n  their  number  per  cubic  centi- 
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metre.  Then  the  current  through  each  square  centimetre  of  a 
surface  at  right  angles  to  the  flow  is 

G=neu 

The  value  of  n  for  a  portion  of  the  gas  can  be  measured  as  in  the 
previous  section,  G  can  be  measured  by  means  of  an  electrometer 
connected  with  the  boundaries  of  the  field  (which  for  convenience 
may  be  two  parallel  metal  plates),  hence  we  need  only  u  in  order  to 
find  e.  The  determination  of  u  for  a  given  electric  field  is  made  by 
passing  the  stream  of  ionised  air  successively  through  two  parallel 
sheets  of  metal  gauze  which  are  maintained  at  different  potentials. 
If  the  gas  were  at  rest  the  electric  field  between  the  plates  would 
drive  the  positive  and  negative  nuclei  to  opposite  plates  and  the 
charges  given  to  the  plates  would  be  carried  away.  Let  the  gas 
be  now  forced  as  a  stream  in  the  opposite  direction  to  that  in 
which  the  positive  nuclei  are  driven  by  the  field,  and  let  its  velocity 
be  adjusted  until  the  leak  just  ceases.  Since  the  positive  nuclei 
must  now  be  at  rest  in  space,  the  velocity  of  the  stream  of  gas 
must  be  equal  to  the  velocity  which  the  nuclei  previously  possessed 
due  to  the  electric  field  alone  ;  that  is  to  say,  it  equals  u. 

The  results  of  experiments  made  by  Sir  J.  J.  Thomson  and  his 
pupils  by  this  and  other  methods  show  that  the  charge  on  a 
nucleus  is  the  same  in  whatever  way  the  nucleus  has  been  formed 
and  to  whatever  gas  it  belongs  ;  and  further  that  it  is  of  the  same 
order  as  the  charge  calculated  by  dividing  the  charge  which  sets 
free  a  cubic  centimetre  of  hydrogen  in  electrolysis  by  the  number 
of  atoms  in  a  cubic  centimetre ;  in  other  words,  the  charge  on  the 
nucleus  is  comjiarable  with  the  charge  on  aia  atom  of  hydrogen. 
Its  value  may  be  taken  as  of  the  order  of  10"^*^  absolute  electro- 
magnetic units.     Since  the  ratio  —  for    the    /^-particles    is    about 

1*7  X  10''^  in  the  same  system  of  units  the  mass  of  such  a  particle 
must  be  of  the  order  of  6  x  10—-^  grammes.  Without  making  use 
of  the  very  uncertain  value  for  the  number  of  atoms  of  hydrogen 

in  a  cubic  centimetre,  we  may  say  that  since  —  is  about  *6  x  10"''^ 

e 

while  for  an  atom  of  hydrogen   —    (the  electrochemical  equivalent) 

is  about  10"~**  the  mass  of  a  /3-particle  must  be  about  1/1700  of  the 
mass  of  an  atom  of  hj'drogeu  if  it  be  assumed  that  their  charges 
are  the  same. 
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488.  Atmospheric  Conductivity. — Althougla  air  can  be  ob- 
tained which  is  absolutely  non-conducting,  it  was  shown  by  Linss, 
and  later  by  Elster  and  Geitel,  that  insulated  conductors  slowly 
lose  their  charge  in  atmospheric  air ;  C.  T.  R.  Wilson  has  shown 
that  the  rate  of  loss  is  nearly  proportional  to  the  pressure  of  the 
air.  Both  positive  and  negative  charges  diminish  at  the  same 
rate  near  the  sea-level.  Neither  wind  nor  mist  has  much  in- 
fluence, and  the  rate  of  loss  is  greatest  when  the  air  is  clear  and 
free  from  dust.  Near  the  peaks  and  ridges  of  mountains  a  negative 
charge  is  dissipated  much  faster  than  a  positive  one ;  the  opposite 
Is  true  near  waterfalls.  Elster  and  Geitel  attribute  this  pheno- 
menon to  the  existence  of  charged  nuclei  in  the  atmosphere.  The 
potential  observed  near  waterfalls  is  negative.  Lenard  concludes 
from  his  observations  that  when  water  falls  upon  water  the  air 
I'ound  it  becomes  negatively  electrified.  The  greater  rate  of  dis- 
sipation of  a  positive  charge  near  a  fall  would  thus  be  easily 
accounted  for. 

489.  Zeeman  Effect. — When  a  source  of  light  (flame,  vacuum- 
tube,  &c.)  yielding  a  line-spectrum  is  placed  between  the  poles  of  a 
powerful  electromagnet,  and  examined  spectroscopically  across  the 
magnetic  field,  the  lines  in  the  spectrum  become  broader ;  or,  if 
the  field  is  strong  enough,  each  line  separates  into  three  or  more 
components.  The  simplest  case  is  where  there  are  three  such 
components ;  and  in  this  case  each  of  them  is  plane-polarised,  the 
outer  ones  being  oppositely  polarised  to  the  central  one.  On  the 
other  hand,  if  the  line  of  sight  be  along  the  magnetic  field,  the 
simplest  case  is  when  the  original  line  is  split  into  two ;  and 
these  are  then  circularly  polarised  in  opposite  directions.  This 
effect,  which  had  been  unsuccessfully  sought  for  by  Faraday,  was 
experimentally  obtained  by  Zeeman  in  1897. 

Evidence  that  the  frequency  of  vibration  of  the  light  is  altered 
by  a  magnetic  field  is  obtained  by  viewing  the  light  from  a  hot 
sodium  flame  through  a  cooler  sodium  flame,  the  latter  being 
between  the  poles  of  an  electro-magnet.  If  the  line  of  sight  is 
along  the  magnetic  lines  the  field  of  view  brightens  whenever  the 
magnetic  field  is  excited  owing  to  the  destruction  of  the  complete 
coincidence  of  frequency  of  the  two  sources — a  very  small  change 
being  sufficient  to  prevent  absorption  taking  place. 

A  full  explanation  (or  working  theory)  has  been  given  by 
Lorentz  and  Larmor,  We  shall  be  content  with  an  outline  of  it  in 
its  simplest  form. 

Let  us  suppose  that  each  atom  of  luminous  gas  consists  of  two 
charged    bodies,   one   of  which  rotates  round  the  other;   let  the 
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mass  of  the  X'otating  one  be  m  and  its  charge  e.  When  the 
magnetic  field  is  not  present,  its  orbit  will  be  determined  by  the 
mechanical  force  between  it  and  its  partner.  If  we  take  this 
force  to  be  a  quasi-elastic  one,  proportional  to  the  distance  from 
the  central  body  and  always  directed  toward  it,  the  motion  will 
either  be  simply  periodic,  or  may  be  compounded  of  three  such 
motions  at  right  angles  to  one  another,  its  projection  on  any  plane  ^ 
being  either  circular  or  elliptical.    In  each  case  the  frequency  will  be      I 

27r     27rV  m 

where  /  is  the  value  of  the  force  at  unit  distance,   and  Wg  is  the 
frequency-constant. 

When  the  magnetic  field  is  introduced  the  force  on  the  particle 
is  modified  :  if  the  velocity  of  the  particle  is  v  and  is  at  right  angles 
to  the  field,  there  is  an  additional  force  upon  it  equal  to  evB  at 
right  angles  to  both  v  and  B  where  B  is  the  induction.  If  the 
plane  of  the  motion  is  that  of  the  paper,  and  the  magnetic  field  acts 
downward  through  it,  this  additional  force  will  be  toward  the  centre 
in  the  case  of  a  counter-clockwise  motion  of  a  positive  charge  and 
from  the  centre  for  a  clockwise  motion ;  in  the  case  of  a  negative 
charge  these  statements  must  be  interchanged.  If  the  path  is  of 
radius  r,  the  centripetal  force  may  be  written 

muflr  —  fr  +  evB 

,                                               .-,      f  ,  e<x)B 
whence  a>-  =  —  + , 


Vi 


the  positive  or  negative  sign  being  chosen  according  to  the  above 
convention. 

Now  in  any  observed  case  the  modification  of  the  frequency  by 
the  field  is  exceedingly  small ;  so  that  in  the  second  term  on  the 
right  the  undisturbed  value  of  co  may  replace  the  actual  value  :  hence 

.-,        c  ,  eBo) 

(JO-  =  Wg"  +         ° 

m 

or  n 

,  eB 

to  =  0),,  + . 

Again,  if  there  is  any  component  of  motion  ^?aj'a//eZ  to  the 
magnetic  lines,  its  frequency  will  undergo  no  modification.  Thus, 
in  general,  we  should  expect  three  frequencies,  viz.  : — 

wJ2iT,  (co„  -f  eB/2m)/2Tr,  and  (w„  -  eB/2m)/2Tr. 

If  the  light  is  viewed   along  the  magnetic   lines,  since  the  com- 
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ponent  motion  parallel  to  them  will  not  give  rise  to  a  transverse 
wave  in  the  ether  travelling  in  this  direction,  the  corresponding 
spectral  line  will  be  absent ;  the  circular  motions,  however,  will 
each  give  rise  to  circularly  polarised  light ;  and  since  in  a  mass  of 
gas  there  will  be  charges  which  have  a  right-handed,  and  others 
which  have  a  left-handed  rotation,  the  original  spectral  line  should 
resolve  into  two.  If,  however,  the  phenomena  be  viewed  across  the 
magnetic  field,  the  circular  orbits  are  now  edge- ways  on,  and  will 
give  rise  to  plane-polarised  waves  in  the  ether  travelling  in  the 
line  of  sight ;  the  motion  along  the  lines  will  also  give  rise  to  plane- 
polarised  waves,  but  polarised  in  an  azimuth  at  right  angles  to  the 
former ;  the  spectral  line  will  in  this  case  be  resolved  into  three. 

Thus,  the  assumptions  we  have  made  lead  to  an  adequate 
account  of  the  simplest  form  of  the  phenomenon.  In  numerous 
cases,  however,  four,  six,  or  even  nine  lines  appear ;  thus,  the 
simple  theory  is  not  sufficient,  and  we  may  conclude  that  the 
events  in  the  atom  are  more  complicated  than  we  have  supposed. 

From  the  experimental  measurements  of  the  frequency-differ- 
ences between  the  components,  the  value  of  e/m  can  be  calculated. 
The  general  character  of  the  results  is  best  exhibited  by  the  follow- 
ing table,  which  gives  the  values  obtained  by  Preston  from  measure- 
ments on  lines  of  magnesium,  zinc,  and  cadmium.  The  magnesium 
lines  are  the  three  b  lines  of  the  solar  spectrum,  while  those  of 
zinc  and  cadmium  are  analogous  triplets,  which  for  certain  non- 
electrical reasons  are  considered  to  be  allied  to  those  of  masrnesium. 


Wave  Lengths. 

J  01. 

Character  of 
Components. 

Magnesium. 

Cadmium. 

Zinc. 

5183-8 
5172-8 
5167-5 

5080 
480U 
4678 

4810-7 

4722 

4680 

55  approx. 
87       „ 
100       „ 

Diffuse  triplets. 
Quartets. 
Pure  triplets. 

In  the  above  table  dm  is  the  magnetic  separation  between  the 
components  and  is  proportional  to  — .     Thus  corresponding  lines 

711 

in  the  spectra  of  different  substances  appear  to  arise  from  the 
motion  of  similarly  charged  particles ;  and  this  would  appear 
to  be  the  physical  basis  of  the  correspondence  which  from  other 
considerations  is  known  to  exist  between  these  lines. 

These   results    have    been    extended    by    Runge  and   Paschen 


608  RECENT   DEVELOPMENTS  [489- 

{Astr.oj^hysical  Journal,  1902,  vol.  i.  p.  333),  under  conditions 
leading  to  a  more  complete  resolution  of  the  lines.  Taking, 
for  example,  the  case  of  the  lines  A5184  of  magnesium  and 
A5086  of  cadmium  they  were  able  to  measure  nine  components 
in  a  transverse  magnetic  field.  The  positions  of  these  components 
with  respect  to  the  position  of  the  undisturbed  lines  are  given 
by  the  numbers  in  the  following  table,  which  represent  values 
in  the  change  of  ^/A  (in  reciprocal  tenth-metres)  produced  by  a 
magnetic  field  of  about  30,000  c.g.s.  units. 


Mg. 
Cd. 


-2-76 
-2-83 


■2-15 
2-14 


-1-39 
-1-43 


■0-74 
•0-68 


-001 
+  0-04 


+  0-69 
+  0-70 


+  1-43 
+  1-43 


+  212 
+  2-13 


+  2-80 
+  2-78 


The  two  spectra  were  formed  at  the  same  time,  so  as  to  avoid 
any  uncertainty  in  the  strength  of  the  field  in  the  two  sets  of 
measurements. 

The  absolute  value  of  ejm  obtained  from  these  experiments 
is  of  the  same  order  as  that  belonging  to  the  carriers  of  which 
the  cathode  stream  consists ;  it  is  a  thousand  times  as  great 
as  that  met  with  in  the  liberation  of  hydrogen  in  electrolysis. 

The  sign  of  the  rotating  charge  is  ascertained  by  observation 
of  the  sense  of  the  rotation  of  each  of  the  two  circularly-polarised 
rays  obtained  when  the  phenomenon  is  viewed  along  the  magnetic 
field.  We  have  seen  that  when  the  magnetic  field  is  pointed  away 
from  the  observer  the  frequency  would  be  decreased  in  the  case  of 
a  clockwise  motion  of  a  positive  charge  ;  but  increased  for  the  same 
rotation  of  a  negative  charge.  It  should  be  noted  that  a  clockwise 
rotation  of  either  a  positive  or  a  negative  charge  produces  light 
circularly-polarised  in  the  same  sense ;  for  the  direction  of  the 
electric  field  at  points  on  the  axis  of  the  orbit  is  along  the  radius 
vector  to  the  charge  itself,  and  moves  round  with  it  whether 
the  force  is  outwards  or  inwards  along  this  radius.  Now  when 
the  magnetic  field  tends  away  from  the  observer  it  is  found  that, 
of  the  two  components,  the  one  of  greater  frequency  (i.e.  the  one 
lying  on  the  violet  side  of  the  spectrum)  is  right-handedly  polarised, 
and  is  therefore  due  to  a  particle  rotating  in  this  sense ;  similarly 
the  component  of  lower  frequency  is  left-handedly  polarised  and  is 
due  to  a  particle  rotating  left-handedly.  Interpreting  these  results 
in  the  light  of  the  equation  determining  the  frequencies,  we  see 
that  the  moving  particles  must  be  negatively  charged. 

490.  Canal-Rays. — When  the  negative  electrode  of  a  vacuum 
tube  is  perforated,  streamers  appear  behind  it.     These  have  be«n 
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shown  to  be  positively  electrified,  to  travel  much  more  slowly  than 
the  cathode  stream,  and  to  be  coloured  differently  for  different 
gases.  Their  velocity  and  the  value  of  ejin  can  be  obtained  from 
the  deflection  which  is  produced  by  magnetic  and  electric  fields. 
The  value  of  ejm  which  is  thus  obtained  is  com^^arahle  tcith  the  value 
Viet  with  in  electrolysis.  It  would  thus  appear  that  what  we  speak 
of  as  a  positive  charge  is  much  more  closely  associated  with  the 
material  molecule  than  the  negative  charge  is.  Although  many 
phenomena  are  now  known  in  which  the  motion  of  the  positive 
charge  can  be  followed,  no  case  is  known  in  which  it  can  be  shown 
to  be  separated  from  matter. 

Thus  the  difference  between  positive  and  negative  charges 
seems  to  be  of  a  fundamental  character,  and  is  not  adequately 
represented  by  a  mere  difference  in  sign. 

491.  Electrons. — To  explain  the  various  facts  recorded  in 
this  chapter  it  is  necessary  to  regard  any  substance  as  built  up 
in  the  main  of  material  atoms  possessing  charges  of  positive 
electricity,  or  else  to  regard  the  atoms  themselves  as  being  in 
one  of  their  aspects  electrical  bodies.  Besides  this  main  frame- 
work much  smaller  particles  exist,  each  having  a  mass  very  small 
compared  with  an  atom,  and  possessing  all  the  properties  of 
a  negatively  electrified  body.  Even  the  small  mass  that  each 
of  these  possesses  seems  to  arise  merely  from  its  motion  in  the 
way  described  in  (355**).  For,  as  we  have  mentioned,  the  mass 
arising  from  the  motion  of  a  charge  increases  rapidly  when  the 
motion  becomes  comparable  with  that  of  light.  Now  the  beta- 
particles  from  radium  move  with  different  speeds  (from  i  to  -^^ 
that  of  light),  and  Kaufmann  has  shown  thafc  their  effective 
masses  vary  with  their  velocities  in  the  mode  that  we  would 
expect  if  their  mass  was  wholly  of  electromagnetic  origin.  Hence 
we  might  speak  of  these  as  particles  of  negative  electricity.  The 
electricity  in  each  is  compai'able  with  and  is  supposed  to  be 
identical  to  that  set  free  from  an  atom  of  hydrogen  in  electrolysis. 
The  name  electron  was  given  many  years  ago  by  Johnstone  Stoney 
to  this  unitary  quantity  of  electricity,  and  the  name  has  been 
retained  for  the  carrier  with  which  it  is  always  associated. 

In  ordinary  electrolysis  it  travels  with  the  migrating  atoms — 
to  which  in  electrolytes  it  must  be  considered  as  firmly  attached — 
and  its  motion  constitutes  the  electric  current ;  in  metals,  the 
attachment  to  matter  becomes  loosened,  and  it  travels  amongst 
the  metallic  molecules  under  the  influence  of  the  electric  force, 
giving  up  part  of  its  energy  to  these  molecules,  and  this  consequently 
appears  as  heat  (RCH).     In  the  cathode  stream  the  electrons  have 

2  Q 
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become  completely  detached  from  their  material  attendants  ;  and 
thus  is  explained  the  fact  that  the  stream  has  the  same  properties 
whatever  the  gas  in  which  it  originates,  or  the  electrode  from 
which  it  pours. 

492.  Metallic  Conduction. — If  conduction  in  metals  is  due  to 
an  actual  transfer  of  electric  charges  or  electrons,  these  must  be  fairly 
fi'ee  to  move  amongst  the  molecules  of  the  metal  itself.  A  theory 
of  conduction  has  been  put  forward  which  starts  by  supposing  that 
some  of  the  electrons  in  a  metal  are  free  to  move,  and  in  fact  are 
in  rapid  motion  in  much  the  same  way  as  if  they  were  the  particles 
of  a  gas  dissolved  in  the  metal.  Although  this  theory  does  not 
lead  to  results  in  exact  agreement  with  experiment,  it  is  at  least 
suggestive,  and  a  short  account  of  it  will  give  an  idea  of  the  direc- 
tion in  which  scientific  thought  is  tending. 

Applying  to  the  electrons  the  theorem   which   holds  good  for 

gases,  that  the  mean-square  velocities  of  the  molecules  of  any  two 

gases  vary  inversely  as  their  masses,  the  electrons  must  have  an 

average  velocity  of  about  58'3  times  that  for  hydrogen,  or  about 

1*07  X  10''  centimetres  per  second  at  0°  C     When  these  particles  are 

moving  at  random  in  all  directions  no  electric  current  flows  although 

the  paiticles  are  chai"ged.     But  when   an    electromotive   force   is 

applied  each  particle  gains  a  component  velocity  which,  on  account 

of  its  negative  charge,  will  be  in   the  opposite   direction   to   the 

e.m.f.  applied.     Thus  a  drift  of  the  particles  will  be  set  up,  and  this 

will  be  equivalent  to  a  current.     Let  us  suppose  that  there  are  7i 

electrons  per  unit  volume,  having  a  root-mean-square  velocity,  u ; 

and  that  when  in  an  electric  field  JT  they  acquire  in  addition  a  small 

velocity  opposite  to  the  field.     This  velocity  will  be  gained  by  any 

one  molecule  between  two  collisions,  but  this  gain  will  be  held  in 

check  by  a  perpetual  transfer  of  momentum  between  each  electron 

and  the  molecules  with  which  it  comes  into  collision ;  for  we  may 

assume  that  when  collision  occurs  with  a  second  molecule  the  shock 

is  so  violent  that  the  particle  afterwards  moves  on  with  much  the 

same  velocity  as  if  it  were  not  in  an  electric  field,  and  then  again 

gains  speed  and  so  on  repeatedly.     Being  of  mass,  m,  and  acted 

upon  by  a  force  eX,  the  mean  drift  velocity,  v,  during  the  time  t 

Xe 
between  two  collisions  is   ~ — r.      The    electric   current  per  unit 

"  m 

area  corresponding  to  the    motion    of    7i  such  particles  per  unit 

Xe 
volume  is  ??e?;  =  -| — ner.      Assuming    that   vis    so    small   that   the 
7n 

average  value  of  t  is  unchanged  by  its  existence  we  have  t  =  X/u 

where  A  is  the  mean  free  path.     In  this  connection  it  should  be 
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noted  that  the  time  between  two  collisions  is  on  the  avevaao  the 
same  whether  we  consider  electrons  moving  in  the  direction  of  the 
drift  or  in  any  other  azimuth  ;  and  therefore  the  drift  velocity 
opposed  to  X  is  the  same  on  the  average  for  all  dii-ections  of  the 

random  motion.     Thus  the  current  per  unit  area  is  \ — ^  .ne.  —. 

"  m  u 

Let  us  suppose  that  there  are  v  free  electrons  for  each  atom  of 

the  body ;  then  if  N  is  the  number  of  atoms  per  cubic  centimetre 

the  expression  for  the  conductivity  (which  is  the  above  expression 

divided  by  X)  may  be  written 

1      ^  AT  ^ 

~  m  u 

where  the  terms  are  intentionally  grouped  in  such  a  way  as  to 
indicate  which  quantities  are  most  readily  ascertainable  by  experi- 
ment. Thus,  e/m  is  known  with  much  more  certainty  than  either 
e  or  m  separately.  Similarly  with  respect  to  Ne.  For  let  Njj  be 
the  number  of  atoms  of  hydrogen  per  unit  volume  under  standard 
conditions,  then 

N  _     density  of  metal         atomic  wt.  of  hydrogen  ^ 
Njj     density  of  hydrogen         atomic  wt.  of  metal     ' 

hence  Ne  can  be  calculated  if  we  know  Nj^e.  But  N^e  is  the 
electrolytic  chaige  corresponding  to  the  atoms  in  unit  volume  of 
hydrogen  ;  and  since  1  c.g.s.  unit  of  electricity  sets  free  1"15  c.c.  of 
hydrogen  under  standard  conditions  we  have 

l-15Njje=l. 

Hence  Ne  is  ascertainable  without  any  necessity  for  a 
knowledge  of  either  iV^  or  e  separately.  The  uncertain  data  in 
the  equation  for  cr  are  v,  X,  and  u.  Now  we  do  not  know  the 
value  of  the  mean  free  path  (A)  for  an  electron  in  a  metal ;  but  as 
the  value  for  air  at  atmospheric  pressure  is  only  10~^  centimetres, 
and  the  molecules  in  a  solid  are  more  than  1000  times  as  crowded 
as  in  a  gas,  the  mean  free  path  in  a  solid  (which  may  be  taken 
roughly  proportional  to  the  square  of  the  linear  dimensions)  cannot 
be  greater  than  10"'^  centimetres.  The  value  of  u  has  been  stated 
to  be  about  107  x  10^  centimetres  per  second.     Whence  for  silver 

(r=  1  X  (1'7  X  10')  X     X  X  --„     X —-  V 

^     ^  ^     VMS     -00009     108/     1-07  x  10^ 

=  7-5x10-5  V. 

Taking  the  value  of  a-  as  1/1600  this  gives  v^8  nearly;  or  the 
number  of  free  electrons  concerned  in  electric  conduction  in  even 
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so  highly  conducting  a  metal  as  silver  is  comparable  only  with  the 
number  of  atoms  of  the  metal. 

493.  Thermal   Conductivity. — The   expression   for  the  elec- 
trical conductivity  can  be  written 

o-  =  A  —  • •  nmuXy 

m    mu^ 

where  the  last  group  contains  the  only  terms  (n,  X)  which  change 
from  material  to  material.  Now  the  thermal  conductivity  of  a  fjas 
is  sliown  in  treatises  on  the  kinetic  theory  to  be  given  by  the 
expression  k  =  ^  nmuXc  when  c  is  the  specific  heat  of  the  gas  at 
constant  volume,  and  the  other  data  have  the  same  signification  as 
in  the  preceding  section.  Experimentally  it  is  found  that  the 
thermal  and  electrical  conductivities  of  many  metals  are  in  nearly 
the  same  ratio  to  one  another.  We  can  account  for  this  pro- 
portionality if  we  not  only  liken  the  electrons  in  a  metal  to  a  gas, 
hut,  at  the  same  time,  assume  them  to  he  the  responsible  carriers  of 
heat,  for  on  these  assumptions  the  expression  nmuX.  stands  for 
precisely  the  same  quantity  in  the  expressions  for  o-  and  k  ;  and 
the  ratio  of  k  to  cr  becomes 


K     2    m    mifl 


c; 


o-     3     e       e 

or  remembering  that  c  for  a  monatomic  gas  is  equal  to  ^  — ,  where 
T  is  the  absolute  temperature, 


K       1    /mii-\^ 
(r~ZT\   e   )  ' 

_       1        ( 

1 

7x 

w^io'x 

10')2)  at  0°  C, 

3x273  \1- 

=  5-8x10^0. 

The 
ratio : — 

following     are 

Metal. 

Copper  . 
Silver     . 
Gold      . 
Nickel    . 
Zinc 

Aluminium    . 
Platinum 
Iron 
Bismuth 

va 

ues     found 

experimentally 

K 

C 

.     6-71  X  lO'o 
.     6-86  X  IQio 
.     7-09  X  IQio 
.     6-99  X  IQio 
.     6-72  X  1010 
.     6-36  X  IQio 
.     7-53  xlQi" 
.     8-38  X  10"> 
.     9-64  X  IQi" 

for    the 
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The  approximate  identity  of  this  number  with  the  theoretical  one 
lends  support  to  the  conclusion  that  the  theory  is  correctly  based, 
in  spite  of  the  somewhat  startling  assumption  which  excludes  the 
atoms  of  the  metal  themselves  from  taking  any  sensible  part  in 
thermal  conduction. 

The  difficulty  of  the  theory  is  that  the  assumption  that 
the  electrons  behave  as  a  gas  attributes  to  them  more  energy 
than  the  thermal  data  for  the  metal  show  to  be  possible. 
The  specific  heat  of  a  monatomic  gas  is  equal  to  ^u^/T,  or  its 
thermal  capacity  per  unit  volume  is  ^nmu^/T.  Now  in  a  cubic 
centimetre  of  silver  there  are  about  l*6xl0-^  atoms  of  silver, 
and  we  have  seen  that  the  electrical  conduction  requires  about 
eight  times  as  many  electrons,  for  each  of  which  |??z«2  is  about 
I  X  6  X  10~-^  X  (1-07  X  10'^)^.  Hence  the  thermal  capacity  of  the 
electrons  alone  per  unit  volume  would  be  more  than  10^  ergs 
per  degree,  or  (in  thermal  measure)  2*4  calories  per  degree.  But 
the  heat  required  to  raise  unit  volume  of  silver  one  degree  is  only 
about  '6  calories.  ISTo  satisfactory  way  has  yet  been  found  of 
removing  this  discrepancy.  Since,  however,  it  is  difficult  to  think 
of  the  electrons  behaving  as  a  perfect  gas  when  they  are  eight  times 
as  crowded  as  the  atoms  of  the  solid  metal  itself,  it  is  probable 
that  the  explanation  will  depend  upon  a  modification  of  this 
fundamental  assumption. 

494.  Thermo-Electric  Effects. — Any  isolated  piece  of  metal 
may  be  conceived  at  any  temperature  as  possessing  per  unit  volume 
a  definite  number  of  electrons  characteristic  of  the  particular 
metal.  When  pieces  of  two  different  metals  at  the  same 
temperature  are  brought  into  contact,  the  electrons  have  freedom 
to  flow  across  the  boundary  between  them,  and  this  flow  will  take 
place  from  the  metal  in  which  the  pressure  of  the  electrons  is 
greater  to  the  one  in  which  it  is  less.  Since  the  electrons  are 
charged  this  flow  is,  however,  soon  checked  ;  for  the  metal  from 
which  they  escape  will  be  left  with  an  excess  of  positive 
electricity,  while  the  other  will  become  negatively  charged.  A  field 
of  force  is  thus  set  up  in  the  boundary  layers  equal  to  X  (say),  and 
the  flow  will  cease  as  soon  as  this  balances  the  force  due  to  the 
difference  of  the  pressure  on  the  two  sides.  Let  the  slope  of 
pressure    at   a    point    in    the    thin    layer   near   the    boundary    be 

—  ;  and  let  n  be  the  number  of  electrons  per  unit  volume  at  this 
dx 

point.     Then  when  equilibrium  is  set  up  we  must  have 

^  =  Xne. 
ax 
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Let  V  be  the  volume  containing  one  electron  (  so  that  v  =  ^];  then 


this  becomes 


X 

_1 

e 

dx 

Integrating 

across 

the 

layer 

we 

obtain   for 

the    difference 

potential  between  the  two  sides 

^2- 

■^1  = 

Xdx  = 

-  vdp, 
ej 

or    retaining 

the 

conception 

of 

the 

gaseous 

character 

of 

electrons 

V2 

-Vi- 

mRT 
e 

log 

Pi 

mRT, 

log 

e 

T 

40  X  273 

log-. 

of 


the 


This  difference  of  potential  would  correspond  to  the  Peltier  effect. 
For  the  two  metals,  antimony  and  bismuth,  for  which  the  Peltier 
effect  is  exceptionally)  large,  the  ratio  of  n^  to  n^  would  be  3 "8  ; 
for  other  pairs  of  substances  it  would  be  less.  But  it  is  doubtful 
how  much  dependence  may  safely  be  placed  upon  this  number. 
Similar  considerations  show  that  there  will  be  a  difference  of 
potential  set  up  in  a  single  conductor  whose  ends  are  maintained 
at  different  temperatures,  provided  that  the  number  of  electrons 
per  unit  volume  depends  upon  the  temperature.  This  would 
explain  the  existence  of  the  Thomson  thermo-electric  effect. 

495.  Magnetic  Effects. — If  a  magnetic  field  be  set  up  at  right 
angles  to  the  flow  of  a  current  in  a  thin  metal  plate  we  have  seen 
(293)  that  a  transverse  difference  of  potential  is  excited,  which  is 
known  as  the  Hall  effect.  On  the  convection  theory  of  electric 
conduction  this  is  explained  by  taking  into  account  the  deflecting 
action  of  the  magnetic  field  upon  the  charged  particles  in  motion. 
In  order  to  explain  all  the  effects  observed  it  is  necessary  to  assume 
the  presence  of  carriers  of  electricity  of  both  signs.  Let  us  consider 
first  the  positive  carriers  ;  if  their  drift  velocity  is  U  in  the  direction 
of  the  current  the  deflecting  force  due  to  the  magnetic  induction  B 
is  eBU,  e  being  the  charge.  Thus  these  charged  particles  will 
acquire  a  transverse  drift  which  will,  however,  be  ultimately  checked, 
in  part  by  the  difference  of  potential  set  up  and  in  part  by  the 
extra  pressure  near  that  margin  of  the  plate  toward  which  they 
crowd.  These  opposing  forces  are  of  the  same  kind  as  those  con- 
sidered in  connection  with  the  diffusion  of  ions  in  a  concentra- 
tion cell  (165),  and  are  calculable  in  a  similar  manner.     If  z  denote 
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the  transverse  direction,  —  the  rate  of  decrease  of  potential  in  this 
dz 

direction,  p^  the  pressure  of  the   positive   carriers,  and  w,   their 

number  per  unit  volume,  we  have,  in  the  state  of   equilibrium, 

the  relation 

dz     Wj  dz 

Similarly,  for  the  negative  carriers  moving  in  the  opposite  direc- 
tion to  the  main  current  we  have 


e5F+e— -  — ^-2  =  0, 


dz     n^  dz 

if,  as  we  suppose  for  simplicity,  their  charges  are  equal.  We  shall 
call  these  the  two  fundamental  equations.  Absence  of  charge 
on  the  whole  necessitates  in  this  case  that  w,  =  n^,  and  hence 
p^  =p.^  =p  (say).     The  main  current  is  given  by  the  equation 

C=7i{U+Y)e. 

Eliminating  -  ^  from  the  first  two  equations : 
n  dz 


whence 


eB{U-  Y)  =  2e^: 
dz 

dV^ BC(U-  Y) ^ BC{u  -  y) 
dz      2{U+  Y)ne     2(w  +  y)ne 


where,  as  when  considering  electrolysis,  we  write  u  and  y  for  the 
velocities  of  the  two  kinds  of  carrier  under  unit  potential  gradient. 

The  sign  of  this  transverse  potential  gradient,  — — ,  will  depend 
°  dz 

upon  the  sign  oi  u-y  ;  that  is  to  say,  upon  the  sign  of  the  carrier 

which  moves  more  easily  in  an  electric  field.     In  the  case  of  those 

substances  for  which  the   Hall  coefficient  is  positive  the  positive 

carrier  would,  on  this  theory,  have  the  greater  mobility  {u>y);  in 

those  substances  that  have  a  negative  coefficient  the  negative  carrier 

would  move  the  more  easily.     The  coefficient  G  of  the  Hall  effect 

would  be "~^ ;  in  the  case  of  silver  its  value  is  experimentally 

{u  +  y)2ne 

found  to  be  about  -  9  x  10~^  O.G.S.  units. 

If  we  suppose  that  the  current  in  silver  is  carried  wholly  by 

negative  carriers,  each  with  a  charge  10~20  O.G.S.  units,  then 
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This  is  less  than  but  of  about  the  same  order  as  the  supposed 
number  of  atoms  contained  in  one  cubic  centimetre  of  silver. 

Eliminating  —  by  adding  the  two  fundamental  equations  we 
obtain 

dz       2  ' 

an  equation  which  gives  the  slope  of  pressure  of  each  kind  of 
carrier.  This  gradient  of  pressure  corresponds  to  a  transverse 
gradient  of  temperature  which  was  experimentally  discovered  by 
von  Ettingshausen  and  Nernst,  the  pressure  increasing  with  the 
temperatui'e  as  it  does  in  a  gas.  It  is  easily  seen  that  such  a 
gradient  should  accompany  the  Hall  effect.  Positive  carriers 
moving  with  the  current  and  negative  carriers  moving  against  it 
are  deflected  in  the  same  direction  by  the  magnetic  field ;  each  in 
moving  across  the  field  gains  energy  in  the  interval  between  its 
collisions  with  the  molecules  of  the  metal ;  and  at  each  collision  it 
gives  up  to  a  molecule  the  energy  it  has  gained..  Thus  there  will 
be  a  transfer  of  kinetic  energy  across  the  field  in  the  direction  in 
which  the  deflection  takes  place ;  and  the  side  of  the  conductor 
toward  which  this  drift  occurs  will  be  maintained  in  this  way  at  a 
higher  temperature  than  the  opposite  side.  Experiment  shows 
that  this  is  the  case  in  every  metal  examined  except  iron ;  for  this 
metal  the  sign  is  reversed.  The  gradient  of  temperature  is  found 
experimentally  to  satisfy  the  equation 

dT  _p       CB 
dz  Thickness' 

where  Pisa  characteristic  coefficient  depending  upon  the  material  of 
the  plate.  The  effect  is  known  as  the  von  Ettingshausen  and  Nernst 
effect  or  as  the  galvano-magnetic  transverse  temperature  effect. 

Similar  transverse  effects  are  observed  when  a  flow  of  heat 
is  substituted  for  the  electric  current.  The  ends  of  the  plate 
being  maintained  at  different  temperatures  there  exists,  while  the 
magnetic  field  normal  to  the  flow  is  present,  a  transverse  difference 
of  potential  (the  thermo-magnetic  transverse  gradient  of  electric 
potential)  and  a  difference  of  temperature  (the  thermo-magnetic 
transverse  temperature  difference).  In  this  case  we  must  put  C=  0  ; 
whence  U=  -  Y;  that  is  the  two  kinds  of  carriers  diffuse  in 
company  with  one  another  as  in  electrolytic  diffusion  after  a  small 
initial  separation  has  taken  place,  producing  a  longitudinal  gradient 

of   potential,   — .    Since  the  pressure  of  the  carriers  is  greater  at 
dx 
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the  hot  end  of  the  plate  there  is  also  a  gradient  of  pressure  along 

the  plate,  —  say. 
dx 

Then  U=ii(e'^^+^-^\ 

\    dx      n   dx  / 

\        dx       n  dx  ) 

whenc6  TJ ^=  —  —f—. 

uy        n    dx 

Subtracting  one  of  the  two  fundamental  equations  from  the  other 
in  this  case  we  obtain 

dz 

,  dV      mi     2  r,  dp 

whence  -^r-  =  — -d  -^• 

dz      u  +  y  n      dx 

Assuming  merely  that  p  increases  with  the  temperature  T,  so  that 

—  is  of  the  same  sign  as  _,  this  equation  shows  that  the  trans- 
fix dx 

verse  gradient  of  potential  would  also  have  the  same  sign  when 

B  is  positive.     Experimentally  it  is  found  to  be  sometimes  positive 

and  sometimes  negative.     Moreover,  if  we  add  the  two  fundamental 

equations  in  the  case  when  U=  -  F  we  find  that  -it-  must  be  zero ; 

dz 

that  is,  there  would  be  no  transverse  temperature  gradient  set  up 

by  a  longitudinal  gradient  of  temperature  in  a  normal  magnetic 

field.     Experimentally  a  small  one  is  obtained  which  can  be  repre- 

dT  dT 

sented  by  the  equation  — -  =  SB  —  where  >§  is  a  characteristic  con- 

•^  ^  dz  dx 

stant.     The  associated  potential  slope  can  be  represented  by  the 
formula 

dz  dx' 

Drude  has  further  developed  the  theory,  allowing  for  the 
possibility  of  the  presence  of  unequal  numbers  of  the  two  kinds  of 
carrier  with  unequal  charges,  and  the  discrepancies  from  experi- 
ment which  we  have  mentioned  are  thereby  removed. 

These  several  effects  have  been  investigated  by  von  Ettings- 
hausen,  Nernst,  von  Everdingen,  Zahn,  and  others.  The  following 
table  embodies  some  of  the  results  of  Zahn,  expressed  in  absolute 
measure,  the  signs  of  the  coefiicieiits  being  given  as  positive  when 
the  data  are  related  as  indicated  in  the  annexed  schemes,  in  which 
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the  longitudinal  current  of  electricity  or  heat  is  denoted  by  a 
straight  arrow,  the  circular  ai^row  indicates  the  direction  of  the 
current  in  the  electro-magnet,  and  the  transverse  effects  are 
indicated  by  +  ,  -  ,  and  warm,  cold  respectively. 


Galvano-magnetic  Transvebsk  Effects. 

Electric  (G).  Tliermal  (P). 


o 


-^c 


O     T 


Cold 


-^C 


O 


Thermo -magnetic  Transverse  Effects. 

Electric  (Q)  Thermal  (S). 


Thermal/ 


Flow 


o 


ThermaZ 

>" 


G. 

P. 

Q. 

S. 

Bismuth  . 
Nickel  .     . 
Silver  .     . 
Copper 
Platinum  . 
Zinc      .     . 
Cobalt  .     . 
Iron      .     . 
Antimony 

-  6-33 

-4-69x10-3 
-8-97x10  -i 
-4-28x10-* 
-1-27x10-* 
+  1-04x10-3 
+  1  -61  X  10-3 
+  1-08x10  --^ 
+  0-219 

+  3-53X10-''' 

+  2-8    xlO  s 

+  9       xlO  ' 
-5-7    xlO-8 
+  1-94x10  « 

-  1-78  X  10-' 
-1-3    xlO-3 
+  4-3    X  lO-* 
+  2-7    xlO* 

+  2-4    X  10* 
-2-0    xlO-3 
+  1-05  X  10  3 
-1-76x10-2 

-  2-05  X  10  c 
-2-0    X  10  ' 

-  4-04  X  10-' 
-2-32x10' 
-21    xlO-8 
+  1-28x10' 
+  1-3    XlO' 
+  3-9    XlO' 
+  2-01x10-* 

These  measurements  were  all  made  on  the  same  samples  of 
material.  The  values  of  G  differ  from  those  given  in  293  by 
amounts  in  some  cases  so  large  as  to  indicate  that  traces  of 
impurity  have  a  large  influence.  The  table  may  be  taken  as 
indicating  at  least  the  order  and  sign  of  the  several  effects  upon 
which  all  observers  are  in  agreement.  Comparisons  with  the  table 
in  140  will  show  that,  with  the  exception  of  platinum  and  cobalt, 
the  metals  stand  in  relation  to  the  Hall  effect  in  the  order  of  their 
thermo-electric  power. 

Besides  these  four  transverse  effects  there  exist  also  longi- 
tudinal effects  which  depend  upon  them.  For  the  transverse 
difference    in    temperature    must    in    general    excite    longitudinal 
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gradients  in  potential  and  temperature.  The  longitudinal  thermo- 
magnetic  electric  effect  (otherwise  known  as  the  longitudinal  Hall 
effect)  simulates  an  increase  in  resistance  to  the  main  current. 
It  is  detected,  in  any  very  marked  degree,  only  in  bismuth,  which 
shows  (293)  an  apparent  increase  in  resistance  in  a  magnetic 
field.  This  effect,  according  to  the  theory,  would  be  proportional 
to  the  magnetic  induction  and  the  transverse  temperature  gradient 
conjointly.  Since  the  latter  is  itself  proportional  to  the  magnetic 
induction,  the  appai-ent  change  in  resistance  should  depend  upon 
the  square  of  the  induction.  The  increase  found  experimentally 
is  not  as  great  as  this  law  implies. 


I 


TABLES 


DIELECTRIC   CONSTANTS    (Specific  Inductive  Capacities). 


Quartz,  parallel  to  axis      .     .  4-64 

Quartz,  perpendicular  to  axis  4"54 

Fused  quartz 3-78 

Flint  glass : — 

Density  4-65 10-64 

4-12 8-52 

„         3-30 6-90 

„         2-87 6-61 

Air 1-0000 

Vacuum .   -9985 

Hydrogen -9998 


Plate  glass 6*1 

Paraffin  wax 232 

Beeswax 4'75 

Shellac 2  5  to  3-0 

Ebonite 2-5  to  2-8 

Sulphur 4-03 

Gutta  percha  ....     3"6  to  4"2 

Carbonic  acid  gas  .     .      1*0008 

Sulphurous  acid  gas     .     .      1*0037 


DIELECTRIC    STRENGTHS 

According  to  Steinmetz,  the  thickness  d,  in  hundredths  of  a 
millimetre,  which  can  be  pierced  by  the  difference  of  potentials 
given  by  the  following  formulae,  in  which  E  is  expressed  in  kilovolts, 
is  for 

Mica d  =  0-24i'  +  0-014J;2. 

Paraffined  paper    ....     d=3E. 

Boiled  linseed  oil  .         .         .         .     d  =  l2-4:E. 

M'Farlane  and  Pierce  give  the  following  dielectric  strengths  in 
volts  per  centimetre  : — 
Oil  of  turpentine   ....  94,000      Paraffin  wax      ....      130,000 


Paraffin  oil 
Olive  oil    . 


Air  (thickness,  5  cms.) 
Carbonic  acid  (5  cms.) 
Oxygen  (5  cms.)     .     . 


Manilla  paper    . 
Varnished  cotton 
Gutta  percha    . 


87,000 
82,000 

2.3,800 
22,700 
22,200 


Paraffined  paper    . 
Bees-waxed  paper . 

Hydrogen  (5  cms.) 
Coal  gas   .... 


360,000 
540,000 

.  15,100 
.  22,300 


The  following  are  in  kilovolts  per  millimetre : — 


2-2  to  2-9 
10  to  2] 
7-7  to  19 


Caoutchouc 10  to  21 

Ebonite 28*5  to  31-5 
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TABLES 


KESISTANCE  OF  METALS  AND  ALLOYS. 


Kesistance  in  ohms  of  a 

Coefficient  of 

length  of  10  metres. 

variation  for  1°. 

1  sq.  mm. 

1  mm. 

n   2 

section. 1 

diameter. 

Silver,  annealed 

0-1492 

0-1900 

0-00380 

„      hard-drawn 

0-1620 

0-2062 

Copper,  annealed 

0-1584 

0-2017 

0-00388 

„       hard-drawn 

0-1620 

0-2063 

Gold,  annealed 

0-2041 

0-2599 

0-00365 

„    hard-drawn 

0-2077 

0-2645 

Aluminium 

0-2889 

0-3679 

0-00390 

Platinum  . 

0-8982 

1-1435 

0  0039 

Iron  . 

0-9638 

1-227 

0-00463 

Nickel 

1-236 

1573 

Mercury    . 

9-4073 

11-978 

0-000887 

2  gold  -f  1  silver 

1-078 

1-372 

0-00065 

9  platinum -M  iridium 

2-163 

2-754 

0-000133 

2  platinum  + 1  silver 

2-419 

3-080 

0-00025 

German  silver   . 

2-076 

2-643 

0-00040 

RESISTANCE  OF  AQUEOUS  SOLUTIONS. 


1  part  Crystallised 
Salt  dissolved  in 

Specific  Resistance  in  C.G.S.  Units. 

At  10°  0. 

Sulphuric  Acid  at  16°. 

Copper 
Sulphate. 

Zinc 
Sulphate. 

Density. 

Resistance. 

40     parts  water    . 

20         „         „         . 

10 
^          »         >i         • 
2-6      „         „         1 

0-752  „         „         . 

16-44  Xl0"> 

9-87     „ 

5-90    „ 

3-81     „ 

2-93     „ 
(saturated) 

...     1 

18-29  X  10"> 
11-11     „ 
6-38     „ 
4-21     „ 
} 

i          - 
■  3-37     „ 
(saturated) 

1-10 
1-20 
1-25 
1-30 

1-50 
I  1-70 

0-845  X  10i« 
0-666     „ 
0-624     „ 
0-662     „ 

1-72       „ 
4-23       „ 

1  By  shifting  the  decimal  point  in  this  column  four  places  to  the  right,  the 
values  of  the  specific  resistances  in  C.G.S.  units  are  obtained. 

2  Rt=Ro  (1  +  ai).  *  Length  of  1  ohm=106-3  cm. 
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ELEGTEOMOTIVE  FORCES  OF  GALVANIC  CELLS. 


Volta 


Leclanche  , 


Poggendoiff 


Daniell 


Grove 


Latimer   Clark  (stan- 
dard) 


Weston  (standard) 


j'Zinc 

<  Water 
[ Copper 
[Amalgamated  zinc 

<  Solution  of  sal-ammoniac 
[Binoxide  of  manganese  and  carbon 

Amalgamated  zinc 

12  potassium  bichromate,  25  sulplmric 
acid,  100  water  I 

Carbon  J 

r Amalgamated  zinc  "\ 

J  1  part  sulphuric  acid,  10  parts  water      | 
I  Saturated  solution  of  copper  sulphate 
(^Copper 
'Amalgamated  zinc 

1  sulplmric  acid,  12  water 

Nitric  acid 

Platinum 
'Amalgamated  zinc 

Saturated  solution  of  zinc  sulphate 

Paste  of  mercurous  sulphate 

Mercury 
TAmalgamated  cadmium 
I  Paste  of  cadmium  sulphate 
1  Paste  of  mercurous  sulphate 
(^Mercury 


about  1  volt 


1-46 


2-01 


1-07 


y   1-88 


1-432       , 
at  15°  C, 


1-0183 
at  17°  C. 


INDEX 


References  are  to  sections,  not  to  pages. 


Abreast,  connection  of  conductors, 
113;  of  voltaic  elements,  120;  of 
dynamo  machines,  432 

Absorption,  electric,  in  condensers,  62 

Acceleration,  unit  of,  391 

Accumulators,  164 

Ader  microphone,  462 

^pinus's  condenser,  56 

Air,  electric  strength  of,  95*  ;  induced 
conductivity  of,  485 

Air  lines,  in  telegraphy,  456 

Aitken,  action  of  dust,  486 

Alternating  currents,  328,  et  seq.  ; 
average  value,  331  ;  distribution  in 
conductor,  336 ;  geometric  repre- 
sentation, 330;  mutually  induced, 
334;  measurement  of,  by  electro- 
dynamometer,  373 ;  by  electrometer, 
379  ;  root-mean-square,  331 ;  work 
of,  332 

Aluminium,  extracted  electrically,  451 

Amalgamation  of  zinc,  108 

Ampere  :  astatic  needle,  250  ;  equival- 
ence of  voltaic  circuit  and  magnet, 
252,  259  ;  experiment  on  extensible 
circuit,  267  ;  rule,  249 

Ampere  (practical  unit  of  current),  257, 
397 

Ampere-turns,  282 

Amplitude  of  alternating  current,  328 

Anchor-ring,  coil,  266  ;  self-inductance 
of,  302  ;  electromagnet,  281 ;  mag- 
net, 191  (iii.) 

Angle  of  lead,  425 

Anion,  157 

Annealing,  influence  on  magnets,  232 

Anode,  154 

Anomalous  dispersion,  351 

Aperiodic  motion  of  needle,  366 

Arago:  duration  of  lightning  discharge, 
476  ;  forms  of  lightning,  474  ;  mag- 
netisation by  currents,  277 ;  mag- 
netism of  rotation,  324 

Arc,  connection  in  multiple,  cell?,  120 ; 
dynamos,  432  ;  resistances,  113 


Arc-light,  444,  &c.  ;  alternate  current, 
447;  electromotive  force  of,  445; 
hissing,  445 ;  musical,  445 ;  work 
expended  in,  446 

Armature,  influence  machine,  75 

Armature  reaction,  426 

Arrhe«ius,  electrolytic  dissociation, 
158  ;  dilute  solutions,  165 

Astatic  circuit,  267  ;  magnetic  system, 
181 ;  needles,  361 

Atmospheric  conductivity,  488  ;  elec- 
tricity, chap,  xxxvii.  ;  origin  of,  470  ; 
potential,  85 

Atom,  charge  of,  157,  165,  footnote 

Attractions  and  repulsions,  electrical, 
1,  2,  27 

Aurora,  471 

Axis,  of  magnet,  determination  of,  170 

Ayrton,  balance  electro- dynamometer, 
"370 

Ayrton,  Mrs.  H. ,  experiments  on  arc- 
light,  445 


Barlow's  wheel,  275 

Battery,  concentration,  165  ;  energy 
of,  163 ;  galvanic,  104;  gas,  164; 
resistance  of,  112,  378,  381  ;  secon- 
dary, 164  ;  thermo-electric,  144 

Becquerel  rays,  484  ;  electric  action  of, 
485  ;  thermo-electric  needle,  153 

Bell  telephone,  461 

Bertrand,  proof  of  law  of  force,  13 

Biot  and  Savart,  electromagnetic  ex- 
periments, 254 

Bunsen's  battery,  109 


Cable,  capacity  of,  53  ;  characteristic 
of,  459  ;  propagation  along,  341  ; 
(Kelvin's  theory),  459  ;  rapidity  of 
signalling,  458;  self  -  inductance 
of,  302  ;  use  of  alternate  contacts, 
460 
625  2R 
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INDEX 


Cadmium  cell,  382 

Calibration,      ballistic     galvanometer, 
372 ;     gold-leaf     electroscope,     11  ; 
sensitive  galvanometer,  371 
Canal  rays,  490 

Capacit}^  electric,  chap.  vi.  ;  influence 
on  spark  from  coil,  440 ;  in  alternat- 
ing current  circuit,  337  ;  measure- 
ment of,  383  ;  parallel  plates,  &c., 
53 ;  of  tubes  of  induction,  52  ;  tele- 
graph wire,  127 
Capacity  of  polarisation,  160 
Capacity,  specific  inductive,  15,  60,  61  ; 

influence  of  temperature  on,  65* 
Capillary  electrometer,  166 
Carbon,  for  incandescent  lamps,  443  ; 

for  arc  light,  448 
Carbon  bisulphide,   magnetic  rotatory 

power  of,  291 
Cathode  stream,  94,  481 ;  deflection  in 
magnetic    and    electric   fields,   482 ; 
nature    of,    482  ;    pressure    due    to, 
482  ;  velocity  of,  482 
Cavendish  experiment,  12 
C.G.S.  system  of  units,  396 
Characteristic     of      constant  -  current 
machines,  415,  417,  &c. ;  maofnetic, 
429 
Charge,  electric,  purely  superficial,  12. 

Sec  Electric  charge 
Chemical,  action  of  current,  chap.  xv. ; 
theory   of   cell,    102;  work   in    bat- 
teries, 162 
Choking  coil,  333 
Chromium  steel,  214 
Circuit,  electric,  110  ;  magnetic,  283 
Clamond's     thermo  -  electric     batterv 

144 
Clark  cell,  382 

Clouds,  formation  of  artificial,  486 
Coercive  force,  173,  208 
Coherers,  347,  464 
Coil,    cylindrical,    magnetic   field    on 

axis,  266.* 
Commutator  strip,  422 
Concentration  cells,  165 
Condensers,  55,  &c.  ;  arranged  in  cas- 
cade, 57  ;  charge  of,  57  ;  charged  by 
coil,  441,  442  ;  energy  of,  65  ;  oscil- 
latory  discharge    of,    338 ;    use     in 
induction    coil,    440  ;    use    in    tele- 
graphy, 455,  472 ;  Volta's,  82 ;  with 
removable  coatings,  63 
Conductivity,  '  metallic,     492  ;    mole- 
cular, 158 ;  thermal,  493 
Conduction,    in    electrolytes,  157 ;    in 
two  dimensions,  122,  123 ;  in  wires, 
116,  &c. 
Conductor,     diametral,     76 ;      prime, 
72  1 


Conductors,  electrical,  3  ;  no  force  in- 
side, 12 

Conservation  of  energy,  application  of, 
34,  67,  338 

Contact,  electrification  by,  2 

Contact  theory  of  cell,  100,  101 

Convection,  electric,  355,  411 

Coulomb  (practical  unit  of  electric 
charge),  39,  397 

Coulomb's  balance,  14,  80 ;  experi- 
ments on  magnets,  227 ;  theorem, 
44 

Couple,  of  current  on  current,  258 ; 
259,  267  ;  of  current  on  magnet,  255  ; 
of  earth  on  magnet,  179;  due  to 
rotating  field,  335 

Coupled  machines,  431,  432 

Crater  of  arc  lamp,  444 

Crookes,  detection  of  rare  earths,  481 

Crookes'  space,  94 

Crown  of  cups,  107 

Cruickshank's  trough  battery,  107 

Crystals,  magnetic  behaviour  of,  223 

Current,  alternating.  See  Alternating 
currents 

Current,  convection,  355 ;  dielectric, 
352 

Current,  electric  :  chemical  action, 
chap.  XV. ;  energy  of,  267,  &c.  ; 
establishment  of,  318  ;  equivalent  to 
magnetic  shell,  255,  265  ;  harmcmic- 
ally  varying,  328  ;  magnetic  field  of, 
252,  &c.  ;  magnetisation  by,  277  ; 
measurement  of,  356,  &c.,  371 

Currents,  induced,  294,  298,  319,  320, 
321 ;     establishment    and     decrease 
of,  318,  319  ;  in  non-linear  circuits, 
324 ;  Foucault,  326 
Cycles  of  magnetisation,  209 
Cylinder  magnetised,  191  iii. 
Cylindrical     coil,  field    of,   266*  ;   ex- 
perimental illustration,  266** 


DAMriNG,  of  galvanometer-needle,  362, 
372  ;  electromagnetic,  324  ;  of  mag- 
nets, 325 

Daniell  cell,  109,  382 

D'Arsonval  galvanometer,  367 

Davy,  arc  light,  444,  448  ;  experiment 
on  electromagnetic  rotation,  274 

Declination,  171,  239;  compass,  240, 
241 

De  la  Rive,  experiment  on  electro- 
magnetic rotation,  274 

Detectors,  coherers,  347 ;  magnetic, 
348 ;  vacuum-tube,  344 

Dial  resistance  box,  375 

Diamagnetic  bodies,  177,  217  ;  move- 
ment in  field,  220 
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Dielectric  co-eflBcient,  15,  60,  61 ;  in- 
fluence of  temperature  on,  65*  ; 
measurement  of,  88*  ;  dimensions 
of,  395  ;  dielectric  current,  352 

Diffraction  of  electric  waves,  345 

Dimensions,  of  derived  units,  390  ;  of 
electric  and  magnetic  units,  392 ; 
suppressed,  395 

Dip,  magnetic,  239 ;  circle,  242  ; 
needle,  240 ;  Weber's  inclinometer 
for  measuring,  310 

Disc,  rotating  between  poles  of  magnet, 
324 ;  Earaday's,  275,  317,  412 

Discharge,  electric,  8  ;  chap.  ix.  ;  late- 
ral, 340 ;  oscillatory,  338  ;  spark, 
brush,  glow,  94;  successive  contacts, 
62  ;  viscous,  339 

Discharger,  universal,  91 

Dispersion,  anomalous,  351 

Displacement  current,  352 

Dissociation  theory,  158,  165 

Drop  electrodes,  167 

Drum  winding,  428 

Duplex  telegraphy,  454 

Dynamo-electric  machine  (or  dynamo) 
constant  current,  413  ;  series,  shunt, 
and  compound  wound,  413  j  without 
iron,  414 

Dyne,  15,  396 

Earth  currents,  455,  472 

Earth,  magnetic  data  of,  244-247 ; 
negative  electrification  of,  468 

Edison-Swan  (Ediswan)  lamp,  443 

Efficiency,  of  battery,  136 ;  electric 
motor,  416 ;  thermo-electric  battery, 
144 

Efficiency,  luminous,  of  arc  light,  444  ; 
incandescent  lights,  443 

Egg,  electric,  94 

Elasticity,  electric,  350 

Electric  action  of  rays,  485 

Electric  capacity.  See  Capacity,  elec- 
tric 

Electric  charge,  atomic,  157,  165 
footnote ;  on  cathode  stream,  482 ; 
on  current  circuit,  306;  maximum, 
95**  ;  on  nuclei,  487  ;  residual,  66; 
superficiality  of,  12  ;  unit  of,  15,  397 

Electric  charges,  action  between 
moving,  411 

Electrical  conductors,  3 

Electric  current,  110 ;  distribution  in 
multiple  arc,  119  ;  heating  effects  of, 
132  ;  in  simple  circuit,  116  ;  thermo- 
electric, 140 

Electric  density,  16  ;  determination  of, 
17 

Electric  discharge,  effects  of,  chap,  ix.-; 
heat  of,  90,  91 


Electric  field,  7 ;  capacity  of,  51,  54  ; 
of  current,  306 ;  energy  of,  9,  64 ; 
stresses  in,  10,  19,  68 

Electric  force,  law  of,  13,  14 ;  lines  of, 
22  ;  outside  sphere,  20  ;  potential  of, 
32  ;  work  done  by,  34,  67 

Electric  furnaces,  449 

Electric  images,  38 

Electric  induction,  40  ;  analogous  to 
flow  of  liquid,  41  ;  tubes  of,  41 

Electric  machines,  chap.  vii. 

Electric  oscillations.  See  Oscillations, 
electrical 

Electric  potential,  chap.  iv.  ;  analogous 
to  temperature  and  level,  31 ;  due 
to  several  charges,  37;  unit  of,  39; 
variation  along  circuit.  111 ;  zero  of, 
36 

Electric  telegraph,  452,  &c. ;  thermo- 
metry, 465 

Electric  units,  dimensions  of,  393-399 

Electric  welding,  450  ;  wind  and  wind- 
mill, 19 

Electrification,  by  contact,  2 ;  by 
friction,  1 ;  by  influence,  23,  &c. ;  of 
various  substances,  6  ;  condensation 
of  vapour  due  to,  486 

Electro-capillary  phenomena,  166 

Electro-chemical  equivalents,  156 

Electrodes,  154;  change  of  concentra- 
tion at,  157 ;  drop,  167 ;  polarisation 
of,  160 

Electrodynamometer,  balance,  370 ; 
Pellat's,  369  ;  Weber's,  368  ;  use  of, 
371,  373 

Electrolysis,  applications  of,  451 ; 
secondary  actions,  154  ;  of  water  and 
caustic  potash,  155  ;  work  of,  159 

Electrolyte,  154 

Electrolytic  copper,  451 

Electromagnetic  damping,  324;  energy, 
transfer  of,  306;  induction,  by  cur- 
rents, 295 ;  by  magnets,  296 ;  by 
action  of  earth,  297 ;  Lenz's  law, 
299;  rotations,  270;  screens,  327; 
units  and  dimensions,  394 

Electromagnetism,  chap,  xxiii.,  &c. 

Electromagnets,  278,  279 ;  construc- 
tion, 285  ;  cylindrical,  280;  polarised, 
287  ;  ring,  281 ;  Dubois's,  286 

Electrometer,  absolute,  86 ;  capillary, 
166;  Dolezalek,  87;  Henley,  72; 
quadrant,  83;  use  with  alternating 
currents,  379 

Electromotive  force,  100,  104;  of  arc, 
445 ;  inverse,  134  ;  induced,  299,  300, 
303  ;  of  slider  (.n  rails,  316  ;  of  Fara- 
day's disc,  317  ;  thermoelectric,  140, 
&c.  ;  measurement  of,  379,  380; 
standards  of,  382 
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Electrons,  491 

Electro-optics,  Kerr's  effect,  68* ;  of 
Hertzian  waves,  350,  351 

Electrophorus,  29 

IClectrojjlating,  451 

Electroscope,  gold  leaf,  11,  81 ;  con- 
densing, 82 

Electrostatic  pressure,  45 ;  units,  di- 
mensions of,  393 

Elster  and  Geitel,  electric  action  of 
light,  485 ;  k-akage  through  air,  488 

Energy,  batteries,  163 ;  conservation 
of,  in  condenser  discharge,  338  ;  con- 
densers, 65 ;  current,  128,  &c.  ; 
electric  field,  9,  65 ;  seat  of,  10 ; 
geometrical  representation  of,  66  ; 
electric  circuit,  304,  307,  322,  336  ; 
electromagnetic,  per  unit  volume, 
305,  350  ;  electrostatic,  per  unit 
volume,  305,  350;  electrostatic,  con- 
version of,  into  work,  67 ;  extra- 
current,  322  ;  magnet,  195,  196 ; 
transmission  of,  420,  434 

Equilibrium,  electrical,  30 ;  of  mag- 
netic bodies,  221-223 

Equipotential  lines,  124 ;  surfaces,  33  ; 
in  the  atmosphere,  467 

Erg,  396 

Ether  (the  wave-medium),  349,  350 

Etherification,  158 

Ewing,  theory  of  magnetism,  219 

Extra  current,  298,  319,  320 ;  energy 
of,  322 ;  total  quantity  of,  321 


Farad  (practical  unit  of  capacity),  397 

Faraday,  butterfly-net,  12  ;  conducting 
chamber,  12 ;  dark  space,  94 ;  disc, 
275,  317,  412;  electrolysis,  156; 
electromagnetic  induction,  295,  &c. 

Favre  and  Silbermann,  energy  of  cell, 
163 

Field  magnet,  413 

Field,  rotating  magnetic,  335  ;  couple 
due  to,  335 ;  lines  of,  193.  ^ee  also 
Electric  field  and  Magnetic  field 

Filament,  magnetised,  191 

Fizeau,  condenser,  440 

Flames,  conductivity  due  to,  485 

Flux  of  induction,  electric,  41  ;  mag- 
netic, 199 

Force,  coercive,  173,  208  ;  electric,  law 
of,  13,  14  ;  electromotive,  100,  104 ; 
magneto-motive,  283 

Force,  translational  on  magnet,  196 ; 
on  current,  267  ;  on  flexible  circuit, 
267  ;  between  parallel  currents,  268  ; 
between  coaxal  coils,  269 

Foucault,  currents,  326,  422,  427; 
interrupter,  438 


Franklin,  pane,  59;  lightning  con- 
ductor, 478  ;  spider,  62 

Friction,  electrification  b}',  1 ;  ma- 
chines, 72 

Furnace,  electrical,  449 


Galvanic  cells  (or  battery),  con- 
nected in  multiple  arc,  120,  121; 
chemical  theory  of,  102  ;  comparison 
with  electric  machine,  105  ;  various 
kinds,  109  ;  Volta's  theory  of,  100, 
101 

Galvanometer,  ballistic,  372,  384,  385, 
401 

Galvanometer,  for  steady  currents,  251, 
356  ;  calibration,  371 ;  constant,  357 ; 
damping  in,  362  ;  D'Arsonval,  367 ; 
differential,  364  ;  optical,  292  ;  sine, 
358 ;  tangent,  357  ;  Thomson's, 
365  ;  Wiedemann's,  366 

Gambey,  daujping  of  magnet  over 
copper,  324 

Gases,  magnetisation  of,  224 

Gauss,  measurement  of  earth's  field, 
243;  theory  of  earth's  magnetism, 
246  ;  theorem  (electrostatics),  42  ; 
(magnetics),  193 

Generator,  constant  current,  412,  414, 
415  ;  characteristic  of,  417 

German  silver,  temperature  coeflBcient 
of  resistance,  374 

Glazebrook,  measurement  of  "  r,"  410 

Gold-leaf  electroscope,  11,  81 ;  electri 
fication  by  influence,  28 

Gramme  machine,  422  ;  angle  of  lead, 
425 ;  armature  reaction,  426  ;  Fou- 
cault currents  in,  422 ;  losses  of 
energy  in,  427 

Grotthus's  hypothesis,  157 

Grove's  gas  battery,  164 ;  voltaic 
battery,  109 

Guard  ring,  86 


Hall's  phenomenon,  293,  495 
Hardening,   influence  of,  on  magnets, 

232 
Heat,  due  to  current,  132  ;  discharge, 
90,   91 ;   magnetisation,  212  ;  rever- 
sible, 138,  163 
Heaviside,   Oliver,  signalling  by  tele- 
phone, 463 
Height,  thermo-electric,  150 
Helmholtz,  galvanometer,  357 
Henley's  electrometer,  72 
Henry  (unit  of  inductance),  397 
Hertz,  experiments  on  waves,  342 
Hissing  arc,  445 
Hittorf,  migration  of  ions,  157 
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Holtz  machine,  75 
Hughes'  microphone,  462 
Hysteresis,  210,  218  ;  absent  for  strong 
field,  219 

Ice  PAIL  experiment,  24 
Images,  electrical,  38 
Impedance,  329 
Inclination.     See  Dip 
Inclinometer.     See  Dip  Circle 
Inductance,   mutual,   267,    314 ;    mea- 
surement of,   384;  self,   301;  effect 
on  current,  329 ;  division  of  current 
determined  by,  323 ;    measurement, 
385 
Induction,  see  Electric  induction.  Mag- 
netic    induction,      Electromagnetic 
induction  ;      currents      and      atmo- 
spheric  electricity,  470  ;   coil,   437  ; 
use  of  condenser,  440  ;  Lord   Ray- 
leigh's  experiments,  440;  secondary 
current,  441  ;  yield,  442 
Influence,  electrification  by,  23,  24,  26  ; 
machines,   69,  73,   &c. ;  increase    of 
charge,  71 ;    yield,    79  ;    magnetisa- 
tion by,  173 
Insulators,  4 
Interferricum,  429 
Inverse  square  law,  13,  14 
Inversion,  thermo-electric,  141 
lonisation  of  electrolytes,  158  ;  of  air, 

485 
Ions,  157;  velocities  of,  158 
Iron,  magnetisation  of,  173,  213 
Iron  filings,   study  of   magnetism  by, 
168,  169,  176 ;  theory  of  movement 
of,  220 
Isoclinal,  isodynamic,  isogenic  lines,  244 

Jamin,  electromagnetic  rotation,  274 
Jones,Viriamu,  balance  electrodynamo- 

meter,  370 
Joule    (practical    unit    of    work),    39, 

397 
Joule's  law,  131 

Kation,  157 

Keepers,  magnetic,  236 

Kelvin,  electrical  images,  33 ;  electro- 
meters, 83,  86  ;  galvanometer,  365  ; 
theory  of  cable,  459 ;  thermo-electric 
effect,  139  ;  water-dropping  machine, 
74 

Kerr,  electro-optic  effect,  68*  ;  mag- 
neto-optic effect,  293* 

Kienrnayer's  amalgam,  72 

Kinnersley's  thermometer,  94 

KirchhofI,  absolute  measure  of  resist- 
ance, 402;  rules,  118;  applied  to 
magnetic  circuits,  284 


Kohlrausch,  F.,  conduction  in  electro- 
lytes, 158 

Kohlrausch,  R.,  measurement  of  "v," 
407 

Krypton,  471 

Lane's  unit  jar,  88 ;  use  of,  79 
Laplace's    rule   for   magnetic   field    of 

currents,  261 
Larmor,    theory    of     Zeeman     effect, 

489 
Lecher  wires,  344 
Lemstrom,  artificial  aurora,  471 
Lenard,  cathode  stream,  483;  electric 

action  of  ultra-violet  light,  485 
Lenz's  law,  299 
Leyden  jar,  59  ;  battery,  60 
Lichtenberg's  figures,  62 
Lifting  power  of  magnets,  237 
Light  and  electricity,  350,  351  ;  electric 

action  of,  485  ;  velocity  of,  351,  411 
Lighting,  arc  lamps,  444,  446  ;  incan- 
descent lamps,  443 
Lightning,  474  ;  conductors,  478,  &c.  ; 
duration,     476  ;     effects     of,    475 ; 
Lodge's  experiments,  477 ;  multiple 
flashes  of,  474  ;  oscillatory,  477 
Line-integral  of  polar  field,  192,  198 
Lines   of    electric   force,    22 ;    tension 
along,    68 ;     magnetic    force,     176 ; 
magnetic   field.    193 ;    magnetic    in- 
duction, 198-200 
Linss,  leakage  through  air,  488 
Lippmann,  capillary  electrometer,  166  ; 

measurement  of  resistance,  404 
Lodestones,  168 

Lodge,    Sir     Oliver,     coherers,    347  ; 
measurement  of    "v,"   410;    migra- 
tion of  ions,  158  ;  lightning  experi- 
ments, 477  ;  sudden  discharges,  340 
Lorentz,  theory  of  Zeeman  effect,  489 
Lorenz,  measurement  of  resistance,  403 

Machines,  alternate  current  (for  alter- 
nators), chap.  xxvv. ;  general  pro- 
perties, 430  ;  coupled,  431-432  ;  con- 
stant current,  chap,  xxxiii.  ;  without 
iron,  414;  with  iron,  415;  motors, 
416 ;  continuous  current,  chap, 
xxxiv. ;  Gramme,  422,  &c.  ;  Siemens, 
428  ;  designing,  429  ;  electric,  chap, 
vii. 

Magnet,  action  on  anotlier  magnet, 
172 ;  artificial,  169,  chap.  xxi.  ; 
combination,  181  ;  compensating, 
360;  earth's  force  on,  directional, 
170,  175  ;  ellipsoidal,  191  vi.  ;  en- 
ergy of,  195  ;  horseshoe,  236 ;  pre- 
servation of,  236  ;  spherical,  191  v. ; 
subdivision  of,  174 
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Magnetic,    action    of    currents,    249 ; 
Weber's    experiments,    259 ;    exten- 
sion   to    large    circuits,    260 ;    axis 
170;    batteries,    235;    charts,    244 
deflection    of   cathode  stream,  482 
detectors,    464;    equator    of    earth, 

244  ;  circuit,  283,  284 ;  field  of  cur- 
rent, 252  ;  tested  by  filings,  253  ;  of 
rectilinear  current,  261*,   266 ;    cir- 
cular, 262,   263  ;  two  circular,  264 
of  anchor  ring,  266 ;   of  cylindrical 
coil,  266*  ;  field,  176* ;  lines  of,  193 
measurement  by  torsion  fibre,   182 
earth's,  178,  239;  small  magnet,  184^ 
186, 188  ;  separation  of  spectral  lines 
489;   unit,   187;   flux,   199;   indue 
tion,  198 ;  dependent  on  field,  201 
on  form   of  body,   202 ;   not  always 
parallel   to  field,  218 ;  refraction  of 
lines  of,  199  ;   of   sphere  in  uniform 
field,  203  ;  meridian,  171 ;  of  earth, 

245  ;  moment,  178  ;  needle,  172 
Magnetic   permeability,    201 ;    dimen- 
sions of,  395 

Magnetic  poles,  168,  172,  191  ;  of 
earth,  244,  246;  potential,  chap. 
xviii. ;  potential  of  current,  265  ; 
properties,  soft  iron,  213 ;  cast 
iron  and  steel,  214;  cobalt  and 
nickel,  215  ;  reluctance,  283,  429 ; 
rotatory  power,  290  ;  screens,  204  ; 
shell,  191  ii. ;  uniformly  magnet- 
ised in  intensity  and  direction,  191 
V. ;  substances,  173  ;  strength,  191 

Magnetisation,  by  currents,  chap. 
XXV. ;  by  earth's  action,  238 ;  by 
influence,  173 ;  curves  of,  206 ; 
crystals,  221  ;  cycles  of,  209  ;  earth's, 
245 ;  influence  of  temperature  on, 
216  ;  intensity  of,  190  ;  methods  of, 
234 ;  relative,  225 ;  transverse, 
288 

Magnetism,  quantity  of,  191 ;  distri- 
bution in  magnets,  227  ;  molecular 
theory  of,  219  ;  remanent,  207 

Magneto-crystallic  action,  223 

Magneto-electric  machines.  413 

Magnetometer,  Kew,  241,  243 ;  regis- 
tering, 247 

Magneto-motive  force,  283 

Mance's  method  for  resistance  of 
battery,  378 

Maxwell,  dielectric  current,  352 

Mechanical  units,  391 

Medium,  of  electromagnetic  waves, 
349  ;  influence  of,  on  magnetic  field, 
194,  205,  256 

Mega-  (prefix),  396 

Melloni's  pile,  144 

Melsens'  lightning  conductors,  480 


Mercury,  standard  of  resistance,  405 ; 

temperature  co-efficient  of  resistance, 

374 ;  lamp,  443 
Meridian,  magnetic,  171,  241 
Method  of  reflection,  84 
Micro-  (prefix),  396 
Microphone,  462 
Migration  of  ions,  157 
Moment,  magnetic,  178  ;   comparison, 

180,  183;  measurement,  229,  243; 
resultant,  181 ;  unit,  187  ;  variation 
with  temperature,  233 

Motion  in  magnetic  field,  crystals, 
221,  223  ;  liquids  and  gases,  224  ; 
small  bodies,  220 

Motor,  412,  416 ;  efficiency,  416,  419 

Moving  charge,  energy  of  a,  355**  ; 
magnetic  field  due  to  a,  355* 

Mutual  inductance.     See  Inductance 

Needle,  magnetic,  172,  182 ;  astatic, 

181,  361 

Nernst,  concentrative  cells,  165  ;  lamp, 
443;  thermo -magnetic  effect,  495 

Neutral,  point,  thermo-electric,  148 ; 
state,  magnetic,  211 

Newfoundland  -  Ireland  cable,  457, 
458 

Nickel,  magnetisation  of,  215 

Nicol's  prism,  electrical,  345 

Non-conductors,  electrical,  3 

Nuclei  in  gases,  486 ;  charge  on,  487 

Oersted,  electromagnetic  experiment, 

249 
Ohm  (practical  unit  of  resistance),  397, 

399  ;  determination  of,  400,  &c. 
Ohm's  law,  114  ;  applications  of,  chap. 

xii.  ;  in  electrolytes,  158 
Optical  galvanometer,  292 
Optics  and  electrical  waves,  350 
Oscillations,    electrical,    338 ;    Hertz's 

experiments,  342  ;  stationary,  344 
Osmium  lamp,  443 
Osmotic  pressure,  158,  165 
Oxygen,  boiling  point,  465 
Ozone,  96 

Pane,  Franklin's,  59 

Paris-Bordeaux  cable,  459 

Pellat,  electrodynamometer,  369 

Peltier's  phenomenon,  138 

Permeability,  magnetic,  201 ;  dimen- 
sions of,  395 

Phase  of  current,  329 

Phosphorescence,  94  ;  rare  earths,  481 

Physiological  effects  of  discharge,  97 

Piezo-electricity,  68** 

Plants,  accumulator,  164;  artificial 
globe  lightning,  474 
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Platinum    temperature    and     thermo- 
meter, 465 
Points,  power  of,  19 
I'oisson's  theorem,  49 
Polar  field,  definition,  191  ii. ;  of  ring 

magnet  and  sphere,  200 
Polarisation,  of  cell,  106;  currents,  161; 

of  electric  waves,  345  ;  of  electrodes, 

160 
Poles,    magnetic,     equality     of,    175 ; 

effective  position,  230  ;  of  earth,  244, 

246 
Potential,  atmospheric,  466,  467;  near 

waterfalls,  &c. ,  488.  Sec  also  Electric 

potential,  Magnetic  potential 
Potentials,  difference  of:  depending  on 

work,  35 ;  on  charge,  36  ;    between 

earth  and  air,  85;  near  electrode,  167 
Potentiometer        (or         compensation 

bridge),  380 
Power,    of    current,    183 ;    maximum, 

135,  137  ;  of  points,  19  ;  unit,  397 
Pressure,  electrostatic,  45 
Preston,  Zeeman  effect,  489 
Proof-plane,  11 
Propagation,  velocity  of,  along  cable, 

341 ;  in  air,  343,  353 
Pyro-electricity,  68** 


Quadrant  electrometer,  83 

Quantity  of  electricity,  10  ;  unit  of,  15  ; 
in  induction  flow,  308,  309,  310  ; 
measurement  of  field  by,  311,  312 ; 
measurement  of  permeability  by, 
315  ;  measured  by  ballistic  galvano- 
meter, 372 

Quartz,  anomalous  dispersion  in,  351 

Quincke's  experiments,  68 


Radiation,  electrical,  343,  &c.  ;  influ- 
ence on  discharge,  485 

Radio-active  bodies,  484 

Radium,  484 

Ratio  of  electrostatic  and  electro- 
magnetic units.     See"v" 

Rayleigh,  Lord,  on  induction  coil,  440  ; 
on  telephone,  461 

Rays,  electrical,  345,  &c. 

Reactance,  329 

Recalescence,  216 

Reflection  of  electric  waves,  343.  345, 
354 ;  of  light  from  magnets,  293* 

Refractive  index  and  dielectric  con- 
stant, 351 

Refraction,  electric  waves,  345  ;  lines  of 
induction  (electric),  50;  (magnetic), 
199 

Reluctance,  magnetic,  283 


Remanent  magnetism,  207 

Replenisher,  73 

Repulsion  between  alternating  cur- 
rents, 334 

Residual,  charge,  66  ;  magnetism,  207  ; 
effect  on  dynamo-characteristic,  417 

Resistance,  90,  112  ;  absolute  measure, 
401,  &c.  ;  alternating  currents,  336  ; 
box,  375 ;  battery,  378 ;  combina- 
tions, 113  ;  comparison,  374,  &c.  ; 
between  parallel  cylinders,  126  ; 
dimensions  of,  398  ;  multiple  arc, 
119 ;  of  sheet,  125  ;  specific,  115 ; 
standard,  400,  405;  temperature- 
coefficient,  115  ;  unit,  114,  397 

Resistance,  magnetic.     See  Reluctance 

Resonator,  electrical,  343 

Retardation  of  current,  329  ;  of  mag- 
netisation, 210 

Reversibility,  of  influence  machines, 
75  ;  electrodynamic  machines,  433 

Riess's  thermometer,  90 

Uighi,  electric  action  of  light,  485 

Ring,  Gramme's,  422 

Ring  magnet,  closed,  191  i. ;  with  air- 
gap,  191  iii. 

Rontgen  rays,  source,  properties,  and 
theory,  483  ;  electric  action,  485 

Root-mean-square  (R.M.S.)  current, 430 

Rotating  coil,  328,  329  ;  with  iron  core, 
333 

Rotating  fields,  335,  433 

Rotary  motors,  335,  433 

Rotations,  electromagnetic,  270,  &c. 

Rotatory  magnetic  power,  290 

Rowland,  electric  convection,  355,  411, 
482 

Ruhmkorff's  coil.     See  Induction  coil 

Rutherford,  magnetic  detector,  348 ; 
generation  of  radium  and  its  pro- 
ducts, 484 


Saussuee,  potential  of  the  air,  466 
Savart.     See  Biot 
Schweigger's  multiplier,  251 
Screens,  electric,  48  ;  electromagnetic, 

327 ;  magnetic,  204 
Secondary  batteries,  164 
Seebeck,  thermo-electric  currents,  140 
Self-inductance,  301 ;  value  in  special 

cases,  302  ;  measurement  of,  385 
Self-induction,    298;    e.m.f.    of,     330, 

430 ;  in  parallel  circuits,  323  ;  work 

of  equal  zero,  430 
Sensitiveness  of  galvanometer,  359 
Shadow  of  the  cross  vacuum  tube,  481 
Shell,  magnetic,  191  ii. ;  equivalent  to 

current,  255,  265 
Shunts,  863 


632 


INDEX 


Siemens'  continuous  current  machine, 
428  ;  electric  f\irnace,  449 

Signalling,  rapidity  of,  458 

Spark,  chemical  efiFects  of,  96  ;  at  break, 
320 ;  lengths  of,  95 

Sparking  in  dynamos,  425 

Specific  inductive  capacity,  15,  64,  65 

Spectrum,  of  arc,  444  ;  of  discharge,  94 

Sphere,  capacity  of  isolated,  53  ;  electric 
force  outside,  20  ;  with  volume 
charge,  21  ;  in  uniform  field,  25 

Standards,  400 

Steam,  electrical  condensation  of,  486 

Stokes,  theory  of  Rontgen  rays,  483  ; 
velocity  of  falling  drop,  486 

Stoney,  Johnstone,  electrons,  490 

Strength,  electric,  of  dielectrics,  57,  95* 

Stresses  in  electric  field,  10,  57  ; 
Quincke's  experiments,  68 

Striaj,  94 

Striking  distance,  95 

String  galvanometer,  367* 

Sulphur,  boiling  point  of,  465 

Surface  density,  electric,  16,  17,  18  ; 
on  cylinder,  24  ;  on  sphere  in  uni- 
form field,  25 

Synchronous  machines,  432 


Tantalum  lamp,  443 

Telegraph,  electric,  453;  air  lines, 
456 ;  duplex,  454 ;  submarine  and 
subterranean,  457;  use  of  con- 
densers, 455  ;  wireless,  464 

Telephone,  Bell's,  461 ;  effect  of  leak- 
age, 463  ;  minimum  current,  461 ; 
law  of  transmission  of  signals,  463 

Temperature  coefficient,  mercury  and 
german-silver  resistances,  374.  See 
also  Tables,  p.  621 

Temperature,  influence  on  dielectric 
coefficient,  65*  ;  on  magnetisation, 
216,  233 

Terrestrial  magnetism,  chap.  xxii.  ; 
declination,  241 ;  dip,  242 ;  Gauss's 
theory,  246;  field,  243;  magnetisa- 
tion due  to,  238 ;  numerical  values, 
244 ;  variations,  247 

Thermodynamics,  application  to  dielec- 
trics, 65*  ;  to  thermo-electricity, 
146  ;  to  g.alvanic  cell,  163 

Thermo-electricity,  chap.  xiv. ;  theory 
of,  145 

Thermo-electric,  actions  in  cell,  163 ; 
battery,  144  ;  diagram,  151  ;  height, 
150 ;  inversion,  141  ;  thermometry, 
153 

Thermometer,  Kinnersley's,  94 ;  plati- 
num, 465 ;  Riess's,  90 ;  thermo- 
electric, 153 


Thomson,  Eliliu,  repulsion  of  alternat- 
ing currents,  334 
Thomson,  J.  J.,  cathode  stream,  483  ; 

charge    of    nuclei,    487;    condensing 

action  of  nuclei,  486 
Thomson,  W.     See.  Lord  Kelvin 
Thorium,  radioactivity  of,  484 
Thunderstorms,  473 
Time-constant,  condenser  circuit,  339  ; 

inductive  circuit,  318 
Torsion  balance,  14,  80 
Transfer  of  energy  in  electromagnetic 

field,  306 
Transformers,    434 ;    theory    of,    436 ; 

various  types,  435 
Transparency       to       Rontgen       rays, 

483 
Treating  (incandescent  lamps),  443 
Tubes  of  induction,  electric,  41,    &c. ; 

magnetic,  199 
Tungsten  in  steel,  214,  226 


Ui.TRA-viOLET  rays,  electric  action  of, 
485 

Units,  absolute,  389  ;  ampere,  257,  397  ; 
coulomb,  39,  397 ;  current,  110,  257, 
397 ;  dimensions  of  derived,  390  ; 
electric  and  magnetic,  392 ;  electro- 
magnetic, 394,  398 ;  electrostatic, 
393,  398  ;  farad,  397  ;  fundamental 
(C.G.S.),  387,  396,  399;  general  con- 
siderations, 386  ;  henry,  397  ;  joule, 
39,  397  ;  magnetic  moment  and 
field,  187;  mechanical,  391;  prac- 
tical, 397,  399;  quantity  of  electri- 
city, 15,  397;  ratio  of  (v),  399; 
resistance,  90,  114,  397;  volt,  39, 
397;  watt,  79,  397 

Unit  tubes,  electric,  47;  magnetic, 
199 

Uranium,  radioactivity  of,  484 


"v"  (ratio  of  units),  399,  406  ;  meas- 
urement of,  407,  &c. ;  numerical 
value,  411 

Variation,  terrestrial  magnetic,  171, 
239,  &c. 

Velocity  of  electric  waves,  along  cable, 
341 ;  in  air,  343 ;  dependent  on 
dielectric  constant,  351 

Velocity  of  ions,  157,  158 

Velocity  of  light,  351,  411 

Verdet's  law,  291 

Viscosity  and  conductivity  of  electro- 
lytes, 158 

Volatilisation  by  disch.nrge,  91 

Volt  (practical  unit  of  electromotive 
force),  397 
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Volta,  condenser,  82 ;  contact  theory 
of  cell,  100,  101 ;  pile,  99 ;  pistol, 
95 

Voltaic  arc,  444 

Voltameter,  156 

Voss'  machine,  77 


Water,  anomalous  dispersion  in,  351 

Water-dropping  detector,  85,  466 ; 
machine,  74 

Waterfalls,  potential  gradient  near, 
488 

Water  vapour,  condensation  of,  486 

Watt  (practical  unit  of  power),  39,  79, 
130  397 

Watt-meter,  368-370 

Waves,  electromagnetic,  along  cable, 
341  ;  along  wires,  344,  346  ;  diffrac- 
tion of,  345  ;  plane,  343,  353  ;  polari- 
sation, 345  ;  quasi-optical  properties, 
350;  reflection,  343,  345,  354;  at 
interface  of  dielectrics,  354*  ;  refrac- 
tion.. 345 


Weber,  absolute  measurement  of  re- 
sistance, 401  ;  electrodynamometer, 
368 ;  electromagnetic  experiments, 
259  ;  inclinometer,  310 ;  measure- 
ment of  "v,"  407 

Wehnelt  interrupter,  439 

Welding,  electrical,  450 

Weston  (or  cadmium)  cell,  382 

Wheatstone's  Bridge,  120*,  376,  385  ; 
wire  form  of,  377 

Wiedemann  galvanometer,  366 

Wilson,  C.  T.  R.,  action  of  nuclei,  486  ; 
conductivity  of  air,  488 

Wimshurst's  machine,  78 

Wind,  electric,  19 

Wireless  telegraphy,  464 

Work,  of  alternating  currents,  332 ; 
of  electric  force,  9,  55,  67 ;  of  es- 
tablishment of  current,  304 ;  of 
magnetisation,  212;  unit  of,  39,  397 

X-BAYS.     See  Rontgen  rays 

Zekman  effect,  489 
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